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Continuous Deposition of a
Liquid Thread onto a Moving
Substrate. Numerical Analysis
and Comparison With
Experiments
The printing of a thin line of liquid onto a moving flat solid substrate was studied numeri-
cally. For a fixed value of the Capillary number, the window of steady state deposition
was explored in terms of the substrate-nozzle gap and flow rate parameter space for two
nozzle configurations: a nozzle pointing vertically at the plate and a nozzle slightly tilted
towards the substrate motion direction. A lower limit for the flow rate was found, below
which no steady state solutions could be obtained. This minimum flow rate increases
as the nozzle stand-off and the nozzle tilting do. Solutions near this lower flow rate
boundary were stable under a flow rate perturbation. The process was also studied exper-
imentally and the measurements were compared with the corresponding numerical
simulations, giving a fairly good agreement, except in the advancing front deposition
region. [DOI: 10.1115/1.4005668]

1 Introduction

Depositing a thread of fluid on a solid substrate is a process
having different applications ranging from food processing to
printed electronics. Typically the fluid is continuously extruded
from a narrow nozzle closely situated over a flat solid surface.
They have a relative motion, resulting in the nozzle displacing at
a certain distance above the substrate, tracing either a straight or a
curved trajectory that results in a deposited thread of fluid follow-
ing a similar global path.

This work is mainly motivated by printed electronics applica-
tions, where the fluid employed is commonly a polymeric melt
with a high content of metal-containing particles. Once the fluid is
deposited following a given specified pattern, a curing procedure
is necessary to convert the liquid suspension into a conducting
track. This form of printing electronic circuits is known as Direct-
Write (or also Pen-Writing) [1–4]. Actually, Direct-Write is a gen-
eral term employed to encompass a wide range of technologies
with a common feature: they involve the delivery of (in most
cases) material and/or energy from a small sized nozzle, tip or
probe, onto a given substrate. In the context of printed electronics,
the main advantages of Direct-Write compared to conventional
mass production technologies (such as gravure, offset and flexo-
graphic printing) is the capacity for rapid prototyping and reduced
development times, and the ability to print onto conformal/curved
surfaces.

Since in most cases the desired result of the deposition process
is a continuous (and possibly curved) line of fluid, it is important
to identify the conditions under which the continuity of the liquid
thread could be interrupted. We could identify two kinds of
breakup processes: those taking place once the line of liquid is
already deposited, and those occurring during the deposition

process itself, typically near the nozzle extrusion region. It is
worth noting that the timescale of these instability processes, scal-
ing with fluid viscosity, is at most on the order of tens of seconds,
much shorter than any drying/solidification timescale. At room
temperature conditions, drying/solidification usually takes hours
(and even days) for typical (non-volatile) ink formulations used in
Direct-Write.

The former kind of rupture processes have been studied in
Refs. [5–8]. The linear stability analyses of Refs. [5,6] predict that
the liquid thread is unstable for any value of the (dynamic) contact
angle when this is fixed or varying smoothly with the contact line
speed, and for any contact angle larger than p/2 when the contact
line is fixed. Reference [7] studies both kinds of boundary condi-
tions experimentally. On the other hand, the experimental work in
Ref. [8] reveals an instability and pinch-off process that progress
from the ends to the center of a finite length line of liquid. In the
context of drop-on-demand (rather than continuous) printing, Ref.
[9] studies experimentally and theoretically the stability of the
printed tracks when the liquid has a zero receding contact angle
(i.e. the contact line can advance but not recede), considering that
eventual instabilities could be initiated/influenced by the printing
conditions.

On the contrary, the breakup of the liquid thread during contin-
uous deposition seems to have received little attention; in fact, to
our knowledge there are no published systematic studies of this
phenomenon. In connection with the deposition process—but not
addressing specifically the breakup phenomenon—Refs. [10] and
[11] investigated experimentally and theoretically the bifurcation
phenomena arising when the fluid is extruded at a constant flow
rate from sufficiently high distances above the substrate: as the
speed of the solid surface reduces, the shape of the deposited liq-
uid thread changes from a straight line to different meandering
states, including “simple” meanders, figure-of-8 shapes and loops.
On the other hand, Ref. [12] has reported experimental measure-
ments where, for a given substrate speed, there is a minimum flow
rate, below which the liquid thread breaks-up near the nozzle exit;
this minimum flow rate is known to increase as the extrusion noz-
zle is situated at a higher distance above the substrate.
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Processes like curtain and slot coating, presenting some common
features with the problem of interest in this paper, usually display
instabilities leading to defects or the breakup of the coating film [13].

For large substrate speeds in particular, there are two well-
known problems: air-entrainment in the front meniscus and a rib-
bing phenomenon (eventually leading to breakup into strips) in
the trailing film [14].

The deposition problem has also been studied numerically by
Ref. [15] (referred to hereafter as BAER), and Refs. [16] and [17],
although the last two papers only show simulations for specific
values of the parameters and the results, discussed only briefly,
focus on the effect of the evaporation of one of the components of
the fluid being deposited, rather on the fluid mechanics problem.
On the other hand, the work by BAER [15] analyzes the influence
of the flow rate, the Capillary number and the contact angle on the
steady state fluid profile near the deposition region. The authors
also carry out an experimental measurement of the process and
compare it with the corresponding numerical prediction, achiev-
ing some qualitative agreement.

This work is also a numerical study of the liquid thread deposition
with a focus on printed electronics applications. However, the
emphasis in this paper is the systematic exploration of the steady
state solution space, in terms of the flow rate and the nozzle-substrate
gap distance (our focus is on distances of the order of the nozzle
radius), for fixed values of the remaining parameters, and two differ-
ent nozzle configurations: one with the nozzle pointing vertically to
the substrate and the other with a small tilting angle. In either case,
our model considers the finite width of the nozzle wall. The proce-
dure employed allowed us to identify the limits of the steady state
region. Besides, we carried out transient simulations to test the stabil-
ity of the steady state results and to explore the behavior of the sys-
tem outside the steady state operating window. We also obtained
several experimental measurements of the process, which compare
fairly well with the corresponding numerical computations. Our
model assumes the fluid being a Newtonian liquid, and we employ
Navier’s slip condition to relieve the contact line singularity. As in
BAER [15], we solve the governing equations using a numerical
technique based on the Finite Element Method, combined with an
Arbitrary Lagrangian-Eulerian methodology to follow the shape of
the free surface, and therefore of the flow domain.

The structure of the paper is as follows. The next section
contains the governing equations of the fluid dynamic model.
Section 3 explains the numerical technique employed to solve the
governing equations. The methodology employed to obtain the
experimental results is detailed in Sec. 4. Section 5 shows the
numerical results, both in steady and unsteady state, and Sec. 6
describes the comparison with the experimental measurements.
Finally, in Sec. 7, our findings are summarized, and some possible
future extensions are proposed.

2 The Physical Model

Let us consider a flat horizontal solid substrate whose surface is
the plane z¼ 0, in the rectangular coordinate system adopted for
reference, as sketched in Fig. 1(a). Over the plane z¼ 0 there is an
inviscid gas phase at rest, whose constant pressure is adopted as
the system pressure reference and is set equal to zero. The sub-
strate moves at a constant and uniform velocity Vi along the
x-axis. Above the substrate, there is a motionless (with respect to
the frame of reference) tube with a circular cross section, whose
internal radius and wall thickness are both equal to R. The axis of
the tube lies in the plane y¼ 0 and possesses a tilting angle a with
the z-axis, measured counterclockwise as shown in Fig. 1(a). The
lower end of the tube—the tip of the nozzle—is a circular section
whose center is situated at (x, y, z)¼ (0; 0;RH). Fluid is pumped
downwards through the tube, the flow rate being equal to pR2VU.
The fluid arising from the nozzle tip deposits on the moving sub-
strate, forming a fluid filament whose free surface has a surface
tension r. Notice (see Fig. 1(a)) that our model considers that the

fluid wets entirely the nozzle tip, but not its lateral wall, i.e., the
contact line is pinned on the external edge of the nozzle tip.

Some (if not most) of the practical applications that motivated
this work—particularly the direct-writing of electronic circuit
tracks—employ complex fluids/inks that usually display compli-
cated rheological behaviors, most visibly shear thinning (see
Fig. 21 in Appendix A). However, for simplicity, we are assuming
for the most part of this work that the fluid is a Newtonian liquid
with viscosity (l), density (q) and surface tension (r), all constant.
This hypothesis is strongly supported by the results shown in
Appendix C, where we observe that the shear-thinning behavior
of the fluid, for a realistic set of parameters, has a very small influ-
ence on the process. The typical operating conditions determine a
shear rate regime on the order of 10 s�1, a value above which the
viscosity tends to have small changes with shear rate, as can be
seen in Fig. 21. Besides, although thermal effects could be notice-
able during the timescale of the deposition or instability processes,
these usually take place at room conditions, so that the actual tem-
perature variations are small enough (a few degrees) as to produce
insignificant changes in material properties.

The conservation of momentum and mass in the liquid phase
can be described by the Navier-Stokes and continuity equations,
given in dimensionless form by

La Ca2 @v

@t
þ v � rv

� �
¼ �rpþ Car2v� Bo k (1)

r � v ¼ 0 (2)

where spatial variables are scaled by R, velocities by V, time by
R/V and pressure by r/R. The dimensionless parameters appearing
in Eqs. (1)–(2) are the Capillary number (Ca:lV/r), the Laplace
number (La:qrR/l2) and the Bond number (Bo:qgR2/r, g is
the acceleration of gravity).

The boundary conditions employed to complete the formulation
(they are summarized in Fig. 1(c)) are the following. At the upper
end of the tube—the inlet section—we impose a parabolic veloc-
ity profile with mean velocity U. At the nozzle wall, the no-slip

Fig. 1 Sketch of the physical model. (a) Definition of the coor-
dinate system and geometrical parameters. (b) Definition of
normal vectors on the contact line, one tangent to the substrate
(n) and the other tangent to the free surface (l). (c) Summary of
boundary conditions employed in the model. Mathematical
expressions are in dimensionless form.
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boundary condition is prescribed. Far downstream of the nozzle
(at x¼ 25) we assume that the fluid adopts the velocity of the sub-
strate, due to the effect of viscosity. Therefore we impose there a
flat velocity profile given by v¼ i. Since the liquid-gas interface
is a material surface (any mass transfer across it is assumed negli-
gible during a time scale relevant to the deposition process), the
kinematic condition applies there:

ðv� _xÞ � n ¼ 0 (3)

where _x is the velocity at which the free surface moves ( _x ¼ 0 in
steady state) and n is the outwardly pointing (referred to the liquid
phase) unit vector, normal to the boundaries of the domain (the
free surface in this case). Besides, on the liquid-gas interface the
surface tension forces exert a normal stress given by

n � T ¼ jn (4)

with T here being the stress tensor (given by T � �pIþ s;
s � Ca½rvþ ðrvÞT � is the viscous stress tensor for a Newtonian
liquid) and j being the curvature of the interface (given by
j � �rS � n; rS � IS � r is the surface gradient operator and
IS � I� nn is the surface identity tensor). Since we consider that
the surface tension is constant, no tangential/Marangoni stresses
are present.

As the liquid deposits on the solid, and the gas phase is being
displaced, a thread of fluid is left behind. There is a triple line
where the solid-liquid-gas phases intersect each other. At the front
edge, this dynamic contact line advances on the solid substrate at
a speed close to V, while its speed in general diminishes as we
travel along the contact line away from the front. As is well
known [18], from a classical continuum view there is a disconti-
nuity in the velocity field at a moving contact line: as an observer
approaches the triple line from the liquid adjacent to the substrate,
the observed velocity of the fluid equals that of the substrate,
according to the adherence or no-slip condition, while if the
observer approaches the contact line from the free surface, the
observed velocity field possesses a horizontal component that sat-
isfies a kinematic constraint (like that of Eq. (3)) and differs—in
general—from the substrate speed. The discontinuity in the veloc-
ity field leads to a non-integrable singularity in the stress field: the
force is infinite at the contact line [18]. This physically unaccept-
able result has been commonly circumvented by means of differ-
ent approaches. The assumption of the existence of a precursor
film of submicron thickness ahead of the moving contact line has
been employed in Refs. [19–21]; moreover, there is supporting
evidence of its existence in real systems, as reviewed in Ref. [22].
Another widely used approach to relax the singularity has been to
allow some finite slip between the solid and the fluid, as in Refs.
[5,15,18,23]. There is physical/theoretical support for the intro-
duction of slip near a contact line, including surface roughness
[24], molecular relaxation [25], surface energy “corrugation” [26].
Other mechanisms have been proposed to relieve the moving con-
tact line singularity, as reviewed in Ref. [27].

Certainly the problem of dynamic wetting/dewetting is very
complex and is a field of active research, and a number of theories
(see Refs. [28,29]) have been proposed in recent years to explain
and model the process. In this work we employed a simplified
approach, the so-called Navier’s slip condition, that specifies a lin-
ear relationship between the shear stress at the solid and the rela-
tive slip velocity (see arts. 327 and 331 in Ref. [30]):

n � T � t ¼ �Ca

L t � v� ið Þ (5)

where t is any unit vector tangent to the solid-liquid interface, the
standard unit vector i accounts for the velocity of the substrate
and L � LS=R is a dimensionless slip-length (LS is its dimensional
counterpart), which is a phenomenological parameter that can be
interpreted as the distance down into the substrate at which the
extrapolated velocity profile becomes zero. Besides, since the

solid substrate is impermeable, the normal component of the ve-
locity is zero, v � k ¼ 0.

At the dynamic contact line it is necessary to specify the angle
(h) at which the free surface intersects the solid substrate, i.e., the
dynamic contact angle:

l � k ¼ � sin h; l � n ¼ cos h (6)

l and n being both unit vectors normal to the contact line, the for-
mer being tangent to the free surface and the latter being tangent
to the substrate (see the definition in Fig. 1(b)). As is well known,
the dynamic contact angle changes with the velocity of the contact
line [22,27,31]. Since in our continuum model we do not account
for intermolecular/short-range forces, the dynamic contact angle
that we prescribe is a “macroscopic” angle. Based on our own
(macroscopic) measurements of h (see Appendix A, Fig. 20), and
those by others (see the reviews by Refs. [22,31]), we proposed an
empirical expression for h,

h ¼ f ðCa vCLÞ with

f ðCa vCLÞ �

1þ tanh kACa vCLð Þ½ � hS � h0ð Þ þ 2h0 � hS

for vCL � 0

h0 1þ tanh kRCa vCLð Þ½ �
for vCL < 0

8>>><
>>>:

(7)

where vCL � ðv� iÞ � n is the velocity of displacement of the contact
line on the substrate, kA is an empirical parameter that expresses how
fast h increases with vCLCa (when the contact line advances, i.e.,
vCL> 0), and hS and h0 are also empirical parameters, indicating the
saturation contact angle (for vCL � 0) and the static contact angle
(vCL¼ 0), respectively. Note that the product vCLCa can be regarded
as the contact line Capillary number. For vCL � 0 the dynamic con-
tact angle tends to zero, at a rate larger than the rate of approach to
hS when vCL � 0 (we employ kA < kR), which intends to model a
zero-receding contact angle behavior observed in the experimental
determination of h. Further details on the measurement of h and the
values obtained for the parameters h0, hS, kA and kR are given in
Appendix A and Table 3, as well as in Appendix B.

Finally, we need to specify initial conditions for those simula-
tions in unsteady state. We employed two kinds of initial condi-
tions in our model: (a) In order to obtain the first steady state
solutions, we ran transient numerical experiments, as will be
explained later. These transient simulations were started with the
fluid at rest and a very rough estimate of the free surface shape.
(b) Once we obtained steady state solutions, we carried out some
transient simulations using as initial condition some of these
steady state solutions (but then varying some parameters, such as
the extrusion speed U for example).

It should be noted that, in those numerical experiments intended
to obtain steady state solutions, the time-derivatives of Eqs. (1)
and (3) were made equal to zero. The numerical procedures
applied to the transient and steady state cases possess some differ-
ences that will be explained in Sec. 3.

2.1 The Height and Width of a Straight and Uniform
Track of Fluid. In steady state, assuming that the track of fluid
being deposited moves—sufficiently downstream of the nozzle—
as a rigid body, and possesses a uniform cross section (A) with a
circular segment shape, mass conservation requires

A ¼ pU (8)

If the contact angle between this circular segment shaped liquid line
and the solid substrate is h0, some simple geometrical relationships
(arising from consideration of the area enclosed between a chord and
an arc that meets the chord at angle h0) allow us to write

A ¼ w2a2 ¼ h2b2 (9)

where w is the track width, h is the track height,
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a2 ¼ h0 � sin h0 cos h0

4 sin2 h0

(10)

and

b2 ¼ h0 � sin h0 cos h0

ð1� cos h0Þ2
(11)

Therefore both w and h depend on
ffiffiffiffi
U
p

.

3 Numerical Method

The set of Eqs. (1)–(2), along with the corresponding boundary
conditions specified in the previous section, must be solved in a
three-dimensional domain that is unknown a priori. This repre-
sents a complex nonlinear free surface problem that requires the
use of a numerical technique in order to obtain approximate
solutions.

The numerical analysis of viscous free surface flows is a chal-
lenging discipline which has attracted research interest over the
last decades [32,33]. The numerous methods developed over this
time can be classified in different ways, but probably one of the
most popular distinguishes the so called “interface capturing” and
“interface tracking” methods. In the first category, typically the
free surface (or more generally, the interface) moves through a
fixed grid, and its position is indirectly determined by solving
some auxiliary equation that accounts for the interface motion as
fluids are convected. The accuracy to which the interface is
“captured” depends fundamentally on the grid size. The Volume
of Fluid [34,35], Level-Set [36,37] and Diffuse-Interface [38,39]
methods belong to this category of techniques. In the second
category, the domain/s over which the equations are solved
coincides/e with the fluid phase/s, and the grid distorts accompa-
nying the deformation of the fluid phase/s. The interface being
“tracked” forms part of the boundaries of the domain/s. The points
of the grid can either move at the velocity of the fluid (Lagrangian
methods, [40,41]) or at an arbitrary (and conveniently defined)
velocity (Arbitrary Lagrangian-Eulerian or ALE methods,
[42–45]). Since the domain deforms, the simultaneous mesh dis-
tortion frequently becomes excessive, and the computations must
be stopped and eventually resumed after a re-meshing procedure
(see further details below in this section, and at the beginning of
Sec. 5). However, for the same level of spatial discretization,
“interface tracking” methods usually have a better accuracy than
“interface capturing” methods [33].

The technique employed in this work is based on the Finite Ele-
ment Method, along with a deforming-mesh/ALE scheme that allows
proper tracking of the free surface motion. The numerical scheme
was implemented in the framework of a commercial software, Com-
sol Multiphysics [46]. The ALE implementation embedded in Com-
sol offers a mesh updating scheme known as the Winslow method
[47,48]. In this method, the following equation is solved in the fluid
domain to calculate the position of the grid nodes:

r2X ¼ 0 (12)

where X stands for the reference coordinates, as usual in a kine-
matic description. In other words, X can be thought as the coordi-
nates of the mesh points in the undeformed domain; in short, the
mesh coordinates. As the domain deforms, nodes that in the refer-
ence configuration were at x¼X can displace to a different posi-
tion, x¼ x(X, t) (transient simulations), or x¼ x(X) (steady state
simulations).2 In the former case, mesh nodes move at a velocity
_x � @x=@tjX. On the free surface, the kinematic condition

(Eq. (3)) is used as a boundary condition for Eq. (12), while those
parts of the boundary that are fixed preserve their original refer-
ence configuration (x¼X).

As stated previously, Comsol possesses embedded capabilities
to solve simultaneously Eqs. (1)–(2) and (12) along with the
boundary conditions stated in the previous section, including
Eqs. (3)–(6), by means of the Finite Element Method (FEM). The
numerical scheme implements the classical Galerkin/FEM
weighted residuals formulation for spatial discretization. The
domain is tessellated into an unstructured mesh of tetrahedra.
Lagrangian shape functions are employed. Since Comsol allows
for the modification of the equation system to be solved, we intro-
duced the boundary conditions of Eqs. (4)–(6) as so called natural
boundary conditions, as usual in FEM [49].

After the FEM spatial discretization process is applied, either a
nonlinear algebraic equation system (steady state simulations) or
a nonlinear ordinary differential equation system (transient simu-
lations) is obtained. In the latter case, Comsol employs a fully
implicit, variable order, adaptive time step, finite difference
scheme to discretize the equations in time and finally obtain a sys-
tem of nonlinear algebraic equations. Therefore, whether a tran-
sient or a steady state case is being considered, Newton-Raphson
iteration is finally used to obtain the solution, i.e., the nodal values
of velocity, pressure and node position.

As was mentioned at the beginning of this section, ALE techni-
ques are susceptible to large mesh distortions when the domain
deforms. The cure in these cases is usually to apply a re-meshing
step. Comsol allows one to carry out this procedure, which consists
basically of four steps: (a) When the mesh distortion is large (i.e. the
Comsol built-in mesh quality measure is less than 0.05), the simula-
tion is stopped at this point. (b) Using the last solution obtained—in
particular the position of the nodes situated on the boundary—the
software extracts the shape of the domain and adopts it as a new ref-
erence configuration. (c) A new mesh is generated on the newly gen-
erated domain. (d) The simulation is resumed, using as initial
condition the solution employed to generate the domain, projected
(interpolated) into the new mesh points. As will be seen in Sec. 5,
several re-meshing steps could be necessary before a steady state is
achieved through successive transient simulations.

3.1 Validation of the Numerical Procedure. In order to vali-
date the numerical procedure adopted in this work, we compared the
results obtained employing our technique with those of [15], for the
analysis of the deposition of a thread of fluid on a moving substrate.
We also tested the independence of the numerical results with spatial
discretization, by carrying out some simulations for different mesh
refinements. In Sec. 6 we address the comparison of our numerical
results with experimental measurements of this process.

As was mentioned previously, the process of depositing a line
of fluid on a moving substrate possesses application in areas such
as printed electronics and food processing. In spite of this, it is
surprising that only a small number of papers tackle the numerical
analysis of this problem [15–17]. Actually, to our knowledge only
the work by BAER [15] conducts a study of the influence of some
of the parameters on the problem, while Refs. [16,17] only show
some specific results.

All the numerical simulations of the thread deposition process
shown by BAER [15] were obtained for a nozzle stand-off of
H ¼ 1:78 and a¼ 0. However, as suggested by their Fig. 6, BAER’s
[15] model assumes that the contact line on the nozzle exit is pinned
on the internal edge, instead of the external one, as our model
assumes. Alternatively, one could interpret that they neglected the
finite width of the nozzle wall; in contrast to what our model does.3

2x¼ x(X, t) (or x¼ x(X)) can be thought as a mapping from the reference configura-
tion to the actual configuration. The Winslow method (Eq. (12)) does not produce a con-
formal mapping (a mapping that preserves angles). For the 2D case, it can be shown
[47] that the dependent and independent variables in Eq. (12) can be inverted to obtain
að@2x=@X2Þ � 2bð@2x=@X@YÞ þ cð@2x=@Y2Þ ¼ 0, with a ¼ ð@x=@YÞ2 þð@y=@YÞ2,
b ¼ ð@x=@XÞð@x=@YÞ þ ð@y=@XÞð@y=@YÞ and c ¼ ð@x=@XÞ2 þ ð@y=@XÞ2.

3There is a subtle (but potentially significant) difference between both cases: in
the former, BAER’s nozzle radius is matched to our inner radius; in the latter,
BAER’s nozzle radius is matched to our outer radius - in that case, since our model
is nondimensionalized based on inner radius, we should consider twice the stand-off
(2	H ¼ 3:56) and four times the mean inlet velocity (4	 U) in order to conduct a
proper comparison with BAER’s results. We shall make the former comparison, so
that no rescaling ofH and U is required.
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It should be pointed out that the images of the experimental process
obtained both by BAER [15] and ourselves (see Fig. 10 of Ref. [15]
and our Fig. 19) show that in fact the nozzle exit should be wet by
the liquid being extruded (moreover, the images suggest the trailing
edge could become submerged). Given that the ratio of the width of
the wall to the internal radius and to the gap with the substrate are of
the order of one for the problem of interest in this (and BAER’s [15])
work, accounting for the nozzle wall acquires relevance, as will be
seen in Fig. 2. Another important difference is that for BAER [15],
the dependence of the dynamic contact angle on the contact line
speed is given by h¼ h0þ (hS� h0)vCL, with hS always equal to 175
deg, independently of the capillary number. We changed our contact
angle model (Eq. (7)) to that of BAER [15] for these comparisons.
However, we were unable to obtain steady state solutions for the
flow rates shown in that paper for Ca¼ 1 and h0¼ 110 deg, namely
U ¼ 1, 1.6, 2.5 and 3.2 (see Fig. 7 of Ref. [15]). In order to obtain
steady state solutions for U ¼ 2:5 and 3.2, we had to use
hS¼ h0¼ 110 deg; we could not obtain steady solutions for the
smaller values of U. When increasing hS to 145 deg we could only
obtain a transient solution for U ¼ 3:2 that displays a small temporal
oscillation of the contact line in the advancing front region.

The results shown by BAER [15] in their Fig. 7 consist of differ-
ent views of the three dimensional liquid configuration near the dep-
osition region. We show similar views in Fig. 2 that, as can be
appreciated, display qualitative features analogous to those seen in
Fig. 7 of BAER [15]. However, it is clear that the influence of con-
sidering pinning all the way to the external nozzle edge is that the

liquid is squeezed through the nozzle-substrate gap, resulting in a
wider deposition area on the substrate. It is interesting to note that
BAER’s [15] results seem to show (to the naked eye) a dynamic con-
tact angle in the advancing front of the contact line much smaller
than the expected value of h¼ hS¼ 175 deg (since vCL¼ 1 in the
leading edge in steady state). Finally, it must be pointed out that it is
not clear what values BAER [15] assign to La, Bo and L. In our
case, we set La¼ 2.5	 10�4, Bo¼ 9.8	 10�3 and L ¼ 0:5. Given
the very small value that Bo and La adopt for practical applications
in the Direct-Writing of conducting tracks, the influence of these pa-
rameters on the results is negligible, as long as they remain small.

4 Description of the Experimental Methodology

The experimental measurement of the deposition of a thread of
fluid consisted of two sequential steps, the recording of the depo-
sition process itself and the measurement of the flow rate extruded
through the nozzle. Figure 3 shows sketches of both experimental
procedures.

During the first step, the working fluid (an epoxy flexible ink,
C2050712D58 or D58 for brevity, Gwent Electronic Materials
Ltd., Pontypool, United Kingdom, see Appendix A for additional
details) was extruded through a nozzle of inner diameter 254 lm
and outer diameter 510 lm (IJFH 560 015, Intertronics, Kidling-
ton, UK). This nozzle was fitted to a plastic syringe (560002RB,

Fig. 2 The shape of the free surface viewed from different
directions; comparison of the results obtained by Ref. [15]
(reproduced with permission) with those obtained with our nu-
merical technique. In all the cases Ca 5 1, H ¼ 1:78, a 5 0 and
h0 5 110 deg. From top to bottom, the rows correspond to: (a)
[15], hS 5 175 deg, U ¼ 2:5, steady state; (b) our results, hS 5 110
deg, U ¼ 2:5, steady state; (c) [15], hS 5 175 deg, U ¼ 3:2, steady
state; (d) our results, hS 5 110 deg, U ¼ 3:2, steady state; (e) our
results, hS 5 145 deg, U ¼ 3:2, transient. The remaining parame-
ters are L ¼ 0:5, La 5 2.5 3 1024 and Bo 5 9.8 3 1023.

Fig. 3 Sketch of the experimental procedure: (a) set up
employed during the deposition of the liquid line, (b) set up
used to measure the flow rate injected through the nozzle
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30cc round bottom barrel, Fisnar Inc., Fair Lawn, NJ, USA) con-
taining the ink, which in turn was connected to a pressurised air
pump (BB8-00212, Bambi Air-Compressors Ltd. Birmingham,
UK) through a silicon tubing. The air pressure was regulated to a
constant value during each experiment, set manually. The syringe-
nozzle set was fixed to a homemade scaffold with a linear,
horizontal translation capacity motor stage mounted together as
operation platform (SGSP20-85 motor stage and PAT-001 power
supply, Sigma Koki Co., Ltd, Japan), in such a way that the nozzle
was pointing vertically downwards to the moving support. The
translation speed was controlled through a PC acting on the
electro-mechanical system moving the support. A glass plate was
mounted horizontally on the moving support. A CCD camera
(GP-MF 130, Panasonic, Japan) with an optical object lens (50X
Panasonic, Japan) fitted to a camera tripod was located underneath
the stage, pointing upwards, its position fixed with respect to the
syringe-nozzle system, and practically aligned with it, a small hor-
izontal offset being allowed in order to obtain pictures with the
nozzle on one side of the vision field, and the deposited line of liq-
uid running towards the opposite side. For a given set of parame-
ters (substrate speed, nozzle-substrate distance, air pressure), the
process is video recorded for a time lapse between 5 and 40 s
approximately, depending on the substrate speed, long enough to
allow the deposition of a liquid line between 2 and 5 cm long
approximately. The pressure employed varied between 15 psi and
70 psi depending on the substrate speed, which varied between
0.5 mm s�1 and 5 mm s�1. The applied pressure was higher at the
larger the substrate speed, in order to maintain a mean injection
velocity (i.e. a flow rate) of the order of the substrate speed. How-
ever, the flow rate was not controlled (in fact, the second experi-
mental step explained below is required due to this reason).

Following each individual realization of the deposition process,
the flow rate was determined by means of the following proce-
dure. The syringe-nozzle dispensing system was situated above a
small weighing boat located on a precision balance (AB265-s,
Mettler Toledo, Greifensee, Switzerland), whose reading was
digitally recorded in a PC, using the WinWedge32 (TalTech,
Philadelphia, PA, USA) interfacing software. At a given instant of
time, the fluid is pumped using the same pressure set in the imme-
diately preceding deposition experiment. The weight of liquid
poured into the container is recorded during one minute approxi-
mately, and these data are used to calculate the mass flow that,
using the measured density (see Appendix A), leads to the flow
rate. The procedure is repeated twice and the values are averaged.

5 Results

Practical applications of the continuous deposition of a liquid
thread onto a substrate in relative motion typically require, in the
first place, that the deposited line does not break into droplets, and
also that the thread’s dimensions are uniform and reproducible.
Therefore, the identification of a steady state operating regime is
of fundamental importance.

The procedure by which steady state solutions were obtained
was as follows. First, we run a transient simulation using a rough
guess of the free surface (basically a cuboid) as an initial configu-
ration, which evolves in time until the mesh becomes excessively
distorted. At this point, a re-meshing step is applied. The re-
meshing involves extracting the flow domain shape from the last
time step solution obtained, generating a new mesh on this domain
and projecting the last time step solution (velocity components,
pressure) onto the new mesh points. Then the numerical experi-
ment is resumed and the system is left to evolve in time. The
scheme involving (a) resuming of transient simulation, (b) re-
meshing when mesh distortion is large is repeated until an almost
steady configuration is reached. This procedure typically involves
three to four iterations. We then obtain a truly steady state solu-
tion (transient terms are eliminated from the equation system)
using the last transient solution as a guess for this latter simula-

tion. After one steady state solution is obtained, the others are cal-
culated by parametric continuation.

The results shown in this section were obtained for a fixed Capil-
lary number, Ca¼ 1.5, a typical value in practical applications,
where V is of order 10�3 m s�1, l is of order 10 Pa s and r is of order
10�2 N m�1 (Appendix A contains additional details on the physical
properties of a fluid used in practical applications). Given the small
value of La and Bo, the influence on the results of using any particu-
lar pair of (Bo, La) is negligible, as long as these parameters remain
small. Besides, as we discuss in Appendix B, the results are rela-
tively insensitive to many of the remaining free parameters (L, h0,
hS, kA and kR), provided they vary around the values indicated there.
Throughout subsequent subsections they will be given particular val-
ues, typical of real systems. The results shown through Secs. 5.1–5.6
were obtained using L ¼ 0:5, La¼ 1.11	 10�4, Bo¼ 9.8	 10�3,
h0¼ p/4, hS¼ 3p/4, kA¼ 2 and kR¼ 13.3. This set of parameters is
obtained for a typical system where q is of the order of 103 kg m�3,
R is of the order of 10�4 m and g¼ 9.8 m s�2.

5.1 Phase Diagrams. As we mentioned before, our main aim
is the identification of a steady state fluid deposition regime. We
already set all the parameters except U (the flow rate),H (the noz-
zle stand-off) and a (the nozzle tilting angle);4 in particular, our
interest is in values of H of the order of 1, i.e. nozzle gaps near
one nozzle radius.

Following the procedure explained at the beginning of Sec. 5, we
obtained steady state solutions for numerous pairs of (U; H)-values,
for a¼ 0 (a perfectly vertical nozzle) and a¼ p/9 (a slightly
downstream-ward tilted nozzle), which allowed us to build the cor-
responding phase diagrams. Figure 4 shows these diagrams, Fig.
4(a) corresponds to a¼ 0 and Fig. 4(b) to a¼ p/9. Small circles rep-
resent an individual steady state solution. Both graphs show that, for
a particular H, we were able to obtain steady state solutions up to a
maximum and down to a minimum value of U. The lowest U achiev-
able (UC) were seen to be independent of the mesh refinement, while
the largest U obtained were observed to increase as the mesh size
was reduced. Therefore, we considered that the former constitute
physically meaningful boundaries of the steady state regions.

An inspection of the UC-boundaries shown in Fig. 4 indicates
that, in general, the minimum flow rate required to have a steady
state regime increases as the nozzle stand-off does, and that this
minimum flow rate is larger if the nozzle is slightly tilted.

In practical applications, it is commonly observed that the liq-
uid thread being deposited on a moving substrate will tend to
break up next to the nozzle exit if the flow rate is reduced exces-
sively. Moreover, as the stand-off of the nozzle above the sub-
strate augments, the flow rate has to be further increased to avoid
the breakup of the liquid thread [12]. It is intuitive to wonder
whether a relationship between this observation and the computed
UC boundary exists; this point will be addressed later.

Since in the tilted nozzle configuration (a¼p/9) the discharge
of fluid is clearly favored,5 it can be intuitively expected that
when H is small the UC-boundary corresponding to a¼p/9 be
displaced to larger values of U, compared to a¼ 0. This result
suggests that, for very small stand-offs, the vertical nozzle config-
uration is more appropriate to deposit narrower tracks (recall that
the track width decreases as the flow rate does).

As we have previously mentioned, we did not find boundaries
on the right hand side (large-U) of the steady state regions (see
Fig. 4) being independent of the discretization. As stated in Sec. 2,
our model assumes that the contact line is pinned to the nozzle
edge, i.e., the fluid only wets the tip of the nozzle but not its lateral
walls. However, in a real physical experiment, as the flow rate is
increased the size of the track being deposited enlarges—both
width and height, see Eqs. (8)–(11). Therefore one can expect
intuitively that the contact line on the nozzle edge could eventually

4Upon tilt,H is defined to be the stand-off averaged over the nozzle exit.
5When the nozzle is vertical the fluid is squeezed more evenly through the gap

with the substrate, see Fig. 5(c) and 5(d), also Fig. 11(b).
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de-pin from this site and the nozzle becomes submerged into the
liquid. Even when it would be desirable to define criteria predicting
the occurrence of this phenomenon, it is not simple to establish a
rigorous condition for the de-pinning of the contact line: the
“macroscopically apparent” de-pinning phenomenon actually
depends on the microscopic geometry and surface properties of the
nozzle edge—perfect corners do not exist physically—as well as
the properties of the fluid. Therefore we will only present condi-
tions giving an indication of the proximity of occurrence of (but
not strictly determining) the nozzle immersion event.

The dashed lines seen in Fig. 4 represent the flow rate (US1)
required to have a deposited track whose height—far downstream of
the nozzle—equals the maximum distance between the nozzle and
the substrate (H for the vertical nozzle, Hþ 2 sin p=9 for the tilted
case). According to the simple expressions in Eqs. (8), (9) and (11):

US1 ¼
ðHþ 2 sin aÞ2ðh0 � sin h0 cos h0Þ

pð1� cos h0Þ2
(13)

The shape of the liquid being deposited for solutions with U
barely above US1 has an appearance like that shown in Fig. 5(b).
Compare it for example with Fig. 5(a), which corresponds to a
flow rate slightly below US1.

The dot-dashed line in Fig. 4(a) (note it is only shown for the
vertical nozzle case) represents the minimum flow rate (US2)
required to observe an angle between the external wall of the noz-
zle and the free surface of the liquid equal to or less than p/2,

Fig. 5 Three dimensional view of some of the computed pro-
files of the fluid being deposited in steady state. In all the cases
Ca 5 1.5, H5 1.2, L5 0.5, hS 5 3p/4, h0 5 p/4, kA 5 2, kR 5 13.3,
La 5 1.11 3 1024 and Bo 5 9.8 3 1023. (a) a 5 0 and U ¼ 1:4. (b)
a 5 0 and U ¼ 2. (c) a 5 0 and U ¼ 2:8. (d) a 5 p/9 and U ¼ 2:8.

Fig. 4 Phase diagrams of steady state solutions in the (U, H)
plane. (a) Vertical nozzle (a 5 0). (b) Tilted nozzle (a 5 p/9). The
remaining parameter values are: Ca 5 1.5, L5 0.5, hS 5 3p/4,
h0 5 p/4, kA 5 2, kR 5 13.3, La 5 1.11 3 1024 and Bo 5 9.8 3 1023.
The dashed and dot-dashed lines give different indications of
the nozzle becoming submerged into the liquid being depos-
ited; see the main text for a detailed description of the criteria
defining these curves.
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along the whole nozzle circumference. This means that the liquid
free surface immediately adjacent to the perimeter of the nozzle
tip bulges above the plane of the outlet section. To build the
curve, this time we analyzed the actual numerical solutions, i.e.,
the computed free surface shape around the nozzle and, as can be
noticed, none of the solutions examined for the tilted nozzle con-
figuration met the criterion. Figure 5(c) shows the appearance of a
solution for U > US2; note that, for the same flow rate, the tilted
nozzle configuration does not tend to be submerged into the
stream of liquid being extruded.

As can be appreciated, both criteria—the dashed lines and the
dot-dashed line—indicate that the minimum flow rate required to
see the nozzle “dipped” into the liquid increases as the stand-off
enlarges, describing a qualitatively correct behavior. However,
since the latter criterion is based on the free surface shape next to
the nozzle, rather than far downstream (see Fig. 5), we consider it
a more accurate estimation. Figure 4(a) shows that the values of
US1 (dashed line) are always smaller—within the range of H ana-
lyzed—than those of US2 (dot-dashed line). On the other hand,
comparing the dashed curves corresponding to a¼ 0 and a¼ p/9
we can observe that the flow rate required in the latter case is con-
siderably larger (ð1þ 2H�1 sin p=9Þ2 times larger) than in the for-
mer. This is a purely geometrical effect, since for the same mean
stand-off (H), the trailing edge of the tilted nozzle tip possesses a
gap with the substrate larger thanH.

5.2 The Stability of the Steady State Solutions. In the last
subsection we showed phase diagrams of steady state solutions in
the (U ; H) plane, for a perfectly vertical nozzle (a¼ 0) and for
one that is tilted (a¼ p/9). However, the determination of a steady
state parameter regime is usually not enough for practical applica-
tions: establishing the stability of these solutions is also an impor-
tant issue.

In order to determine the stability of the steady state solutions,
the approach followed by Ref. [50] could be employed, which
consists of solving a generalized eigenvalue problem that arises
from the linearization of the Finite Element equation system. This
procedure involves the so-called Jacobian and mass matrices of
the Finite Element scheme. However, we do not have access to
these matrices because the commercial simulation software we
employ does not provide them. In view of these limitations we fol-
lowed an approximate approach to test the stability of the solu-
tions, in which we perturbed the steady state solution and
observed the time evolution of the system.

The procedure that we followed to analyze the stability of any
particular steady state solution consisted of starting a transient
simulation using as initial condition the (steady) solution being
tested, but setting U ¼ 0 during the first 0.5 units of dimensionless
time, after which we restore the original value of U. We continue
following the time evolution of the liquid being deposited, typi-
cally until t¼ 30. If the original liquid configuration is (approxi-
mately) recovered at the end of this simulation, we run an
additional steady state simulation using the last solution of the
transient simulation as a guess for the Newton’s loop. If a con-
verged solution is obtained in this last simulation, the steady state
is catalogued as stable; otherwise it is named unstable.

Because of the large number of steady state solutions we
obtained, it was impractical to test the stability of all of them.
Therefore, we analyzed only those solutions lying on the left hand
side (UC) boundaries of the steady state regions. The numerical
experiments carried out determined that these solutions are stable
under a finite flow rate perturbation, both for the vertical and tilted
nozzle cases.

In the context of coating processes (particularly curtain and slot
coating, see Ref. [13]), there is a well-known stability issue at low
flow rates (or more specifically when the ratio U between flow
speed and substrate speed is low), usually referred to as the air-
entrainment problem: the contact line on the front meniscus loses
stability, tends to displace downstream and air enters into the gap

between the die and the web/substrate (slot coating) or destroys
the impinging curtain (curtain coating). In spite of the obvious
geometrical differences (these processes produce both plane
film coatings, while the problem of interest here generates a
thread-shaped deposit), there could be some relationship between
the UC-boundary found in this paper and the air-entrainment phe-
nomenon, especially considering the contact line behavior illus-
trated in Figs. 7–8.

5.3 The Transient Evolution of the System for Flow Rates
Increasingly away from the UC-Boundaries of the Steady State
Regions. In the last subsection, we perturbed steady state solu-
tions—lying on the boundaries of the steady state regions—and
analyzed their subsequent transient evolution. In this subsection
we also observe time evolutions that start from steady state con-
figurations corresponding to solutions lying on the boundary of
the steady region, though now we impose a flow rate (U) either
less or larger than the critical value (UC).

In Fig. 6 we observe the transient evolution of the x-coordinate
of the front tip of the contact line (xtip) for several values of U and
a¼ 0; the upper graph corresponds to H ¼ 1 and the lower graph
to H ¼ 1:5. In all the cases, the tip evolves initially from the same
position (xtip,C, the steady state value) to either downstream
(xtip> xtip,C) or upstream (xtip< xtip,C) locations, depending on
whether the flow rate imposed is smaller or larger than UC, respec-
tively. The thickest solid curves are drawn for reference: they cor-
respond to the critical flow rate (UC). These curves show the time
evolution during the stability tests (Sec. 5.2) carried out on these

Fig. 6 The time evolution of the tip of the contact line of the de-
posited track, for several values of U. (a)H5 1, (b)H5 1.5. The
remaining parameters are: a 5 0, Ca 5 1.5, L 5 0.5, hS 5 3p=4,
h0 5 p=4, kA 5 2, kR 5 13.3, La 5 1.11 3 1024 and Bo 5 9.8 3 1023.
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cases, lying on the UC-boundaries. Following the perturbation in
the flow rate, the tip of the contact line undergoes a strongly
damped slow oscillation, recovering finally (as expected) the equi-
librium position, xtip¼ xtip,C.

In both graphs of Fig. 6 we observe a clear behavior when
U > UC: the system attains the steady state configuration corre-
sponding to the imposed flow rate (U). During the early stages of
the evolution, the tip approaches exponentially to its final position
and by t
 10 the tip is within 0.01 units of xtip,C.

On the other hand, when U < UC (note these flow rates are out-
side the steady state region) we observe a different type of evolu-
tion: the tip undergoes a transient evolution, after which the
numerical scheme stops converging. The lack of convergence is
seen to occur at earlier times as the flow rate is further diminished.
In fact, experimental observations [12] indicate that there exists a
critical (nonzero) flow rate below which the liquid thread being
deposited tends to breakup (obviously for U ¼ 0 the continuity of
the liquid line will be interrupted).

5.4 Influence of U. A variation of the parameter U alone can
be immediately interpreted as a change in the flow rate. There
is, however, another interpretation: a scaling of the physical dimen-
sions of the system (as long as the influence of inertia (La) and
gravity (Bo) remains almost negligible) also leads to a change in U.

As intuition indicates, we have already seen (e.g. see Sec. 2.1
and Fig. 5) that both the width and the height of the deposited
track enlarge as U increases. Nonetheless, we chose some of the
solutions of Fig. 4 (for a fixed stand-off, H ¼ 1:2) in order to
explore in depth the influence of U. Fig. 7 shows vertical views of
the contour of the deposited tracks (i.e. the contact line) for
H ¼ 1:2, with 1:4 � U � 4:4 for the vertical nozzle (top) and
2:1 � U � 3:1 for the tilted one (bottom). For reference, the inner
and outer nozzle walls are represented by dotted lines.

Again, both for a¼ 0 and p/9, we immediately see that, as U
increases, the track becomes wider and the deposition area below
the nozzle becomes broader. Besides, the width of the deposited
line of liquid increases progressively downstream of the nozzle,
tending to the final value given by Eqs. (8)–(11). Table 1 shows
the track width downstream of the nozzle, both the theoretical cal-
culation and the numerical prediction at the end of the domain
(x¼ 25). The approach to the theoretical value is less close for the
tilted nozzle configuration, and for the larger values of U. A final
approach is not observed due to the finite length (along the x-axis)
of the domain. The widening of the track along the x-axis (as
elements of fluid move downstream of the nozzle) is due to a
spreading of the liquid that takes place as the cross section (con-
stant x) of the fluid changes from the shape of the liquid emerging
from the nozzle to the circular segment shape that is finally
expected for a static line of liquid.

In Fig. 8 we show longitudinal sections (taken in the plane
y¼ 0) of the flow domain, which allow one to see the profile of
the liquid free surface. The sections correspond to the same cases
analyzed in Fig. 7. The graphs clearly show the tendency of the
liquid to bulge around the nozzle and of the nozzle to become
submerged into the stream of fluid, as the flow rate is increased.

Fig. 7 The shape of the contact line of the deposited track,
for several values of U. Vertical nozzle above (a 5 0), tilted
nozzle below (a 5 p/9). The remaining parameters are:
H5 1.2, Ca 5 1.5, L5 0.5, hS 5 3p/4, h0 5 p/4, kA 5 2, kR 5 13.3,
La 5 1.11 3 1024 and Bo 5 9.8 3 1023.

Fig. 8 Longitudinal section (y 5 0) of the profile of the fluid de-
posited on the substrate, for several values of U. The remaining
parameters are: a 5 0, H5 1.2, Ca 5 1.5, L5 0.5, hS 5 3p/4,
h0 5 p/4, kA 5 2, kR 5 13.3, La 5 1.11 3 1024 and Bo 5 9.8 3 1023.
Complete view above, close-up of the nozzle region below.
Note that the nozzle inner surface has unit radius, but the noz-
zle outer surface (the outer surface is not drawn explicitly) has
twice that radius.

Table 1 The width of the deposited track. The theoretical val-
ues are calculated using Eqs. (8)–(11), while the numerical pre-
dictions are measured at x 5 25. The remaining parameters are:
H5 1.2, Ca 5 1.5, L5 0.5, hS 5 3p/4, h0 5 p/4, kA 5 2, kR 5 13.3,
La 5 1.11 3 1024 and Bo 5 9.8 3 1023.

a 0 (vertical nozzle)

U 1.4 2 2.8 3.6 4.4

Theoretical width 5.55 6.64 7.85 8.90 9.84
Numerical width 5.47 6.52 7.70 8.72 9.60

a p/9 (tilted nozzle)

U 2.1 2.6 3.1

Theoretical width 6.80 7.57 8.26
Numerical width 6.21 6.80 7.33
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On the contrary, for the smallest flow rates, bulging is not so pro-
nounced and the advancing front of the contact line tends to be
located below the nozzle (see also Fig. 7, upper plot). They also
display the process by which the cross section of the track evolves
along the x-axis to adopt the circular segment shape far
downstream.

At this point it is relevant to point out one aspect of our model.
We are employing a constant value of viscosity, representative of
the process taking place in the deposition region. However, this
value possibly might not be representative of the process occur-
ring downstream of the nozzle, where the track recently deposited
is adopting its final configuration. Shear rates in this region
could be considerably smaller compared to those typical of the
deposition region which, for the characteristic shear-thinning
behavior displayed by inks employed in practice, implies that the
fluid should be expected to be more viscous in the track. This in
turn would lead to a slowing down of the process where the track
cross section becomes circular. In Appendix C we show a few
numerical experiments addressing the influence of the shear-
thinning on the track shape, which indicate that this influence is
negligible.

5.5 Influence of H. The modification of H for a fixed set of
the remaining parameters can be mostly interpreted as variation in
the nozzle-substrate distance. However, it could also mean a
change in the size of the nozzle (as long as the importance of iner-
tia and gravity remain still small) while the mean inflow velocity
and the rest of the conditions remain unchanged.

The influence of H on some aspects of the problem was partly
analyzed in previous subsections, but in this subsection we study
particularly the effect of this parameter on the shape of the depos-
ited line of liquid in a region extending down to a little above ten
(inner) nozzle diameters downstream of the nozzle tip.

We again chose steady solutions from the charts of Fig. 4, for a
fixed value of U (U ¼ 2:8 for a¼ 0 and U ¼ 3 for a¼ p/9), with
H between 1 and 1.6 in the former case and between 1.2 and 1.6
in the latter. Figure 9 shows vertical views (the plane z¼ 0) of the
edges of the track (the contact line), the upper graph correspond-
ing to the vertical nozzle and the lower graph to the tilted case.
Figure 10 displays longitudinal sections (the plane y¼ 0) of the
flow domain for the cases corresponding to a vertical nozzle of
Fig. 9.

We can appreciate in Fig. 9 that, as the stand-off increases, the
width of the track and the deposition area below the nozzle both
reduce. In particular, it is clear that the leading edge of the contact
line becomes closer to the nozzle outlet (the inner nozzle wall in
the graph).

Besides, as Fig. 9 and Table 2 show, the width of the tracks far
downstream from the nozzle tends to the same value, as expected
since U is constant. However, there is an interesting case for the
vertical nozzle configuration: while the remaining cases approach
the theoretical value (see Table 2) with a width at x¼ 25 slightly
smaller, the case corresponding to a¼ 0 and H ¼ 1 displays a
track width slightly above the theoretical prediction. A closer look
at Fig. 9 indicates that track width remains almost constant for
x> 7 approximately. According to our empirical model of the
dynamic contact angle (Eq. (7)), the contact line is allowed to
advance but it can (almost) not recede, which explains the behav-
ior observed in this particular case.

Figure 10 shows also the tendency of the front tip of the contact
line (xtip) to be situated further upstream of the nozzle as H is
reduced, and of the front meniscus to bulge farther ahead of the
nozzle. Far downstream of the deposition region, the height of the
liquid line of the different cases tends to equate, as expected since
the flow rate is the same.

5.6 Influence of a. In previous subsections it has been shown
that the tilting angle (a) has different effects on the deposition of a
liquid line. In particular (see Figs. 7 and 9) the wet area in the dep-
osition region (the region surrounding the nozzle) has a more
tapered shape, and the width of liquid line at a short distance
downstream of the nozzle is narrower, compared to the vertical
nozzle case. Figure 11 reinforces these findings. These results cor-
respond to a flow rate of U ¼ 2:8 and a stand-off of H ¼ 1:2. The
width of the track predicted by Eqs. (8)–(11) is 7.85; the com-
puted track widths approach to this value as the distance (along
the x-axis) away from the nozzle increases. At x¼ 25 the widths
are 7.70 and 7.02, for the vertical and tilted nozzle cases
respectively.

On the other hand, the longitudinal sections of Fig. 12 show the
clear diminishing of the bulging of the fluid around the nozzle as
it is extruded, when the nozzle is tilted. This effect in turn trans-
lates into a contact line situated closer to the nozzle exit (and in
particular larger values of xtip). Another consequence of the nozzle
tilting is that the height of the track cross section is considerably
larger near the nozzle than for a¼ 0, which in turn produces a nar-
rower track in this region. Then, as the distance downstream of
the nozzle (or the x-coordinate) increases, the cross sections of
both cases tend to equate and attain the circular segment shape,
due to the effect of the surface tension.

Fig. 9 The shape of the contact line of the deposited track, for
several values ofH. Vertical nozzle above (a 5 0, U ¼ 2:8), tilted
nozzle below (a 5 p/9, U ¼ 3). The remaining parameters
are: Ca 5 1.5, L5 0.5, hS 5 3p/4, h0 5 p/4, kA 5 2, kR 5 13.3,
La 5 1.11 3 1024 and Bo 5 9.8 3 1023.

Table 2 The width of the deposited track. The theoretical val-
ues are calculated using Eqs. (8)–(11), while the numerical pre-
dictions are measured at x 5 25. In addition U ¼ 2:8 for the
vertical nozzle case and U ¼ 3 for the tilted nozzle case. The
remaining parameters are: Ca 5 1.5, L5 0.5, hS 5 3p/4, h0 5 p/4,
kA 5 2, kR 5 13.3, La 5 1.11 3 1024 and Bo 5 9.8 3 1023.

a 0 (vertical nozzle)

H 1 1.2 1.4 1.6

Theoretical width 7.85
Numerical width 8.03 7.70 7.46 7.29

a p/9 (tilted nozzle)

H 1.2 1.4 1.6

Theoretical width 8.13
Numerical width 7.23 7.15 7.08
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6 Comparison with Experiments

In order to evaluate the capacity of the model to predict or
reproduce the behavior of the actual system, we carried out a com-
parison between the numerical simulations and our experimental
measurements, for a limited number of cases. Both the experimen-
tal setup and procedure were previously explained in Sec. 4.

We recorded videos of the liquid deposition conducted in the
laboratory. We were able to video record the process from
below the substrate since we deposited the fluid on glass plates.
Figures 13 and 15 show images corresponding to one instant of
time of the actual videos, on top of which the respective numerical
predictions of the track borders (the contact line) were super-
posed. In order to have a reference to superpose properly the pic-
ture of the track and the numerical results, we also video recorded

the nozzle alone before starting to pump fluid through it. The noz-
zle was aligned vertically (a¼ 0) and the tip was situated approxi-
mately one nozzle radius above the substrate (H ¼ 1). Besides,
we employed the following set of parameters to conduct the
numerical experiments: L ¼ 0:5, hS¼ 135 deg, h0¼ 39.1 deg,
kA¼ 5.9, kR¼ 11.9, La¼ 1.08	 10�4 and Bo¼ 1.49	 10�2. Both
Ca and U (essentially the substrate speed and the flow rate)
changed from one experiment to the other.

Besides, in Figs. 14 and 16 we show close-ups of the track pro-
files of Figs. 13 and 15 respectively, without the superposed nu-
merical predictions, along with views from below the substrate of
the respective tri-dimensional liquid shapes, calculated numeri-
cally, that allow one to appreciate both the wet area on the sub-
strate and the liquid free surface bulging above the plane z¼ 0.

Figure 13 corresponds to Ca¼ 1.68 and U ¼ 1:2. A very good
agreement is seen between the profile of the track being deposited
and the numerical prediction, except in the region immediately
around the nozzle. We suspect that the external part of the white
profile seen in the advancing front region (at the left in the image)
is not actually liquid in contact with the substrate, but rather the
free surface of the liquid located between the substrate and the
nozzle. An inspection of the pictures in Fig. 14 reveals a qualita-
tive resemblance between both images that seems to support the

Fig. 11 The shape of the contact line of the deposited track,
for two values of a. The remaining parameters are: U5 2.8,
H5 1.2, Ca 5 1.5, L5 0.5, hS 5 3p=4, h0 5 p=4, kA 5 2, kR 5 13.3,
La 5 1.11 3 1024 and Bo 5 9.8 3 1023. Note that the nozzle pro-
jections illustrated in dotted lines correspond to the case a 5 0,
but the one corresponding to a 5 p=9 is very similar.

Fig. 10 Longitudinal section (y 5 0) of the profile of the fluid
deposited on the substrate, for several values ofH. The remain-
ing parameters are: a 5 0, U5 2.8, Ca 5 1.5, L5 0.5, hS 5 3p=4,
h0 5 p=4, kA 5 2, kR 5 13.3, La 5 1.11 3 1024 and Bo 5 9.8 3 1023.
Complete view above, close-up of the nozzle region below.

Fig. 12 Longitudinal section (y 5 0) of the profile of the fluid
deposited on the substrate, for two values of a. The remaining
parameters are: H5 1.2, U5 2.8, Ca 5 1.5, L5 0.5, hS 5 3p=4,
h0 5 p=4, kA 5 2, kR 5 13.3, La 5 1.11 3 1024 and Bo 5 9.8 3 1023.
Complete view above, close-up of the nozzle region below.

Fig. 13 The shape of the deposited track viewed from below
the substrate: an image of the actual deposition process is
superposed on the numerical prediction shown as a black solid
curve. In this case Ca 5 1.68 and U ¼ 1:2. The remaining param-
eters are: a 5 0, H5 1, L5 0.5, hS 5 135 deg, h0 5 39.1 deg,
kA 5 5.9, kR 5 11.9, La 5 1.08 3 1024 and Bo 5 1.49 3 1022.
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argument presented above, and the lateral views of the actual pro-
cess shown in Fig. 19 (and also in Fig. 10 of Ref. [15]) also seem
to reinforce it.

The results displayed in Fig. 15 (Ca¼ 0.168 and U ¼ 2:5) show
that, except in the nozzle region, the agreement is also very good.
As in the previous case (Fig. 13), we observe the largest differen-
ces in the front meniscus of the deposition area.

Since the picture of Fig. 15 is not very clear near the white
edges in the deposition area, we again examined the computed
three-dimensional shape of the liquid, viewed from below the sub-
strate. As we can observe in Fig. 16 (corresponding to the case
shown in Fig. 15, Ca¼ 0.168 and U ¼ 2:5), this time the free sur-
face is predicted to protrude only a very small distance in front of
the contact line.

In order to explore this argument further, we calculated the nor-
mal distance to the numerical contact line, both from the borders
of the image recorded experimentally and from the projected
(onto the (x, y) plane) shape of the free surface obtained numeri-
cally. We plotted (in Fig. 17) the results corresponding to the

cases of Figs. 14 and 16, as a function of the arc length measured
from the front tip of the contact line. Magnitudes are dimension-
less, positive distances indicate points “outside” the numerical
contact line, and vice versa. It is clear from these results, and also
from the observation of Figs. 14 and 16, that the differences
between the numerical and experimental results (see Figs. 13 and
15) cannot be explained only by the bulging of the free surface
around the nozzle.

There are many other possible causes for the observed differen-
ces, including: (a) the nozzle stand off was set before each experi-
mental determination using a metal sheet of calibrated thickness,
but considering the small dimensions of our system (of the order
of one hundred microns), there could be some uncertainty in its
value, especially when considering any potential secular tilting in
the displacing substrate;6 (b) the wetting/contact line behavior of
the system might not be properly modeled: for more sophisticated
theories, see Ref. [28]; (c) the fluid used in the experiments is also
known to have some visco-elastic characteristics, that could
potentially produce a swelling phenomenon at the nozzle exit,

Fig. 15 The shape of the deposited track viewed from below
the substrate: an image of the actual deposition process is
superposed on the numerical prediction shown as a black solid
curve. In this case Ca 5 0.168 and U ¼ 2:5. The remaining
parameters are: a 5 0, H5 1, L5 0.5, hS 5 135 deg, h0 5 39.1
deg, kA 5 5.9, kR 5 11.9, La 5 1.08 3 1024 and Bo 5 1.49 3 1022.

Fig. 14 A close-up of the deposition region viewed from below
the substrate. Left: picture of the actual process. Right: image
obtained from the numerical results. In this case Ca 5 1.68 and
U5 1.2. The remaining parameters are: a 5 0, H5 1, L5 0.5,
hS 5 135 deg, h0 5 39.1 deg, kA 5 5.9, kR 5 11.9, La 5 1.08 3 1024

and Bo 5 1.49 3 1022.

Fig. 16 A close-up of the deposition region viewed from below
the substrate. Left: picture of the actual process. Right: image
obtained from the numerical results. In this case Ca 5 0.168 and
U5 2.5. The remaining parameters are: a 5 0, H5 1, L5 0.5,
hS 5 135 deg, h0 5 39.1 deg, kA 5 5.9, kR 5 11.9, La 5 1.08 3 1024

and Bo 5 1.49 3 1022.

Fig. 17 The normal distance to the contact line computed
numerically, as a function of the arc- length along the contact
line. The 0-value corresponds to the front tip. Magnitudes are
dimensionless. (a) Ca 5 1.68 and U ¼ 1:2. (b) Ca 5 0.168 and
U5 2.5. The remaining parameters are: a 5 0, H5 1, L5 0.5,
hS 5 135 deg, h0 5 39.1 deg, kA 5 5.9, kR 5 11.9, La 5 1.08 3 1024

and Bo 5 1.49 3 1022.

6From the videos taken from the side, we estimate a gap variation around 25
microns in a typical running distance of 5 cm, which represents an uncertainty of
25% approximately for a 100 microns gap. This variation in gap is consistent with a
secular tilting around 0.03 deg.
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where the fluid is being deposited on the substrate (recall that our
fluid model is Newtonian); (d) part of the lateral walls of the noz-
zle tip could have been wet by the fluid, either because of a large
flow rate (e.g. Fig. 15) or because of insufficient cleaning before
the experiment.

It is interesting to note that in the former case (Fig. 13) the
edges of the track (the contact line) are relatively parallel, while
in the latter case (Fig. 15) the width of the track increases as we
move away downstream the nozzle. In both cases, the numerical
results correctly reproduce the behavior of the actual physical pro-
cess, although the predicted shape of the contact line in the
advancing front region tends to be more tapered than the experi-
mentally observed shape, in the latter case (Fig. 15).

We also compared our numerical results with images of the
process recorded from the side. However, since in these cases the
flow rate was not measured (data were gathered primarily for
determination of contact angles; see Appendix A), a systematic
comparison procedure was not possible. Only for illustration pur-
poses, we show one of these comparisons in Fig. 18. In this case,
the substrate was moving towards the right in the image, at a
speed of 5 mm s�1. Overlaid are different profiles computed for
sets of parameters similar to the experimental ones, and similar to

those already illustrated in Fig. 8. The numerical result that best
agrees with the experiment is U ¼ 1:2, although the agreement is
not especially good. In the experiment, the contact line on the noz-
zle does not seem to be pinned along the whole nozzle edge, as
imposed in the simulations. On the advancing side (left) the
contact line looks slightly downstream the nozzle tip, and on the
trailing side (right) the fluid seems to wet part of the lateral (verti-
cal) walls of the nozzle.

7 Final Remarks and Conclusions

We have studied numerically the deposition of a liquid thread
on a moving substrate, with special interest in cases where the
capillary number is near unity and the dispensing nozzle is located
around one nozzle radius above the substrate, as well as typical
values of Direct-Write technologies applied to printed electronics.
The study required us to perform both transient and steady state
simulations of the 3D process.

We found a region of steady state solutions in terms of the
flow rate and nozzle stand-off parameters for two different nozzle
configurations: in one case the nozzle is pointing vertically to the
substrate, in the other it is pointing slightly towards the direction
of substrate motion. The capillary number was set to a typical
value of 1.5 in these numerical experiments. Although the remain-
ing parameters were also fixed, we showed that their influence is
not important on the results, provided they vary within certain
limits.

The phase diagrams show the existence of a minimum flow rate
below which we could not obtain steady state solutions. This min-
imum flow rate in general increases as the nozzle stand-off does,
and is larger when the nozzle is tilted. This suggests that the verti-
cal nozzle configuration seems to be more appropriate for rela-
tively low flow rate operations when the nozzle stand-off is
around or less than one nozzle radius. The solutions on these
UC-boundaries were seen to be stable under a flow rate perturba-
tion. For the vertical nozzle case, we also provide an indication of
the minimum flow rate required to submerge the nozzle tip into
the stream of fluid being deposited; as the substrate-nozzle dis-
tance increases, a larger flow rate is needed. Since we did not
observe the “submerged nozzle” condition in the tilted nozzle
case, this configuration seems to be a good measure to avoid the
nozzle being dipped into the fluid.

Additional transient simulations seem to confirm, on one
hand, that the solutions within the steady state region are also
stable and, on the other, that steady state solutions cannot be
attained for flow rates below UC. Limitations in the numerical
technique prevented us from exploring in depth the mechanism
of liquid breakup that exists when the flow rate is too small or
nil.

Parametric studies of steady state solutions show that the width
of the liquid line being printed decreases as we either diminish U,
augment H or increase a, although only the former retains influ-
ence far downstream.

We also carried out experimental measurements of the actual
deposition process for a limited number of cases and compared
them with the corresponding numerical predictions. Specifically,
we analyzed the shape of the track being deposited on the sub-
strate. The agreement obtained was, in general, good, although
there are some relatively important differences in the region closer
to the nozzle, particularly near the advancing front meniscus. The
reason for these differences is not clear, and cannot be explained
solely by a lack of clarity of the pictures taken during the
experiments.

The study of this problem can be extended in several direc-
tions. Similar phase diagrams to those of Fig. 4 could also be
obtained for different values of the Capillary number, which
would be of great interest since this is the main parameter in
determining the working deposition regime. We have obtained a
limited number of results (not shown in this paper) for smaller
capillary numbers, reaching values down to Ca¼ 5	 10�4.

Fig. 18 Comparison of a side-view of the liquid thread being
deposited with longitudinal sections (y 5 0) of the computed
profiles, for several values of U. The remaining parameters are:
a 5 0, H5 1.2, Ca 5 1.5, L5 0.5, hS 5 3p=4, h0 5 p=4, kA 5 2,
kR 5 13.3, La 5 1.11 3 1024 and Bo 5 9.8 3 1023. Note that the
external nozzle wall is depicted only for clarity, but does not
form part of the computational domain in the simulations.
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It would also be interesting to extend the phase diagrams for
larger values of H, in order to determine the flow rate regime
appropriate for these stand-offs. For large H different
“meandering” behaviors of the depositing liquid thread have
been observed [10,11].

Besides, it would be interesting to examine aspects related to
the liquid breakup mechanism. The breakup could not only occur
near the nozzle due to an excessively small flow rate, but it could
also take place in the already deposited thread of fluid due to a
capillary/contact line instability [5–8].

Although shear-thinning effects seem to be negligible for the
parameters of interest in this paper (see Appendix C), they could
become important for other parameter regimes, for smaller capil-
lary numbers for instance. Furthermore, more complex rheologi-
cal characteristics (such as visco-elasticity) are being ignored and
future models could account for this kind of behavior of the fluid.

Some geometrical characteristics of the system could also be
explored, as for example, the nozzle tilting angle and direction, or
the (nozzle wall thickness)/(internal nozzle radius) ratio.
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Appendix A: Experimental Methods for Determining

the Physico-Chemical Properties of the System

We study the deposition of a line of fluid on a moving substrate
mainly motivated by printed electronics applications. The dimen-
sionless parameters employed within the paper are based on real-
istic operating conditions and actual fluid properties. One fluid of
interest in these applications is a type of flexible ink which con-
tains 58% silver metal (both silver nanoparticles and silver flakes)
and epoxy resin (C2050712D58 or D58 for brevity, Gwent Elec-
tronic Materials Ltd., Pontypool, United Kingdom).

We determined experimentally most of the physico-chemical
properties of this ink relevant to this paper, including the density,
the surface tension, and the static and dynamic contact angles
when deposited on glass substrates. On the other hand, the viscos-
ity was measured by Printed Electronics Ltd.

The density of the ink (q) was calculated measuring the weight
of a known volume of ink. The procedure was repeated 3 times,
and the result was q¼ 2.0 6 0.1 g cm�3.

The surface tension of the fluid (r) was determined using the
pendant drop method. The procedure was repeated three times,
and the value determined was r¼ 20.5 6 1.4 mN m�1.

The static contact angle (h0) of the ink on a glass substrate was
measured video recording a sessile droplet of fluid. The procedure
was repeated three times, and the measured value was
h0¼ 39.1 6 1.9 deg.

Regarding the dependence of dynamic contact angle (h) on the
contact line capillary number (vCLCa, see the definition in Sec. 2 af-
ter Eq. (7)), the procedure to measure it required the use of the same
experimental setup described in Sec. 4 and employed to obtain the
pictures shown in Sec. 6. However, this time the images were taken
from the side of the deposited line instead from beneath, resulting in
a view similar to those displayed in Figs. 8 and 10 and 12.

The contact angle was measured at the front tip of the contact
line, where (in steady state) the contact line speed equals that of
the substrate (since the position of the contact line remains fixed,

relative to the nozzle). Therefore, the contact line capillary num-
ber is equivalent to the capillary number of the experimental
determination. The capillary number in the experiments was cal-
culated using a viscosity of l¼ 6.9 Pa s (see below) and a surface
tension of r¼ 20.5 mN m�1. We carried out measurements for
four different substrate speeds, namely 0.5 mm s�1, 1 mm s�1,
2 mm s�1 and 5 mm s�1. The images obtained (see Fig. 19 for some
sample cases) were processed with the software Matlab, where the
profile of the free surface in the front meniscus was extracted and
the angle with the substrate was determined. About 15 images per
substrate speed were analyzed and the values were averaged. The
results can be seen in Fig. 20, along with a curve fitted to the data,

Fig. 19 Snapshots of the deposition process recorded
from the side, employed to measure the dynamic contact angle:
(a) V 5 0.5 mm s21, (b) V 5 1 mm s21, (c) V 5 2 mm s21 and (d)
V 5 5 mm s21

Fig. 20 The dynamic contact angle as a function of the contact
line speed

Table 3 The parameters of the empirical formula of Eq. (7). The
values displayed are both the experimentally extracted ones
and those employed in the numerical results shown in this pa-
per, more amenable for the numerical calculations.

Parameter kA kR h0 hS

Best fit 5.9 11.9 39.1 deg 143 deg
Used in §5 2 13.3 45 deg 135 deg
Used in §6 5.9 11.9 39.1 deg 135 deg
Used in Appendix C 6.7 13.3 42.5 deg 135 deg
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employing the empirical formula of Eq. (7). The parameters of the
curve are shown in Table 3. Since the employment of this set of
parameters produced some (small) numerical oscillations in
the free surface, we instead used a different set of values that
avoided those numerical oscillations (see Fig. 20 and Table 3),
after having determined that the results obtained are not strongly
influenced by this change (see also Appendix B for additional
details).

Finally, as we said before, Printed Electronics Ltd. provided the
rheological tests of the D58 ink, undertaken at a temperature of
25 �C. Figure 21 shows the viscosity (l) as a function of
the (dimensional) shear rate ( _c), along with the curve fittings
corresponding to some common fluid models. The experimental
curve displays, in gross terms, two different behaviors: for
0:02 s�1 < _c < 2 s�1 the fluid could be modeled as a power law
fluid with some given parameters, while for 2 s�1 < _c < 400 s�1

the power law parameters seem to change. For reference, the shear
rate in the nozzle region is of the order of tens of s�1. However, the
Sisko fluid model [51] fits very well to the behavior observed for the
range of values of _c studied. This model states that the viscosity
depends on the shear rate according to the following expression

l ¼ l1 þ m _cn�1 (A1)

where l1, m and n are empirical fluid parameters, l1 being the
asymptotic value to which the viscosity of the fluid tends for large
shear rates, m is the so-called “consistency” of the fluid and n is a
dimensionless constant smaller than unity for shear-thinning fluids
(and larger than unity for shear-thickening fluids). The Newtonian
fluid behavior is recovered by either setting m¼ 0 or n¼ 1 in
Eq. (A1). The fluid parameters extracted for various different fluid
models can be seen in Table 4.

In view of the Newtonian behavior assumed in our model (see
Sec. 2), the experimental measurements referred to above, and the
range of shear rates expected in the deposition region, we chose
(as stated earlier) a viscosity of 6.9 Pa s for the numerical experi-
ments carried out in this paper.

Appendix B: Sensitivity to the Contact Line Parameters

The values given to the dimensionless parameters in Sec. 5
correspond to realistic operating conditions and actual material
properties used in practical applications. The experimental mea-
surement of the physico-chemical properties of the materials has
an inherent uncertainty. Besides this, the measurement of the
dynamic contact angle determines, in particular, values having an
“apparent” nature, since the measurement is carried out at a spe-
cific macroscopic length scale. Therefore, even though most of
the simulations were done for a specific set of contact line param-
eters (see Eq. (7) and also Table 3), it is important to analyze the
sensitivity of the results to variations of these parameters.

The numerical experiments carried out to observe the influence7

of kA, h0 and hS on the results were obtained for a¼ 0,
H¼ 1, U ¼ 1:6, La¼ 1.11	 10�4, Bo¼ 9.8	 10�3, kR¼ 13.3
and L ¼ 0:5. In the first instance we varied h0 using kA¼ 6.7 and
hS¼ 135 deg. The results (data are not presented here) were very
similar, in fact no appreciable difference can be observed in the
shape of the deposited tracks of fluid.

We then varied kA, using h0¼p/4 and hS¼ 3p/4. In this case
(again data are not presented here) the influence is a little more
pronounced, but still very small. The width of the track tends to
be slightly smaller (especially just downstream of the nozzle) as
kA increases (i.e. as h varies faster with vCLCa), which is a sensi-
ble behavior, but track widths tend to equate farther downstream.

Finally, Fig. 22 shows the effect of varying hS between 90 deg
and 141 deg, using h0¼ 39.1 deg and kA¼ 6.7. Also in this case
we observe that the influence of this contact angle parameter is
not too large. As hS increases we can note a small narrowing of
the deposited line, in particular just downstream of the nozzle,
which is also a behavior that could be expected, since the
“saturation” contact angle (that observed near the leading menis-
cus) is larger.

In summary, we can conclude that modifying the contact angle
parameters within the range considered in this appendix does not
produce large deviations in the shape of the deposited line of liq-
uid. In particular, we can infer from these results that using
hS¼ 3p/4, h0¼ p/4 and kA¼ 2 instead of the experimentally
obtained values hS¼ 143 deg, h0¼ 39.1 deg and kA¼ 6.7, should
not introduce significant quantitative differences, with the benefit
that using the former set of parameters is more amenable for our
numerical simulations.

Appendix C: The Effect of the Shear-Thinning Behavior

of the Ink on the Track Width

We have already pointed out earlier in this paper that actual
inks employed in the direct writing of lines of fluid on a substrate
display typically non-Newtonian behaviors, most visibly shear-
thinning (see Appendix A). For simplicity, nevertheless, the nu-
merical model employed to obtain the results shown in Sec. 5

Table 4 The parameters of the empirical formula of Eq. (A1),
corresponding to different models, best fitting the experimental
data of Fig. 21

Parameter l1 (Pa s) m (Pa sn) n

Sisko model 6.1 8 0.29
Bingham model 7.1 3.9 0
Power law model 0 19.5 0.73

Fig. 22 The shape of the contact line of the deposited track,
for three values of hS. The remaining parameters are: h0 5 39.1
deg, kA 5 6.7, kR 5 13.3, La 5 1.11 3 1024, Bo 5 9.8 3 1023, a 5 0,
Ca 5 1.5,H5 1, U5 1.6 and L5 0.5.

Fig. 21 The viscosity of the D58 ink as a function of the shear
rate, along with some shear-thinning fluid models

7The influence of varying kR was deemed less important, as any reasonably large
kR value in Eq. (7) gives near-zero receding contact angles, in line with experimental
observations.
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assumes the liquid being Newtonian. The calculation of the
dimensionless parameters (namely the Capillary number) was
based on a viscosity value representative of the shear rates
expected in the deposition region (tens of s�1), but viscosity in the
already deposited track (where shear rates are smaller) could be
considerably larger than this. Therefore, in this appendix we
include a shear thinning model Eq. (A1), the so-called Sisko
model (see Ref. [51]) in our numerical scheme, to study the influ-
ence of this effect. The dimensionless expression for the momen-
tum conservation is now

La Ca
@v

@t
þ v � rv

� �
¼ 1

Ca
r � T� Bo

Ca
k (C1)

where now Ca � l1V=r, and T is the total stress tensor, given by

T � �pIþ 2Ca gD (C2)

with D � 1=2½rvþ ðrvÞT � being the strain rate tensor and g a
dimensionless viscosity defined by (see also Eq. (A1))

g � l
l1
¼ 1þ K _Cn�1 (C3)

where K � ðm=l1ÞðV=RÞn�1
is a new dimensionless parameter,

along of course with n (recall that the definition of Ca also
changed). The dimensionless shear rate ( _C) of Eq. (C3) is defined
by _C � R _c=V � ð2D : DÞ1=2

. The introduction of the Sisko model
also affects Navier’s slip condition, which now reads

n � T � t ¼ �g
Ca

L t � v� ið Þ (C4)

where the slip-length (L, in dimensionless form) preserves the
same meaning as in Eq. (5). In Eq. (C4), n is the outwardly point-
ing unit normal (i.e. pointing downwardly into the substrate here)
and i represents the dimensionless substrate velocity, which equals
the x-axis standard unit vector.

In order to examine the influence of the shear thinning behav-
ior, we obtained a few results for different values of the parameter
K defined before, while n¼ 0.29, Ca¼ 1.33, U ¼ 1:2, H¼ 1,
a¼ 0, L¼ 0.5, hS¼ 135 deg, h0¼ 42.5 deg, kA¼ 6.7, kR¼ 13.3,
La¼ 1.85	 10�4 and Bo¼ 1.6	 10�2, which constitutes a set of
parameters representative of realistic operating conditions. As we
can observe in Fig. 23, the tracks corresponding to the different
values of K are practically identical (K¼ 8.4	 10�2 represents
the behavior of the D58 ink shown in Fig. 21, and K¼ 0 corre-
sponds to the Newtonian case, with l¼ l1). If one observes the
viscosity of the fluid (for the largest K case) in the deposition
region, from the leading meniscus down to four nozzle radii
downstream of the nozzle axis (x¼ 4, this result is not shown
here), we can see an increase of only 30% (i.e. g¼ 1.3). This
implies that the local Capillary number (g Ca) in this region would
rise up to 1.73. The reason for this relatively small viscosity incre-
ment is that the shear rate regime in the deposition region lies in

the flat region of the curve of Fig. 21 for _c > 0:5 s�1. Assuming
for simplicity that the dimensionless shear rate distribution is
roughly the same for different values of Ca, we can speculate that
a two-fold decrease of the order of magnitude of the substrate ve-
locity (and therefore of Ca), with a consequent 2(1–n)-fold
increase of the order of magnitude of K, should be required to
notice some shear thinning effect on the track width. Additionally,
we would also need to analyze the effect on the tilted nozzle case.

References
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