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The structural assessment of welded joints requires that the weld metal and the heat-
affected zone (HAZ) have adequate fracture toughness values. The measurement of these
quantities is still controversial due to the inhomogeneous properties of the welds, which
affects standardized methodologies. This work presents local measurements of the fracture
toughness of the heat-affected zones from welded steel pipes. Fracture tests were per-
formed inside the scanning electron microscope (SEM) using small specimens, allowing
the direct measurement of the crack tip opening displacement (CTOD) on the surface.
CTODs of approximately half a millimeter were attained for crack growth of about one-
tenth of a millimeter before the crack crossed the fusion line. Three methods for computing
the CTOD were compared, and the differences among the results were discussed. Further-
more, the surface strain field, calculated by measuring the distortion of a regular grid,
showed evidence of an influence of HAZ inhomogeneity.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The structural assessment of welded joints requires assuring the mechanical properties of the base material and the
welded region. In particular, this work focuses on the structural integrity aspects of off-shore welded pipelines installed
by means of the reeling process [1]. Here, individual pipe sections are circumferentially joined using fusion welding to pro-
duce a continuous pipeline. The reeling/unreeling processes involve severe deformation with typical values reaching 3% plas-
tic strain. Therefore, one critical issue concerns the integrity of the welded joint upon these severe conditions.

During fusion welding, heat energy diffuses away from the weld, raises the temperature of the surrounding base material,
and creates a region with steep gradients in mechanical properties. This region is referred to as the heat affected zone (HAZ)
and extends for a few millimeters from the liquid–solid interface into the base metal. Fracture toughness characterization of
the HAZ is a difficult task since intrinsic inhomogeneity distorts the strains around a crack. Thus, the traditional homoge-
neous fracture mechanics methodology may become invalid since the similitude principle may not hold and the crack tip
strain fields may not be described correctly by the Hutchinson-Rice-Rosengren (HRR) model [2].

Extensive literature has documented the microstructural evolution of the HAZ region for HSLA steels in subregions with
different microstructures [3]. Previous research found that the coarse grain HAZ (CGHAZ), which borders the fusion line, is a
region with low toughness in high strength low alloy (HSLA) steels [4,5]. Accordingly, applicable recommendations such as
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Nomenclature

HAZ heat-affected zone
SEM scanning electron microscope
CTOD crack tip opening displacement
CGHAZ coarse grain HAZ
HI heat input
SE (B) single-edge bending specimen
CMOD Crack Mouth Open Displacement
LPD Load Point Displacement
CTOA crack tip opening angle
a current crack length
ao initial crack length
dn proportionality constant between CTOD and J-integral
B, W, S specimen dimensions
E⁄ almansi strain tensor
E elasticity modulus
F applied force
n hardening coefficient in Ramberg–Osgood law
rp rotation factor
Up work performed by the pins
a Ramberg–Osgood constant
e strain
eo reference strain
gp proportionality constant for calculating the J-integral
t Poisson modulus
r stress
ro reference stress
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API RP 2Z [6] call for fracture toughness tests with cracks in the CGHAZ for qualifying a weld. Considering the difficulties
associated with the precise location of an artificial crack on this particular HAZ subregion, standardized procedures require
the testing of several specimens accompanied by a verification of the final crack location and its trajectory.

After a large set of tensile and fracture standardized tests of welded specimens [7] were completed, questions arose about
the validity of the results. The first concern regarded the location of the crack in the specimens, which has typically been
solved in standards by increasing the number of tests required to qualify a weld. A second and less studied problem is related
to the uncertainties of employing theoretical models based on homogeneous material to deduce the mechanical properties of
the HAZ.

In a previous paper [8], we studied the tensile strength of the CGHAZ considered in this work. Here, we investigate the
local behavior around the tip of a crack immersed in the same CGHAZ, which has a strong gradient in its microstructure and
mechanical properties. We performed fracture tests of small specimens inside the scanning electron microscope (SEM) that
allowed the direct measurement of the crack tip opening displacement (CTOD) on the surface. These measurements were
compared to the computations with other methods for quantifying the CTOD, and the causes of the partial agreement were
discussed. Furthermore, the influence of the HAZ inhomogeneity on the strain field on the surface of the specimens was
depicted.
2. Experimental details

2.1. Material and welds

The material studied corresponds to the API X65 steel pipe for reeling applications with girth welds. The welding spec-
ifications included a root pass with a heat input (HI) of 0.8 KJ/mm and a submerged arc welding process for the filling passes
Table 1
Basic tensile properties of the pipe and weld.

Yield strength (MPa) Ultimate strength (MPa) Hardening (n)

Pipe base metal 467 ± 10 570 ± 12 6.8
Weld metal 0.8 KJ/mm 581 ± 12 658 ± 14 10.3
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with HIs of either 0.8 or 2.5 KJ/mm. Table 1 presents several average mechanical properties of the HSLA steel; the hardening
coefficient (n) corresponds to the best fit of the experimental data using the Ramberg–Osgood law,
�
�0
¼ r

r0
þ a

r
r0

� �n

; ð1Þ
in which the reference strain �0 and stress r0 were chosen as 0.002 and 467 MPa, respectively, for both base and weld metals.
Table 2 presents the estimated yield and ultimate strength for the CGHAZ, which were obtained using notched tensile spec-
imens and corroborated with in situ tensile tests [8]; for both HIs, the strength of the weld metal was higher than that of the
base metal, but the HAZs with 0.8 and 2.5 KJ/mm HIs had respectively higher and lower yield strengths than the base metal.
Additionally, Fig. 1 presents a stress–strain diagram of the base metal compared to the HAZ behavior obtained from in situ
tensile tests [8].

To control the microstructure sampled by the crack as it grows, the semi-K bevel geometry in Fig. 2 was selected, as rec-
ommended in the literature [9]. This bevel has been employed for evaluating HAZ toughness in multipass welds [1], and it
has been standardized by BS7448 Part 2 [10]. After welding, due to the lower HI used in the root pass, the straight side of the
fusion line was not perfectly perpendicular to the specimen edge, as shown in Fig. 2(right). This difficulty was overcome by
removing the root pass from the specimens, as indicated in the same figure.
2.2. In situ testing

In-situ testing refers to small specimens tested inside a scanning electron microscope (‘‘in situ’’) and observed in real
time. This technique has been employed in the measurement of mechanical properties of homogeneous materials and com-
posites [11], and it demonstrated a great potential to study of inhomogeneous materials. Hence, the focus of this work was to
adjust the in situ technique to HAZ specimens and compare the results with homogeneous base metal specimens.
2.2.1. Specimens
Fig. 3(left) depicts the single-edge bending specimen, SE (B), which was machined following the recommendations of BS

7448 Part 2 [10] and API RP 2Z [6], except for the minimum size requirements. The specimens were cut from welded pipes, as
schematically illustrated in Fig. 3(right). To improve the dimensional accuracy of the specimen, the notch and the fatigue
precrack were introduced in a larger specimen, which was later machined to dimensions indicated in 3(left). The crack front
direction was radial while the crack grew in the circumferential direction (L–C direction based on BS 7448 Part 4 [10]) along
the CGHAZ, as shown in Fig. 3. For comparison, specimens with homogeneous microstructures composed of only the base
metal were fabricated using the same procedure.

The specimen preparation continued by polishing and etching chemically, which revealed the HAZ microstructure. In that
way, the fatigue precrack and the fusion line could be identified in the optical microscope as illustrated in Fig. 4. The crack
was located in the CGHAZ within a millimeter from the fusion line for both HIs. Furthermore, since the thickness of the sam-
ple was only 3 mm, the position of the crack with respect to the fusion line was not expected to vary significantly inside the
specimen.

On the surface of the samples laid an 85 lm period grid obtained by evaporating lead on a mask. The purpose of the mask
was to allow visualization of the deformation field. Lead provided an excellent contrast in the images, and no debonding of
lead pattern was observed, even at large deformations. Similar techniques have recently been implemented [12].
2.2.2. Facilities and images
The two mobile heads of the in situ stage in Fig. 5 [13] deformed the SE (B) specimen while a load cell measured the ap-

plied load. The system worked in a vacuum at room temperature inside a Phillips 515 SEM, whose wide depth of focus and
magnification range allowed observation of the general deformation of the specimen and local evolution of the CTOD in real
time.

Low magnification images (11X) depict the evolution of the specimen width (W) and allow to measure the CMOD (Crack
Mouth Open Displacement) and the LPD (Load Point Displacement), shown in Fig. 6(left). From higher magnification images
(101X), the CTOD was directly measured as the opening between two perpendicular lines, Fig. 6 (right).
Table 2
Basic tensile properties of the HAZ calculated using notched tensile specimens [8].

HI (KJ/mm) Yield strength (MPa) Ultimate strength (MPa)

HAZ 0.8 514 ± 39 615 ± 36
HAZ 2.5 360 ± 28 506 ± 28



Fig. 1. Stress–Strain diagrams for the base metal and HAZ with different heat inputs [8].

Fig. 2. Schematic semi-K bevel used for evaluating HAZ toughness (left). Micrograph of an welded bevel (right).

Fig. 3. (Left) Small samples used for in situ tests; dimensions are in millimeters. (Right) Specimens were obtained transversally to the weld.

Fig. 4. Example of the location of the crack near to the fusion line for the weld with 0.8 KJ/mm. (Left) Low magnification image obtained with SEM. (Right)
Optical microscope image of the CGHAZ.
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Fig. 5. Photography of the testing machine with a SE (B) specimen.

Fig. 6. Small SEN (B) specimens upon testing in the SEM. The specimen span is in the horizontal direction. (Left) SE (B) specimen at low magnification.
(Right) A detail of the tip of the crack and the CTOD definition.

Fig. 7. Images of the crack tip from the HAZ with 0.8 KJ/mm. The CGHAZ extends approximately up to the right edge of image 1.
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3. Analysis of images

Fig. 7 reproduces the sequence of the images recorded during the test of the HAZ with HI 0.8 KJ/mm. The CGHAZ lay
approximately on the right edge of image 1, but rest of the HAZ extended well beyond the edge. These high magnification
images (with the fusion line highlighted) show, as expected, initial crack growth due to blunting followed by tearing with a
roughly constant crack tip opening angle (CTOA) between 10� and 20�. For crack growth around 0.1 mm, both mechanisms



Fig. 8. Images of the crack tip from the HAZ with 2.5 KJ/mm.
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were active, which indicates that before blunting was complete, the crack continued to grow because of tearing. The crack
extension is considered as the projection along the initial direction of the crack (vertical direction in Fig. 7).

Fig. 8 presents a similar sequence of the images obtained during the testing of the HAZ with HI 2.5 KJ/mm, which pre-
sented more blunting at the beginning of tearing due to the lower yield strength of this HAZ [8]. For each image in the se-
quences, the CTOD was measured using the perpendicular-lines rule shown in Fig. 6(right). The intersection between the two
lines is located at the mid-section between the surfaces of the crack and the secant to the blunt crack tip. Such a definition of
the CTOD becomes less accurate with increasing crack growth, but it is an acceptable approximation for early crack growth.

Fig. 9 compares resistance curves between HAZs with various HIs until the crack tip crossed the fusion line and suggests
that the HAZ with the highest HI was the toughest. For completeness, Fig. 10 compares the results from in situ tests with
standardized fracture toughness tests at �10 �C using multiple large SE (B) specimens (12 � 24 � 110 mm [7]) in which
all CTOD calculations were based on BS7448 part 4. Both small and large specimens showed that the HAZ with the highest
HI was the toughest, and the data seem to follow a single resistance curve for each HI.

3.1. CTOD determination

The spectrum of models that calculate the CTOD assume various underlying hypotheses (e.g., plane stress/strain, no plas-
tic hardening, etc.), and they may not result in equivalent results. Thus, this section compares three methodologies for cal-
culating the CTOD in Fig. 7 (0.8 KJ/mm HAZ):

� Measuring the CTOD directly from Figs. 7 and 8 using the convention proposed in Fig. 6.
� Measuring the CMOD from low magnification images and using the plastic hinge model as proposed in British Standard

7448 Part 4 [10].
CTOD ¼ FS

BW1:5 � f
a0

W

� �� �2

� ð1� m2Þ
2r0E

þ ð1� rpÞDaþ rpðW � a0Þ
rpW þ ð1� rpÞða0 þ DaÞVP ð2Þ
� Obtaining the value of the J-integral using Eq. (3) taken from BS 7448 Part 4 and later calculating the CTOD using Eq. (4),
which was introduced by Shih [14], who assumed that HRR fields are valid and a CTOD is defined with two perpendicular
lines, as shown in Fig. 6.
J ¼ FS

BW1:5 � f
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Fig. 9. Surface CTOD resistance curves measured from images for both HIs. Crack growth comprises blunting and tearing mechanisms.



Fig. 10. Comparison between in situ and large standard fracture tests, both found using BS7448 part 4.
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In these equations, F corresponds to the applied force, gP = 2 for SE (B) specimens, the rotation factor rp = 0.4, S, B, and W are
specimen dimensions, a0 and aare the initial and current crack lengths, respectively, E is Young’s modulus, and r0 is the ref-
erence stress chosen as the yield strength of the base metal (467 MPa). Additionally, assuming plane stress conditions and a
base metal hardening exponent of 6.8, dn takes a value of 0.55 [14]. For comparison, a test with an homogeneous specimen
(only base metal) yielded an average dn of about 0.5, deduced from Eqs. (3) and (4) and CTOD measurements from images.

Fig. 11 presents the CTOD from the three methodologies proposed for the sequence of images in Fig. 7 (HAZ with HI
0.8 KJ/mm). The CTOD values from the images and the J-integral methodology showed good agreement in the early stages,
but they disagree after crossing the fusion line; the CTOD values based on the plastic hinge were always lower than those
obtained by measuring the opening directly on the images.
3.2. Strains around a crack in the HAZ

Displacement fields were computed by tabulating the location of the corners of the squares for each image, accomplished
by simple inspection of the images with image editor software (a similar solution was proposed in Ref. [15]). The particle
image velocimetry method employed in Ref. [8] was not satisfactory because of large deformations, rotations, and roughen-
ing of the surface. The large displacements and strains developed on the grid were described by the finite deformation for-
malism. Then, the deformation of each square in the deformed image was quantified by the Almansi strain tensor (E⁄), which
belongs to the deformed or Eulerian configuration [16].

Two coordinate systems were defined on the initial (ozi) and the current (zi) configurations, and each square of the grid
was parameterized using a set of convective coordinates ðr; sÞ, as presented in Fig. 12, which shows a square before and after
being deformed. Traditional parametric interpolation functions provided a linear estimation of the displacements and
deformations suffered by each square. This methodology assumes that the squares deform with straight sides, which is a
first-order approximation that proved to be adequate in relation to the magnitude of experimental uncertainties, except
perhaps for some squares next to the crack tip. See the appendix for further details about the scheme.

To assess the strain fields due to blunting, we calculated the Almansi strain tensor for each square of the grid on the
images prior to tearing crack growth; this calculation was performed on images from the HAZ specimen with HI 0.8 KJ/
Fig. 11. CTODs obtained using three different methods for the weld with an HI of 0.8 KJ/mm. Crack growth comprises blunting and tearing mechanisms.



Fig. 12. Initial (Lagrangian) and current (Euclidean) coordinate systems along ith the parametrization of the convective coordinates.

Fig. 13. Large deformation analysis of the crack tip for the base metal. Approximately symmetric strains were found in front of the crack.
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mm and, for comparison, on images from homogeneous specimen composed only of base metal. Figs. 13 and 14 depict the
principal values and directions of the Almansi strain tensor for the base metal and HAZ specimens, respectively.

4. Discussion

4.1. Specimen size

The application of fracture mechanics singularity models to experimental specimens is usually based on the self-
similitude assumption, which requires that stress and strains fields at the crack tip are equivalent for different geometric
conditions. In order to satisfy such hypothesis, standardized specimens have dimensional constraints that guarantee that
the results can be transferred across multiple sizes and configurations. One of such requirements is that the specimen is
big enough to reproduce the same constraint as in the application of interest. Since this requirement is sometimes not pos-
sible to be satisfied, subsize specimens have received significant attention.



Fig. 14. Large deformation analysis of the crack tip for the weld. Note the highly asymmetric character of the strains in front of the crack.
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This is an area of active research, source of multiple conferences and ASTM special technical publications (STPs) [17–19],
which attempts to transfer the results from smaller fracture specimens into full size structure. Moreover, the nuclear indus-
try has developed techniques to assess the fracture toughness of welds using subsize specimens [20]. For example, Anderson
and Dodds have proposed a methodology to extrapolate the results from subsize specimens into full thickness specimens by
quantifying the change in triaxiality [1]. Hence, the objective of this work is not to improve the techniques for extrapolating
the fracture toughness among specimens of different size, but to assess the behavior of small specimens in comparison to
traditional theoretical models.

Since fracture toughness results may depend on the dimensions of the specimen tested, the standards usually limit the
maximum valid values of the CTODs as a fraction of the size of the specimen. For the dimensions of the specimens in Fig. 3,
BS7448 [10] limits the maximum valid CTOD up to
CTODmax ¼ ðW � a0Þ=30 ¼ 0:1 mm: ð5Þ
Such a limit is an estimation of the maximum CTOD that would uniquely characterize the material fracture toughness. Fur-
thermore, Wallin [22] has argued there is no need for a limit in the maximum J-integral if the crack growth is limited and
included in the calculation the driving force (as it is the case in Eqs. (2) and (3)). Therefore, the CTODs computed should still
be valid when compared to the results of specimens with similar dimension, even more when comparing different measure-
ments of the same specimen.

This work does not attempt to directly extrapolate the results into full-scale applications but uses small specimens to
rank the initial portion of the resistance curve of different HAZs. For instance, the HAZ with an HI of 2.5 KJ/mm had a higher
resistance curve than that with an HI of 0.8 KJ/mm, which is the same trend found for large specimens. Furthermore, small-
scale tests provide more control in placing the crack within the HAZ and predicting the microstructure crossed by the crack
with the consequent improvement in the variability of results, but without requiring as many tests as in the case of using
larger specimens.

4.2. Accuracy of models

Several authors have demonstrated that fracture mechanics formulations based on homogeneous materials may not be
applicable to inhomogeneous materials. For example, the J-integral may become path dependent in materials with gradients
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of mechanical properties [23]. Hence, having disregarded the size of specimens as a main source of inaccuracy, this section
reviews the effect of the inhomogeneous microstructure on the CTOD calculations for the three methodologies while the fol-
lowing section discusses the shapes of the strain fields:

Measured from images: If the faces of the crack were parallel, the CTOD could be measured at any location behind the tip,
resulting in the same value. However, perpendicular lines are commonly used to measure the CTOD because the crack faces
usually develop at angles. The accuracy of this correction decreases as the crack grows. However, the angle of the crack faces
does not vary significantly with increasing crack growth; this minimizes the effect of the correction. Hence, the technique
employed to measure the CTOD from images appears to be accurate and not influenced by the inhomogeneity. Furthermore,
in situ tests can be employed for assessing the fracture toughness of materials in which indirect measurements of the CTOD
may not be accurate or may be difficult to measure (e.g., graded or thin materials, respectively).

Based on the J-integral: Eqs. (3) and (4) assume that the work performed by the pins on the specimen (UP), far from the
crack, is a good measurement of the energy consumed at the crack tip. Such assumption could be violated under certain con-
ditions (e.g., the base metal yields far from the crack tip due to a large mismatching), but that would not be the case for a
weld with a moderate mismatch. Moreover, the equations have two parameters (gP and dn) that may be inaccurate because
they are calibrated using FEM of homogeneous materials. In the literature, gP is usually accepted as 2 for SE (B) specimens
with a/W � 0.5, and although some evolution of the parameter is expected [24], the uncertainty of this value could not justify
the discrepancy [25]. On the other hand, dn, which depends on the hydrostatic condition (plane stress/strain), varies mildly
with r0/E and strongly with the hardening coefficient n [14]. Hence, for a certain hydrostatic condition, the hardening coef-
ficient would be the only required parameter as long as the same reference stress and Young’s modulus were employed for
fitting the tensile data from different materials.

The small dimensions of the specimen suggest that the plane stress condition is a good assumption, which is further sup-
ported by the average value of dn obtained from the test of an homogeneous specimen. Moreover, the results from tensile
tests indicate that the hardening coefficient of the HAZ with HI 0.8 KJ/mm is slightly higher than that of the base metal
[8] while the coefficient of the weld metal is significantly higher. More hardening implies that larger values of dn should
be used in the calculation of CTOD, which yields larger values of CTOD. Hence, the local differences in hardening can justify
that the J-integral method provided lower CTOD estimations than the values measured on the images. Indeed, this discrep-
ancy increased when the crack entered the welded region (to the right of Fig. 11) because the value for dn, assuming n = 10, is
close to 0.7. When this value is employed to calculate the CTOD, the resulting values ar 40% larger, which agrees better with
the values measured from the images.

Based on the hinge model: In this model, the rotation factor and the yield stress can be influenced by inhomogeneity, but
the latter modifies only the elastic contribution that is negligible. However, the value of rp, which is based on FEM simula-
tions, is still a topic of discussion; even British [10] and American [26] standards use different values, 0.4 and 0.44, respec-
tively. Moreover, a wider range of values from 0.4 to more than 0.5 have been proposed in the literature [27]. For
comparison, in situ measurements with homogeneous specimens resulted in rp values below 0.5.

If the value of the rotation center is increased up to 0.55 (i.e., moving it towards the end of the specimen), Eq. (2) yields
larger values of CTOD and matches the results from the other methodologies. This shift of the rotation center may not be
an actual displacement, but a phenomenon that results from using a homogeneous-based model in an inhomogeneous spec-
imen. Furthermore, in Eq. (2), an increment of rp has the same effect of increasing the remaining ligament, which could occur
when the center of rotation is not aligned with the crack and makes the crack grow in a slanted manner, as can be seen in Fig. 7.
4.3. Strain fields

The SEM allowed the characterization of the strain fields on the surface around the crack tip. The strain field in the base
metal specimen was approximately symmetric with respect to the crack plane and presented intense compression in the
through thickness direction (around 30%). However, in front of the crack tip and along the direction that would follow
the crack, strains are lower than 5%.

In the HAZ specimen, asymmetry developed in the strain field due to the intrinsic inhomogeneous microstructure of the
region. In fact, intense compression strains developed close to the crack, especially in the weld metal region, but no signif-
icant planar deformation occurred along the path followed by the crack where strains decreased steeply and became smaller
than 5% at a distance smaller than the CTOD. This plastic deformation is indeed not predicted by standard fracture theories
(i.e., HRR fields), which usually result in a ‘‘kidney-shape’’ plastic zone. The plastically deformed region is easily observed on
images 4 and 5 in Fig. 7, in which the region that deformed the most is located outside a triangular region in front of the crack
tip. This deformation pattern resembles deformation bands coming out of the crack tip and turning towards the maximum
shear direction.
5. Conclusions

This work presented fracture tests inside a scanning electron microscope of different HAZs from welded steel pipes. The
main conclusions are summarized as follows:
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� In-situ and large standardized tests seemed to follow the same resistance curve, suggesting that a single small-scale test
could be employed to rank the initial portion of the resistance curves of welds.
� The main advantage of adopting in situ tests to characterize fracture toughness of welds is that the CTOD can be deter-

mined directly without using approximate models that are affected by the inhomogeneity of the HAZ. Additionally, the
location of cracks can be controlled during the test as well as the type of microstructure crossed by the crack.
� The technique is also applicable to materials (e.g., graded or thin materials) in which the indirect measurements of the

CTOD may not be accurate.
� The CTOD was also computed using theoretical models based on the J-integral and the plastic hinge. The results showed

differences among these methods that were more pronounced after the crack crossed the fusion line, presumably because
the models were devised for homogeneous materials. The J-integral appeared to be affected by local hardening at the
crack tip while the plastic hinge seemed to have been affected in the location of the center of rotation.
� The deformation fields measured at the surface for base metal and HAZ specimens differed significantly, and they also

differed from the field proposed by the HRR model.
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Appendix A

A.1. Estimation of large deformations

Almansi strain tensor is defined as
E�ij ¼
1
2

dui

dxj
þ duj

dxi
� duk

dxi

duk

dxj

� �
ðA:1Þ
The small strain hypothesis neglects the non-lineal term in Eq. (A.2). The Almansi strain tensor is not just a second-order
approximation but describes the problem completely. Traditional parametric interpolation functions, used to measure the
strain tensor from the images, are defined as
tziðr; sÞ ¼ hðr; sÞktzk
i ; ðA:2Þ
in which t refers to the image and k the summation of the linear interpolation functions that are defined as
h1 ¼
1
4
ð1þ rÞð1þ sÞ;h2 ¼

1
4
ð1� rÞð1þ sÞ;h3 ¼

1
4
ð1� rÞð1� sÞ; h4 ¼

1
4
ð1þ rÞð1� sÞ ðA:3Þ
This methodology assumes that the squares deform with rigid straight sides. This is an approximation that, in general,
proved to be adequate for the experimental uncertainties, except perhaps for some squares close to the crack tip.

The deformation gradient inside each square was calculated using
0
f X ¼ df zi

df zj
¼ dhk

df zj

f zk
i ðA:4Þ
using the parametric interpolation function
d0zi

dr
¼ dhk

dr
0zk

i and
d0zi

ds
¼ dhk

ds
0zk

i ðA:5Þ
and defining the Jacobian matrix as:
½0J� ¼
d0z1
dr

d0z2
dr

d0z1
ds

d0z2
ds

" #
; ðA:6Þ
after which
dhk
d0z1

dhk
d0z2

2
4

3
5 ¼ ½0J��1

dhk
dr
dhk
ds

" #
; ðA:7Þ
which was combined with Eq. (A.6) to determine the deformation gradient.
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