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Abstract: We obtain box-counting estimates for the pinned distance sets of (dense subsets
of) planar discrete Ahlfors-regular sets of exponent s > 1. As a corollary, we improve upon a
recent result of Orponen, by showing that if A is Ahlfors-regular of dimension s > 1, then
almost all pinned distance sets of A have lower box-counting dimension 1. We also show that
if A, B C R? have Hausdorff dimension greater than 1 and A is Ahlfors-regular, then the set
of distances between A and B has modified lower box-counting dimension 1, which taking
B = A improves Orponen’s result in a different direction, by lowering packing dimension to
modified lower box-counting dimension. The proofs involve ergodic-theoretic ideas, relying
on the theory of CP-processes and projections.
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1 Introduction and main results

In 1985, Falconer [4] (implicitly) conjectured that if A € R, with d > 2, is a Borel set of Hausdorff
dimension at least d /2, then the set of distances

dist(A,A) ={|x—y|:x,y € A}

has Hausdorff dimension 1. He also showed that the value d/2 would be sharp. The conjecture remains
wide open in every dimension, but several deep advances have been obtained; we discuss in some
detail what is known in the plane, and refer to [3] for some of the known results in higher dimensions.
Throughout the paper, dimy, dimp, dimg, dimg, and dimy;z denote, respectively Hausdorff, packing,
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lower box-counting, upper box-counting, and modified lower box-counting dimensions. See §2.2 for the
definitions, and [5] for further background on fractal dimensions.

Relying on earlier work of Mattila [14], and using deep harmonic-analytic techniques, Wolff [22]
showed that if dimg(A) > 4/3, then dist(A,A) has positive Lebesgue measure. As remarked in [22],
4/3 appears to be the limit of these methods. Nevertheless, losevich and Liu [11] recently obtained an
improvement for a large class of cartesian products.

Assuming only that dimy(A) > 1, Bourgain [2] (relying on earlier work of Katz and Tao [13]) used
sophisticated additive-combinatorial arguments to prove that

dimy (dist(4,4)) > 1/2+¢,

for some small absolute constant € > 0.
To the best of our knowledge, the following stronger version of Falconer’s conjecture might hold: if
dimyg(A) > 1, then there exists x € A such that the pinned distance set

dist(x,A) = {|x—y|:y € A}

has Hausdorff dimension 1. Although the method of Wolff does not appear to say anything about pinned
distance sets, Peres and Schlag [20] employed the transversality method to prove that, under the stronger
assumption dimy(A) > 3/2, for all x outside of a set of dimension at most 3 — dimy(A), the pinned
distance set dist(x,A) has positive Lebesgue measure.

Very recently, Orponen [19] approached the problem from a different angle. Recall that a set A C R is
called (s,C)-Ahlfors regular, or s-Ahlfors regular with constant C, if there exists a measure g supported
on A, such that C~!r* < u(B(x,r)) < Cr* for all x € Supp(u) and all r € (0, 1]. Orponen showed that if
A C R? s (s,C)-Alhfors regular for some s > 1 and any C > 1, then the packing dimension of dist(A,A)
is 1. In fact, a small modification of his method shows that also the lower box-counting of dist(A,A)
equals 1.

In this article, we improve upon Orponen’s result in several directions: we obtain results on the
existence of many large pinned distance sets, we weaken slightly the hypothesis of Ahlfors-regularity, we
show that the modified lower box-counting dimension of the distance set is 1, and we are able to consider
the set of distances between two different sets.

Our first main result is a discretized version for large subsets of (discrete) Ahlfors-regular sets: we
say that a set A C R is discrete (s, C)-Ahlfors regular at scale 2~V if

C12VRs < |B(x,27F)nA| < C2WRs forall x € Ak € [N],

where [N] = {0,1,...,N — 1}. For a bounded set F C R?, we denote by N(F, &) the number of &-grid
cubes hit by F.

Theorem 1.1. Given s > 1,C > 1,t € (0,1), there exist € = €(s,C,t) > 0 and Ny = Ny(s,C,t) € N such
that the following holds:
IfN > N, and A C [0,1)? is a subset of a discrete (s,C)-Ahlfors regular set at scale 2, then

lx € A N(dist(x,A4),27V) < 2'V| < H(s—e)N_
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An inspection of the proof shows that we can take € = (1 —¢)/C’ for some effective C' = C'(s,C) > 0.
The value of Ny does not appear to be effective from the current proof.

Theorem 1.1 fails rather dramatically for s = 1, as witnessed by the example described in [13, Eq. (2)
and Figure 1]. Namely, given N > 1, let

Ay = {(x,y) xe{2Vri0<i<2Vro1)ye {2V 0§j<2N/2}}.

This is a discrete 1-Ahlfors regular set at scale 2V, yet one can check that N(dist(x,Ay),2~N) = 0(2N/?)
for all x € Ay. In the proof of Theorem 1.1, the role of the assumption s > 1 is to ensure that the set
of directions determined by pairs of points in A is dense “with high multiplicity”, see §4.1 below. This
obviously fails for each of the sets Ay and, more generally, for many discrete 1-Ahlfors regular sets. We
thank an anonymous referee for pointing out this “almost counter-example” to Theorem 1.1.

We obtain several corollaries from Theorem 1.1 . Firstly, for sets of full Hausdorff dimension inside
an Ahlfors-regular set, nearly all pinned distance sets have full lower box-counting dimension:

Corollary 1.2. Foreveryt € (0,1), s > 1, C > 0 there is € = €(s,C,t) > 0 such that the following holds.
Let A be a bounded subset of a (s,C)-Ahlfors regular set in R?. Then

dimp{x € A : dimg (dist(x,A)) <t} <s—e.
Moreover, if H*(A) > 0, then
dimg (dist(x,A)) =1 for H*-almost all x € A.
In particular, this holds if A is itself (s,C)-Ahlfors regular.

In the above corollary, 7{* denotes s-dimensional Hausdorff measure. It is also easy to deduce a
statement purely about box-counting dimensions:

Corollary 1.3. Let A be a bounded subset of a (s,C)-Ahlfors regular set in R?, with dimg(A) = s > 1
(resp. dimp(A) = s > 1). Then

dimg (dist(A,A)) =1 (resp. dimg(dist(A,A) = 1)).

We underline that the Hausdorff dimension of sets satisfying the hypothesis of the above corollary
may be arbitrarily small, or even zero.

Our second main result concerns the set of distances between two, possibly disjoint, sets A, B C R2.
Although here we do not get a discretized result, we do get large modified lower box-counting dimension
of the distance set (which we recall is smaller than both lower box dimension and packing dimension,
and unlike the former is countably stable). Moreover, while for one of the sets we still need to assume
Ahlfors-regularity, for the other we only require that the Hausdorff dimension strictly exceeds 1.

Theorem 1.4. Let A, B C R? be two Borel sets such that dimy(A) > 1 and B is (s,C)-Ahlfors regular for
some s > 1. Then

In particular, if A is s-Ahlfors regular with s > 1, then its distance set has full modified lower box-counting
dimension.
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In fact, we are able to somewhat weaken the assumptions on A and B, see Theorem 5.1 below and the
remark after the proof.
The proof of Theorem 1.4 also yields the following:

Corollary 1.5. Let A,B C R? be two Borel sets such that dimy(A) > 1 and B is (s,C)-Ahlfors regular
for some s > 1. Then L
dimg({x € A : dimg(dist(x,B)) < 1}) <1.

In particular, this applies to A = B.

Compared with Corollary 1.2, we lower the size of the exceptional set (from zero measure to Hausdorff
dimension 1), at the price of dealing with upper box-counting dimension instead of lower box-counting
dimension.

For the proofs, we follow some of the ideas of Orponen [19], but there are substantial differences.
A key step in his approach is a projection theorem for entropy in the Ahlfors regular case, see [19,
Proposition 3.8], which is applied at all scales. It is unclear whether such a result continues to hold after
removing even very small pieces of the initial regular set. Hence, in order to make the method robust
under passing to large subsets (which is essential to the proof of Theorem 1.1), we needed a different
device to handle the entropy of projections. This more flexible device is the theory of CP-processes and
projections developed in [10], which we review in Section 2. Very roughly speaking, a CP-process is a
measure-valued dynamical system which consists in zooming in dyadically towards a typical point of the
measure. Thus, this paper is another example of an application of ergodic-theoretic ideas to problems
that, a priori, have nothing to do with dynamics or ergodic theory.

As noted by Orponen already in [17], in the study of distance sets the spherical projections oy (y) =
(x—y)/|x—y| play a key role (the reason is that they arise when linearizing the distance function). An
important fact in Orponen’s approach is that spherical projections of sets of dimension at least 1 are dense.
For the proof of Theorem 1.1 we require a discrete quantitative version of this (established in §4.1), while
for Theorem 1.4 we rely instead on a recent result of Mattila and Orponen [16], see also [18].

The paper is organized as follows. In Section 2 we set up notation, recall different notions of
dimensions, and review the parts of the theory of CP-processes that we will require. In Section 3 we
discuss a notion of regularity weaker than Ahlfors-regularity. Theorem 1.1 and its corollaries are proved
in Section 4, while Theorem 1.4 is proved in Section 5.

2 Preliminaries

2.1 Notation

We use O(-) notation: A = O(B) means 0 < A < CB for some constant B; if C is allowed to depend on
any parameters, this are denoted as subscripts; e.g. A = O4(B) means 0 < A < C(d)B. Finally, A = Q(B)
means B = O(A), and likewise with subscripts.

Given a metric space X, we denote the family of all Borel probability measures on X by P(X), and
the family of all Radon measures on X by M(X). When X is compact, P(X) is endowed with the weak
topology, which is metrizable. If f : X — Y and u € M(X), the push-down measure fu is defined as
fu(A) = u(f~'A). We note this is sometimes denoted fiLL.

DISCRETE ANALYSIS, 2017:9, 22pp. 4


http://dx.doi.org/10.19086/da

ON DISTANCE SETS, BOX-COUNTING AND AHLFORS REGULAR SETS

If p € M(X) and u(A) > 0, then pt|4 is the restriction of u to A and, provided also f(A) < eo, we
denote by 4 the restriction normalized to be a probability measure, that is

wa(B) = “(lA)u(ArwB).

We work in an ambient dimension d; this will always be 1 or 2 in this paper. We denote by D,Ed) the
partition of R? into half-open dyadic cubes

(U2, G+ 0278 x o x a2, Ga+ 0279 s a € 2
When d is clear from context, we simply write Dy. If x € RY, we denote the unique element of D,({d)
containing x by Dy (x). In addition to the Euclidean metric, on R? we consider the dyadic metric p defined
as follows: p(x,y) = 27, where £ = max{k : Dy(x) = Di(y)}.
Logarithms are always to base 2. We denote Shannon entropy of the probability measure y with

respect to the finite measurable partition F by H(u,F), and the conditional entropy with respect to the
finite measurable partition G by H (i, F|G). That is,

H(w,J) =Y, —u(F)logu(F),
Fed

Hp, 319 = Y  wG)H(uGT).
GeG:u(G)>0

Here and below we follow the usual convention 0-log(0) = 0. We denote by H; (i) the normalized
entropy H(u,Dy)/k, and note that if u € P([0,1)9), then 0 < Hy(u) < 1. The following are some
standard properties of entropy that will get used in the sequel:

1. If |F| < N, then H(u,F) <logN.

2. If F, G are finite partitions such that each element of J intersects at most N elements of G and vice
versa, then
|H(u, ) —H(u,9)| <logN.

3. (Concavity of entropy). If u, Vv are probability measures, ¢ € [0, 1] and JF is a finite measurable
partition, then
H(fﬂ+(1 —t)V,C‘F) = lH(lJ,fTr) +(1 —t)H(V,S:).

Given two integers A < B we denote [A,B] = {A,A+1,...,B—1}. When A = 0, we simply write
[B] ={0,1,...,B—1}.

2.2 Notions of dimension

In this section we quickly review the notions of dimension of sets and measures we will require. For
further background on dimensions of sets, see e.g. Falconer’s textbook [5], while for dimensions of
measures and their relationships, we refer to [6].
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Recall that N(F, €) is the number of e-grid cubes that intersect a bounded set F C R?. The upper
and lower box-counting dimensions of F are defined as

log N(F'

dimg (F) = liminf 0gN( ’8),
10 —loge

logN(F, )

These dimensions are not countably stable. After making them countably stable in the natural way, one
gets modified lower box-counting dimension dimy;z and packing dimension:

dimyp (F) = inf{supdimg (F;) : F C U;F},

dimp(F) = inf{supdimg (F}) : F C U;F;}.
i

The inequalities dimy (F) < dimyg(F) < dimg (F) < dimg(F) and dimyz (F) < dimp(F) < dimg(F)
always hold, while dimy and dimp are not comparable in general.

We move on to dimensions of measures. Let y € P(R¢). The lower and upper entropy dimensions
are defined as

dim, (p) = liminf Hy (1),

k—yoo

dime(p) = limsup He().

k—roo
The Hausdorff dimension of yt € M(R?) is
dimg(u) = inf{dimg(A) : p(A) > 0}.

We note that this is sometimes called the lower Hausdorff dimension. Finally, we recall that u € M(R?)
is called exact dimensional if there exists s > 0 (the exact dimension of L) such that

logu(B(x,)

i logr =ys for p-almost all x.

For any p € P(R9) it holds that

dimp () < dim, (p) < dime(p),

with strict inequalities possible, see [6, Theorem 1.3]. However, for measures of exact dimension s, there
is an equality dimy(u) = dime (1) =s.

2.3 Global sceneries, entropy and projections

In this section we recall some results from [9, 19] (similar ideas go back to [10]). We write (@) or Jg
to denote the point mass at ® (often @ will be a measure).
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We denote the topological support of € P([0,1)¢) in the p-metric by Supp,, (1t). Note that x €
Supp, (u) if and only if (D, (x)) > 0 for all n € N. Given Q € DY et T be the homothety that maps

Q onto [0,1)%, and define
o_rT (‘uQ> )
SR V()

If x € Supp,, (1), we also write u*" = uPn®) for short. That is, u*" is the normalized restriction of y to
D, (x), renormalized back to the unit cube.
Given u € P([0,1)4), x € Supp, (1), and an integer interval [A, B], we write

B—1
9 = g L W)
()n= [ S(u™")du(x) =Q)€:D 1(Q)6(u°),
1 B—1
(1)am = / (W, x) 4,5 A (x) = m’;‘(mn.

The second equality in the last line follows from interchanging the order of sum and integration; it will be
convenient to alternatively use either definition of (i) (4 p)-

The following simple but important fact is proved in [9, Lemma 3.4]. It allows to recover the global
entropy of a measure from local entropies.

Lemma 2.1. Let u € P([0,1)%). Then

Hiv() — [ Hym) (o ()| = Oala/M)

In the above lemma, one should think that the value of g is fixed, and N tends to infinity (possibly
along a subsequence).
The following is a variant of a result of Orponen [19], which in turn adapts ideas of Hochman [9].

Proposition 2.2. Fix 2 < g < N. Let u € P([0,1)?), and let U be an open set containing Supp(LL).
Suppose that f : U — R is a C' map such that, for some fixed v € S,

IDf(x)—v|| <27 forall x € Supp(u).
Then, if I1,(x) = v-x denotes the orthogonal projection of x onto a line in direction v,
Hy(fu) = [ H,(CLm) () (m) — Ola/N) ~ O(1/q).
The constants in the O notation are absolute.
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Proof. Orponen [19, Lemma 3.5] showed thatif 1 < g < N and v € P(U), then

1 |N/q)—1
HN(fV) 2 N Z Z V(D)H(fVDaD(K-H)q‘DKq)’ (2.1)
50 pep

where the sum runs over D with v(D) > 0.
By concavity of entropy, if De @52), then

Hy(fu) > u(D )HN(flJD)

Applying (2.1) to each v = uz with De Dg-z), J € [¢], and adding up, and then averaging over j, we get

Z Y w(D)=H(fup, Disg|D;). 2.2)

i= ODeD

On the other hand, by [19, Lemma 3.12], the almost linearity hypothesis on f ensures that
|H(fup,Diy¢|Di) —H(I,up, Diy4|Di)| = O(1) (2.3)

for any D € DEZ). (This was stated in [19] for i a multiple of g but the proof in general is identical.)
Finally, as observed in [19, Remark 3.6], the linearity of I1, implies that

—H(Tup, Ditg|Di) > Hy(TLuP) — 0(1/q). (2.4)
Putting together (2.2), (2.3) and (2.4) yields the claim. ]

We will apply the above proposition to functions f of the form ¢,(y) = %\x —y|. Let o(x,y) =
(x—y)/]x—y| € S' € R? be the direction generated by x # y, and note that Df,(y) = o(x,y). Hence, we
have the following corollary of Proposition 2.2.

Corollary 2.3. FixxcR%, D ¢ D,(CZ), ve S and g > 1 such that |6(x,y) —v| <279 forall y € D. Then
for any u € P(]0,1)?) supported on D and any N > q,

Hy(9utt) > [ H,(TL)d(u)io () ~ Ola/N) ~ O(1/q).

2.4 CP processes

Following [7], we consider CP processes on the tree ([0, 1)¢, p) rather than on Euclidean cubes; the dyadic
metric helps avoid technicalities with functions that would not be continuous on Euclidean space (due to
dyadic hyperplanes) but are on the tree, notably entropy. We will denote the induced weak topology on
P([0,1)?) by p, and the weak topology induced by this on P(P([0,1)¢)) by p. Slightly abusing notation,
we will also denote by p the product topology p x p on P([0,1)%) x [0,1)¢, and by p the corresponding
weak topology on P(P([0,1)4) x [0,1)4). We note that all these topological spaces are compact and
metrizable. To avoid any ambiguity, we will occasionally denote the topology under consideration with a
subscript.
We let S: [0,1)? — [0,1)¢, S(x) = 2x mod 1 be the doubling map.
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Definition 2.4 (CP magnification operator). Let

E= {(,Lt,x) € P(10,1)) x [0,1)? : x € Supp, (u)} :

We define the CP magnification operator M on E by

M) = (1, 5).

Note that M"(u,x) = (u*",8"x).

We now define CP distributions (we refer to probability measures on “large” probability spaces
such as & as distributions). This definition goes back to [7]; see [10] and [12] for some variants and
generalizations.

Definition 2.5 (CP distributions). A distribution Q on E is adapted, if there is a disintegration
[v.ndow.s) = [[ v avivaow). 3)

for all f € C5(P([0, 1)?) x [0,1)4), where Q is the projection of Q onto the measure component.
A distribution on E is a CP distribution (CPD) if it is M-invariant (that is, MQ = Q) and adapted.

Note that adaptedness can be interpreted in the following way: in order to sample a pair (i,x) from
the distribution Q, we have to first sample a measure y according to Q, and then sample a point x using
the chosen distribution pt. From now on we will denote by Q both the CPD acting on & and its measure
component acting on P([0, 1)), since by adaptedness the latter determines the former.

An easy consequence of the Ergodic Theorem applied to CP distributions is that if P is a CPD which
is ergodic under the action of M, then P-a.e. Vv is exact dimensional, and has dimension

dimp = [ H,(n)aP(n)

for any g € N (see e.g. [7, Equation (2.7)]). Let P = [ P, dP(u) be the ergodic decomposition of P (that
is, each P, is M-invariant and ergodic, and y +— P, is a Borel mapping). By general properties of Markov
processes, Py is again a CPD for P-almost all i, see e.g. [7, Remark before Proposition 5.2]. Hence, if P
is a (non-necessarily ergodic) CPD, then P-a.e. Vv is still exact-dimensional, but dim v needs no longer be
P-a.e. constant.

Definition 2.6. If P is a CP distribution, we define its lower dimension dim, P as the P-essential infimum
of dimv.

We turn to the behavior of entropy under projections. For this, we recall some results from [10] on
CP-processes and projections. Recall that IT,(x) = (v,x), v € S'. Elementary properties of entropy imply
that

|Hy(T,m) — Hy(TLym)| < O(1/q) if [y —V/| <274, (2.6)

with the O(-) constant independent of 7. Indeed, H,(IT,n) = éH (n,I1,'D,) and likewise with v/. But

if [v—1/| <279, then each element of IT; !D, hits O(1) elements of IT,'D, and vice-versa, so (2.6)
follows.

The following result is a consequence of [10, Theorem 8.2]. It will act as our projection theorem for
entropy.
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Theorem 2.7. Let P be a (not necessarily ergodic) CP-distribution. Write &, : st — [0,1], v+
Jmin(H,(IT,n),1)dP(n). Then:

1. The function & satisfies

€4(v) = Eq0)| < O(1/q) if [v—V] <274

2. The limit E(v) := limy_ E4(v) exists for all v and E(v) is lower semicontinuous;
3. &(v) > min(dim, P, 1) for almost all v;

Proof. The first claim is immediate from (2.6). Let
,v) = [ Hy(Tm)dp(n).

Since IT,7 is supported on an interval of length < v/2, gq(v) —&,(v)| <1/gforallv € S'. In the case
P is ergodic, the latter claims are a particular case of [10, Theorem 8.2]. More precisely, in [10], the
stated convergence is E,4(v) — £(v), but by our observation, this immediately yields £,(v) — £(v). The
general case follows by considering the ergodic decomposition of P (notice that an integral of lower
semicontinuous functions is lower semicontinuous by Fatou’s Lemma). O

2.5 Global tangents

We want to be able to estimate the entropy of projections of a given measure u € P([0,1)?), but the tools
we have at our disposal concern typical measures for a CP process. Following [8], we handle this by
passing to suitable tangent objects.

Given u € P([0,1)%), the set of accumulation points of () o,v] in the p metric will be denoted T ().
Unlike in [8], our tangent distributions are global, rather than local but, as the next lemma shows, they are
still CP processes:

Lemma 2.8. Let W, be a sequence in P([0,1)4). Suppose
(N o) > P,

for some subsequence (N;). Then P is a CPD (in the sense that the adapted distribution with measure
marginal P is a CPD).
In particular; if p € P([0,1)?), then any element of T(u) is a CPD.

Proof. Both the claim and the proof are similar to those of [7, Propositions 5.2]. For v € P([0, 1)), write

Vs =5 L [ S0 (v.2)dv(w).
n=A
Note that the measure component of <v>’[*A7 B i (V)a,5) and that <V>FA-, p) is always adapted.
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Now suppose (,LLN].>E‘07 N P in the p topology. Since adaptedness is a closed property (it is tested

on equalities of continuous functions), P is adapted.

Since we are using the dyadic metric and M is adapted, M is well defined and continuous at P-a.e.
(1,x) (notice that x € Supp, () for P-a.e. (u,x) by adaptedness). Using standard properties of weak
convergence (see e.g. [1, Theorem 2.7]) we conclude that

MP=M (llliﬁlTQQ(“NjﬁO,Nﬂ)
= lim M((y, o ;)
— }grolo () 1 v 41

= }EIK}O(“N»FO,NA =P

3 Abhlfors regularity and weak regularity
The following definition introduces a notion of regularity that, as we will see, extends the concept of
Ahlfors-regularity in a suitable sense.
Definition 3.1. 1. A measure u € P([0,1)?) is said to be s-rich at resolution (N, g, §) if
(Won{n:Hy(n) <s—8} <.
2. A measure u € P([0,1)¢) is said to be weakly s-regular if for every § > 0 there is ¢ € N such that
U is s-rich at resolution (N, g, d) for all sufficiently large N (depending on g and J).

Note that if a measure is weakly s-regular then it is weakly 7-regular for all ¢ < s. In other words,
weak s-regularity ensures a minimum level of local entropy at most places and scales, but allows for
higher entropy as well.

A first useful feature of weak s-regularity is robustness under passing to subsets of positive measure:

Lemma 3.2. If u is weakly s-regular and [L(A) > 0, then U4 is weakly s-regular.

Proof. This is essentially a consequence of the Lebesgue density theorem (which for the dyadic metric
is an immediate consequence of the convergence of conditional expectation given the dyadic filtration).
Fix 0 > 0, and let ¢ be such that p is s-rich at resolution (N,q,0) for all sufficiently large N. Write
Qi ={n:Hy(n) > s—«x}. Then we have

[ . 90(95)du() > n(8) = 3 G

for any Borel set B, provided N is large enough depending on & and g only. By the density point theorem,
for u almost all x € A, the sequences (1, and u*" are p-asymptotic (i.e. p(,", u*") — 0). In particular,
if N is large enough (depending on &), we then have us(B) > 1 — 0, where

B = {x: (ua,x)on(Qas) > (U,x) o (Rs) } -
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Here we used that H,, is continuous on (P([0,1)%), p). Recalling (3.1) we conclude that, always assuming
N is large enough,

01030 (R20) > 75 | () (920 )
> M(IA)w(B) —8) = 1—(1+u(A)7)s.
This gives the claim. 0

Recall that y € P(RY) is called (s,C)-Ahlfors regular if C~!7* < p(B(x,r)) < Cr* for all x € Supp(u)
and all r € (0, 1]. If this holds only for r € 27V 1], we say that g is (s,C)-Ahlfors regular at scale 2.
We also say that a set A is (s, C)-Ahlfors regular if the restriction 3*|4 is a positive finite (s,C)-Ahlfors
regular measure.

Given a discrete (s, C)-Ahlfors regular set at scale 2~V contained in [0, 1]¢, we can construct a measure
U in the following manner:

1
u:uf‘:? Y. |AnD|Lp, (3.2)
| ’DEDN

where £ denotes d-dimensional Lebesgue measure. Reciprocally, from a measure u supported on [0, 1]¢
which is (s,C)-Ahlfors regular at scale 27", one can construct the set

A=A* ={x (D) :D € Dy,u(D) > 0},
where xz (D) is the left-endpoint of D. One then has the following easy lemma:

Lemma3.3. 1. Ifuc P([0,1]%) is (s,C)-Ahlfors regular at scale 27N, then A* is discrete (s,0(C))-
Ahlfors regular at scale 27V,

2. Conversely, ifA C [0,1]% is discrete (s,C)-Ahlfors regular at scale 27N, then u* is (s,0(C))-Ahlfors
regular at scale 27V,
The implicit constants depend only on the ambient dimension d.

Proof. Suppose U is (s,C)-Ahlfors regular at scale 27V and fix k € [N]. If y € A*, then u(B(y,3-
27M)) € (Q(C)27N,0(C)27*N) and likewise with k in place of N. If B(x,2 %) NA = {y1,...,yn}, then
{B(y;,3-27)} is a covering of Supp(it) N B(x,27¥) with bounded overlapping, so the first claim follows.
The proof of the second claim is analogous, so is omitted. O

We will see that s-Ahlfors regular measures are weakly s-regular. The following quantitative version
of this will be crucial later.

Lemma 3.4. Given €,q,N,C such that logC/q < € and q < €N, the following holds.
Let v be (s,C)-Ahlfors regular at scale 2~N. Then if u € P([0,1)?) is supported on Supp(v) and
Hy(1) > s —&, then W is s-rich at resolution (N,q,+/€/C"), where C' > 0 depends only on d.
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Proof. Any constants implicit in the O notation are allowed to depend on d only. Since g < €N and

N—gq

(Won = T<“>[O,N—q] + %<H>[N—q7N]a (3.3)

it is enough to show that y is s-rich at resolution (N — ¢, q,/€/C").

Write A = Supp(v). We begin by noting that for any D € D with n € [N — g], the set A meets at
most O(C)2* cubes D' C D,D’' € D, . Indeed, let Dy,...,D,, be the sub-cubes of D in D,,;, that hit A,
and pick x; € D;NA. The family B(x;,2~("+%)) has overlapping bounded by O(1) and each member is
contained in D(27"), the (27")-neighborhood of D. On the other hand, D(27") C B(xy, (v/d +1)27").

Hence
V(B(x;,2~ ")) > (0(C)) 12727 m,

s

l
_

0(C)2 " > V(D2 ")) >

giving the claim. In particular, we see that H,(u*") < s+ O(logC/q) < s+ O(g) for any x € Supp(u)
and any n € [N —¢].
We know from Lemma 2.1, the assumption and (3.3) that

/Hq(n)d<li>[o,1v—q](7’l) > /Hq(n)d(li>[o,1v](n) — Ni—q >s—0(¢)

which, since H, (1) < s+ O(€) for (1) o y—g .. 1, We can rewrite as

[s=Ham)+Cedw)ong(n) < 0le),

where the constant C’ was chosen so that the integrand is positive. The lemma now follows from Markov’s
inequality. O

As an immediate consequence, we deduce that a class of measures, including s-Ahlfors regular
measures, are indeed weakly s-regular.

Corollary 3.5. If u is supported on an s-Ahlfors regular set and dim, [t = s, then | is weakly s-regular.
In particular, this is the case for v4 when Vv is s-Ahlfors regular and v(A) > 0.

Proof. Fix § > 0 and take ¢ large enough that log(C) /g < §°. Since dim, u = s, we know that Hy(u) >
s — 82 for large enough N. If N is also large enough that N > §~2¢, then the previous lemma says that u
is rich at resolution (N, q,0(9)).

For the latter claim, note that v4 has exact dimension s (as a consequence of the density point theorem),
so that dim_ V4 = s. ]

4 Proof of Theorem 1.1, and consequences

4.1 Discrete conical density lemmas

In the proof of Theorem 1.1 we will require some discrete conical density results. These are similar to
those in [21, Section 3].
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We say that a set A C [0, 1]? is k-discrete if [AND| < 1 forall D € D,Ez). Also, let X (a,3,v) be the
two-sided cone with center a € R?, opening 8 € (0,7/2) and direction v € S'. The following is a discrete
analog of [15, Lemma 15.13].

Lemma 4.1. Given 3 > 0, there is a constant C = C(3) > 0 such that the following holds. If A is
k-discrete and for each a € A there is a direction v such that

X(a,B,v)NA\{a} =0,
then |A| < C2X.

Proof. We begin with a simplification. Choose a finite set {v;} with Og(1) elements such that for every
v € S! there exists v; with

X(a,B/2,v;) C X(a,B,v).

Hence, if A is as in the statement, for every a € A we can pick j(a) such that

X(a,B/2,vjq)) NA\{a} =0.

LetAj={acA: j(a) = j}. Some A; has > |A|/Op(1)-elements. Moreover, by passing to a further
refinement with [A|/Og(1) elements, we can assume that the elements of A; are (27)-separated. This
shows that it is enough to prove the following statement: if vy is a fixed direction, and A C [0,1]% is a
(27%)-separated set such that

X(a,B/2,v0)NA\{a} =0 forallacA,

then |A| < 0g(2Y).

Let IT(x) = I, (x) = x- vy, where vy is a unit vector perpendicular to vo. It follows from our
assumptions on A that |TI(a) —I1(a’)|sin(B/2) > 27 for any distinct a,a’ € A. In particular, IT|4 is
injective and its range has O (2¥) elements so |A| < Og(2*), as claimed. O

For sets which are dense in a discrete s-Ahlfors regular set, we obtain the following consequence.

Lemma 4.2. Givens € (1,2),C> 1,k € (0,(s—1)/(2s)),B € (0,7/2), the following holds for all large
enough N (depending on s,C,x, 3 only):

Let A be a discrete (s,C)-Ahlfors regular set at scale 27V, and suppose B C A satisfies |B| > 2(17<)sN,
Then there exists a subset E C B with |E| < 20=%N such that for all x € B\ E and any v € S there exists
y € B such that y € X (x, B,v) and |x—y| > 27 2(=1) kN,

Proof. Write kK’ = 2s(s — 1) ' and note that k¥’ € (0,1). We say that a point x € B is well surrounded if
for every v € S! there is y € B such that y € X (x, B,v) and |x —y| > 27N,

Let E C B be the set of all points in B which are not well surrounded, and suppose |E| > 2(1=K)sN [ et
E; be a maximal (2~%V)-separated subset of E. Since each ball of radius 2~*V contains O(C)2(~*)sN
points of A D E, it follows that |E;| > Q(C)2(X —¥)3N_ Note that (k’ — k)s > k, and let C' = C'(3) be the
constant given by Lemma 4.1. Provided N is large enough that Q(C)2(< =%V > ¢'25N it follows from
Lemma 4.1 and the definitions that £ contains a well surrounded point. This contradiction proves the
lemma. O
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4.2 Pinned distance sets in discrete regular sets

The core of the proof of Theorem 1.1 consists in showing the existence of one large pinned distance set.
We state and prove the corresponding statement separately:

Proposition 4.3. Given s > 1,C > 1,1 € (0,1), there exist € = £(s,C,t) > 0 and Nyp = Ny(s,C,t,€) € N
such that the following holds: if N > Ny, and A C [0,1]? is a subset of a discrete (s,C)-Ahlfors regular
set at scale 27N, such that |A| > 26N then there exists x € A such that

N(dist(x,A),27V) > 2!V,
Before embarking on the proof of this proposition, we show how to deduce Theorem 1.1 from it.

Proof of Theorem 1.1 (assuming Proposition 4.3). Let € and Ny be as given by Proposition 4.3, and take
N > Ny. Let

B={xecA:N(dist(x,A),27V) < 2N},
In particular, if x € B, then N(dist(x,B),2~") < 2*N. By Proposition 4.3 applied to B, |B| < 2(~€V as
claimed. U

The rest of this section is devoted to the proof of Proposition 4.3. Suppose the claim is false. Then
we can find sequences N; — oo, €; — 0, A;,B; C [0,1]? such that B; is discrete (s,C)-Ahlfors regular at
scale 27Ni, A; C Bj, |A;] > 267N and N(dist(x,A;),27V7) < 2'Ni for all x € A;. Let

1
w="" Y |a4;nD|Lp.
|Aj’DEDNj

By passing to a subsequence if needed, we may assume that </’LJ>[0=N/] converges to some P €
P(P([0,1)?)) in the p topology. By Lemma 2.8, P is a CPD. We underline that P needs not be ergodic
under M; if it was, the next lemma would hold automatically. It is only in this lemma that the hypothesis
of Ahlfors-regularity gets used.

Lemma 4.4. dim,.P > s

Proof. Since P-a.e. measure is exact-dimensional, it is enough to show that dim. v > s for P-a.e. v. In
turn, by Borel-Cantelli this will follow if we can show that for every s> 0, if g is sufficiently large
(depending on 5 ), then N N
P{n:H,n)>s—0}>1-6. 4.1
Since €; — 0, we know that |A j| > 2(=8/2)N; for large enough j. Since B}, and hence A, hits at most
C points in each dyadic square of side length 2=V, a calculation shows that, if j is large enough, then

HNj(lu’j) >s—9.

Lemma 3.4 (together with Lemma 3.3(2) applied to B;) can then be invoked to conclude that, given ¢ is
taken large enough in terms of §, and then j is taken large enough in terms of g, the measure p; is s-rich
at resolution (N, ¢,+/8/C") for some universal C' > 0. Since H,, is continuous on (P([0,1)%),p), the set
{n:H,(n)>s—/38/C'} is compact, so we can pass to the limit to obtain our claim (4.1). O
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At this point we fix a small § > 0. In the end, a contradiction will be obtained provided & was taken
sufficiently small.

Let £, € be the functions given by Theorem 2.7. We fixv € § !'such that €(v) = 1 (this is possible
because dim, P > 1). Pick ¢ large enough that 1 /g < 8 and (recalling the definition of £,)

/ min(H,(T1,1),1)dP(n) > 1 — 6. 4.2)

We take j large enough that |A;| > 2(1=9/2)sN; We know from Lemma 4.2 that, again assuming j
is large enough, there is a set E; with |E;| < 20179)N; such that if x € A;\ E;, then there is y € A; with
y€X(x,2797",v) and |x —y| > 27%5N; with K > 0 depending only on s.

Write M; = | (K +1)8N; | and note that if y € X (x,279~! v) and [x—y| > 27KV theny € X («',279,v)
for all X' € Dy;(x), again provided j is large enough (the point is that the diameter of Dy, (x) is very
small compared to |x—y|). If D ,...,Djr, € Dl(l/zlj) is an enumeration of the the squares containing some
point of A;\ E;, the previous observations show that, if j is sufficiently large, then:

1. Foreachk € {1,...,L;}, thereisy;r € Aj such thaty;, € X (x,279,v) forallx € D ;.
2.

Lj
Ui (U Dch) > l—Oc(Z_SNj) >1-94. “4.3)
k=1

Since P-a.e. measure is exact dimensional and has dimension > 1, P-a.e. measure gives no mass to
lines, hence the function n — H,(I1,7) is continuous P-almost everywhere. Consequently, if j is large
enough we deduce from (4.2) that

[ min(H, (ML), Ddta;) ) () > 13,

Since M;/N; < (K +1)4, it follows that

[ min (T, D Bs) ) () > 1= (K+2)8. (44)
On the other hand, note that for any 7 € P([0,1)?), and any 1 < M < n, there is a decomposition

(Ma= Y, nD){Np)n

DE'DM

Hence, if we denote v, = (Uj)p,,, adding up over n = M;j,M;1,...,N; yields

k>
Lj

Wiy = Y (D) (Vikd v, + O (4.5)
k=1

where Q has total mass at most d by (4.3).
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It follows from (4.4) and (4.5) that for large enough j there exists a square D ; with

[ min(H, (T, D (v, (1) > 1= (K +3)3.

From now on we fix such a good square D ; for each j, denote it simply by D; and forget about the other
squares. We also denote v; = v and y; = y; . Recall that this is the point in A ;, whose existence we
established earlier, such that y; € X (x,27%,v) for all x € D;.

Using again that M;/N; < (K+ 1), we get

[ HoTum)a (o (n) > 1 (2K +4)5.

We have arranged things so that the hypotheses of Corollary 2.3 are met. Since 1/¢g < 8, we conclude
that, provided j is large enough that ¢/N; < &,

HNj(¢){/vj) > 1_05(6)7

where ¢, (x) = |x —y|. In particular, since V; is supported on a (2~"7)-neighborhood of A}, this shows
that
N(dist(yj,A;),27") > 2= 0@

provided j is large enough (depending on 0). This contradicts with
N(dist(y;,A;),2N) < 2'Ni for all j

if § is small enough, yielding the result.

4.3 Proof of Corollaries 1.2 and 1.3
It is now easy to deduce Corollaries 1.2 and 1.3.

Proof of Corollary 1.2. Let A be as in the statement. Write Ay for the collection of centers of squares in
Dy hitting A, so that in particular A is contained in the 2~"-neighborhood of Ay. By Lemma 3.3, the sets
Ay are contained in a (s,C’)-discrete Ahlfors regular set at scale 2=, for some C' = O(C).

Let € = &(s,C’,t) > 0 be the value given by Theorem 1.1. By the theorem, if N is large enough, then
there is a set By C Ay with |By| < 20678 such that if x € Ay \ By, then

N(dist(x,Ay),27V) > 2N,

Let

B=limsupBy(2™") = | Bu(2™).
N N=1M=N

Fix s’ > s — €. Since |By| < 2678 we see that for each N the set B can be covered by a sequence of
balls containing 2~€M balls of radius 2~ for each M > N. It follows that H* (B) < 0 so that, letting
s’ | s—¢, we getdimy(B) <s—e.
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On the other hand, it follows from the previous observations that if x € A \ B, then
N(dist(x,A),27V) > 2N for large enough N,

so dimg (dist(x,A)) > ¢. This gives the first claim.
Now suppose H*(A) > 0. It is enough to check that if 7 € (0, 1), then

dimg (dist(x,A)) >t

for H*|4-almost all x. Suppose otherwise. Then there is a set B C A such that H{*(B) > 0 (in particular,
dimg(B) > s), and dimg (dist(x, B)) < ¢ for all x € B. This contradicts the first claim. O

Remark 4.5. In fact, dimy can be replaced by dimy,g in the first part of the corollary above - the proof is
identical. Moreover, a small variant of the proof shows that, under the same assumptions,

dimp{x € A : dimp(dist(x,A)) <t} <s—€.

Proof of Corollary 1.3. We give the proof for dimg, the proof for dimp is almost identical. As in the
proof of Corollary 1.2, we let Ay be the (27V)-discretization of A, so that Ay is contained in the (27V)-
neighborhood of a (s,C’)-discrete Ahlfors-regular set with C' = O(C). Fix r € (0,1); it is enough to show
that dimg (dist(A,A)) >t. Let € = €(s,C’,t) > 0 be the number given by Theorem 1.1. If N is large
enough, |[Ay| > 20678V 50 Theorem 1.1 says that there is x = xy € Ay such that N(dist(x,Ay),2~N) > 2V
But

N(dist(4,4),27) > ~N(dist(x,Ay),27")

W | =

by the triangle inequality, so the claim follows. O

5 Distances between two sets

Now we investigate the set of distances between two sets. The following result immediately implies
Theorem 1.4.

Theorem 5.1. Let A,B C R? be two Borel sets such that dimg(A) > 1 and u(B) > 0 for some weakly
1-regular p which also satisfies dimg(p) > 1. Then

We begin the proof of Theorem 5.1, by showing that it is enough to prove the corresponding claim for
lower box counting dimension.

Lemma 5.2. Suppose that, under the assumptions of Theorem 5.1,
dimg (dist(A,B)) = 1. (5.1)

Then Theorem 5.1 holds.
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Proof. Let A,B be as in the statement of Theorem 5.1. Without loss of generality, A and B can be taken
to be compact. Moreover, by Frostman’s Lemma, we may further assume that dimy (AN B(x,r)) > 1 for
any open ball B(x, r) for which A N B(x,r) # 0 (more precisely, let v be a measure supported on A such
that v(B(x,r)) < Cr* for some s > 1, and replace A by the support of u). Finally, we may assume that
Supp(u) = B simply by replacing B by Supp(uz).

After these reductions, suppose dimyz(dist(A,B)) = < 1, and partition dist(A, B) into countably
many Borel sets D, so that dimg (D) < ¢ for all j. By Baire’s Theorem (and since we are assuming that
A and B are compact), dist"!(D;) has nonempty interior in A x B for some j. Hence dist ™' (D;) contains
a set of the form Ay x By where, by our assumptions, dimg(Ag) > 1 and p(By) > 0. This contradicts
(5.1). O

Recall that the direction determined by two different vectors x,y € R? is denoted by o(x,y). In the
next Lemma we perform a further regularization of the set B; this step uses a recent result of Mattila and
Orponen [16].

Lemma 5.3. In order to prove Theorem 5.1, it is enough to prove the following.
Let A,B, L be as in the statement of the theorem, and further assume that A,B are compact and
disjoint and that there exists a set ® C S' of positive length such that for each v € ©,

ug{y: o(x,y) = v for somex € A} >1—9,

for some 6 € (0,1). Then
dimg (dist(4,B)) > 1~ &(8).

where €(8) [ 0as 6 | 0.

Proof. Suppose there exist A, B, i as in Theorem 5.1 with
dimg (dist(A,B)) < 1.

In light of Lemma 5.2, to derive a contradiction it is enough to show that, given 6 > 0, we can find subsets
Ao, By of A, B (depending on 8), so that the pair (Ao, By) satisfies the assumptions in the present lemma.

We start by noticing that we can easily make A, B disjoint by taking appropriate subsets so we
assume that they are already disjoint as given. By [16, Corollary 1.5], for -almost every y € B, the set
0, = {o(x,y) : x € A} has positive length. Notice that the set

Y={(v,y):veO,}

is Borel (we leave the routine verification to the reader). Thus, by Fubini, (y x )(Y) > 0 (where ¥ is
Lebesgue measure on S'). Let (vg,yo) be a (y x u)-density point of Y (for its existence, see e.g. [15,
Corollary 2.14]). We can then find compact neighborhoods ®¢ of vy and By of yg, such that

(v x 1){(v,y) € @9 x BoNY} > (1—8/2)7(0)u(Bo).

Applying Fubini once again, we conclude that for v in a set ® of positive measure (contained in @),
u{y € Bp:ve®,} > (1—3)u(By).

Replacing B and u by By and g, concludes the proof. O

DISCRETE ANALYSIS, 2017:9, 22pp. 19


http://dx.doi.org/10.19086/da

PABLO SHMERKIN

Proof of Theorem 5.1. We will prove the claim of Lemma 5.3 with €(6) = O(9). Hence, let A,B,u,®
and § be as in that lemma. We also assume, as we may, that B C [0, 1).

Let t = dimg (dist(A, B)). Our goal is then to show that # > 1 — O(§). Recall that N(X,27") stands
for the number of cubes in Dy hit by the set X. Let N; — oo be a sequence such that

log N(dist(A,B),27N)
Nj

— 1. (5.2)

By passing to a subsequence if needed, we may assume that (Lp) o,n;] converges, in the p topology, to a
distribution P which, as we have seen in Lemma 2.8, is a CPD. Moreover, using weak 1-regularity of u,
the same argument from Lemma 4.4 shows that dim, P > 1.

Let £, and € be as in Theorem 2.7. By the last part of that theorem, we know that €(v) = 1 for almost
all v. Thus, since ® has positive measure, we can fix v such that E(v) =1 and v € ©.

From this point on, the proof is similar to that of Proposition 4.3 but simpler as we do not need
quantitative estimates. Since &, — & pointwise, we can fix ¢ = g(P,§) such that &,(v) > 1 — &% and
1/g < 6. Recalling the definition of £,, we see from Markov’s inequality that

P({n :H,(Tln) > 1-8}) > 1-36.

Now since A and B are compact and disjoint, there exists k& (depending on A, B,q) such that if
x €A,y € Band o(x,y) =v, then

lo(x,y)—v| <277 ify € Di(y). (5.3)

Next, let By be the union of Dy (y) over all y such that ¢ (x,y) = v for some x € A. Note that u(By) >1—6
by hypothesis. Let Dy,...,Dy be the cubes in D, that make up By, and pick y; € D;,x; € A such that
o (x;,yi) = v (i.e. if there are many such pairs we select one; this can be done in a Borel manner although
we do not require this). Arguing exactly as in the proof of Proposition 4.3, for each sufficiently large j we
find a cube D; (with i depending on j) such that

(oo ({1 Hy(TL) > 1-28}) > 1-0(8). (5.4)
Hence, there is a value of i such that the above happens infinitely often. From now on we fix that value of
i, and write M; — oo for the corresponding subsequence of N;.
Write ¢(y) = 1[x—y|. It follows from (5.3) and Corollary 2.3 that if j is large enough, then
HM/((Pxi.uDi) >1- 0(6)
Since ¢, lp, is supported on %dist(A,B) and M; is a subsequence of N;, we conclude from (5.2) that
t = dimg(dist(A,B)) > 1—0(6),

which is what we wanted to show. O
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Remark 5.4. The proof of [16, Corollary 1.5] goes through under the assumption of positive 1-capacity
rather than Hausdorff dimension > 1 (or finite /; energy for the corresponding statement for measures
that occurs in the proof). Hence, the assumptions in Theorem 5.1 can be weakened to positive 1-capacity
of Aand I; (i) < +oo instead of dimyg u > 1 (we still need to assume that pt is weakly 1-regular). This
gives many examples of (pairs of) sets of dimension 1 to which the results apply.

Proof of Corollary 1.5. Let Ag = {x € A : dimp(dist(x,B)) = 1}. The proof of Theorem 5.1 shows that
Ay is nonempty (we begin with a sequence N; — oo such that (up) o, converges; the rest of the proof
is identical). This implies that dimg(A \ Ag) < 1, for otherwise there would be x € A\ A such that
dimg (dist(x,B)) = 1. O
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