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at low multipoles of the anisotropy temperature power spectrum of the Cosmic Microwave
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disfavoured with respect to the standard cosmology.
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1 Introduction

According to the standard inflationary paradigm, the origin of the cosmic structures is ex-
plained by a background Friedmann-Robertson-Walker (FRW) cosmology with a nearly ex-
ponential expansion driven by the potential of a single scalar field and from its quantum
fluctuations characterised by a simple vacuum state. However, when this picture is consid-
ered more carefully, a conceptual issue arises: while the initial state that characterises the
quantum perturbations of both the inflaton field and the metric is highly homogeneous and
isotropic, the present state of the universe is described by a state with inhomogeneities and
anisotropies. As known, the quantum unitary evolution can not be responsible for breaking
the initial symmetries of the early quantum state. This issue has been discussed in previous
papers [1–10], where the collapse proposal has been developed. The key ingredient of this
proposal is to assume a self-induced collapse of the inflaton wave function as the responsible
for the emergence of inhomogeneities and anistropies at each particular length scale.

The idea that the collapse of the wave function could be regarded as an actual physical
process induced by gravity was proposed in refs. [11–14]. On the other hand, various pro-
posals of that sort have been developed for studying problems in different context than the
cosmological one [14–17]. These proposals might well be compatible with the self-induced
collapse of the inflaton’s wave function that we are considering. Here, the hypothesis simply
assumes that something intrinsic to the system, i.e., independent of external agents (e.g.,
observers), triggers the collapse or reduction of the quantum mechanical state of the system.
The proposal is, at this point, a purely phenomenological scheme. It does not attempt to
describe the process in terms of some specific new physical theory, but just to provide a
general parameterisation of the quantum transition involved. It is worth mentioning that the
previous conceptual problem is sometimes known in the literature as the quantum-to-classical
transition of the primordial perturbations. In this context, some authors have argued that
decoherence [18, 19] can give a good explanation of the emergence of anisotropies and inho-
mogeneities. Other approaches seem to adopt the Everett “many-worlds” interpretation of
quantum mechanics when confronted with this problem. However, it has been shown that
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neither decoherence [20, 21] nor the Everettian formulation can solve the quantum measure-
ment problem (we refer the reader to [1, 2, 4, 6, 8] for a detailed discussion of this issue).

In order to treat the collapse process, we assume that at a certain stage in cosmic
evolution there is an induced jump in a state describing a particular mode of the quantum
field, in a such similar way of a quantum mechanical collapse of the wave function associated
with a measurement. However in our scheme there is no external measuring device or observer
responsible for triggering such collapse. The next issue is to define the characteristic of
the state in which such jump occurs. In particular, we need a criterion to determine the
expectation values of the field and the momentum conjugate variables for the post-collapse
state, without relying on some particular collapse mechanism. In previous works, [1, 3, 6, 9]
various possibilities regarding the description of the quantum expectation values in the post-
collapse state were developed. We will refer to them as collapse schemes and we focus in this
work ones called Newtonian and Wigner.

In a previous work [9], some of us have calculated the primordial power spectrum for
different collapse schemes in a full quasi-de Sitter background, and obtained an expression of
the form P (k) = Ask

ns−1Q(k) where Q(k) is a function introduced by the collapse hypothesis.
Furthermore, it has been shown [3, 7, 9] that the primordial power spectrum is similar to the
one predicted by the standard inflationary model if the conformal time of collapse of each
mode of the field is given by ηc~k

= A/k with A being a constant. In other words, in such case
both the standard power-law prediction of the primordial power spectrum and the angular
power spectrum of the CMB temperature and polarization are recovered. Departures from
this expression were also studied [9], e.g., ηc~k

= A/k + const. For this case, it was shown
that the primordial power spectrum is significantly modified with respect to the standard
prediction for values of k > 10−3. Furthermore, it was also studied the effect of the collapse
hypothesis on the CMB temperature power spectrum, which showed an increment in the
secondary peaks for increasing values of the constant.

In this work, we discuss the observational viability of the Newtonian and Wigner col-
lapse scheme scenarios in the light of the Planck 2015 data. We work with a new parameteri-
sation of the collapse time, ηc~k

= A/k+B/k2, which, differently from the previous expressions,
is able to produce modifications over the entire multipole interval of the primordial power
spectrum. In particular, significant departures from the standard prediction are observed
at low-`, providing a possible explanation for the lack of power in the CMB temperature
anisotropies at large angular scales, as recently confirmed by the Planck data [22, 23]. We
perform a Bayesian analysis using both the Metropolis-Hastings algorithm implemented in
CosmoMC and the nested sampling algorithm of Multinest. We find that the Wigner
collapse scheme scenario provides the same Bayesian evidence of the minimal standard cos-
mological model (ΛCDM),1 while the Newtonian case is weakly disfavoured with respect to
the standard cosmology.

The paper is organized as follows: in section 2, we briefly review the collapse hypothesis
within the semiclassical gravity approximation and summarize the procedure to obtain the
post-collapse states; in section 3 we review the expressions for the primordial power spectrum
calculated in ref. [9] and discuss the effect of the new parameterisation for the collapse time
on the primordial power spectrum for the Newtonian and Wigner schemes. Furthermore,
we also analyse the effect of the proposed parametrisation on the CMB temperature angular

1By standard cosmological model (ΛCDM) we understand a specific choice of the cosmological parameters
plus the standard inflationary model as opposite to the collapse models, where the collapse hypothesis is
assumed for inflation and the cosmological parameters remain unchanged.

– 2 –



J
C
A
P
1
2
(
2
0
1
6
)
0
3
5

spectrum. In section 4 we introduce the computational and statistical tools and the data set
used in our analysis. In section 5 we present the results of our analysis and the constraints
on the cosmological and collapse parameters. Finally, in section 6, we summarize the main
results of the paper and present our conclusions.

2 The model

In this section, we briefly review the key aspects of inflationary models with a self-induced
colapse of the inflaton’s wave function. In particular, we focus on the models analyzed
in ref. [9], where no particular collapse mechanism was assumed. Regarding notation and
conventions, we will work with signature (−,+,+,+) for the metric; primes over functions will
denote derivatives with respect to the conformal time η, and we will use units where c = ~ = 1
but keep the gravitational constant G. As in standard inflationary models, we focus on the
action of a single scalar field, minimally coupled to gravity, with an appropriate potential:

S[φ, gab] =

∫
d4x
√
−g
[

1

16πG
R[g]− 1

2
∇aφ∇bφgab − V [φ]

]
. (2.1)

Furthermore, we introduce the potential slow-roll parameters (SRP):

εV ≡
M2
P

2

(
∂φV

V

)2

, δV ≡M2
P

(
∂2
φφV

V

)
. (2.2)

The slow-roll approximation is valid when εV , δV � 1 and within this approximation, the
motion equation for the background field can be approximated by 3Hφ′0 = −a2∂φV where H
is the conformal Hubble factor. Furthermore, during slow-roll inflation the Hubble slow-roll
parameter εH ≡ 1−H′/H2 is almost equal to the potential slow-roll parameter εV .

We consider a FRW background space-time with scalar perturbations.2 Generically we
can write the line element asssociated to the perturbed metric (in the longitudinal gauge):

ds2 = a2(η)
{
− (1− 2ϕ)dη2 + 2(∂iB)dxidη + +[(1− 2ψ)δij + 2∂i∂jE]dxidxj

}
. (2.3)

It is convenient to work with the Bardeen potential, defined as Φ ≡ ϕ+ 1
a [a(B−E′)]′ and Ψ ≡

ψ +H(E′ −B) which are gauge invariant quantities. Furthermore, the perturbations of the
inflaton can be expressed by the gauge-invariant fluctuation of the scalar field δφ(GI)(η, ~x) =
δφ+φ′0(B−E′). Thus, within the slow-roll approximation, the first order Einstein-equation
can be written as:

∇2Ψ + µΨ = 4πGφ′0δφ
′(GI), (2.4)

where µ ≡ H2 −H′ ' εHH2. The solution of eq. (2.4) in Fourier space can be expressed as

Ψ~k
(η) '

√
εH
2

H

MPk2
aδφ′~k(η)(GI) , (2.5)

where H is the Hubble parameter and M2
P ≡ 1/8πG the reduced Planck mass. In the

semiclassical framework, only the matter fields are quantized, and the self-induced collapse

2In a previous work [24] we have analyzed the case of tensor perturbations of the metric in the context
of the model analyzed in this paper and shown that the corresponding tensor modes are strongly supressed.
Therefore, in this paper we only consider scalar pertubations to the metric.
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generates the curvature perturbations. Therefore, we consider the quantum theory of δφ(~x, η)
in a curved background described by a quasi-de Sitter space-time. Moreover, it is convenient
to work with the rescaled field variable y = aδφ. Both the field y and the canonical conjugated
momentum π ≡ ∂δL(2)/∂y′ = y′−(a′/a)y = aδφ′ are promoted to quantum operators so that
they satisfy the following equal time commutator relations: [ŷ(~x, η), π̂(~x′, η)] = iδ(~x − ~x′)
and [ŷ(~x, η), ŷ(~x′, η)] = [π̂(~x, η), π̂(~x′, η)] = 0. Next, we can expand the field operator in
Fourier modes:

ŷ(η, ~x) =
1

L3

∑
~k

ŷ~k(η)ei
~k·~x, (2.6)

with an analogous expression for π̂(η, ~x). Note that the sum is over the wave vectors ~k

satisfying kiL = 2πni for i = 1, 2, 3 with ni integer and ŷ~k(η) ≡ yk(η)â~k + y∗k(η)â†
−~k

and

π̂~k(η) ≡ gk(η)â~k + g∗k(η)â†
−~k

, with gk(η) = y′k(η) − Hyk(η). The motion equation of each

mode yk(η) reads:

y′′k(η) +

(
k2 − 2 + 3(εH − δV )

η2

)
yk(η) = 0. (2.7)

The choice of yk(η) reflects the choice of a vacuum state for the field. In what follows, we
proceed as in standard inflationary models and choose the so-called Bunch-Davies vacuum:

yk(η) =

(
−πη

4

)1/2

ei[ν+1/2](π/2)H(1)
ν (−kη), (2.8)

where ν ≡ 3/2 + εH − δV and H
(1)
ν (−kη) is the Hankel function of the first kind of or-

der ν. We will not consider the phase ei[ν+1/2](π/2) from eq. (2.8) since it has no observa-
tional consequence.

Up to this point the only difference in the treatment of perturbations with standard
inflationary models is the semi-classical gravity approach: we only consider at the quantum
level the inflaton field perturbations (the metric perturbations remain classic). The collapse
hypothesis assumes that at a certain time ηkc the part of the state characterizing the mode
k jumps to a new state, which is no longer homogeneous and isotropic. The collapse is
considered to operate similar to a “measurement”, even though there is no external observer
or detector involved. For this, we consider Hermitian operators, which are susceptible of
direct measurement in quantum ordinary mechanics. Therefore, we separate ŷ~k(η) and π̂~k(η)
into their real and imaginary parts ŷ~k(η) = ŷ~k

R(η) + iŷ~k
I(η) and π̂~k(η) = π̂~k

R(η) + iπ̂~k
I(η),

such that the operators ŷR,I~k
(η) and π̂R,I~k

(η) are Hermitian operators. Thus,

ŷR,I~k
(η) =

√
2Re

[
yk(η)âR,I~k

]
, (2.9a)

π̂R,I~k
(η) =

√
2Re

[
gk(η)âR,I~k

]
, (2.9b)

where âR~k
≡ (â~k + â−~k)/

√
2, âI~k

≡ −i(â~k − â−~k)/
√

2.

The commutation relations for the âR,I~k
are non-standard:[

âR,I~k
, âR,I†~k′

]
= L3(δ~k,~k′ ± δ~k,−~k′), (2.10)

where the + and the − sign corresponds to the commutator with the R and I labels re-
spectively; all other commutators vanish. It is also important to emphasize that the vacuum
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state defined by â~k
R,I |0〉 = 0 is fully translational and rotationally invariant (see the formal

proof in appendix A of ref. [8]).
To connect the quantum theory of the inflaton perturbations with the primordial curva-

ture perturbation, we choose to work in the longitudinal gauge. We write eq. (2.5) in terms
of the expectation value of the conjugated momentum

Ψ~k
(η) '

√
εH
2

H

MPk2
〈π̂~k(η)〉 . (2.11)

It follows from the above equation that in the vacuum state 〈π̂~k(η)〉 = 0, which implies
Ψ~k

= 0, i.e., there are no perturbations of the symmetric background space-time. It is only
after the collapse has taken place (|Θ〉 6= |0〉) that 〈π̂~k(η)〉Θ 6= 0 generically and Ψ~k

6= 0; thus,
the primordial inhomogeneities and anisotropies arise from the quantum collapse. Next, we
need to specify the dynamics of the expectation values 〈ŷR,I~k

(η)〉 and 〈π̂R,I~k
(η)〉, evaluated in

the post-collapse state, which will depend on the expectation values evaluated at the time of
collapse of each mode of the field ηc~k

.

2.1 Collapse schemes

Even though a full workable relativistic collapse mechanism is still unknown, some relativistic
collapse mechanism have been recently proposed [25, 26]. On the other hand, some non-
relativistic objective collapse models have been studied previously in the literature [14–17].
In this paper, we will not consider a specific collapse mechanism. Instead, we will follow the
approach of ref. [9] and assume that whatever the collapse mechanism is behind, after the
collapse, the expectation values of the field and momentum operators in each mode will be
related to the uncertainties of the initial state. We could consider various possibilities for
such relations, e.g., different collapse schemes.

In this work, we focus on the Newtonian and Wigner schemes studied in ref. [9]. We
do not consider the independent scheme studied in the same work since it has been shown
that its CMB angular spectrum is indistinguishable from the prediction of the standard
inflationary model.

2.1.1 Newtonian collapse scheme

In this scheme the collapse affects only the conjugated momentum variable, i.e.,

〈ŷR,I~k
(ηc~k)〉 = 0, 〈π̂R,I~k

(ηc~k)〉 = xR,I~k,2

√(
∆π̂R,I~k

(ηc~k
)
)2

0
. (2.12)

where, x
(R,I)
~k,2

represents a random Gaussian variable normalized and centered at zero and the

quantum uncertainties can be expressed as(
∆ŷR,I~k

(ηc~k)
)2

0
=
L3π|zk|

16k

[
J2
ν (|zk|) + Y 2

ν (|zk|)
]
, (2.13)

(
∆π̂R,I~k

(ηc~k)
)2

0
=
L3πk

16
×

(−αJν(|zk|)√
|zk|

+
√
zk|Jν+1(|zk|)

)2

+

(
−αYν(|zk|)√

|zk|
+
√
|zk|Yν+1(|zk|)

)2
 , (2.14)

where Jν and Yν are the Bessel functions of the first and second kind respectively; zk ≡ kηc~k
and ηc~k

is the time of collapse for each mode.
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2.1.2 Wigner collapse scheme

This scheme is motivated by considering the correlation between ŷR,I and π̂R,I existing in the
pre-collapse state and characterize it in terms of the Wigner function. The Wigner function
of the vacuum state is a bi-dimensional Gaussian function. Thus, in this scheme in the
post-collapse state the expectation value of the fields will be characterized by

〈ŷR,I~k
(ηc~k)〉 = xR,I~k

Λk(η
c
~k
) cos Θk(η

c
~k
), (2.15a)

〈π̂R,I~k
(ηc~k)〉 = xR,I~k

kΛk(η
c
~k
) sin Θk(η

c
~k
), (2.15b)

where xR,I~k
is a random variable, characterized by a Gaussian probability distribution function

centered at zero with spread one. The parameter Λk(η
c
~k
) represents the major semi-axis of the

ellipse characterizing the bi-dimensional Wigner function that can be considered a Gaussian
in two dimensions. Θk(η

c
~k
) is the angle between that axis and the ŷR,I~k

axis. For details

involving the Wigner function and the collapse scheme we refer the reader to ref. [3].From
ref. [9], we can also write the expression for Λk and Θk:

Λk = (2L)3/2

√
π|zk|
4k

[
J2
ν (|zk|) + Y 2

ν (|zk|)
]1/2 [

S(|zk|)

−

√
S2(|zk|)−

(
π|zk|

2

)2

(J2
ν (|zk|) + Y 2

ν (|zk|))2

]−1/2

, (2.16)

tan 2Θk = −π
2|zk|
4

[
J2
ν (|zk|) + Y 2

ν (|zk|)
]

×
[
S(|zk|)−

π|zk|
8

(
J2
ν (|zk|) + Y 2

ν (|zk|)
)2]−1

×
[
− 2ν

(
J2
ν (|zk|) + Y 2

ν (|zk)
)

+ |zk|
× (Jν(|zk|)Jν+1(|zk|) + Yν(|zk|)Yν+1(|zk|))

]
, (2.17)

where

S(|zk|) ≡ 1 +
π2

16

{
|zk|2(J2

ν (|zk|) + Y 2
ν (|zk|))2

+ 4
[
J2
ν (|zk|) + Y 2

ν (|zk|)− |zk|(Jν(|zk|)Jν+1(|zk|)

+ Yν(|zk|)Yν+1(|zk|))
]2
}
. (2.18)

3 Primordial power spectrum for the collapse models

In this section we briefly review the procedure to obtain the primordial power spectra for
the collapse models and show examples for some specific values of the collapse parame-
ters. Furthermore, we show the predictions for the proposed ηkc parametrisation on the
current observables.

Let us introduce how the temperature anisotropies Θ(n̂) ≡ δT/T0 of the CMB can
be connected with the parameters characterizing the collapse. The coefficients alm of the
spherical harmonic expansion of δT/T0 are

alm =

∫
Θ(n̂)Y ?

lm(θ, ϕ)dΩ, (3.1)

– 6 –
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with n̂ = (sin θ sinϕ, sin θ cosϕ, cos θ) and θ, ϕ the coordinates on the celestial two-sphere.

We use a Fourier decomposition for the temperature anisotropies Θ(n̂) =
∑

~k
Θ(~k)
L3 e

i~k·RDn̂

with RD being the radius of the last scattering surface. Furthermore Θ(~k) = T (k)R~k, where

the initial curvature perturbation R~k is connected to the temperature anisotropies Θ(~k) by
the transfer function T (k) which contains the physics between the radiation era and the
present. Consequently, the coefficients alm, in terms of the modes R~k, are given by

alm =
4πil

L3

∑
~k

jl(kRD)Y ?
lm(k̂)T (k)R~k, (3.2)

with jl(kRD) being the spherical Bessel function of order l.

It has been shown [3, 9] that the the coefficients alm are directly related to the random
variables x~k. Therefore, the coefficients alm are in effect a sum of random complex numbers
like an effective two-dimensional random walk. On the other hand, one cannot give a perfect
estimate for the direction of the final displacement resulting from the random walk, but one
might give an estimate for the length of the displacement. Thus, we can make an estimate for
the most likely value of |alm|2 and interpret it as the theoretical prediction for the observed
value. Furthermore, since the collapse is being modeled by a random process, we can consider
a set of possible realizations of such process characterizing the universe in an unique manner,
i.e., characterized by the random variables x~k. If the probability distribution function of x~k
is Gaussian, then we can identify the most likely value |alm|2ML with the mean value |alm|2
of all possible realizations, i.e., |alm|2ML = |alm|2. Furthermore, the quantity that is used in
the statistical analysis to compare with observational data is the angular power spectrum:
Cl = (2l+ 1)−1

∑
m |alm|2. Therefore, we can use the prediction for |alm|2ML for each collapse

scheme to give a theoretical prediction for the C ′ls:

Cl = 4π

∫ ∞
0

dk

k
j2
l (kRD)T (k)2 C

π2
Q(|zk|)k3−2ν , (3.3)

where

C ≡ π

M2
P εH

(
2ν−11/2Γ(ν − 1)H|η|3/2−ν

)2
, (3.4)

and we have taken the limit L→∞ and ~k → continuum in order to go from sums over discrete
~k to integrals over ~k. The function Q(|zk|) varies for each collapse scheme (see ref. [9]) and
depends on the collapse time of each mode through zk. On the other hand, the time of collapse
can happen at any time during the inflationary regime. In particular, it can occur when the
proper wavelength of the mode is bigger or smaller than the Hubble radius. In this paper,
we focus on the case where the proper wavelength associated to the mode is smaller than the
Hubble radius, at the time of collapse, then k � a(ηc~k

)H, which is equivalent to −kηc~k � 1.

The approximated collapse power spectrum, when −kηc~k = |zk| → ∞, is given by [9]

P (k) ' C
π2

Υ(|zk|)kns−1, (3.5)
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Taking ν = 2− ns
2 , for each scheme the function Υ(|zk|) is

Υ(|zk|)newt ≡ 4

π2

[
1 +

1

|zk|2

(
−2ν +

Γ(ν + 5/2)

2Γ(ν + 1/2)

)2
]

×
[
cosβ(ν, |zk|)−

sinβ(ν, |zk|)
2|zk|

Γ(ν + 3/2)

Γ(ν − 1/2)

]2

, (3.6a)

Υ(|zk|)wig ≡ 16

π2

{[
2ν

|zk|3/2

(
cosβ(ν, |zk|)−

sinβ(ν, |zk|)
2|zk|

Γ(ν + 3/2)

Γ(ν − 1/2)

)
−
(

sinβ(ν, |zk|) +
cosβ(ν, |zk|)

2|zk|
Γ(ν + 5/2)

Γ(ν + 1/2)

)]
cos Θk

+

[
cosβ(ν, |zk|)−

sinβ(ν, |zk|)
2|zk|

Γ(ν + 3/2)

Γ(ν − 1/2)

]
sin Θk

}2

, (3.6b)

where β(ν, |zk|) ≡ |zk| − (π/2)(ν + 1/2) and tan 2Θk ' −4/3|zk|.
It follows from eq. (3.5) that if we consider zk equal to a constant we recover the depen-

dence in k of the standard model. Furthermore, in previous works [7, 9], small departures
from this expression were considered. In this work, we go one step further and consider
a different zk = A + B/k, which implies the following expression for the collapse time of
each mode

ηkc =
A
k

+
B
k2
, (3.7)

where A is adimensional and B has units of Mpc−1. Here we mention that the inflationary
expansion period corresponds to negative conformal time, so we choose to work with neg-
ative values for A and B . Note that, differently from the previous expressions studied in
refs. [7, 9], the above parameterisation predicts a primordial power spectrum which is sig-
nificantly different from the standard prediction over the entire multipole interval and, in
particular, at low-`, providing also a possible explanation for the observed lack of power in
the CMB temperature anisotropies at large angular scales [22, 23].

The effect on the predicted primordial power spectrum using both the Newtonian col-
lapse and Wigner collapse schemes is showed in figure 1. It is found to be essentially a
power-law with superimposed oscillations due to the B parameter. Indeed, the parameter
A determines the amplitude of the spectrum (see the left and middle panels), while the pa-
rameter B influences the oscillations frequency (see the right panel) and determines the scale
where the spectrum recovers the familiar kns−1 form of the standard scenario. We note the
difference in amplitude oscillation between the two schemes: using the same values of A and
B the Newtonian collapse curves oscillates between [0 : 1.2] while the Wigner collapse curve
covers the amplitude range [0 : 5]. Finally, we note the different behavior between the two
parameterisations in the middle panel: while the Newtonian case approaches the power-law
behavior from low values of the primordial spectrum, the Wigner collapse scheme behaves
the other way around. This is due to the particular choice of the A value, i.e. the Wigner
scheme recovers the same Newtonian shape for A = −800.

Next, we show the effects of assuming the collapse hypothesis for both the schemes
considered in this paper on the CMB temperature auto-correlation angular power spectra.
When the collapse parameter B = 0, as discussed before, we recover the standard ΛCDM
model prediction unless a normalization factor. As a consequence the collapse parameter A
will be highly degenerate with the scalar amplitude As. Furthermore, figure 2 shows that
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Figure 1. Primordial power spectra for the Newtonian collapse (top) and Wigner collapse (bottom)
scheme parameterisations. For both models the label is reported in the bottom line. Left: the collapse
parameter B is fixed to zero, while A assumes different values. Middle: the same as in the previous
panel for B = −0.0001. Right: the collapse parameter A is fixed at A = −600, while B assumes
different values.
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Figure 2. Anisotropy power spectrum for the Newtonian scheme model using different values of A,
while B is fixed to zero. The black line stands for the ΛCDM model.

the amplitude factor varies with different values of the collapse parameter A and we verified
that the curves overlap within a normalization. It is worth mentioning that such a variation
is highly non-linear.

In figure 3 we show the temperature auto-correlation (TT) power spectrum for a fixed
value of A and different values of the collapse parameter B. The value of As is settled in
each case in order to match the maximum of the first Doppler peak with the reference model
one, namely the best fit ΛCDM model obtained by the Planck collaboration [22]. We can
see that the value of the collapse parameter B affects the low multipole region. Besides,
as the absolute value of B increases, the change takes the form of oscillations while as the
value of B approaches to 0 the shape of the spectrum approaches to the reference model one.
Furthermore, we also analyzed the EE and TE angular power spectra and found only a tiny
variation at low multipoles with respect to the reference model. On the other hand, for the
Wigner scheme, we note a change in the height of the secondary peaks for increasing values
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in the A range [−800 :−400]. In the right we plot the progressive zoom in the A range [−665 :−645].
The reference green line draws the ΛCDM best fit value.

of B. This is due to a more sensitivity with the variations in the collapse parameter B of
the latter with respect to the Newtonian scheme. In other words, the Newtonian scheme
shows the same behaviour when bigger values of B are assumed. In agreement with the
growth in high multipoles for increasing values of B, we find small increases in the EE and
TE power spectra.

4 Analysis method

In order to compute the CMB anisotropies spectrum for given values of the collapse schemes
parameters, we use a modified version of the CAMB ([27]) code to include the primor-
dial power spectrum of the collapse models. We perform a Monte Carlo Markov chain
analysis using the available package CosmoMC [28] and implement the nested sampling
algorithm of Multinest code [29–31] to obtain our results and calculate the Bayesian ev-
idence factor. In our Bayesian analysis we use the most accurate Importance Nested Sam-
pling (INS) [31, 32] instead of the vanilla Nested Sampling (NS), requiring a INS Global
Log-Evidence error of ≤ 0.02.

We consider extensions of the minimal ΛCDM model, adding the collapse schemes
parameters A and B to the usual set of cosmological parameters: the baryon density, Ωbh

2,
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Parameter Newtonian scheme Wigner scheme

A [−656.99 :−656.93] [−800.05 :−800.00]

B [−5× 10−4 : 0] [−2.5× 10−4 : 0]

Table 1. Priors on the Newtonian and Wigner collapse scheme parameters considered in the analysis.

the cold dark matter density, Ωch
2, the ratio between the sound horizon and the angular

diameter distance at decoupling, θ, the optical depth, τ , the primordial scalar amplitude,
As, and the primordial spectral index ns. We consider purely adiabatic initial conditions, fix
the sum of neutrino masses to 0.06 eV, and limit the analysis to scalar perturbations with
k0 = 0.05 Mpc−1. We also vary the nuisance foregrounds parameters [33].

In our analysis we use the CMB data set from the latest Planck Collaboration re-
lease [22], considering the high-` Planck temperature data (in the range of 30 < ` < 2508)
from the 100-,143-, and 217-GHz half-mission T maps, and the low-P data by the joint
TT,EE,BB and TE likelihood (in the range of 2 < ` < 29). High-` polarization data are not
used since, as shown in the previous section, the analyzed collapse time expression affects
only low multipoles, in both temperature and polarization spectra, recovering the ΛCDM
behavior at small scales.

We work with flat priors for the cosmological parameters, and assume sharp prior in-
tervals for the collapse parameter A . As seen in figures 1 and 2, the A parameter just sets
the primordial spectrum amplitude, which means that it is highly degenerate with the As
parameter. Furthermore, the spectrum amplitude value is significantly sensitive to variations
of A . In figure 4 we show a progressive zoom in the range values of A , with respect to the As
parameter for the Newtonian scheme. Each point in the plot represents the combination of
these parameters that assures the best fit to the current data. We can see that the As value
oscillates even with a smaller variation of A , generating significant computational problems.
Testing several values for the A parameter, we select an interval of values which satisfies the
condition for the conformal collapse time ηkc < 0 and minimizes the variation of the As from
the ΛCDM model value. In the same fashion, we perform the selection of the A value for the
Wigner scheme (not shown in the figure). We also limit B into small values, since we also
have a particular interest in studying features at low multipoles. We consider the interval
of values shown in table 1, however, worth mentioning that we have also explored different
ranges of B values, e.g., . B = −3× 10−3, which are strongly ruled out by the current data.
Indeed, the increased sensitivity of the Wigner scheme discussed in the previous section is
the reason why we considered a more stringent prior on B for this model.

In order to make an appropriate comparison between the collapse model and the stan-
dard ΛCDM model predictions for the CMB angular power spectrum, we use the Bayesian
model comparison, that is a very powerful tool to reward the models that fit well the data
exhibiting strong predictivity, while models with a large number of free parameters, not re-
quired by the data, are penalised for the wasted parameter space. The Bayesian evidence E
is defined as the marginal likelihood for the model Mi:

EMi =

∫
dθp(x|θ,Mi)π(θ|Mi) . (4.1)

where x stands for the data, θ is the parameters vector and π(θ|Mi) the prior probability
distribution function. The ratio of the Bayesian evidence of the two models (the so-called
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ΛCDM model Newtonian-scheme Wigner-scheme

Parameter mean bestfit mean bestfit mean bestfit

100 Ωbh
2 2.222± 0.022 2.209 2.222± 0.020 2.221 2.222± 0.020 2.218

Ωch
2 0.1197± 0.0021 0.1201 0.1201± 0.0020 0.1201 0.1202± 0.0019 0.1194

100 θ 1.04085± 0.00045 1.04114 1.04083± 0.00045 1.04075 1.04081± 0.00045 1.04069

τ 0.077± 0.018 0.070 0.086± 0.018 0.087 0.086± 0.018 0.088

ns 0.9654± 0.0059 0.9635 0.9611± 0.0056 0.9598 0.9603± 0.0058 0.9648

ln 1010As,
a 3.088± 0.034 3.080 4.130± 0.021 4.140 2.850± 0.022 2.871

A − − −656.960± 0.017 −656.975 −800.025± 0.014 −800.045

100 B − − −0.0128± 0.0053 −0.0107 −0.011± 0.0044 −0.0069

∆χ2
best − 3.4 1.4

ln Bij ,
b − −1.95± 0.03 −0.23± 0.03

ak0 = 0.05 Mpc−1.
bThe associated error is calculated with the simple error propagation formula, assuming that the two mea-
surements are uncorrelated: σ2(lnBij) = σ2(ln Ei) + σ2(ln Ej).

Table 2. 68% confidence limits for the cosmological and collapse scheme parameters. The first
columns-block refer to the minimal ΛCDM model; the second and third columns-block show the
constraint on the Newtonian and Wigner scheme models; the ∆χ2

best and the lnBij refers to the
difference with respect to the ΛCDM.

Bayes Factor) can be defined as:

Bij =
EMi

EMj

, (4.2)

where Mj is the reference model. The more complicate model Mi (e.g., the one with more
parameters with respect to the reference model) inevitably leads to a higher likelihood, but
the evidence will favor the simpler model if the fit is as nearly as good, through the smaller
prior volume. We assume uniform (and hence separable) priors in each parameter, such that
we can write π(θ|M) = (∆θ1 . . .∆θn)−1 and

Bij =

∫
dθp(x|θ,Mi)∫
dθ′p(x|θ′,Mj)

(∆θ1 . . .∆θni)

(∆θ′1 . . .∆θ
′
nj

)
. (4.3)

The usual scale employed to judge differences in evidence from the models is the Jeffreys
scale [34] which gives empirically calibrated levels of significance for the strength of evidence.
In this work we will use a revisited and more conservative version of the Jeffreys convention
suggested in [35] where ln Bij = 0−1, ln Bij = 1−2.5, ln Bij = 2.5−5, and ln Bij > 5 indicate
an inconclusive, weak , moderate and strong preference of the model Mi with respect to the
model Mj . Note that, for an experiment which provides ln Bij < 0, it means support in favour
of the reference model Mj (see refs. [35, 36] for a more complete discussion about this scale).

5 Results

The main quantitative results of our analysis are shown in table 2, where we analysed the
ΛCDM model, the Newtonian collapse and the Wigner collapse schemes. We verify a signif-
icant agreement between the three models about the constraints on the cosmological param-
eters (see figure 5). For the collapse schemes, the τ parameter shows a preference for higher
values while ns mean has a shift to lower values with respect to the ΛCDM model. The τ
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Figure 5. 68% and 95% confidence regions for the cosmological parameters of the ΛCDM (black
line), Newtonian scheme (red line) and Wigner scheme (blue line) models using the Planck TT+lowP
data. The numerical results of these analyses are reported in table 2.

effect is due to the A parameter behaviour and its degeneracies with the magnitude of the
primordial spectra. Also the As parameter assume different values, with a slight deterioration
of the error at one sigma.

Remarkably, the data show a clear preference for non-zero values of B , with the power-
law form (recovered with B = 0) being excluded from the data within two sigma. It can
be clearly seen in figure 6, where the Gaussian B density posteriors distribution goes down
for the zero value. The small improvement of the collapse scheme models on the χ2 values
(with respect to the ΛCDM model) is displayed in the last rows of the table 2. In what
concerns the Bayesian analysis, the CMB data give an inconclusive Bayesian evidence of the
Wigner scheme with respect to the standard scenario, which amounts to saying that the
ΛCDM model and the collapse Wigner scheme show the same Bayesian evidence. On the
other hand, the Newtonian scheme model is weakly disfavoured with respect to the ΛCDM
model, with ln B ij = −1.95 ± 0.03. For completeness, we show in figure 7 the parameter

– 13 –



J
C
A
P
1
2
(
2
0
1
6
)
0
3
5

 0.2

 0.4

 0.6

 0.8

-0.0003 -0.0002 -0.0001  0
P

o
s
te

ri
o
r

B

Figure 6. One-dimensional posterior probability densities for the B parameter of the Newtonian
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Figure 7. 68% and 99% two-dimensional confidence region in the ns − B of the Newtonian scheme
(red) and Wigner scheme (blue) analysis.

space of ns and B for both collapse schemes. We can see that the Wigner scheme constrains
a smaller volume with respect to the Newtonian case, which may explain the difference of
values of the Bayesian evidence, according to eq. (4.3). We recall that the collapse models are
penalized by the Bayesian analysis for having two extra parameters compared to the minimal
standard ΛCDM model. However, due to the high non-linearity of the collapse parameter
A, results shown in table 2 should be regarded as the best fit for the Newtonian and Wigner
schemes within the range [−1000, 0]. Therefore, we can not reach any fair conclusion about
the goodness of these models beyond this range of A. This can be clearly seen in table 3,
where we report the results obtained when two different values of A are considered for the
Newtonian model. For completeness, we also report in tables 2 and 3 the improvements in
∆χ2 for the best fit collapse models with respect to the ΛCDM.
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A = −50 A = −660

Parameter mean bestfit mean bestfit

100 Ωbh
2 2.222± 0.021 2.222 2.222± 0.021 2.209

Ωch
2 0.1192± 0.0020 0.1197 0.1201± 0.0020 0.1213

100 θ 1.04091± 0.00045 1.04126 1.04084± 0.00045 1.04066

τ 0.084± 0.018 0.072 0.087± 0.018 0.085

ns 0.9697± 0.0056 0.9654 0.9616± 0.0056 0.9580

ln 1010As,
a 4.073± 0.0168 4.058 4.070± 0.0170 4.063

100 B −0.0223± 0.0131 −0.0003 −0.0149± 0.0060 −0.0195

∆χ2
best −0.6 3.4

ln Bij ,
b −3.32± 0.02 −1.89± 0.02

ak0 = 0.05 Mpc−1.
bThe associated error is calculated with the simple error propagation formula, assuming
that the two measurements are uncorrelated: σ2(lnBij) = σ2(ln Ei) + σ2(ln Ej).

Table 3. 68% confidence limits the Newtonian scheme model fixing A = −50 and A = −660. The
∆χ2

best and the lnBij refers to the difference with respect to the ΛCDM model and a negative value
for the ∆χ2

best means a lower value for the ΛCDM model.

Finally, in figure 8 we show the anisotropy temperature power spectrum for the best
fit values of the analysed models. Clearly, the collapse scheme scenarios are able to predict
modifications in the low-` region of the spectrum, which is not only in agreement with the
data but also may be a possible explanation for the well-known lack of power at high scale
(` < 20) [22, 23].

6 Conclusions

Observations of the CMB radiation are one of the most powerful tools to study the physics
of the early universe. Starting with COBE’s groundbreaking detection in the early nineties,
the past two decades witnessed a great improvement in the measurements of the CMB fluc-
tuations, which are now capable of ruling out theoretical models of inflation as well as some
their alternatives.

In this paper, we have studied the phenomenological predictions of the collapse models
developed in ref. [9] considering only the case where the collapse happens before the horizon
crossing. We have assumed a more predictive parameterisation for the collapse time ηkc ,
i.e., ηkc = A

k + B
k2

, which is able to fit the observed lack of power at low multipoles of the
CMB temperature auto-correlation angular power spectrum. We have performed a statistical
analysis to test the observational viability of the so-called Newtonian and Wigner scheme
scenarios in the light of the most recent CMB data, as recently reported by the Planck
Collaboration. In order to compare the predictivity power of these models with respect to
the standard ΛCDM model, we have also performed a MCMC analysis and calculated the
Bayesian evidence of each model.

The results, detailed in section 5, show that collapse inflationary models can explain
the current CMB data. Furthermore, we have obtained very restrictive bounds on the col-
lapse parameter B and shown that its value is different from 0 at 2σ level. On the other
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and the Wigner scheme models (blue dotted line) for the best fit values reported in table 2. In the
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hand, the values obtained for the usual cosmological parameters are consistent within 1σ
with those obtained by the Planck collaboration assuming a standard inflationary scenario.
Finally, results from the Bayesian model comparison method show that the data can not
distinguish between the ΛCDM and the Wigner scheme collapse model, while the former
model is preferred over the Newtonian scheme collapse model.
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