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Abstract

We consider configuration mixing for the nonstrange positive parity excited baryons in the
[56’,07],[56,27],[70,0"] and [70, 2] quark model SU(6) x O(3) multiplets contained in the N = 2
band. Starting from the effective mass operator for these states we show by an explicit calculation
that in the large N, limit they fall into six towers of degenerate states labeled by K = 0,1,1',2,2’, 3.
We find that the mixing of the quark model states is much simpler than what is naively expected.
To leading order in N, only states carrying the same K label can mix, which implies that for the

spin-flavor states we started with configuration mixing can be parameterized by just two constants,

pr=1 and g —2.
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I. INTRODUCTION

The quark model in its different versions has been a useful tool in exploring the spectrum
and properties of excited baryons, as well as for testing different model assumptions on
the effective interactions between quarks |[IH3]. Although the model interactions between
constituent quarks are QCD inspired, a clear connection to the fundamental theory of the
strong interactions remains elusive to this date. Recent successes of lattice QCD calculations
[4, 5] seem to validate the classification scheme of baryon states in SU(6) x O(3) multiplets,
as put forward by early quark model studies. These numerical lattice calculations have the
advantage of being based on the fundamental theory of the strong interactions, but lack
the simplicity of an analytic approach, that provides a physical picture in terms of effective
degrees of freedom, effective interactions and symmetries. Such an analytic scheme to study
the phenomenology of baryons and their excited states, that also makes contact with QCD,
can be obtained starting from the large number of colors (IV.) limit of QCD [6] [7]. For a
review on the relevance of the large N, limit for SU(N,.) gauge theories, see also Ref. [§].

In the large N, limit it has been shown that the spin-flavor symmetry for ground state
baryons can be justified from the contracted symmetry SU(4). derived from consistency
relations for pion-nucleon scattering [9] [10] [11] [12] [13]. The predictions of this symmetry
for the masses and the couplings explain some of the successes of the non-relativistic quark
model [14] [15] [16] [17]. Even more important than that, the breaking of the spin-flavor
symmetry can be studied systematically in a 1/, expansion using quark operators, estab-
lishing a close connection between QCD and the quark model |15] [16] [17], see Refs. [18-20)]
for a pedagogical introduction.

The operator construction of the 1/N, expansion was later extended to study the masses
of the negative parity L = 1 excited baryons [21] [22] [23] [24] [25] |26] with great success.
The strong and electromagnetic decays of these states belonging to the [70,1~] multiplet,
as well as the masses and decays of baryon resonances in other spin-flavor multiplets were
also studied in the 1/N, expansion (see [27] for a recent review, and references therein),
establishing a comprehensive framework to study the phenomenology of excited baryons at
the physical value N, = 3. Lattice studies of excited baryons offer further tests of the 1/N,
expansion by providing predictions for all states in a spin-flavor multiplet and probing the

dependence of observables on the quark masses [28] [29]. They are even starting to explore



the mass spectrum for N, values larger than three [30] [31].

It is important to note that the classification scheme for baryon resonances based on
irreducible representations (irreps) of SU(6) x O(3), grouped into excitation bands N =
0,1,2,3, ..., is based on the quark model and cannot be justified from QCD. Physical states
appear as admixtures of different SU(6) x O(3) irreps, something known as configuration
mizing, which so far has been neglected in phenomenological studies that use the 1/N,
expansion.

In the large N, limit a different symmetry structure is present at leading order and states
are classified according to irreducible representations of the contracted symmetry SU(2F).,
dubbed as towers and labeled by K, leading to degeneracies in the mass spectrum of excited
baryons [22, 23]. These predicted degeneracies in the large N, limit have been verified by
explicit calculations, first in [32, [33] for the nonstrange [70,17] states that constitute the
N =1 band and later also for the nonstrange [70, 37| states of the N = 3 band [34], but
up to now the effect of configuration mixing, which is not N, suppressed [35, 36], has been
neglected in an explicit calculation of the spectrum using the effective quark operators.

Here we consider the entire space of states spanned by the N = 2 states [70, L] and
[56, L], with L = 0,2. We restrict ourselves to the nonstrange states and show by an explicit
calculation that configuration mixing preserves the tower structure of the mass spectrum in
the large N, limit. We also study the mixing pattern, which in the basis of K states turns
out to be much simpler than what would have been expected starting from the spin-flavor
basis of the quark model.

In order to perform the calculation including the leading order effects of configuration
mixing we need to extend the construction of the leading order mass operator. To allow for
L — L' transitions, we will introduce a generic spatial operator £ in place of the angular
momentum operator ¢ used in previous studies [24]. This is similar to the construction of
the transition operators for the decay processes [37], as we need the most general operators
that mix the SU(6) x O(3) multiplets to leading order.

In this work we present the most general form of the leading order mass operator that
incorporates configuration mixing and the explicit expressions obtained for its matrix ele-
ments between states of the N = 2 band. Our results provide important consistency checks
on the contracted symmetry predictions for the masses and mixings in the large N, limit,

and the correctness of the usual construction of the effective mass operators in terms of core



and excited quark operators [24].

The paper is organized as follows: In Sec. [Tl we present the states, in Sec. [IIl we present
the effective mass operator, in Sec. [Vl we give the explicit form of the mass matrices for
I = 1/2 and I = 3/2 states. In Sec. [Vl we discuss the spectrum and the mixing pattern
we obtain. We finally conclude in Sec. VIl In App. [Al we give the general expressions for
calculating the matrix elements of the leading mass operators and in App. Bl we give the

explicit expressions of the matrix elements for arbitrary N..

II. THE STATES

The positive parity, orbitally excited modes of an N. = 3 three quark system differ from
each other in their orbital angular momentum L and their behaviour under permutations.
The spin-flavor symmetry SU(6) is a useful classification scheme for these states. Each type
of permutational symmetry of three objects, symmetric (S), mixed symmetric (MS) and
antisymmetric (A) corresponds to an SU(6) multiplet, 56, 70 and 20, respectively. For
the nonstrange members of these multiplets, the spin-flavor symmetry is only broken by the
spin-dependent interactions. Here and in what follows we will concentrate on the nonstrange
members of each SU(6) x O(3) multiplet. In the case of harmonic forces between quarks the
five SU(6) x O(3) multiplets 56" (L = 0,2), 70 (L = 0,2) and 20 (L = 1) are degenerate
and constitute the harmonic oscillator N = 2 band. We do not consider the antisymmetric
states in this work, as their relevance for the observed physical states at N, = 3 is not clear
yet. In the generalization of the lowest-energy multiplets to arbitrary N, the additional
N, — 3 quarks are taken in a completely symmetric spin-flavor combination.

In order to identify the nonstrange I = 1/2 and I = 3/2 physical states (N and A) with
the large N, states, it is useful to keep in mind the usual SU(6)spin—fiavor > SU(3) fiavor X

SU(2)spin decomposition that labels the N. = 3 states
SN=3 56 =110 + 28 SAA LN, "
MSN=3 170 =21 4+%10+ 28 +*8 D*A+*N 4N,
where 21N, 25+1A | with S the quark spin of the state. It should always be clear if S stands
for the spin, or if it denotes the symmetric irrep of the permutation group. To count the

nonstrange I = 1/2 and I = 3/2 states contained in the S, M S irreducible representations

of the permutation group for arbitrary N, it is helpful to recall that for the symmetric
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representation the spin and isospin of the states are related by S = I, while for the mixed

symmetric irrep the spin is obtained from the vector sum S =1+ 1, so that

S D*A+2N,
MS D2A+*A+CA 42N +4N . (2)
N:.>5

We see that in M S there appear A states with higher spin that are absent in M SNe=3,
These are ghost states that decouple from the physical states in the N, — 3 limit, as has
been noticed in [32] [38] and we will also see explicitly here when discussing the matrix
elements of App. Bl After coupling with the orbital angular momentum L = 0,2 we obtain
the Sp, M Sy, states

So D Nz Ay,
MSy D Nija, Ny Avyja, Ay, AY s
—_———
Noo5
52 D) N3/2>N5/2>A/1/2aAlg/gaAé/QaA;/ga (3)

MS2 D) N3/27N5/27N{/27 é/27 5/27N§/27A3/27A5/27

/ / / / " " " " "
1/2> =3/2> =5/2> =7/2) =1/25 =3/2) =5/25 =7/2) =9/2 >
-

Ne>5
where we indicate J, the total spin of the nonstrange states N;, A, as given by the vector
sum J = S + L. The primes indicate the different values of quark spin S, e.g. N,;, N; cor-
respond to 2TIN; with S = 1/2,3/2, respectively, while Ay, A’;, A" correspond to 25t1A;
with S =1/2,3/2,5/2, respectively.

In Eq. @) we show all the states that we will consider to compute the mass spectrum.
There are 30 I = 1/2,3/2 states distributed as 11 N-states and 19 A-states, where 11 of
the A-states are ghost states. That reduces the number of physical states at N, = 3 to 19
states.

The representations Sj, M Sy, Sz, M Sy reduce in the N, = 3 limit to the [56’,01],[56, 27],
[70,07] and [70,2%] quark model SU(6) x O(3) multiplets. We use the prime on S| to
distinguish it from the ground state baryons Sp, usually labeled as [56,07] in the N, = 3
limit.

In a quark model calculation all states with same I, J mix, giving rise to large mixing
matrices and a complex pattern, see e.g. Ref. [39]. In the large N, limit the mixing pattern

is much simpler, something that only becomes clear after classifying the states in a different
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way, according to the irreps of the contracted spin-flavor symmetry SU(4).. These irreps
are labeled by K, which relates J and [ as J = I + K, so that K = L in the symmetric
irreps and K = L 4 1 in the mixed symmetric ones [22][23]. In contrast to the spin-flavor
states for arbitrary N, of Eq. (3], the 30 large NNV, states carry an additional label K and

can be grouped as “tower states”

K =0 : Nyjs,Agp,---

K =1 : Ny, N3, Ayja,Asa, Dspp, -

K =1"": Ny, N3, Avya, Agja, Ngja, - -

K =2 : N, Nsja, A1y, Ay, Ao, Agyay - o
K =2": Nz, N5ja, D12, Dgja, Aspo, Agya, -+
K =3 1 Nsj, Nujo, Do, Asja, Arja, DNgja, - - -

where each tower state is in general in an admixture of the spin-flavor states shown in
Eq. (B). The nonstrange states in S| belong to a K = 0 tower, the ones in MSy appear in
the decomposition of K = 1 states, the ones in S5 contribute to K = 2 states and finally the
M S5 states appear in the decomposition of K = 1, 2, 3 states. As we will show by an explicit
calculation in Sec. [V] in the K basis only states with the same K label mix. This implies
that in the large N, limit the tower structure that was first found by performing explicit
calculations within a single spin-flavor irrep |32][33]]34] is also preserved when including the
effect of configuration mixing.

In the next Section we will present the simple leading order in /N, mass operator from

where this mixing pattern follows.

III. THE MASS OPERATOR

The leading order mass operator needed for our calculation is obtained by slightly gener-
alizing the construction of Ref. [24] as follows. As explained in detail in Ref. [24], the large
N, states can be constructed as product states of a symmetric core of N, — 1 quarks and an
N,-th quark in a proper linear combination, so that the S™¢ and MS™e irreps with the de-
sired permutation properties are obtained. The operators contributing to the mass operator
at different orders in 1/N. can then be constructed from the SU(6) generators acting on the
symmetric core and on the quark that was singled out, and the orbital angular momentum

operator ¢. Here we will replace the orbital angular momentum operator by a generic spatial
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operator £ to allow for configuration mixing of spin-flavor representations with different L.
This is similar to the construction of the effective operators for decay processes [40] [37],
where we also needed to describe transitions between states with different L.

The leading order Hamiltonian including operators up to order O(N?) that will correctly
describe all possible mixings in our configuration space, spanned by the states given in

Eq. @), has then the following form
/ 01
H=cRl+c3™Ne s+t ﬁg@) -g-Ge+O(1/N,) , (5)

where £@% = L{gl ¢} — %5” and R, R’ stand for the Sy x O(3) irreps S, MS;. The
coeflicients cgé%, are order O(N?) and encode the details of the spatial wave function, as
has been shown explicitly within a single spin-flavor representation by different matching
calculations [41] [42] [43] [44] |45]. They take different values on different spin-flavor irreps
R. In our case we also have off-diagonal matrix elements, so that the coefficients depend

on both the R and R/ irreps that are mixing. For the diagonal matrix elements we have

R = R/ and we use the notation ¢} = clR’R. The unit operator only contributes to diagonal
matrix elements.
The general expressions for the matrix elements of the operators in Eq. (B are given in

App. [Al following closely the notation of Ref. [24].

IV. THE MASS MATRICES

In this Section we present the explicit form of the mass matrices we obtain by computing
the matrix elements of Eq. (B, after expanding in 1/N, and taking the large N, limit. The
matrix elements for arbitrary N, are given in App. [Bl We also give the expressions for the
corresponding eigenvalues and eigenstates. The reader can skip through this Section and
continue reading Sec. [V], where we work out an explicit example that better illustrates the
relevant points of the discussion.

It should be noted that in the coefficients ¢}, c?’Rl, ch’R/ we absorb common group the-
oretical numerical factors and the reduced matrix elements of the £ operator, as appearing

in Eqgs. (ATl [AG) or more explicitly, as in Tables [, [ Il and IV] of App. Bl We do not

distinguish them from the original ¢}, cg”’R,, ch’R, appearing in Eq. (@) to keep the notation

simple.



A. The I =1/2 states

The I = 1/2 states with the same J can mix among each other. We have three J = 1/2,
four J = 3/2, three J = 5/2 and one J = 7/2 states. Their mass matrices are given below.
The 11 mass eigenvalues for the large N,., I = 1/2 states will be labeled as My and their
degeneracies will be discussed in the next Section. Table [l in App. Bl shows all the matrix
elements for the nucleons at finite V..

In the large N, limit the mass matrix for the Ny, states in the {2Nf/62, 2 NMSo 4 yMS:

12 0 V12
basis is
S,
c,° N, 0 0
_ MS MSoMS
MN1/2 = ¢, 7" N, \/503 o . (6>
C{wsch — %céws? — cg/[SQ

The My, ,, mass matrix and all mass matrices that follow are symmetric. We only show the

upper right half of the matrix to keep the expressions more readable. The eigenvalues are

M=o, M N5 and MyK=t. Their explicit dependence on the clR’R, coefficients is given in
1/2

the next Section. The corresponding eigenstates are

NEZO 1 0 0
NEZY =10 1 —nus | (7)
N{;;l 0 MM Sy 1

where each row vector on the right hand side indicates the composition of the eigenstate,

e.g. for the second eigenstate we have

INGZY) = PNYRR) = s, [UNDS2) (8)

R’ coefficients. We will use this matrix

where 7,75, can be expressed in terms of the c;v
notation to show the composition of the eigenstates throughout the rest of the paper. This
is very convenient to make the mixing pattern manifest. In the limit of no mixing (ngr = 0)
the eigenstates are normalized. In the general case there is still a normalization factor of
N = —L— that has to be taken into account.

ViR

The mass matrix for N3/, states in the large N, limit is given in the {4N§‘/JQS°, 2N3)5}22,




2N312, “N3jy2} basis by

C{WS()NC 0 _CéWS()MSQ _C§430MSQ

sz Nc C§2M5’2 _C§2MS2
My,,, = M5 zr MSy _1,MSs _  MSs
& ¢ Cy —5C T —C3

MS> M S

We denote the eigenvalues as m k-1, m k=2 , M NESL S and MmyK=2. The eigenstates of this
3/2 3/2

matrix are

NK:I’ 1 0 V2 V2

3/2 "3 NIMsy ~3 1M Sy
K=2 2 2
N3/2 ? — 0 1 _§7752 %nsz (10)
N52:1 —TMSo 0 g g
- 2 2
N3I§2 ? 0 73, _§ %
For the N/, states in the {2N§/22, QNS%S?, 4]\751\/4252} basis we obtain
sz N, —%C?QMSZ _%052]\452
MN5/2 — Ci‘JSzNC—F%CéV[SZ _%05\452_'_%0%52 , (11)
C{VISZNC — %03452 + %CQJSQ
with eigenvalues m K=, MK and m NESS and eigenstates
N;;QZ? 1 727752 777732
NEZ2 = | —nse I (12)
K=3 VT o V2
N5/2 0 I
Finally, the matrix element for the Ny, large N, state in M.S is
2
MmyK=s = M2 N, 4 )t — ?céwsz . (13)

B. The I = 3/2 states

The I = 3/2 states with the same J can mix among each other. We have four J = 1/2,
six J = 3/2, five J = 5/2, three J = 7/2 and one J = 9/2 states. Their mass matrices are
given below. The 19 mass eigenvalues for the large N., I = 3/2 states will be labeled as

maK and their degeneracies will be discussed in the next Section.
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Table [ in App. Bl shows the matrix elements for A/, at finite N.. In the large N, limit

the mass matrix for the A/, states in the {zAi‘//lgo, 4Af;2, 4A%252, GAi‘//[gQ} basis is
M So 1 MSoMSs 3 MSoMS>
Cq NC 0 %03 ﬁCg
Sa 3 SoMS> 1 SoMSs
Ma = ‘1 Ne %62 _%62 (14)
1/2 MSQN _ 3 MSQ_|_4 M So _ 3 MSQ_.?) M So ’
MSo 7 MS> 4 MSs

Aty N T N
=92/ 3 2 1 2
AfZ? _ 0 L —=34/50s.  31/350 (15)
K= 1 2 3 2
AT —nms, 0 —31/3 —51/3
K=2
At 0 —ns, —2,/2 3\/3

Table [Tl shows the matrix elements for Ay, at finite N.. For the Ay, states in the { 4A§§2,

4ANMSo 4AS2 2AMS2 4 AMS2 6 AMS2 . .
A3/2 , A3/2, A3/2 , A3/2 , A3/2 } basis we obtain
Sl
SN, 00 0 0 0
M Sy 1 MSoMSs 4 MSoMS2 3 7 MSoMSs
Cq Nc 0 —ﬁci)) 503 g\/;c?’
So 1 SoMSsy 2 SoMSs 7 SoMSs
M Cq Nc —EC2 %02 — EC2
Az/2 M2 1 MSy 5 MS; 1 MS 3_MS: '
1 ¢ 2 21/10 2 V10 3 V353
MSo 2 MSs 3 7 MS> 3 7 MSy
¢y P Ne = 56 _m\/;% - 7\/;03
M So 11 MSs 2 MS>

with eigenvalues max=o, M k=17, M A x—2r, Mak=1, Makx=2 and mx=3 and eigenstates
& Az A3K/217 A3K/227 Az AL Az g

A?{{El’ 0 1 0 2—\1/5771\430 —2—\5/577M50 _31—\?771‘430
_of 1 2 L L

A§</52 B 0 0 1 BUED —\5Ms: 3 \/;732 (17)
AK:I N 0 — 0 L - & i

3/2 1M So 2v/5 5 0
A§</2 2 0 0 —ns 3 ~\/5 2\/5

K3 7 VT 1
Al 2 0 0 0 —1/ 10 5 5v/2
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Table [Vl in App. [Blshows the matrix elements for Aj/,, A7/, and Ag), at finite N,. For

: 6 AMSy 4AS2 2AMS2 4AMS2 6 AMS2 :
the Aj), states in the { A5/2 , A5/2, A5/2 , A5/2 , A5/2 } basis we have
M Sy 3 MSoMS2 1 / M SoMS> 1 M SoM So
Sa 1 So M So 1 SoM Sy 6 SoMSso
(&} Nc -3 702 m@ - 502
— MS> 1 MSs 5 /7 MSs 1 /7 MS> 6 MS>
Ma,,, c; PNe — 30y 6\/;02 + 7\/;03 2y/3:C3
M So 1 MSs 4 MS> 3 3 . MSy; 2 3
cr P Ne — 156 763 5\502 7\£C

MSs
3

MSo 3 MSy | 2 MS>

with eigenvalues m \x—17, M A x—o, Mar=1, Marx=2, and max=3 and eigenstates
g AKFYH MaK2 s ALY, TAKS2, ALK g

A?/;l' 1 0 —3v/2numsy 21/ 5050 gﬁMso
ABT 0 1 S\ 30 e\ sy A/ 2ns,
ATl = s 0 =58 BWEOE | (19)
Al I R VR
Al o0 E s
The matrix for the A7/, states in the large N, limit in the { 4A%2, 4A%§2, GA%QSZ} basis is
cszc —%C?MSZ —\/écgzMSZ
Mp,,, = PN, + 2"+ Syt —%\/gcéw‘% + 8. 3™, (20)

MS: MS: MS
c 2NC+%02 2 +%C3 2
with eigenvalues m , kv, MaK=2, and MAK=s, and with eigenstates
7/2
—9/ 2 3
ARS? 1 \/;7732 \/;7732
K=2 _ 2 3
A7/2 - 73, \/; \/; : (21)

K=3 3 2
A7) 0 —/3 5

Finally, the matrix element for the large N, state Ag/, in M.S; is

2
mA£</§3 = Ciwsch + Céwsb — ?Cé\/lsz . (22)

V. THE LARGE N, SPECTRUM

The diagonalization of the I = 1/2 and I = 3/2 mass matrices presented in the previous

Section leads to 30 mass eigenvalues. In the large N, limit we find as a result of our explicit

11

(18)



calculation the remarkable result that the masses assume only six different values, leading
to a highly degenerate spectrum. The 11 I = 1/2 and 19 I = 3/2 masses are grouped in six

energy levels mg as follows

moy = me‘szO = mAg/?o s

my = meﬁl/ = mNé%:l/ = mAfEﬂ = mABK/gﬂ = mAg‘(/gl’ s

mor = mN§§2:2/ = mNE{jQ:y = mAf/;z/ = mAgf/gz/ = mA?Ez/ = mA%z/ s

mp; = mN52:1 = mN3152:1 = mA{</31 = mAg? = mAéK/? s

moy — mNgj;z = mNSI§2:2 = mA{(EZ = mA§</§2 = mA£</§2 = mAi(/gz s

m3 — mN5152:3 = mN;§2:3 = mA?If/;S = mAé</§3 = mA§<E3 = mAé{/§3 . (23)

The “tower masses” my correspond to the tower states listed in Eq. (@) and the degeneracy
in the spectrum reflects the SU(4),. symmetry present in the large N, limit. Notice that
there are two towers with labels K = 1 and K = 2, their masses are unrelated by the
SU(4). symmetry. The explicit expressions we obtain for the tower masses my in terms
of the coefficients cf, c?’R/ and c?’R/ result from the diagonalization of the mass matrices

given in Sec. [Vl and can be written in compact form as

mo = NC Cfé )
my = Ty + o1,
My = Moy + do (24)
my = My — 011,
my = Moy — 0 ,
2
ms = Nc Ci\/ls2 + CéwSQ — ?Céwsé s
where
T _ 1 M So M So N _§ M So _1 M So 25
n = 2(01 + ¢ ) Ne 162 3G (25)
1 1 1
Moy = §(Cf2 + CiMSQ)NC — ZCéwSQ + §C§452 s (26)
1 MSy MSs 3 MSs 1 MSs ? MSoMS2\ 2
o = 5(01 — ¢ )N+ 12 + 503 +2 (c5 )" (27)
1 So MSs 1 MSs 1 MSs ? So M S\ 2
0oz = ([ |5(e” =" )N+ 16 = 5o +2(*"7)" (28)

12



Given the complexity of the mass matrices from where we started, these expressions are
surprisingly simple. It is possible to understand this by looking at the general structure
of the corresponding eigenstates shown in the previous Section: only some subset of spin-
flavor states are mixed among each other in the large N, limit, namely those with same K
assignment. As we will show next by working out an explicit example, all our results can
be understood as a two level K, K’ mixing. To make this manifest it is useful to write the
tower masses my we obtained in terms of the mass eigenvalues myg that we would have in

the absence of configuration mixing

o . SY
mig—o = Neci®,
_ MSo

mg=1 = Nccl )
° o 5‘2
Mmrg—o = Nccl s (29)

MS. MS. MS.
mr=1 = Necy 72 — -cy ™2 3
o MS2 MSQ MSQ
Mi—2 N.c; —Cy et

2
2

MS. MS. MS.

mK:3 = Nccl 2 _'_02 2 ?03 2

We see that mg = myg for K = 0,3 and for the K = 1,2 states we have

. . . . 2
mg + Mg Mg — MK
Mgk = 5 + \/(f) + (MK)2 5 (30)
where pg—; = —ﬂcéwsoMS? and pig—o = —\/§C2S2M52 are the matrix elements that mix

the two K states. For (myx — mg/) ~ O(N?), ie. 7% — M ~ O(1/N,) and 7> —
;> ~ O(1/N,), the mixing is strong and the energy levels get O(N?) corrections due to
configuration mixing.

This mixing pattern, which is not obvious at all when starting from the mass matrices
written in the spin-flavor basis, can be made manifest by a change of basis. The [ = 3/2,J =
3/2 states constitute a good example to see this, as they have the largest mass matrix, of
dimension six and given by Eq. (I€), where all K states appear as eigenstates. To find
the change of basis we need, we first compute the eigenstates in the absence of mixing by

setting ci”éRl = 0 in Eq. (I6). In our matrix notation they are given by the row vectors of
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the following expression

100 0 0
010 0 0
001 0 0
000 5= 22
000 § -2
000 —\/Z &

w O (a») (@»)
5

N =
[SEN]

1
5v/2

(31)

This provides us the change of basis matrix S. We obtain the large N, mass matrix MA3 P

in the K basis { K =0, K =1, K=2,K=1, K=2, K =3} as follows

Mp,,, = SMa, /2§—1 —

where we only show matrix elements that are non-zero.

H1

K2

The eigenstates in this K basis are given now by the rows of the T matrix below and

take the simple form

1 TIM S,

—TM Sy 1

1S,

YRS

1

(33)

Finally, from S = TS we recover as the rows of S the eigenstates in the spin-flavor basis as

14



given by Eq. ().
S/
‘As/z ) = ‘4A3/2> g (34)

» 1 2v/2 3VT
557) = 1045 s et - 22ai - et o

‘A?I)</§2/> — ‘4A§72>+7752< é\//[ng \/7|4Aé\//[£92 \/7‘6A§§§2 ) ’ (36)

|2AMS2> _ 2\/_|4 M5’2> . 3\/_|6AMS2>
3/2 3/2 10 3/2 />

1
KT = —nsl'A5h) + —|2A§V;§2>—\f gt + 2 fTioays). (33)
1
A3 = - o) - LTral) + —opals). (39)

The explicit expressions for nyg,,ns, that relate them to the mixing matrix elements fq, o

A — 4AMSO +
| 3/2 > 771\/150| 3/2 > 2\/5

are
241
NIMSy = 5 5 ) (4())
my — 1my + \/(7’711' —my)” + 4 (1)
24
Nsy = 2 . (41)

My — My + \/(7’712' — 77012)2 +4 (M2)2

As it is clear from Eqs. ([B2B3]), only the two K =1 and K = 2 towers mix through the
mixing matrix elements px—1 and px—o, respectively. This explains why in the large N,
limit all the mixing that can occur among the spin-flavor states of Eq. (B]) can be expressed
in terms of only two parameters, and it confirms that the effective mass operator given by

Eq. (@) correctly accounts for the symmetry structure expected in large N. QCD.

VI. CONCLUSIONS

We have extended the large N, analysis of excited baryons to include configuration mixing.
In particular, in this paper we studied the configuration mixing of the symmetric and mixed
symmetric spin-flavor irreps that belong to the N = 2 band. Rather than the SU(2F") spin-
flavor symmetry of the quark model, in the large N, limit we have a contracted symmetry
SU(2F)., which gives rise to numerous mass degeneracies and also fixes the mixing pattern

among the states. Degenerate states fill SU(2F), irreps (“towers”), which are labeled by

15



K. They contain an infinite number of states with increasing spin and isospin. Here we
restricted ourselves to two flavors and to the low spin and isospin states that are identified
with the physical states at N, = 3.

We found by an explicit calculation that, in contrast to the complex mixing pattern of
spin-flavor irreps in the quark model due to hyperfine interactions (see e.g. Ref. [39]), in
the large N, limit the mixing pattern is governed by the symmetry: only states carrying
the same K label mix. For the states considered, this mixing can be described by just two
parameters related to the mixing of the mixed symmetric states with L = 0 and L = 2
(M Sy and M S,) and the mixing of the symmetric and mixed symmetric states with L = 2
(So and M S,).

We performed the calculation of the mass spectrum by slightly extending the construction
of Ref. [24] and using a common mass operator for all states, Eq. (H), expressed in the quark
operator basis. We verified explicitly that this simple leading order effective mass operator
correctly describes the configuration mixing pattern expected from the symmetry present
in the large NV, limit. We also checked explicitly that the inclusion of configuration mixing
preserves the large N, tower structure in the spectrum of positive parity excited baryons: The
11 N-states and 19 A-states are the lowest isospin members of six degenerate towers of large
N, states labeled by K = 0,1,1’,2,2’,3. The matrix elements presented in App. [Blshow that
ghost states that only exist for IV, > 3 decouple from the physical states. This decoupling is
a general feature of large N, calculations [32], that was also pointed out in the meson-baryon
scattering picture [38]. Another important point to note is that only the presence of core
operators makes the mixing of symmetric and mixed-symmetric states possible. A mass
operator constructed solely in terms of symmetric SU(4) generators S*, T, G would not
mix spin-flavor states in different irreps of the permutation group.

All these are non-trivial checks of the correctness of the core-excited quark picture and
the operator construction in terms of SU(2F) generators that started the program of ap-
plying the large V. expansion to the study of excited baryons [21] [24]. Most importantly,
the leading order calculation presented here provides the first step towards a systematic
inclusion of configuration mixing effects at subleading order in the large N, analysis of the
phenomenology of excited baryons. The predicted large N, spectrum and the configuration
mixing pattern could also be checked in the future by lattice calculations, providing a useful

guide for the ongoing explorations of the baryon spectrum at arbitrary N. values [31].
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Appendix A: Calculation of matrix elements

After replacing the orbital angular momentum operator ¢ by a generic spatial operator

€, we obtain the generalization of equation (A7) of Ref. [24]:

/ / 3
(€5) = dnsbradeat(~1F V=S [ EFEDES TIW L

Ly 5 L AU O A
x> (=)L +1) . B 2 2 (A1)
Le=L+1/2 L L 5 | =% L J L, L JL

where R, R/ denote a symmetric (SY M) or mixed symmetric (M S) irrep and the coefficients
cR?7 with S =1+ pand S, = I.= I +n/2 are given by

cif =1, (A2)
S = T 1S o, (A3
S(N, +2(5+1)
SY M MS __
CO— — CO—l— - \/ Nc (25 + 1) ) (A4)
SYM _ _ MS _ (S+1) (N —25)
CO+ Co— = \/ Nc (QS‘I— 1) . (A5)

In all other Sections we use S to label the symmetric irrep SY M. Here, for the sake of
clarity, we use the SY M label to distinguish it from the S we also use to denote the total
spin of the quarks. The rank two tensor operator in the effective mass operator accounts for

the mixing of L = 0 and L = 2 states. It generalizes Eq. (A9) in Ref. [24] to

(62 g-Go) = Spsbaraibrrdiys, (—1) 21535257+ D25 T (L/|[€?]|L)
2 L L'

R’ R
X s e (=102 /I + 1) (21, + 1)
n'n=+1
I 1
- 3 191
o/ (Ne+ 12— (5522214128 2 2 A8 9 sy . (A6)
nrnf] ]

3 3 1

The reduced matrix elements (L'||¢||L) and (L/|[¢®||L) are unknown and can be absorbed

in the operator coefficients of the 1/N, expansion.
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Appendix B: Explicit matrix elements for arbitrary N,

We list in this Appendix all the explicit matrix elements for the operators O; = N1,
Oy = ¢-5and O3 = N%f(z) - g - G, for finite N,. We defined 190 = \/%<2||§||2>, Eap =
ﬁ(ﬂ 1€@)]|2) and &9 = ﬁ((ﬂ 1€@)||2), which contain the reduced matrix elements of the
generic £ operator. Note that the ghost A states decouple from the physical states through

N, — 3 factors, see also [38] for a related discussion.
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@ @ Og

2Nf/62 N, 0 0

INYSEN 0 0

4N1]\;[252 Ne —36122 — 1o (Ne + 1)€220
2Nf;32 —2N{ o0 0 0
2]\715/62 - 4]\[1]\/4282 0 - 2(]\7]\;;;1)5202
2N1J\72SO - 4N1J‘7252 0 0 7 (2N. —1) 2(%\{3)5202

AN N, 0 0

2N§/22 Ne —ov-C122 0

ZNL‘?{\/42SQ N. —%NC(QNC —3)&122 0

4Né\/4252 Ne —&122 0
4Néfv/j2so - 2N§,9/22 0 0 7/ Mt oo
4N?f\7250 - ZN?%SQ 0 0 —ﬁ(QNc — 1)/ Xt a0
4st7[2$° - 41\%& 0 0 —ﬁ(Nc + 1)&202
2]\7:’?/22 _2Né\;[2SQ 0 ganV/3(Ne + 3)(Ne — 1€ 0
INgh = Nyt 0 5y e v\ R
2N§\7252 - 4N§\7252 0 —%\/%5122 — o (2N, — 1)\/%5222

2*7\75S/22 Ne F-i22 0

2N5]\;[2SQ N, 3—]1\fc(2Nc —3)&122 0

4N5A/4252 Ne — 56122 o (Ve + 1)éao
2N5S/22 B 2‘7\[55\/4252 0 —grzV/(Ne +3)(Ne — 1)éaaa 0
2N§q/22 - 4Né\;[2SQ 0 —\/ 8\ St — ToN \/% Nt éom
2N5J‘;[252 - 4N5J‘7252 0 —%\/g\/%flm %(2%3\;21) \/%5222

4N7A/4252 Ne €122 — g (Ne + 1)€22

TABLE I: Matrix elements for I = 1/2 states at finite N..
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O1 @ O3

AV N 0 0

4Af/22 Ne — iz 82%&22

4A§‘§§2 N, oo (15 = 2N.) €122 Tow7 (22 + 2N — 15)éa29

GAiV/quQ N — 11 — o0 (Ne + 1)€22
2Ai\§230 4A1572 0 0 - \/m&(m
2AiV][2SO 4Ai\//[§q2 0 0 \ﬁN (2Ne +5)y/ H=2600n
ZA%QQO 6A%2SQ 0 0 m\/;\/ N¢ +5)(Ne — 3)&202
1A%, 1AM QTC\/@/ N, 7 5)(V. — 3)¢109 —ﬁ\/g\/ No 7 5) (Vo — 3)amm
4Af72 GAf//[fQ 0 ——\/7 N3 ¢199 N \/7 N3 €999
4A%§2 GA%SQ 0 10 Nc+5§122 160N (2N —3) Nc+5§222

TABLE II: Matrix elements for the I = 3/2, J = 1/2 states at finite N..
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O1 Os O3

4A§72 Ne 0 0

gy N 0 0

4A??‘/22 Ne — 8122 0

2A§//[§% N, 3€122 0

B8y Ne o =g (2Ne —15)6im 0

6A§§252 Ne — 156122 — 5= (Ne + 1)€220
4A§/62 — 1AM 0 0 0

4A§}32 - 4A§72 0 0 4N—\/3§§202

4A§}32 - 2A§//I§2 0 0 ﬁ Nt €0
4A§/62 — 1AM 0 0 — o VIV B (V. = B)ann
4A§}32 - GAQ//IQQQ 0 0 —N%\/lzo N]c\;:3€202
Ay = A5 0 0 — i VN + B (Ve = 3)ane
4A§//I§O - 2A§§252 0 0 - \/%Nc (2N +5)/ H5=26202
1Ay =AY 0 0 wg;m (2N2 + 2N, — 15) &an
4A§/}[2SO - GAQ//IQ% 0 0 %Nc\/zgl@Nc —-3) va—f’é’zoz
4A§/22 - 2A§//I§2 0 —%\/g Nf\/—fflm @LN\@ Nf\;—f&m
4A§72 - 4A§§2sz 0 N%\/g\/(Nc +5)(Ne — 3)&122 0
4A§72 - GAQ//IQQQ 0 _%\/% Nzcv:35122 oh \/@ Nf\/—f&m
2A§/}[2S2 - 4A§//[§q2 0 %\/%\/W:gﬁmz —W(QN(: + 5)\/%5222
2AY5 —OAYS 0 0 iV IV B) (e — B)ons
4A§//I§2 - GAé\fgSz 0 —34/z Nf\/c5§122 —3%]\/0\/;(2]\7(: —-3) Nf\/—f&m

TABLE III: Matrix elements for the I = 3/2, J = 3/2 states at finite N..
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O1 @ O3

Sage N 0 0

4A§/22 Ne — 6122 —817535222

2AéV][2S2 Ne 142 0

A N g (2Ne - 15)6i — gz (22 + 2N, — 15)€229

GAQ//IQ% Ne —2612 s (Ne + 1)éa2
6A§§2SO - 4A59/22 0 0 N% 2 Nf\;—:g&m
SAg)° —*Ag)y" 0 0 2 /(N +5)(Ne — 3)éano
6Aé\//1§90 - 4A§§252 0 0 _£(2Nc —3) NcTté’zoz
6AE],V;2SO - GAQ//IQ% 0 0 — =51/ 5 (Ne + 1202
4A§72 - ZAQ//I§2 0 —%\/g Nf\r—f5122 —3\2/]2;16 Nf\f—fé’mz
IS AR 0 A NGBV, = 36z 3/ (Ne +5) (N, — 3)6amo
4A§72 - GAEJ,V;Q& 0 —% NfV235122 o\ 3 Nﬁf—:g&m
2Aé\//1§92 - 4A§§252 0 @ Nf\/—:gfmz 32—5\&\/;(2]\[0 +5) Nf\/:35222
2AYS — 6 0 0 ey BV T BN, — B
4Aé\//[§2 - GAQ%% 0 —%\/g Nf\/—f&m —#Nc\/g(ﬂ\fc —3) Nf\/—ts&m

4A$/22 Ne =122 ﬁfnz

AN AC s (2N — 15)&122 sz (2NZ + 2N — 15)Ea0

6A’%§2 Ne 156122 som (Ve + 1)éa2
NS AN 0 3N~ B)eim g /2 T B (M.~ Bz
4Ak79/22 - 6A%§2 0 —% Ne=S¢19n - 16\/217—0% NS¢0
4A§V;2S2 - GA%IQ% 0 —%\/g Nf\r—f5122 %NC\/%(QN(: -3) Nf\r—fé’mz

GAS//IQ% Ne €122 — v (Ne + 1)€222

TABLE IV: Matrix elements for the I =3/2, J =5/2,7/2,9/2 states at finite N,.
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