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The classic Dukhin-Shilov theory for the thin double layer polarization of colloidal suspensions in binary
electrolyte solutions was developed for symmetric electrolytes: equal counterion and co-ion valences. A rigorous
generalization of this theory to asymmetric electrolytes, such that the valence of counterions is double or half
the valence of co-ions, is presented. This generalization is possible because analytical solutions of the intervening
integrals exist for these two particular cases but do not exist in the general case of different counterion and
co-ion valences, a result apparently overlooked or ignored in the past.

Introduction

The classic Dukhin-Shilov theory for the thin double layer
polarization of colloidal suspensions in binary electrolyte
solutions was developed considering that both ion species have
the same valence.1,2 This requirement has a purely mathematical
nature: analytic expressions for the intervening integrals do not
exist for the general case z+ * z- (z( are the unsigned ion
valences). Nevertheless, a generalization has been made,3 but
it is based on approximate solutions for the equilibrium potential
in the double layer.

In what follows, we show a result apparently overlooked since
the development of the theory in the early 1970s: while it is
true that there is no analytic solution in the general case z+ *
z-, analytic results do exist in the all-important cases z+ ) 2z-

and z- ) 2z+ (this was already shown in 1953,4 mentioned in
1961,5 but apparently ignored in later works). We use these
solutions to generalize the theory and obtain new expressions
for the dipolar coefficient, conductivity increment, and electro-
phoretic mobility.

In doing this, and in view of the general lack of detail in the
existing presentations of either the original Dukhin-Shilov
theory or its extension to AC fields,1,2,6-8 we provide a full
deduction, including all of the intermediate steps, assumptions,
and justifications, that lead to the final solution. This might prove
to be useful for future extensions of the theory intended to
generalize the standard model.9

Equation Set

The classic Dukhin-Shilov counterion polarization theory
is based on the standard electrokinetic model, the thin double
layer approximation, and the principle of local equilibrium.

According to the standard model,10 a suspended particle is
represented by an insulating sphere of radius a, with a uniform
fixed surface charge density σ0. The surrounding electrolyte
solution is characterized by its viscosity ηe, absolute permittivity
εe, the unsigned valences of its ions z(, their diffusion
coefficients D(, and their concentrations far from the particle
C((∞).

Under steady state conditions, the ion concentrations C((rb),
electric potential Φ(rb), fluid velocity Vb(rb), and pressure P(rb)
are determined by the following set of equations:

(1) Nernst-Planck equations for the ion flows:

where the symbol ∼ denotes a dimensionless magnitude
Φ̃ ) Φe/(kT).

(2) Continuity equations:

(3) Poisson equation:

(4) Navier-Stokes equation:

(5) Condition of incompressible fluid:

Equilibrium Equations

In equilibrium (lower index 0), both the ion and the fluid
flows vanish, so that eq 1 reduces to

which can be integrated from a generic point to a point far from
the particle, where the equilibrium potential is zero, to obtain

In this expression, the concentration N is defined as

jb( ) -D(∇C( - C(z(D(∇Φ̃ + C(Vb (1)

∇ · jb( ) 0 (2)

∇2Φ ) -(z+C+ - z-C-)
e
εe

(3)

ηe∇
2Vb - ∇P ) (z+C+ - z-C-)e∇Φ (4)

∇ ·Vb ) 0 (5)

-∇C0
( - C0

(z(∇Φ̃0 ) 0

C0
( ) z-Ne-z(Φ̃0 (6)
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in view of the condition of electroneutrality in the bulk far from
the particle

In the most usual cases when at least one of the valences is
equal to unity, the value of N coincides with the electrolyte
concentration, as can be seen from eq 7.

Combining eq 6 with the equilibrium Poisson equation leads
to the Poisson-Boltzmann equation for the electric potential:

Finally, the equilibrium Navier-Stokes equation reduces to

where eq 6 was used. Integrating this equation from a generic
point to a point far from the particle, where the electric potential
vanishes and the pressure reduces to a constant value P(∞),
shows that

Solution of the Poisson-Boltzmann Equation for a Flat
Interface

While the Poisson-Boltzmann equation (eq 8) can only be
solved analytically in spherical coordinates for low values of
the electric potential, a general solution exists in the case of
plane geometry. We so consider a flat charged surface and
choose an orthogonal coordinate system with the x axis
extending in the normal direction from the surface and toward
the fluid. Under these conditions, eq 8 reduces to

which can be integrated one time from a generic point (x, Φ0)
to infinity (x f ∞, Φ0 ) 0):

where

is the reciprocal Debye length.

Equation 10 can be integrated from the surface (x ) 0,
Φ̃0 ) �̃) to a generic point (x, Φ̃0):

However, analytic results can only be obtained for z+ ) z-

) z, z+ ) 2z- ) 2z, and 2z+ ) z- ) 2z. The solutions for these
three cases, which we shall designate with the upper indices
11, 21, and 12, are

(11) For z+ ) z- ) z :

(21) For z+ ) 2z- ) 2z

(12) For 2z+ ) z- ) 2z

It should be noted that eq 13 becomes identical to eq 14 if
-Φ̃0 is substituted for Φ̃0 and -�̃ for �̃ in any one of them.
This happens because when the sign of the charge of the particle
is changed, counterions and co-ions exchange their roles. The
dependence of the equilibrium potential on the ion valences,
eqs 12-14, is represented in Figure 1, which also includes case
22: z+ ) z- ) 2z.

The surface potential � is a function of the surface charge
σ0 and of the electrolyte solution concentration. The explicit
form of this dependence is determined by the Gauss law at
the surface:

Note that this expression implies that the electric field only
exists in the electrolyte solution (x g 0), which is justified
in view of the electroneutrality of the double layer. Com-
bining eq 15 with eqs 10 and 11 gives

For the considered cases, this result reduces to the following
quadratic or cubic equations from which explicit expressions
of �̃ as a function of σ0 can be obtained:

N ) C((∞)

z-
(7)

z+C+(∞) - z-C-(∞) ) 0

∇2Φ̃0 ) -z+z-e2N
εekT

(e-z+Φ̃0 - ez-Φ̃0) (8)

-∇P0 ) z+z-NkT(e-z+Φ̃0 - ez-Φ̃0)∇Φ̃0

P0 - P(∞) ) NkT(z-e-z+Φ̃0 + z+ez-Φ̃0 - z+ - z-)
(9)

d2Φ̃0

dx2
) z+z-e2N

εekT
(ez-Φ̃0 - e-z+Φ̃0)

dΦ̃0

dx
) -sign(Φ̃0)κ� 2

z+ + z-(ez-Φ̃0 - 1

z-
+ e-z+Φ̃0 - 1

z+ )
(10)

κ ) �z+z-(z+ + z-)e2N
εekT

(11)

∫
�˜
Φ̃0 dΦ̃0

� 2

z+ + z-(ez-Φ̃0 - 1

z-
+ e-z+Φ̃0 - 1

z+ )
)

- sign(�̃)κx

ezΦ̃0/2 - 1

ezΦ̃0/2 + 1
) e-κxez�̃/2 - 1

ez�̃/2 + 1
(12)

√2ezΦ̃0 + 1 - √3

√2ezΦ̃0 + 1 + √3
) e-κx√2ez�̃ + 1 - √3

√2ez�̃ + 1 + √3

(13)

√1 + 2e-zΦ̃0 - √3

√1 + 2e-zΦ̃0 + √3
) e-κx√1 + 2e-z�̃ - √3

√1 + 2e-z�̃ + √3

(14)

dΦ̃0

dx |
x)0

) - e
kT

σ0

εe
(15)

z-e-z+�̃ + z+ez-�̃ - z+ - z-

z+z-(z+ + z-)
) 1

2( σ0e

κεekT)2

(16)
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(11) For z+ ) z- ) z

(21) For z+ ) 2z- ) 2z

(12) For 2z+ ) z- ) 2z

As expected, the last two expressions become identical to one
another if -�̃ is substituted for �̃ in any one of them.

The dependence of the surface potential on the surface charge
for different values of the ion valences is represented in Figure
2. Note that the �̃21 and �̃12 curves are not antisymmetric with
respect to the surface charge. As can be seen, the surface
potential is determined almost exclusively by the charge of the
counterions: �̃21 ≈ �̃11 and �̃12 ≈ �̃22 for positive particles, while
�̃12 ≈ �̃11 and �̃21 ≈ �̃22 for negative ones. This is to be expected,
since the number of counterions in the double layer is much
higher than that of co-ions. Also, for a given surface charge,
the surface potential strongly decreases with the counterion
valence. This occurs because higher charged counterions are
more strongly attracted by the surface charge and form,
therefore, a thinner countercharge layer.

Solution with an Applied DC Electric Field

When a macroscopic DC electric field with amplitude E is
applied to the system, eq 1 can be simplified writing the ion
flows as

where µ̃( ) µ(/(kT) are the dimensionless electrochemical
potentials:

These magnitudes have the important property that their gradient
characterizes a departure from equilibrium, eq 20. Therefore, a
system in equilibrium has constant values of the electrochemical
potentials. This can be easily verified combining eqs 6 and 21,
which show that µ̃0

( ) 0 at all points of the electrolyte solution.
A further simplification consists of using the principle of local

equilibrium. This principle, widely employed in nonequilibrium
thermodynamics,11-13 states that every volume element of the
system that is sufficiently small is in a state of equilibrium, even
when different volume elements are not in equilibrium with one
another. Accordingly, every volume element can be described
using the same distribution function as for the whole system in
equilibrium, except that the parameters involved vary now from
one element to another.

In equilibrium, the system is characterized by its electric
potential, Φ̃0; ion concentrations, C0

(; and pressure, P0. Any
volume element is in equilibrium with any other element. In
particular, every volume element is in equilibrium with elements
that are infinitely far away from the charged particle. These last
elements are electroneutral and are characterized by their electric
potential, Φ̃0 ) 0; ion concentrations, C0

( ) z-N; and pressure,
P0 ) P(∞).

The equilibrium conditions, that is, the equations that relate
the general values of the electric potential, ion concentrations,
and pressure with the corresponding values far away from the
particle, are given in eqs 6 and 9.

TABLE 1: System Parameters Used in All of the Figures,
unless Specified Otherwise

particle radius a ) 100 × 10-9 m
electrolyte solution viscosity ηe ) 8.90 × 10-4 P
electrolyte solution absolute permittivity εe ) 78.54 × ε0

ion diffusion coefficients D+ ) D- ) 2 × 10-8 m2/s
ion concentrations such that κa ) 100
dimensionless surface potential �̃ ) -2
temperature 298 K

Figure 1. Equilibrium electric potential profiles calculated for z+ ) z- ) 1 (black line), z+ ) 2z- ) 2 (squares), 2z+ ) z- ) 2 (diamonds), and
z+ ) z- ) 2 (gray line with dots). Remaining parameters given in Table 1.

e2z�̃ - [2 + ( σ0ze

κεekT)2]ez�̃ + 1 ) 0 (17)

2e3z�̃ - 3[1 + ( σ0ze

κεekT)2]e2z�̃ + 1 ) 0 (18)

e3z�̃ - 3[1 + ( σ0ze

κεekT)2]ez�̃ + 2 ) 0 (19)

jb( ) -C(D(∇µ̃( + C(Vb (20)

µ̃( ) ln
C(

z-N
( z(Φ̃ (21)
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Out of equilibrium, the system is characterized by its electric
potential, Φ̃; ion concentrations, C(; and pressure, P. Any
volume element is assumed to be in a state of local equilibrium
so that, in general, it is not in equilibrium with any other element
of the system. However, its local equilibrium state can be
expressed in terms of the parameters of a, so-called, Wirtual
system. This system is defined by the conditions that each of
its volume elements is in equilibrium with the corresponding
element of the real system and, furthermore, by being electro-
neutral in its entire volume. The virtual system is characterized
by its electric potential, �̃; ion concentrations, c( ) z- n; and
pressure, p, so that its electrochemical potential is

The equations that relate the local equilibrium values of the
electric potential, ion concentrations, and pressure of the real
system with the corresponding values of the virtual system are
given by expressions that are analogous to eqs 6 and 9:

Combining eqs 21 and 23 shows that the electrochemical
potentials of the real and virtual systems have the same value,
eq 22, so that at every point both systems are indeed in
equilibrium with one another.

The main difference between eqs 23 and 24 and eqs 6-9 is
that the parameters �̃, n, and p of the virtual system depend on
the position, while the equilibrium parameters have a constant
value throughout the system. This position dependence of the
virtual system parameters is a sufficient condition for nonequi-
librium. Therefore, the irreversible thermodynamics equations
(Nernst-Planck and Navier-Stokes equations) can only contain
gradients of these parameters and cannot include gradients of
quasiequilibrium distributions (Φ̃ - �̃).

In order to be able to solve the problem, the equation set must
first be linearized, writing all of the field-dependent magnitudes
as an expansion in successive powers of the applied field strength:

Φ̃ ) Φ̃0 + δΦ̃ + ...

�̃ ) δ�̃ + ...

n ) N + δn + ...

p ) P(∞) + δp + ...

Vb ) δVb + ...

jb( ) δ jb( + ...

µ̃( ) δµ̃( + ...

where all of the magnitudes preceded by the δ character are
linear in the applied field. These expansions are combined with
the equation set, dropping all of the terms that are higher than
first order in the applied field and making use of the equilibrium
equations. This leads to

where

Figure 2. Equilibrium surface potential as a function of the fixed surface charge density, calculated for z+ ) z- ) 1 (black line), z+ ) 2z- ) 2
(squares), 2z+ ) z- ) 2 (diamonds), and z+ ) z- ) 2 (gray line with dots). Remaining parameters given in Table 1.

µ̃( ) ln
n
N

( z(�̃ (22)

C( ) z-ne-z((Φ̃-�̃) (23)

P - p ) nkT [z-e-z+(Φ̃-�̃) + z+ez-(Φ̃-�̃) - z+ - z-]
(24)

δ jb( ) -C0
(D(∇δµ̃( + C0

(δVb (25)

∇ ·δ jb( ) 0 (26)

∇2δΦ̃ ) [(z+z+C0
+ + z-z-C0

-)(δΦ̃ - δ�̃) -

(z+C0
+ - z-C0

-)δñ]
e2

εekT

ηe∇
2δVb - ∇δp ) kT(z+C0

+ - z-C0
-)∇δ�̃ +

kT(C0
+ - z-N + C0

- - z+N)∇δñ (27)

∇ ·δVb ) 0 (28)

ñ ) n/N
δñ ) δn/N

δµ̃( ) δñ ( z(δ�̃
(29)
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Combining eqs 25, 26, and 28 and using eqs 6 and 29
transforms the equation set into

These equations greatly simplify in the electrolyte solution
outside the boundary of the equilibrium double layer, where
the equilibrium potential and the equilibrium charge density
vanish (Φ̃0 ) 0, C0

( ) z-N):

The final simplification is achieved comparing the third
expression with the Gauss equation:

which shows that it is possible to define a dimensionless field-
induced charge density:

This leads to the final equation set, valid outside the boundary
of the equilibrium double layer:

The appropriate solutions of the first two Laplace equations
(the parts of the general solutions that do not diverge at infinity)

are

where Kc and Kd are integration constants. The appropriate
solution of the third Helmholtz equation can be written as

where KF is another integration constant. This expression shows
that, in a DC field, the field-induced charge density decays
exponentially on a length scale of the order of the double layer
thickness. Finally,

showing that outside the double layer the potential satisfies the
Laplace equation except for a rapidly decaying term.

Boundary Conditions

The constants Kc and Kd can be determined integrating the
continuity equations written for the differences between the
actual ion flows δjb(, eq 25, and the flows δjbl

( calculated using
expressions that are only valid outside the double layer:

In these expressions, the long-range (lower index l) ion flows
are

The integrals can be analytically evaluated in the case when
the double layer is thin as compared to the radius of the particle:

The simplifications corresponding to this case, which were first
used in refs 1 and 14 for stationary fields, which were presented
in detail in refs 2 and 6 for periodic fields, and whose validity
was numerically verified,15 are as follows:

(a) The curvature of the surface is only taken into account
in the solution of the equations corresponding to the
electroneutral electrolyte solution, while the equations
inside the thin double layer are solved assuming a locally
flat surface (thin double layer approximation).

∇2δñ ) z+z-[∇δ�̃ - D- - D+

(z+ + z-)D+D-δVb] ·∇Φ̃0

∇2δ�̃ ) [∇δñ + (z+ - z-)∇δ�̃ - z+D- + z-D+

(z+ + z-)D+D-
δVb] ·∇Φ̃0

∇2δΦ̃ ) [(z+z+C0
+ + z-z-C0

-)(δΦ̃ - δ�̃) -

(z+C0
+ - z-C0

-)δñ]
e2

εekT

ηe∇
2δVb - ∇δp ) kT(z+C0

+ - z-C0
-)∇δ�̃ +

kT(C0
+ - z-N + C0

- - z+N)∇δñ

∇2δñ ) 0

∇2δ�̃ ) 0

∇2δΦ̃ ) κ
2(δΦ̃ - δ�̃)

ηe∇
2δVb ) ∇δp

∇2δΦ ) -δF
εe

δF̃ ) e

κ
2εekT

δF ) -(δΦ̃ - δ�̃)

∇2δñ ) 0

∇2δ�̃ ) 0

∇2δF̃ ) κ
2δF̃

ηe∇
2δVb ) ∇δp

δñ )
Kca

2

r2

eEa
kT

cos θ (30)

δ�̃ ) (Kda
2

r2
- r

a)eEa
kT

cos θ (31)

δF̃ ) KFe
κ(a-r)(a

r )2( 1 + κr
1 + κa)eEa

kT
cos θ

δΦ̃ ) δ�̃ - δF̃ ) [Kda
2

r2
- r

a
- KFe

κ(a-r)(a
r )2( 1 + κr

1 + κa)] ×

eEa
kT

cos θ (32)

∫a

∞ { 1

r2

∂

∂r
[r2(δjr

( - δjlr
()] +

1
r sin θ

∂

∂θ
[sin θ(δjθ

( - δjlθ
()]} dr ) 0 (33)

δ jbl
( ) -z-ND(∇δµ̃( + z-NδVb (34)

κa . 1 (35)
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(b) Each portion of the double layer is considered to be in a
state of local equilibrium, which means that the elec-
trochemical potentials, as well as their tangential
derivative, do not change across the double layer (they
do change along it).

Outside the double layer, δjb( ) δjbl
(, so that the integrand of

eq 33 vanishes. Therefore, in view of eq 35, this equation
reduces to

The first integral further simplifies to

since δjr
(|a ) 0. Moreover, using eq 34

since δVr|a ) 0. This transforms eq 33 into

The integrand is evaluated using eqs 25 and 34

so that

This transforms eq 33 into

The left-hand side of this expression represents the electrod-
iffusive flows of ions arriving to the outer boundary of the
double layer. These flows spread out inside this layer in the
form of surface ion flows (right-hand side). The first of these
surface flows is electrodiffusive, while the second is convective.
In the following sections, we shall evaluate these terms,

assuming that the tangential gradient of the electrochemical
potential does not change across the double layer:

Nonspecific Adsorption Coefficients

The first integrals in eq 36 represent the excess surface
densities of counterions and co-ions, usually referred to as the
nonspecific adsorption coefficients G0

(:

In writing the second equality, eq 6 was used and a locally flat
double layer with the surface of the particle coinciding with
the y,z plane of an orthogonal coordinate system was considered.
The integral can be solved using the substitution

with dΦ̃0/dx obtained from the first integral of the Poisson-
Boltzmann equation written for plane geometry, eq 10:

Analytic solutions only exist in the following cases:
(11) For z+ ) z- ) z

(21) For z+ ) 2z- ) 2z

(12) For 2z+ ) z- ) 2z

The dependence of the nonspecific adsorption coefficients on
the surface potential for different ion valences is represented in
Figure 3. Note that the curves for positive and negative ions
are not mirror images of one another in cases 21 and 12. The

1

a2 ∫a

∞ ∂

∂r
[r2(δjr

( - δjlr
()] dr +

1
a sin θ

∂

∂θ
[sin θ∫a

∞
(δjθ

( - δjlθ
() dr] ) 0

1

a2 ∫a

∞ ∂

∂r
[r2(δjr

( - δjlr
()] dr ) 1

a2
[r2(δjr

( - δjlr
()|∞ -

r2(δjr
( - δjlr

()|a] ) δjlr
(|a

δjlr
(|a ) (-z-ND(∇δµ̃( + z-NδVb)r|a ) -z-ND(∇rδµ̃(|a

-z-ND(∇rδµ̃(|a ) - 1
a sin θ

∂

∂θ
[sin θ∫a

∞
(δjθ

( - δjlθ
() dr]

δjθ
( ) (-C0

(D(∇δµ̃( + C0
(δVb)θ ) -C0

(D(∇θδµ̃( +

C0
(δVθ

δjlθ
( ) (-z-ND(∇δµ̃( + z-NδVb)θ ) -z-ND(∇θδµ̃( +

z-NδVθ

(δjθ
( - δjlθ

() ) -(C0
( - z-N)D(∇θδµ̃( + (C0

( - z-N)δVθ

-z-ND(∇rδµ̃(|a ) 1
a sin θ

×

∂

∂θ[θ∫a

∞
(C0

( - z-N) D(∇θδµ̃(dr] - 1
a sin θ

×

∂

∂θ
[sin θ∫a

∞
(C0

( - z-N)δVθ dr]

-z-ND(∇rδµ̃(|a ) D(

a sin θ
∂

∂θ
(sin θ∇θδµ̃(|a) ×

∫a

∞
(C0

( - z-N) dr - 1
a sin θ

×

∂

∂θ
[sin θ∫a

∞
(C0

( - z-N)δVθ dr] (36)

G0
( ) ∫a

∞
(C0

( - z-N) dr ) z-N∫0

∞
(e-z(Φ̃0 - 1) dx

dx ) (dΦ̃0

dx )-1

dΦ̃0 (37)

G0
( ) -sign(�̃)

z-κεekT

e2√2z+z-(z+ + z-)
×

∫�̃

0 (e-z(Φ̃0 - 1) dΦ̃0

√z-e-z+Φ̃0 + z+ez-Φ̃0 - z+ - z-
(38)

G0
11( )

κεekT

z2e2
(e-z�̃/2 - 1) (39)

G0
21( )

κεekT

z(ze2

e-z�̃/2√e-z�̃ + 2 - √3

√3
(40)

G0
12( )

κεekT

z(ze2

e-z�̃/2√ez�̃ + 2 - √3

√3
(41)
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adsorption coefficients for counterions are mainly determined
by the dependence of the surface potential on the surface charge,
Figure 2. For a given surface potential value, the surface charge
strongly increases with the counterion valence, which leads to
the corresponding increase of the adsorption coefficients. As
for the co-ions, their adsorption coefficients decrease in modulus
with the co-ion valence which leads to a stronger repulsion from
the particle surface. Furthermore, since all of the figures
correspond to a constant κ value, the total amount of co-ions in
the electrolyte solution is highest in case 22 and lowest in case
11, eqs 7 and 11.

As expected, the condition of electroneutrality of the double
layer:

is satisfied in all of the considered cases, as can be verified
combining the obtained expressions 39-41 with eq 16. More-
over, condition 42 is satisfied in general, for any value of z+

and z-, as can be seen combining it with eq 38:

and then comparing this result with eq 16.

Electroosmosis and Capillary Osmosis

In order to solve the second integral in eq 36, the fluid velocity
δVb need only be calculated inside the double layer, since the
factor multiplying δVb in this equation vanishes outside of it.
For a thin double layer, eq 35, the fluid velocity inside can be
obtained solving eq 27 for a plane interface under the action of
tangential gradients of the electric potential (electroosmosis) and
of the electrolyte concentration (capillary osmosis). The local
equilibrium across the thin double layer requires that the

parameters of the virtual system (�, n, and p) do not change
across the double layer. Therefore, the tangential components
of the gradients of � and n may be considered to have a constant
value across the double layer.

As for the tangential component of the gradient of p, it can
be neglected in view that the pressure gradient outside the double
layer vanishes. This corresponds to a well-known feature of the
electrophoretic motion.16 Another justification of this assumption
can be obtained combining the equilibrium eqs 9 and 10 with
eq 11:

At the surface of the particle, the normal component of the
electric field is related to the surface charge density, eq 15, so
that

This result shows that the surface pressure only depends on the
surface charge (a constant), being independent of the concentra-
tion of the electrolyte solution. Therefore, the surface pressure
should remain constant along the surface when the electrolyte
concentration varies along the surface.

We so consider a flat charged surface and choose an
orthogonal coordinate system with the x axis extending in the
normal direction from the surface and toward the fluid. We
assume that, at distances from the surface greater than the outer
boundary of the double layer, the electric potential and the
electrolyte concentration vary in the tangential y direction.

The Navier-Stokes equation (eq 27) written for the tangential
component (parallel to the y axis) of the velocity is

Figure 3. Nonspecific adsorption coefficients as a function of the surface potential, calculated for z+ ) z- ) 1 (black line G0
11+, dotted line G0

11-),
z+ ) 2z- ) 2 (black squares G0

21+, white squares G0
21-), 2z+ ) z- ) 2 (black diamonds G0

12+, white diamonds G0
12-), and z+ ) z- ) 2 (gray line

with black dots G0
22+, gray line with white dots G0

22-). Remaining parameters given in Table 1.
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where the tangential derivative of the pressure can be neglected,
as shown above. It is preferable to separate the tangential fluid
velocity into electroosmotic and capillary osmotic contributions:

and solve independently the corresponding equations:

The electroosmotic equation can be transformed using eq 6
and the equilibrium Poisson equation (eq 8):

This equation can be integrated two times with respect to the
variable x. The first integration interval extends from a generic
point inside the double layer to a point beyond its outer
boundary, where dδVy

eo/dx ) 0 and dΦ̃0/dx ) 0:

The second integration is performed from the surface, where
δVy

eo ) 0 and Φ̃0 ) �̃, to a generic point inside the double layer,
leading to the final result:

The electroosmotic velocity has the same direction as the
tangential field for negative surface charges, while, for positive
ones, its direction is opposite to that of the tangential field.
Equation 44 shows that the electroosmotic velocity as a function
of the potential is independent of the valences of the ions in
the solution, and attains a single common value at the outer
boundary of the double layer (Φ̃0 ) 0). However, this velocity
expressed as a function of the distance to the charged plane
does depend on the ion valences, since the potential as a function
of the distance depends on the valences, eqs 12-14. This
dependence is shown in Figure 4. Close to the particle, the
velocity is highest for cases 21 and 22, which correspond to
divalent counterions, since they form a higher charge density
near the surface.

As for the capillary osmotic equation, it is also combined
with eq 6 and integrated from a generic point inside the double

layer to a point beyond its outer boundary, where dδVy
co/dx ) 0:

The right-hand-side integral is transformed using the substitution
given in eq 37, which leads to

The remaining integral can only be solved analytically in the
following cases:

(11) For z+ ) z- ) z

(21) For z+ ) 2z- ) 2z

(12) For 2z+ ) z- ) 2z

The second integration is performed from the surface, where
δVy

co ) 0 and Φ̃0 ) �̃, to a generic point inside the double layer.
The integral in the right-hand side is transformed again using
the substitution given in eq 37. This leads to the following results
for the three cases that can be analytically solved:

(11) For z+ ) z- ) z, and using eq 11

(21) For z+ ) 2z- ) 2z, and using eq 11

(12) For 2z+ ) z- ) 2z, and using eq 11
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dy
e-zΦ̃0/2(ezΦ̃0/2 - 1)2

dδVy
co21

dx
) -

√3κεe

6ηe
(kT
ze )2dδñ
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The origin of this velocity is the dependence of the equilib-
rium potential, eqs 12-14 and 17-19, on the electrolyte
concentration. If this concentration changes in the y direction,
then the potential also changes, leading to the appearance of a
tangential electric field that leads to a tangential fluid flow
following the Navier-Stokes equation (eq 43). For a nega-
tive (positive) surface charge, the potential gradient has the same
(opposite) direction as the concentration gradient so that the
direction of the corresponding fluid velocity is always in the
opposite direction to the concentration gradient: from high to
low concentration.

Figure 5 represents the capillary osmotic velocity profiles for
different ion valences. Close to the particle, the capillary osmotic
and the electroosmotic velocities have the same behavior:
highest (in modulus) values for divalent counterions. However,
the contrary occurs far from the particle because, for univalent
counterions, a larger fraction of the double layer charge is further
away from the surface, where the velocity is zero due to the
adhesion condition.

Analytic expressions for the capillary osmotic velocity values
in asymmetric electrolyte solutions (cases 21 and 12) were
already obtained by Muller17 in 1978. However, these expres-
sions only provide the limiting values outside the double layer
(right-hand-side asymptotes in Figure 5), rather than the velocity
profiles that are required in the forthcoming calculations.
Nevertheless, they do coincide with eqs 46 and 47 written for
Φ̃0 ) 0, providing a confirmation for the validity of these
equations.

Integration Coefficients

The second integrals in eq 36 can now be solved using for
the tangential fluid velocity the sum of the electroosmotic and
capillary osmotic contributions. In order to do this, we substitute
δVθ for δVy and ∇θ for d/dy in eqs 44-47. This leads to the
following equations:

(11) For z+ ) z- ) z

Figure 4. Electroosmotic velocity per unit tangential gradient of the electric potential profiles, calculated for z+ ) z- ) 1 (black line), z+ ) 2z-

) 2 (squares), 2z+ ) z- ) 2 (diamonds), and z+ ) z- ) 2 (gray line with dots). Remaining parameters given in Table 1.

Figure 5. Capillary osmotic velocity per unit tangential gradient of the electrolyte concentration profiles, calculated for z+ ) z- ) 1 (black line),
z+ ) 2z- ) 2 (squares), 2z+ ) z- ) 2 (diamonds), and z+ ) z- ) 2 (gray line with dots). Remaining parameters given in Table 1.
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(21) For z+ ) 2z- ) 2z

(12) For 2z+ ) z- ) 2z

Earlier, we used the hypothesis that ∇θδµ̃( does not change
across the double layer. Combining this assumption with eq 29
shows that it implies that ∇θδ�̃ and ∇θδñ do not change either
so that they can be removed from within the integral signs.
Combining the resulting expressions with eq 6 and using the
variable substitution given in eqs 10 and 37 leads to

where
(11) For z+ ) z- ) z

(21) For z+ ) 2z- ) 2z

(12) For 2z+ ) z- ) 2z

These results, together with eqs 29, 30, 31, and 36, lead to
the following expressions, from which the coefficients Kc and
Kd can be obtained. We start with eq 36:

and replace δµ̃( in the right-hand side by means of eq 29

We then substitute the integral using eq 48
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∫a

∞
(C0

( - z-N)δVθ dr )
εe

ηe
(kT

e )2 ∫a

∞
(C0

( - z-N)(�̃ - Φ̃0)∇θδ�̃ dr +

3εe

2ηe
(kT
ze )2 ∫a

∞
(C0

( - z-N) ×

ln[e2zΦ̃0/3 + e-zΦ̃0/3(2 + √6ezΦ̃0 + 3)

e2z�̃/3 + e-z�̃/3(2 + √6ez�̃ + 3)
]∇θδñ dr
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where

Using eqs 30 and 31, the derivatives take the form

while, using eq 29 together with eqs 30 and 31,

Combining these results

and factoring with respect to the coefficients leads to the final
equations:

where

As expected, these expressions reduce for z+ ) z- ) z to the
well-known results:

The final expressions for the dipolar and concentration
coefficients, obtained solving eq 49, are

The dependence of the dipolar coefficient Kd on the surface
potential is represented in Figure 6 for different ion valences.
Note that the curves are not symmetric with respect to the
surface potential in cases 21 and 12. This asymmetry means
that the derivative of these curves does not vanish for �̃ ) 0 so
that the series expansion of Kd in powers of �̃ must have a
nonvanishing linear term. Therefore, for asymmetric electrolytes
with univalent counterion and divalent co-ion, the dipole
coefficient attains values that are lower than -1/2.

Figure 6 shows a tremendous dependence of the dipolar
coefficient on the ion valences: a very strong increase for
divalent counterions and a slight decrease for univalent coun-
terions and divalent co-ions. This dependence is reflected in
similar changes in the conductivity increment ∆K defined by
the following expression valid for dilute suspensions:

where K is the conductivity of the suspension, Ke the conductiv-
ity of the electrolyte solution, and φ the volume fraction
occupied by the suspended particles.

The dependence of the concentration coefficient Kc on the
surface potential is represented in Figure 7 for different ion
valences. Note that the curves for cases 21 and 12 are not
antisymmetric with respect to the surface potential. The limiting
values of the dipolar and concentration coefficients calculated
analytically, and using condition 35 with the obtained results,
are
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The dipolar and concentration coefficient values determine
the electrodiffusive part of the ion flows outside the double layer,
which are proportional to the gradient of the electrochemical
potentials. Using eqs 29, 30, and 31, these potentials can be
written as

which reduce to the following limiting expressions for �̃ f ∞:
(11) For z+ ) z- ) z

(21) For z+ ) 2z- ) 2z

(12) For 2z+ ) z- ) 2z

These expressions show that, despite the strong dependence of
the limiting values of Kd and Kc on the ion valences, the

electrodiffusive ion flow lines remain unchanged. The flow of
counterions is similar to that of ions for a highly conductive
particle in a low conductivity medium, while the flow of co-
ions corresponds to an insulating particle in a conducting
medium. The only dependence of the above expressions on
the ion valences corresponds to the factor 2 appearing in the
expressions for δµ̃21+ and δµ̃12-, which compensates for the
differences in the bulk concentrations of univalent and divalent
ions.

The electrophoretic mobility can now be calculated from the
sum of the electroosmotic and capillary osmotic velocities on
the particle equator just outside the double layer.18 These
velocities can be obtained from eqs 44 and 45-47, setting in
these equations Φ̃0 ) 0 (outer boundary of the double layer).
The tangential components of the electrolyte concentration and
of the electric potential gradients appearing in the resulting
expressions, evaluated on the particle equator using eqs 30 and
31 are

Therefore, the electrophoretic velocity of the particle is

so that the dimensionless electrophoretic mobility

is given by the following expressions:
(11) For z+ ) z- ) z

Figure 6. Dipolar coefficient Kd as a function of the surface potential, calculated for z+ ) z- ) 1 (black line), z+ ) 2z- ) 2 (squares), 2z+ ) z-

) 2 (diamonds), and z+ ) z- ) 2 (gray line with dots). Remaining parameters given in Table 1.
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(21) For z+ ) 2z- ) 2z

(12) For 2z+ ) z- ) 2z

The expression for ũ11 as a function of Kd
11 and Kc

11 coincides
with the equation used in 1970 by Dukhin and Semenikhin to
obtain the first analytic expression of the electrophoretic mobility
based on the same counterion polarization model as used in
the present work and limited, therefore, to the symmetric 11
case.19 Nevertheless, the final results (expressed as functions
of �̃) are slightly different, apparently due to the removal of

terms in ref 19 based on the condition κa . 1. The final
expressions for ũ21 and ũ12 are similar but not identical to the
approximate results (valid for κa . 1) obtained in 2005 by
Ohshima.20 While this treatment includes general electrolytes
with any number of ion species and any valence values, analytic
expressions are only presented for the same cases as in the
present work: 21 and 12. Moreover, these expressions that
should be valid for any value of the surface potential only
include convection (proportional to m) terms for counterions.

The dimensionless mobilities as functions of the surface potential
are represented in Figure 8 for different ion valences. Note that in
this figure the curves corresponding to cases 21 and 12 are not
antisymmetric with respect to the surface potential. Figure 8 shows
that the electrophoretic mobility, unlike the conductivity increment,
does not depend on the ion valences, at least for low values of the
surface potential. On the contrary, for high �̃ values, the electro-
phoretic mobility strongly depends on the counterion valence,
decreasing when the valence of counterions increases. The limiting
values for high and low surface potentials are

(11) For z+ ) z- ) z

Figure 7. Electrolyte concentration coefficient Kc as a function of the surface potential calculated for z+ ) z- ) 1 (black line), z+ ) 2z- ) 2
(squares), 2z+ ) z- ) 2 (diamonds), and z+ ) z- ) 2 (gray line with dots). Remaining parameters given in Table 1.

Figure 8. Dimensionless electrophoretic mobility as a function of the surface potential, calculated for z+ ) z- ) 1 (black line), z+ ) 2z- ) 2
(squares), 2z+ ) z- ) 2 (diamonds), and z+ ) z- ) 2 (gray line with dots). Remaining parameters given in Table 1.
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(21) For z+ ) 2z- ) 2z

(12) For 2z+ ) z- ) 2z

These results coincide with eqs 36-38 in ref 21. They show
that the limiting electrophoretic mobility values strongly depend
on both the co-ion and counterion valences, increasing when
the valence of co-ions increases and decreasing when the valence
of counterions increases.

Conclusion

We generalized the classic Dukhin-Shilov thin double layer
polarization theory, originally developed for symmetrical elec-
trolytes, to the cases when the valence of counterions is double
or half the valence of co-ions. This rigorous and purely analytic
generalization was possible because the intervening expressions
can be integrated in these two particular cases, a fact apparently
overlooked in the past.

Our main qualitative conclusion is that the predicted behavior
of suspensions of colloidal particles in asymmetric electrolyte
solutions does not reduce to the symmetric case with the same
counterion valence, even in the high surface potential limit. The
limiting value of the dipolar coefficient for symmetric electro-
lytes is Kd

11 f 1/4, independently of the ion valence. On the
contrary, for asymmetric electrolytes, this value reduces to
Kd

21 f 0 when the counterion valence is half that of co-ions
and increases to Kd

12f 1/2 when the counterion valence is double
that of co-ions. Obviously, this dependence on the ion valences
also applies to the conductivity increment.

As for the electrophoretic mobility, it is mainly determined
by the valence of counterions (ũ21 ≈ ũ11 and ũ12 ≈ ũ22 for
positive particles and ũ12 ≈ ũ11 and ũ21 ≈ ũ22 for negative ones,
Figure 8), decreasing when the counterion valence increases.
However, for extreme surface potential values, the mobility
becomes also dependent on the co-ion valence, increasing when
the valence of co-ions increases.

The presentation was made providing all the intermediate steps,
assumptions, and justifications that lead to the final solution, in
view of the general lack of detail in the existing outlines of the
theory. It was limited, however, to the DC case in order to shorten
the already considerable length of the manuscript. Nevertheless,
an extension to the AC case is relatively straightforward, since all
of the intervening integrals remain unchanged.

Acknowledgment. Financial support for this work by CIUNT
(projects 26/E312 and 26/E419) and by CONICET (PIP 4656)
is gratefully acknowledged. The integrations were performed
using the free online Integrator that is part of the Mathematica
program by Wolfram Research.

References and Notes

(1) Dukhin S. S.; Shilov V. N. Theory of the static polarization of the
diffuse part of the thin double layer of spherical particles. Kolloidn. Zh.
1969, 31, 706.

(2) Dukhin S. S.; Shilov V. N. Dielectric Phenomena and the Double
Layer in Disperse Systems and Polyelectrolytes; Wiley: New York, 1974.

(3) Hinch, J. E.; Sherwood, J. D.; Chew, W. C.; Sen, P. N. Dielectric
response of a dilute suspension of spheres with thin double layers in an
asymmetric electrolyte. J. Chem. Soc., Faraday Trans. 1984, 2 (80), 535.

(4) Grahame, D. C. Diffuse double layer theory for electrolytes of
unsymmetrical valence types. J. Chem. Phys. 1953, 21, 1054.

(5) Loeb, A. L.; Overbeek, J. Th. G.; Wieresma, P. H. The electrical
double layer around a spherical colloid particle; M.I.T. Press: Cambridge,
MA, 1961.

(6) Shilov, V. N.; Dukhin, S. S. Theory of low-frequency dispersion
of dielectric permittivity in suspensions of spherical colloidal particles due
to double-layer polarization. Colloid J. 1970, 32, 245.

(7) Grosse, C.; Shilov, V. N. Theory of the low frequency electroro-
tation of polystyrene particles in electrolyte solution. J. Phys. Chem. 1996,
100, 1771.

(8) Shilov, V.; Delgado, A. V.; González-Caballero, F.; Grosse, C.;
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