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The interaction between solid-state qubits and their environmental degrees of freedom produces non-
unitary effects like decoherence and dissipation. Uncontrolled decoherence is one of the main obstacles
that must be overcome in quantum information processing. We study the dynamical decay of coherences
in a solid-state qubit by means of the use of a master equation. We analyse the effects induced by
thermal ohmic environments and low-frequency 1/f noise. We focus on the effect of longitudinal

and transversal noise on the superconducting qubit’s dynamics. Our results can be used to design
experimental future setups when manipulating superconducting qubits.
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1. Introduction

The scaling-down of microelectronics into the nanometer range
will inevitably make quantum effects such as tunnelling and wave
propagation important. The use of these quantum devices in gate
operations enhances the need of controlling decoherence. Noise
from the environment may cause fluctuations in both qubit am-
plitude and phase, leading to relaxation and decoherence. External
perturbations can influence a two-level system in typically two
ways: either shifting the individual energy levels (which changes
the transition energy and, therefore, the qubit’s phase) or induc-
ing energy levels transitions (which changes the level populations).
Decoherence is a major hurdle in realising scalable quantum tech-
nologies in the solid state.

Decoherence in qubit systems falls into two general categories.
One is an intrinsic decoherence caused by constituents in the
qubit system, and the other is an extrinsic decoherence caused
by the interaction with uncontrolled degrees of freedom, such as
an environment. Understanding the mechanisms of decoherence
and achieving long decoherence times is crucial for many fields
of science and applications including quantum computation and
quantum information [1]. Most theoretical investigations of how
the system is affected by the presence of an environment have
been done using a thermal reservoir, usually assuming Markovian
statistical properties and defining bath correlations [2,3]. However,
there has been some growing interest in modelling more realistic
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environments, sometimes called composite environments, or envi-
ronments out of thermal equilibrium [4-6].

Lately, there have been many studies focusing in decoherence in
a solid-state qubit. The same physical structures that make these
superconducting qubits easy to manipulate, measure, and scale are
also responsible for coupling the qubit to other electromagnetic
degrees of freedom that can be source of decoherence via noise
and dissipation. Thus, a detailed mechanism of decoherence and
noise due to the coupling of Josephson devices to external noise
sources is still required. In Ref. [7] there is a detailed experimen-
tal study, inspired from NMR, in order to characterise decoher-
ence in a particular superconducting qubit, known as quantronium.
An analysis of different noise sources is presented on the basis
of the study of the environmental spectral densities. In [8] the
authors reviewed the effect of 1/ f noise in nano-devices with em-
phasis on implications for solid-state quantum information. It has
been shown that low frequency noise is an important source of
decoherence for superconducting qubits. In this detailed review of
experimental solid-state quantum information, the authors dealt
with the decoherence effect of 1/ f noise through a purely dephas-
ing phenomenological approach. In Ref. [9], the influence of 1/f
noise by random dephasing telegraph processes was also modelled,
showing that depending on the parameters of the environment,
the model can describe both Gaussian and non-Gaussian effects of
noise. Ref. [10] presented a phenomenological model for supercon-
ducting qubits subject to noise produced by two-state fluctuators
whose coupling to the qubit are all roughly the same. In all cases
mentioned, the authors analysed the qubit’s evolution under pure
dephasing conditions, since it is the case where the dynamics can
be analytically obtained. When we departure from pure dephasing,
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i.e.,, when the noise-system interaction is not longitudinal, no exact
analytic solution for the system time evolution is available even for
the spin-fluctuator model. In [11], the authors resorted to a mas-
ter equation approach to study the influence of an environment
on a two-level system with an adiabatically changing external field
where they have also considered the temperature effects. However,
the authors resorted to a secular approximation for the ground
state only, assuming that the excitation rates are exponentially
small with respect to the relaxation ones in the quasi-stationary
regime. They obtained that in the zero-T limit, the ground state of
the system is not affected by the environment and, hence, there is
no decoherence in that case. This fact cannot be true since deco-
herence at zero temperature does occur. There are simple examples
in literature which demonstrate that decoherence is induced even
by a reservoir at zero temperature [12-15]. In general, a small sys-
tem coupled to an environment fluctuates even in the zero-T limit.
These fluctuations can take place without generating an energy
trace in the bath. The fluctuations in energy of the small system
are a peculiar fact of the entanglement with the quantum envi-
ronment. However, the suppression of the interferences is not as
fast as it is at high temperature limit. In the latter case, it is ex-
pected to happen, for a quantum Brownian particle of mass M,
at times of O(1/2MyokgTL) while it occurs at times bigger than
0 (1/y0) when the environment is at zero temperature [12] (where
Yo is the dissipation constant, T is the environmental temperature,
and L the distance between classical trajectories of the particle). In
[16], the authors studied decoherence effects on a superconducting
qubit due to bias noise making use of a semiclassical noise model
that includes the effect of zero-point and thermal effects.

In the review article by Makhlin et al. [17], a dephasing model
is considered in which the spin-system is coupled to an ohmic en-
vironment at thermal equilibrium. They show that the dephasing
time is shorter than the measurement time, and they estimate the
mixing time, i.e. the timescale on which transitions induced by the
measurement occur. They analyse the dephasing rate in an exactly
solvable limit of a qubit with no tunnelling term.

In [18], noise is described by fluctuations in the effective mag-
netic field which are directed either in the z axis - longitudinal
noise, or in a transverse direction - transversal noise. Both types
of noise have been phenomenologically modelled by making dif-
ferent assumptions on these fluctuations, such as being due to a
stationary, Gaussian and Markovian process. The results obtained
were applied on adiabatic geometric phase. They experimentally
study which noise - either radial or angular - contribute to the
geometric (Berry) and dynamical phase, observing that the radial
noise is more destructive.

In this context, we aim to gather the main of these features
(and the ones that have been neglected by the sake of simplic-
ity) that have been studied separately in a single approach by the
study of decoherence process from a master equation for a super-
conducting qubit. By considering a general approach of the qubit
and environment, we include different channels of decoherence
(purely dephasing and decoherence by anomalous diffusion coef-
ficients). This approach does not admit an analytical solution in
the end but by means of a numerical solution of the reduced den-
sity matrix we can obtain the dynamics of the qubit. This allows
to focus on different noise sources and different couplings to the
environment and gives a common framework to study the deco-
herence process of the qubit. This is particularly important in the
case of very low temperature fluctuations, which sometimes are
considered to be harmless to the unitary evolution of the qubit. In
such a complete case, the evolution of the system undergoes de-
phasing and relaxation leading to serious problems in maintaining
the quantum state.

In this article, we shall present a fully quantum open-system
approach to analyse the non-unitary dynamics of the solid-state

qubit when it evolves under the influence of external fluctua-
tions. We consider the qubit coupled in longitudinal and transver-
sal directions, that is a model where populations and coherences
are modified by the environment. We study the dynamics and
decoherence-induced process on the superconducting qubit. The
paper is organised as follows. In Section 2, we develop a general
quantum open-system model in order to consider different types
of fluctuations (longitudinal and/or transverse) that induce deco-
herence on the main system. In Section 3 we present the master
equation approach for a general coupling of a superconducting,
and numerically compute the non-unitary evolution characterised
by fluctuations, dissipation, and decoherence. This gives us a com-
plete insight into the state of the system: complete knowledge of
different dynamical timescales and analysis of the effective role of
noise sources inducing diffusion and dissipation. We also analyse
low-frequency 1/ f noise as coming from a fluctuator environment,
by defining the corresponding spectral density. The comprehension
of the decoherence and dissipative processes should allow their
further suppression in future qubits designs or experimental se-
tups. In Section 4, we analyse the effect induced in the system
by thermal ohmic environments, through a non-purely dephasing
process, including the case of a zero-temperature bath. In Section 5
we study the decoherence induced by a 1/f noise. In both cases,
we particularly study the difference between the longitudinal and
transversal couplings and provide analytical estimations of deco-
herence time when possible. Finally in Section 6, we summarise
our final remarks.

2. Model for a solid-state qubit

Superconducting qubits are made of inductors, capacitors, and
Josephson junctions (JJ) [19], where a ]J] consists of a thin layer of
insulator between superconducting electrodes. A quantum circuit
consisting only of inductors and capacitors gives rise to parabolic
energy potentials exhibiting equally spaced energy levels, which
are not practical for qubits. The J] provides the necessary nonlin-
earity to the system, leading to non-parabolic energy potentials
with unequally spaced energy levels such that two out of sev-
eral energy levels, serving as the qubit states |0) and |1), can be
isolated. Experimental observation of Rabi oscillations in driven
quantum circuits have shown several periods of coherent oscilla-
tions, confirming the validity of the two-level approximation and
possibility of coherently superimpose the computational two states
of the system. Nevertheless, the unavoidable coupling to a dis-
sipative environment surrounding the circuit represents a source
of relaxation and decoherence that limits the performances of the
qubit for quantum computation tasks. Therefore, for the implemen-
tation of superconducting circuits as quantum bits, it is necessary
to understand the way the system interacts with the environmen-
tal degrees of freedom, and to reduce their effect, if possible.

When the two lowest energy levels of a current biased Joseph-
son junction are used as a qubit, the qubit state can be fully
manipulated with low and microwave frequency control currents.
Circuits presently being explored combine in variable ratios the
Josephson effect and single Cooper-pair charging effects. In all
cases the Hamiltonian of the system can be written as, H =
g—la)aoz + h§2g cos(wt + gr)ox, where hf2g is the dipole interaction
amplitude between the qubit and the microwave field of frequency
w and phase @gr. £2r/27m is the Rabi frequency. This Hamilto-
nian can be transformed to a rotating frame at the frequency w
by means of an unitary transformation defined by the operator
U = exp (iowto,/2) [20] and, after the rotating wave approxima-
tion (ignoring terms oscillating at 2w), resulting in a new effective
Hamiltonian of the form

h
Heffzi(AO'z‘f‘-Qxe"l‘QyGy), (1)
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where 2y = £2r cosgr and 2, = Qg sin gg. Then, we shall consider
the dynamics of a generic two-level system steered by a system’s
Hamiltonian of the type (where we have set i =1 all along the
paper)

Hrotal = Heff + Hine + He, (2)

where Hg is the Hamiltonian of the bath. The interaction Hamil-
tonian (in the rotating frame) is thought as some longitudinal and
transverse noise coupled to the main system:

1 . A N
Hipe = §(5w10x+5w25y +8w00y). (3)

By considering this interaction Hamiltonian we are implying
that the superconducting qubit is coupled to the environment by
a coupling constant in the z direction, called longitudinal direction,
affecting only the coherences; and a coupling in the transverse di-
rections (x and y), which modify populations and coherences in
a different rate. This type of coupling is a generalisation of the
bidirectional coupling recently used in [21] to compute the geo-
metric phase of a superconducting qubit. It is important to note
that the derivation of a master equation has not been done before
for a solid-state qubit.

3. Master equation approach

We derive a master equation for general noise terms 81, §@w;
and 8@g. We consider a weak coupling between system and en-
vironment and the bath sufficiently large to stay in a stationary
state. In other words, the total state pse (system and environ-
ment) can be split as psg ~ p(t) x pg, for all times. It is important
to stress that due to the Markov regime, we restrict to cases for
which the self-correlation functions generated at the environment
(due to the coupling interaction) would decay faster than typical
variation scales in the system [22]. In the interaction picture, the
evolution of the total state is ruled by the Liouville equation

Ose = —i[Hint, psel, (4)

where we have denoted the state psg in the interaction picture
in the same way than before, just in order to simplify notation.
A formal solution of the Liouville equation can be obtained pertur-
batively using the Dyson expansion.

From this expansion, one can obtain a perturbative master
equation, up to second order in the coupling constant between sys-
tem and environment for the reduced density matrix p = Trg pse.
In the interaction picture the formal solution reads as

t

p(t) ~ p(0) — ifdsTrg([Him(S), pse(0)])
0
S1

t
—/$3/$ﬂuqﬂm®{mmm48amﬂ)
0 0

In order to obtain the full master equation for the qubit, it is
necessary to perform the temporal derivative of the previous equa-
tion and assume that the system and the environment are not
initially correlated. In addition, we consider that the §@; of the
Hine (Eq. (3)) are operators acting only on the Hilbert space of the
environment (and the Pauli matrices applied on the system Hilbert
space). Finally, the master equation explicitly reads,

p = —i[Hest, p] — dxx(t)[gm [ox, ,0]] - fxy(t)[a)n [oy, )0]]
— fxz(0) [O’x’ [0, ,0]] - fzx(t)[a'b [ox, P]]
- fyx(t)[ay’ [ox, /0]] - dyy(t)[ay’ [oy, ;0]]

- fyZ(t)[va [0z, /?]] - ny(t)[027 [oy, /0]]

- dZZ(t)[027 [0z, /0]] +iYay [Ux, {oy, ,0}] + iyxz[ax, {oz, P}]

+ iyx[0z, {ox, p}] + ivey [0z, {0y, p}] + ivyx[oy. {ox. P}]

+iyyz[oy. {0z, p}]. (5)
where the noise effects are included as the normal (dyx, dyy and
d;;) and anomalous diffusion coefficients (f;; with i, j =x,y,2).
The dissipative effects are considered in the corresponding coeffi-
cients (y;; with i, j =x, y, z). Thus, Eq. (5) considers both diffusion

and dissipation effects for a superconducting qubit with couplings
as in Eq. (3),

t t
dxx(t)Z/dSW(S)X](—S), dyy(t)Z/dsvz(S) Y2(=9),

0 0
t

dz;(t) = / dsvo(s)Zo(—s),

0
t t
fry(@®) = / dsv1(s)Y1(-s), frz(t) = f dsv1(s)Z1(~s),
0 0
t t
fax () = / ds vo(s)Xo(—s), fzy(®) = / dsvo(s)Yo(—s),
0 0

t t
fyx(t)=/ds V2(8$)X2(—9), fyz(t)=/ds V2(8)Z2(=S$)
0 0

t t

Yy () = / dsn1(s)Y1(-9), Vxz(t) = / dsn1(s)Z1(=s),
0 0
t

yzx(t)zfds no(s) Xo(—5),

t
Yyx(t) = f ds n2(s)X2(—s),
0 0

t t
Vyz(t) = / dsn2(s)Z2(—s), and yzy(t) = f dsno(s)Yo(—s).
0 0

(6)

These coefficients are defined in terms of the noise and dissipa-
tion kernels, v(t) and 7(t), respectively. These kernels are generally
defined, for unspecified operators 8dg(t), 81 (t) and Sw,(t), as

1,00~ N
Va(t) = 5({5wa(t),3wa(0)}), (7)

1 N ~
Ma(6) = 5 ([86a(0). 30a(0)]) ®)

with a =1, 2, 0. The functions X,, Y4, and Z, appearing in Eq. (6)
are given in Appendix A. It is easy to check that if the Rabi fre-
quency is zero and d@; = 0 = 8@,, we recover the dynamics of
a spin-1/2 precessing a biased field Bloch vector R.

The intention is to study environmental-induced decoherence
by means of the use of the master equation. We will mainly con-
centrate on two types of external noise sources. On one side, we
shall consider that the environment is characterised by an ohmic
spectral density, as the one commonly used in models of Quan-
tum Brownian Motion (QBM) or in the well-known spin-boson
model [23,24]. In these examples, the environment is represented
by an infinite set of harmonic oscillators at thermal equilibrium.
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On the other side, we shall analyse decoherence induced effects
coming from spin-environments, for example spin-fluctuator mod-
els, that give us the possibility to study 1/f noise-effects via the
master equation approach, without resorting to classical statisti-
cal evolutions or phenomenological models. Once the coefficients
in Egs. (6) are defined by the use of the corresponding spectral
correlations Eqs. (7) and (8), we can numerically solve the master
equation and obtain the evolution in time of the reduced density
matrix.

4. Ohmic environment

A relevant contribution to decoherence in solid-state qubits, is
introduced by the electromagnetic noise of the control circuit, typi-
cally ohmic noise at low frequencies. In this section, we model this
kind of environments by means of an infinite set of harmonic oscil-
lators with an ohmic spectral density. An environment composed
by harmonic oscillators at thermal equilibrium at temperature T
is commonly introduced in order to take into account dissipative
effects, additionally to noise or fluctuations effects.

It is easy to see that in the case that the environment is mod-
elled by a set of harmonic oscillators, the noise (Eq. (7)) and dissi-
pation (Eq. (8)) kernels become

1
va(® =2 D 4znllan(®, 4 (O)}) 9)

1
Na(®) =5 ;xﬁ,n([qna), an(0)]), (10)

where g, are the position operators for the environmental degrees
of freedom.

The noise correlations can be defined by their spectral den-
sity Ja(w) = 1/(27r)fdtei‘”t(écba(O)ac?)a(—s))g with a =0,1,2. If
we assume the environment is composed by an infinite set of har-
monic oscillators, it is useful to use the relation

N

A2 T
Yo f(wn>=/1<w>f(w)dw, (11)
mywn
0]

n

in order to express kernels in terms of integrals in frequency. For
example, using Eqs. (9) and (10), the noise and dissipation kernels
can be written as

Vg (t) =/]a(a)) cos(wt) coth(%o)dw, (12)
0

Na(t) = / Ja(w) sin(wt)dw, (13)
0

where g = 1/kgT is the equilibrium temperature of the environ-
ment.

In this model, we use J;(w) = yqwexp[—w/A] as the spectral
density of the environment. This definition allows to calculate the
noise and dissipation kernels from Eqs. (12) and (13) [24]. In the
definition of J(w), A is a physical ultraviolet cutoff, which repre-
sents the biggest frequency present in the environment.

Starting with an arbitrary initial superposition state in the Bloch
sphere, |) = cos(0/2)|0) + sin(6/2)|1), we numerically solve the
master equation at different environmental temperatures. In the
high temperature limit, one can expand the coth(Bw/2) for small
B, and obtain the noise kernel (the one that depends on temper-
ature) as vy(t) = yakpTS(t) (where, with the sub-index a =0 we
denote the longitudinal coupling and with the sub-index a =1,2
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Fig. 1. (Colour online.) Temporal evolution of the absolute value of the Bloch vector
for different environments coupled to the superconducting qubit. The black dotted
line is the unitary evolution, i.e. no noise present in the evolution. The red dashed
line represents an ohmic environment in the high temperature limit while the blue
solid line represents an ohmic environment at zero temperature. It is easy to note
that the state vector of the system is more affected by the influence of the high
temperature environment. However, we must note that the initially pure state loses
purity even at zero temperature for the same values of y,. We have considered the
effect of longitudinal and transverse noise simultaneously. Parameters used: g =
0.1A, Y0 =0.002 =y, A =100A, T = 100A. We have set g =0 and y, =0 for
simplicity. The initial state is given by 6 =2/3m.

transversal noise). In this limit, it is trivial to evaluate the diffu-
sion terms in Eq. (6), to obtain that dyx = y1kgT, dyy = y2ksT,
d;; = yokgT, and all f;j =0 (there is no anomalous diffusion
terms). In the opposite case, when T — 0, the diffusion kernel
yields v (t) = Ya(t Asin(At) + cos(At) — 1)/t2. With this kernel all
the diffusion coefficients in Eqs. (6) can be obtained for a zero-T
environment. It is important to remark that they are all differ-
ent from zero and contribute to the master equation. We do not
present here the explicit expression of them since their form is not
relevant. The dissipative coefficients for the ohmic environment,
can be all calculated from the dissipation kernel Eq. (13). Thus,
these kernels are given by 714(t) = 348’ (t), which are independent
on temperature. Therefore, dissipation coefficients (in Eqs. (6)) are
Yy = 2001, Yxz = =212y, Vzx = 2082y, Vzy = —282xY0, Yyx =
=22 A, and Yy, =2y282x.

In Fig. 1 we present the absolute value of the Bloch vector of
the state system R as a function of time for more than one period
T =27 /82, with 2 = A%/, /A2 + 2. Qualitatively, decoherence
can be thought as the deviation of probabilities measurements
from the ideal intended outcome. Therefore, decoherence can be
understood as fluctuations in the Bloch vector R induced by noise.
Since decoherence rate depends on the state of the qubit, we will
use as a measure of decoherence the change in time of the abso-
lute value of R, starting from |R| =1 for the initial pure state, and
decreasing as long as the quantum state losses purity. In Fig. 1,
the black dotted line is the unitary evolution (as expected R=1
for all times), while the red dashed line is the evolution of the
Bloch vector of a qubit evolving under a high temperature ohmic
environment. This kind of environment is very destructive and the
state vector is soon removed from the surface of the sphere (where
purity states lie). The blue solid line represents the behaviour of
the Bloch vector when the qubit is evolving under the influence of
a zero temperature ohmic environment. It is easy to note that the
state losses purity even at zero temperature, though the influence
of the environment is not as drastic as when the temperature is
high. We have considered the effect of the longitudinal and trans-
verse noise simultaneously. These facts can also be seen in Fig. 2,
where we plot the trajectories in the Bloch sphere. It is easy to see,
that the ohmic environment at high temperature (red solid line) is
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10

Fig. 2. (Colour online.) We present the trajectories of the qubit in the Bloch sphere
for two periods of time. The black dashed line is the evolution for a qubit in
the presence of an ohmic environment at zero temperature. The red solid line
is for an ohmic environment at high temperature. We have considered the effect
of longitudinal and transverse noise simultaneously. Parameters used: £2g = 0.1A,
¥0 =0.002 =y1, A =100A, T =100A. We have set g =0 and y, =0 for simplic-
ity. The initial state is given by 6 =2/3mw.

very drastic, removing the state from the Bloch sphere surface in
a very short timescale. The qubit under the presence of an ohmic
environment at zero temperature (black dashed line) looses purity
as well, but the timescale at which the quantum coherences are
removed takes longer.

When we deal with a master equation of the form of Eq. (5),
it is known that all real terms contribute to diffusion effects while
imaginary ones to renormalisation and dissipation [12]. As deco-
herence is the dynamical suppression of the quantum coherences,
the off-diagonal elements of the reduced density matrix are also
a good measure of how the environment affects the dynamics of
the qubit. For a general process (non-purely dephasing process),
the reduced density matrix can be represented as

_( ago(t) ag1F(t)
()= (alof(r)* an () )

where F(t) can be related to the decoherence factor (which is
responsible for the exponential decay of the coherences). In the
case of a longitudinal coupling only, the populations remain con-
stant and F(t) is the decoherence factor defined as e~ Jdz()dt’,
where d,;(t) is the diffusion coefficient. Independently of its for-
mal expression, we know that F(t) must be a decaying function
by which after some time bigger than the decoherence time t > tp,
the quantum coherences of the density matrix can be neglected.
In the case of a more general coupling such as the one studied
here, the decoherence factor is composed by the diffusion coeffi-
cient (d;(t), i.e. in this case) and some other anomalous diffusion
and dissipation coefficients such as f,x(t) and y;(t), that affect
the off-diagonal terms with no defined sign.

Due to the fact that we are considering a general qubit (such as
Hegr in Eq. (1)) and a general coupling (Hjy in Eq. (3)), there are
some more coefficients that contribute to dissipation process such

Pote(t)
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Fig. 3. (Colour online.) Temporal evolution of the absolute value of the quantum
coherence (denoted as pr(t)), namely the off-diagonal terms of the qubit system
(po1(t)). The black dotted line is the evolution of the coherences in the case the
qubit is coupled to a high-T environment (yp = y; =0.02 and T/A = 100). In this
case, the system losses coherence quickly and with no possibility of re-coherence.
The red dashed line shows the evolution of the coherence in the limit of zero envi-
ronmental temperature (with cutoff in frequencies A =100A and yp = y1 = 0.02).
Finally, the blue solid oscillatory line represents the evolution of the coherence for
a smaller value of y, at zero temperature (Y9 = y1 = 0.002). We have considered
the effect of longitudinal and transverse noise simultaneously. It is easy to see that
the system also losses coherence when the environment is at zero temperature. The
final value of the off-diagonal term differs from the one in the high-T case, due to
the presence of diffusion and other dissipative coefficients in the master equation.
We have considered 2r =0.1A, 2 =0, gr =0, and the initial state is given by
0=2/3m.

as dyx(t), fxz(t), fxy(t), fzy(t) and yyy(t) [25]. These complete set
of coefficients provide a very complicated dynamics that only can
only be solved numerically.

In order to study the decoherence process suffered by the qubit
we propose also the study of the off-diagonal terms as well as the
absolute value of the Bloch vector. The difference between both
quantities is that while the latter one provides information about
the purity of the state, the former gives information about the
decoherence timescale (tp), i.e. the time after which the coher-
ences of the reduced density matrix can be neglected. Therefore,
we shall look at the behaviour of the quantum coherences, i.e. the
off-diagonal terms of the reduced density matrix or(t) to study
the influence of the environment on the system’s evolution and
derive, when possible, a decoherence timescale.

In Fig. 3 we present the evolution in time of the off-diagonal
terms of the qubit’s reduced density matrix (or(t)) as a function
of dimensionless time (At), in the case of high and zero temper-
ature and for different dissipation constants in the weak coupling
limit. The black dotted line is the solution of the master equa-
tion in the limit of high temperature (for dimensionless param-
eter T/A = 100). As expected, off-diagonal terms in the reduced
density matrix decay quickly to their minimum value, reaching
a steady state of minimum coherence. A relevant result is the one
obtained in the limit of T = 0 environmental temperature repre-
sented by the blue solid line y, = 0.002 and the red dashed one
¥a = 0.02. In this cases, we can see that, the coherences in the
system decay (more slowly than in the case of high temperature)
with time, reaching an asymptotic value of minimum coherence,
at a timescale different from the one corresponding to the high-T
limit. The smaller the value of the coupling, the longer it takes the
system to reach the asymptotic value. This is mainly due to the
presence, in the master equation for T =0, of anomalous diffusion
coefficients, which are absent in the case of high-T. Nevertheless,
we show that fluctuations at zero-T also induce decoherence in
the solid-state qubit, with a lower efficiency than in the thermal
case, but strong enough to destroy the unitary evolution.
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Fig. 4. (Colour online.) Temporal evolution of the coherence (o (t)) (its absolute
value) of the qubit system coupled to a high temperature ohmic environment. The
red dashed line represent the evolution of the coherence when the qubit is coupled
only in the transverse direction, namely through Sw;. In this case, we use y; = 0.02
and yp = 0. The black dotted line is the evolution of the coherences in the case the
qubit is coupled to a high-T environment only in the longitudinal direction, i.e.
through Swp. This means y; =0 and for example, yp = 0.02. Finally, the blue solid
line (almost coincides with the black dotted line) is the evolution of the coherence
when the qubit is equally coupled in both directions, i.e. y9 =0.02 and y; = 0.02.
We have considered 2g =0.1A, gr =0, 2 =0, and T = 100A. The initial state is
given by 6 = /3.

In order to have a rough analytical estimation of decoherence
times, we consider that the qubit is solely coupled in the longitu-
dinal direction, and that there are no anomalous and dissipation
terms in the master equation. This means that for the moment
we neglect the effect of the tunnelling term (proportional to both
transverse directions) in the main system Hamiltonian. Thus, we
may follow the result given in Refs. [12,24] for the purely de-
phasing model. There, decoherence time in the high temperature
approximation can be estimated as tp ~ 2/(kgTyp) [17], which
does not depend on the frequency cutoff A. Considering param-
eters used in Fig. 3, one can estimate decoherence time to be
tp ~ 1A, in good agreement with the corresponding plots in Fig. 3.
For the ohmic case at zero temperature, the decoherence scales as
tp > 2/(yoAm) for times At > 1. In this case, decoherence is de-
layed as yp decreases. This is a very long bound for decoherence
time, especially when the longitudinal coupling constant is very
small. Indeed, this reflects the fact that the contribution of all the
coefficients in the master equation (anomalous diffusion and dissi-
pation coefficients) are important in the limit of zero temperature,
as can be seen in Fig. 3.

As we are considering a bidirectional coupling in our model, it
is interesting to see if there is a direction in which noise becomes
more important. As the value of )y and y; imply the coupling with
the environment, we can turn off one of the couplings to study the
effect of noise in the longitudinal and transverse directions. Thus,
we consider only one transverse direction to make this analysis, by
setting ¥, = 0, since we consider the difference between longitu-
dinal and transverse (either one) couplings. In Fig. 4 we follow the
decay of the quantum coherences of the reduced density matrix
corresponding to each of the cases considered: only longitudinal
coupling, only transversal coupling and both couplings. The red
dashed line represents the evolution of the coherence when the
qubit is coupled only in the transverse direction, namely through
Swi. In this case, we use y; =0.02 and yp = 0. The black dotted
line is the evolution of the coherences in the case the qubit is cou-
pled to a high-T environment only in the longitudinal direction,
i.e. through Swg. This means y; =0 and for example, yp = 0.02. Fi-
nally, the blue solid line (which falls together with the black dotted
line) is the evolution of the coherence when the qubit is equally
coupled in both directions, i.e. 9 =0.02 and y; = 0.02. It is easy
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Fig. 5. (Colour online.) Temporal evolution of the absolute value of the coherence
(pro(t)) of the qubit system coupled to a zero-T ohmic environment. The red
dashed line is the evolution of the coherences in the case the qubit is coupled only
in the transverse direction, i.e. through Sw;. This means yp =0 and for example,
y1 = 0.02. The black dotted line represents the evolution of the coherence when
the qubit is equally coupled in both directions, i.e. yp =0.02 and y; = 0.02. Finally,
the blue solid line is the evolution of the coherence when the qubit is coupled only
in the longitudinal direction, namely through dwy. In this case, we use yp = 0.02
and y1 = 0. We have also included in a grey dotted line the oscillatory unitary be-
haviour of the coherence. We have considered 2r =0.1A, ¢r =0, y» =0, and the
initial state is given by 6 = /3.

to see that decoherence is mainly ruled by the longitudinal direc-
tion (tp ~ 1A) which means that noise in the z-direction affects
more the unitary dynamics of the system than noise in x direction.

We can also study the leading behaviour (related to the cou-
pling of the system) for a zero-T ohmic environment. In Fig. 5 we
show the behaviour of the quantum coherences ( oy (t)) for differ-
ent couplings. The black dotted line is a bidirectional (longitudinal
and transverse) coupling of same value y,; = 0.02. The red dashed
line is for a transverse coupling, i.e. y1 =0.02 and yp = 0. Finally,
the blue solid line is only a longitudinal coupling 5 = 0.02 and
y1 = 0. We can note the longer decoherence timescale in compar-
ison to an ohmic environment in the high temperature limit, see
for example Fig. 4. It is also important to remark that at zero tem-
perature, all noises are equally important. This is a quiet important
observation. By taking a thorough look, at shorter times, we can
see that the blue solid line decays faster, corresponding to a longi-
tudinal coupling. However, the timescale at which the longitudinal
coupling decays is comparable to the timescale of a transversal
coupling (in magnitude order). However, the intrinsic dynamics of
the system delays the reaching of the asymptotic limit, since we
are studying the weak coupling limit.

5. 1/ f noise

Much effort has been spent recently to understand how noise
at low frequencies affects the dynamics of superconducting qubits,
both from a theoretical and experimental point of view. In solid-
state systems decoherence is potentially strong due to numer-
ous microscopic modes. Noise is dominated by material-dependent
sources, such as background-charge fluctuations or variations of
magnetic fields and critical currents, with given power spectrum,
often known as 1/f. This noise is difficult to suppress and, since
the dephasing is generally dominated by the low-frequency noise,
it is particularly destructive.

The 1/f noise is frequently modelled by an ensemble of two-
level systems or fluctuators and describes both Gaussian or non-
Gaussian effects [26,27]. Then, the noise is described as coming
from N uncorrelated fluctuators, that we call here Sy = Zf\’ Xi(©),
where x;(t) is a random telegraph process. The variable x;(t) takes
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Fig. 6. (Colour online.) Time evolution of the absolute value of Bloch vector for dif-
ferent values of the model parameters. The black solid line is the evolution for
0, =0.1A and ¢; = 0.2A. Red dashed line o, = 0.5A and ¢op = 0.75A. We have
considered the effect of longitudinal and transverse noise simultaneously. We have
set gr =0 for simplicity, and the initial state is given by 6 =7 /3.

the values —& or &. Thus, xi(t)?> = £? = const. By assuming a
random process, there is no dissipation contribution. In order to
obtain the diffusion coefficients of the master equation, we need
to evaluate the noise correlation functions from Eq. (7), for each
of the interaction terms - the longitudinal and the transversal -
characterised by the subindex 0 and 1, respectively (we not con-
sider the coupling in the y-direction in this section for simplicity).
We refer to these as

N
(8N a(t)8dN a(9)) =y &2, 20al 5], (14)
i=1

where index a = 0, 1, indicates longitudinal and transversal cou-
plings between the fluctuator and the qubit.

Following Ref. [9], we define the effective random telegraph
process for N > 1, as 8&y(t) = limy_ o8N (t), considering
a continuous distribution of amplitudes (&) and switching rates (¢).
Assuming that for an individual fluctuator, the correlation rela-
tions are given by (xi(t)) =0 and {i.qa(t)Xj.a(5)) = UN—“ZSUE*ZQV*S‘;
where 02 = limy_,cN&2. For N — oo, the effective random pro-
cess becomes a Gaussian Markovian process with an exponential

correlation function. Finally, we consider that the noise correlation
is defined by

(80a(£)8&a(s)) = oq®e~5alt=sI, (15)

By using the noise correlation functions of Eq. (15), we compute
the diffusion coefficients Eq. (6) of the master equation and solve
it numerically to obtain the qubit dynamics. We shall study the
absolute value of the Bloch vector and the decay of off-diagonal
terms to study the decoherence process suffered by the qubit, as
we have done for the ohmic environment.

In Fig. 6 we present the temporal evolution of the absolute
value of Bloch vector R while the qubit is evolving under the pres-
ence of 1/f noise. We consider o; = 0.1A ({g = 0.2A) for the
black solid line and o, = 0.5A (¢q = 0.75A) for the red dashed
curve (a =0, 1). We can see that as the value of o, becomes big-
ger, the sooner purity is lost. This is so because o, represents the
coupling with the system (a =0 in the longitudinal coupling, and
a =1 in the transverse case). Similar to the case of an ohmic en-
vironment at high-T, the 1/f noise is very efficient in inducing
decoherence on the system. The choice of parameters has been
done to assure that there are no memory effects in the evolution,
namely ¢ > o in our weak coupled model. In both cases, we see
that purity is a monotonic decaying function.

Pote ()

Fig. 7. (Colour online.) Decay of the quantum coherences (or(t)), i.e. the off di-
agonal terms of the reduced density matrix pr,, (t) as function of time. The lines
correspond to the same values of Fig. 6. We have considered the effect of longitu-
dinal and transverse noise simultaneously. The initial state is given by 6 = /3.
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Fig. 8. (Colour online.) Time evolution of the absolute value of Bloch vector in the
Bloch sphere for different values of the model parameters. The red dashed line is
the evolution for o1 = 0.2A, ¢ = 0.5A, op = 0. The black solid line is for op =
0.2A, ¢1 =0.5A, 01 =0. We have set gg =0 for simplicity. The initial state is given
by 6 =m /3.

In order to have a rough estimation of the decoherence time,
we consider only the longitudinal coupling and no anomalous dif-
fusion terms (i.e. dephasing process). Then, assuming that .t <1,
it is possible to show that tp ~ «/f/aa, independent of the switch-
ing rate. This fact can be clearly seen in Fig. 7, we have plotted the
behaviour of the quantum coherences of the reduced density ma-
trix as function of time. It is worthy to note these decoherence
timescales are the temporal scale in which coherences abruptly
decay from the pure-case value. This estimation sets a bound on
the decoherence time. The asymptotic value is reached in a longer
time. With the parameters used in Fig. 6, it is possible to check
that decoherence timescales as Atp ~ 3 (red dashed line in Fig. 7),
and Atp ~ 14 (see black solid line in Fig. 7). On the contrary,
when ¢4t > 1, decoherence timescales as tp ~ 1/¢q, almost inde-
pendently of the value of oj.

Finally, we consider the effect of noise in both directions as
we have done for the ohmic environments. It is important to
note that in the case of 1/f noise, the coupling constant is in-
cluded in parameter o, of the model. Here, we will study the
behaviour of the coherence p . (t) to infer how decoherence is
induced in each case. In the following figures we present the be-
haviour of the quantum state for different coupling situations. In
Fig. 8 we present the temporal evolution of the absolute value of
Bloch vector R while the qubit is evolving under the presence of
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Fig. 9. (Colour online) Trajectories in the Bloch sphere for the values of the model
parameters of Fig. 8. The red dashed line is the evolution for o1 =0.2A, ¢op =0.5A,
oo = 0. The black solid line is for og = 0.2A, {1 =0.5A, 01 = 0. We have set g =0
for simplicity. The initial state is given by 6 = /3.

1/f noise and in Fig. 9 the trajectories in the Bloch sphere for the
same model parameters. The red dashed line is the evolution for
01 =0.2A, o =0.5A, opg = 0. The black solid line is for oo = 0.2A,
¢1 =0.5A, o1 = 0. This means that the black solid line represents
a qubit coupled to the environment in a longitudinal direction only
while the red dashed is the qubit coupled to the environment in
the transverse direction only. It is easy to see in Fig. 9 that the
longitudinal coupling removes the state from the surface of the
sphere rapidly by loosing purity faster (Fig. 8). In the case of the
transverse noise (red colour), the effect of noise on the system may
be neglected for very short times, by noting that the trajectory re-
mains very similar to the unitary one in that timescale. The black
solid line shows that having a coupling in the Z direction removes
the system for the Bloch sphere faster than having a coupling only
in the X direction. This means that the purely dephasing process is
the leading process when having both couplings together.

6. Final remarks

The interaction of a solid-state qubit with environmental de-
grees of freedom strongly affects the qubit dynamics, and leads
to decoherence. In quantum information processing with solid-
state qubits, decoherence significantly limits the performance of
such devices. These degrees of freedom appear as noise induced in
the parameters entering the qubit Hamiltonian and also as noise
in the control currents. These noise sources produce decoherence
in the qubit, with noise, mainly, at microwave frequencies affect-
ing the relative population between the ground and excited state,
and noise or low-frequency fluctuations affecting the phase of the
qubit. It is important to study the physical origins of decoherence
by means of noise spectral densities and noise statistics. Therefore,
it is necessary to fully understand the mechanisms that lead to de-
coherence.

We have derived a perturbative master equation for a supercon-
ducting qubit coupled to external sources of noise, including the

combined effect of noise in the longitudinal and transversal direc-
tions. We have considered different types of noise by defining their
correlation function in time. Decoherence can be understood as
fluctuations in the Bloch vector R induced by noise. Since decoher-
ence rate depends on the state of the qubit, we have represented
decoherence by the change of |R| in time, starting from |R| =1 for
the initial pure state, and decreasing as long as the quantum state
losses purity.

For an ohmic environment, we have considered thermal effects.
We have solved the master equation and presented the dynamics
of the superconducting qubit in the presence of a high temperature
environment and a zero temperature one. In both cases, we have
computed the corresponding diffusion and dissipation coefficients,
solved the master equation numerically and derived some analyt-
ical rough estimations of the decoherence time when possible. As
expected, an environment at high temperature is an effective co-
herence destructor and a pure state vector is soon removed from
the surface of the Bloch sphere. In addition, we have shown that
decoherence is still induced in the qubit when the environment is
at zero temperature. This process is less drastic and takes longer
times compared to the high temperature limit. However, it is im-
portant to remark that the decoherence process still takes place,
this time induced by the vacuum fluctuations of the environment.
This fact has been shown for example in the loss of purity of the
state vector and in the decay of the off-diagonal terms of the re-
duced density matrix, namely coherences. This result is in contrast
to some recent publications [11], where the effect of the environ-
ment at zero temperature is neglected. We have also focused on
the effect of longitudinal and transversal noise. As expected, when
the qubit is coupled to both directions, namely longitudinal and
transverse, the influence of the environment is bigger as observed
in the destruction of the coherences. However, it is important to
note that having a transverse coupling only, does not imply a de-
coherence process as important as the one induced by the system
when the coupling is longitudinal and the environment is at high
temperature. This result is novel and should help in future qubits
designs or experimental setups. Another important fact to take into
account is that in the case of a zero-T environment, all noises
are equally important at short times. This means that both noises
affect the dynamics of the superconducting qubit in the same de-
coherence timescale as has been shown. The difference between
couplings has not been studied before and this result is important
when experimental setups are considered to be done in zero-T
conditions.

We have also discussed the role of low-frequency of decoher-
ence on quantum bits, namely a noise 1/f, modelled herein by
an ensemble of two-level fluctuators. We have presented this anal-
ysis in the framework of the master equation approach. From the
definition of the noise correlation function of the environment, we
have computed the diffusion coefficients and solved numerically
the dynamics of the qubit. We have studied how this type of noise
affects the coherences of the reduced density matrix and how the
state vector is removed from the surface of the Bloch sphere. We
have seen that this noise can be very destructive, depending on the
value of the free parameter ¢{. We have provided some rough an-
alytical estimations of the decoherence timescale that agree with
the numerical solutions presented here. As for the effect of lon-
gitudinal and transversal noise, when the coupling is bidirectional
the effect of noise is bigger on the coherences of the qubit.

The analysis of the decoherence timescales may provide addi-
tional information about the statistical properties of the noise. The
comprehension of the decoherence and dissipative processes, ori-
gin and causes, should allow their further suppression in future
qubits designs or experimental setups.



254 PI. Villar, EC. Lombardo / Physics Letters A 379 (2015) 246-254

Acknowledgements

This work is supported by CONICET, UBA, and ANPCyT, Ar-
gentina.

Appendix A

The functions Xg, Y4, and Z, appearing in Eq. (6) are derived
by obtaining the temporal dependence of the Pauli operators oj in
the Heisenberg representing through the differential equations

doy(t)
dt

with k =x,y,z and Heg as in Eq. (1). The solution can be ex-
pressed as a linear combination of the Pauli matrices (in the
Schrédinger representation) as o = Xy(t)ox + Ya(t)oy + Zg(t)0.
The explicit solution is given by

Q7 4 (A% + 23) cos(2t,/ 2% + A?)

=i[Hgq, ok(®)]. (A1)

X1t) = J
QF+ A2

22y(1 - cos(2t,/ 23 + A2)) + A/ 22 + AZsin(2t,/ 23 + A2)

Yi(t) = 2 A2 ’
Q2+ A

QA (1 cos(2t/ 23 + A2)) — 2,/ 2% + AZsin(2t,/ 23 + A2)
Z1() = Q21 A2 ’

22y (1 cos(2t,/ Q3 + A2)) - A/ Q3 + AZsin(2t /22 + A2)
X = 22+ A2 ’

2 2 o2 [02 4+ A2
- 2 + (A% 4+ 27) cos(2t,/ 28 + A?)
2 = 9
2%+ A2

ARy(1- cos(zrm)) + Q2%+ AZsin(2t,/ 27 + A2)
Zr(t) = Q21 A2 ’

AS2(1—cos(2t,/ 22 + A?)) + Qy\/f?% + A2 Si“(Zt\/Qﬁ +42)
Xo(t) = 22+ A2 ’

A2y (1 - cos(2t,/ 23 + A?)) — 2,/ 22 + AZsin(2t,/ 23 + A?)
Yo(t) = R ’

A% + 22 cos(2t/22 + A2)

Zo(t) = :

2
QF + A2

With these functions, we can evaluate all the coefficients in Eq. (6),
and obtain the desired temporal evolution for each of the consid-
ered types of environment, defined through the spectral density.
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