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Abstract
Vibration-based energy harvesting has been explored as an auxiliary power source, which can
provide small amounts of energy to power remote sensors installed in inaccessible locations.
This paper presents an experimental and analytical study of an energy harvesting device using a
lead-free piezoelectric material based on MoO3-doped (K Na Li0.44 0.52 0.04)(Nb Ta Sb0.86 0.10 0.04)O3

KNL-(NTS)Mo. The harvesting model corresponds to a cantilever beam with a KNL-(NTS)Mo
piezoelectric disc attached to it. We analyze the effect of electromechanical coupling and load
resistance on the generated electrical power. Electromechanical frequency response functions
that relate the voltage output to the translational base acceleration are shown for experimental
and analytical results.

Keywords: lead-free piezoelectric, vibration, energy harvesting

(Some figures may appear in colour only in the online journal)

1. Introduction

Energy harvesting is one of the most promising techniques as
an alternative for the implementation of renewable energy as a
long-term sustainable solution to the energy problem. Energy
harvesting sources include solar power [1], thermal gradients
[2], ocean waves [3], human body movements [4] and
vibration [5, 6]. In recent years many researchers have con-
centrated their attention on the use of mechanical vibration as
potential power for energy harvesting. Harvesters can be
miniaturized and do not require an external voltage source [7–
9]. For this purpose, materials with high electromechanical
coupling are required.

In the vast majority of piezoelectric energy harvesting
applications, the most common type of piezoelectric material
used is lead zirconate titanate (PZT) [10–13]. However, a
number of different piezoelectric materials have been devel-
oped over the years. The type of piezoelectric material

selected for a power harvesting application can have a major
influence on the functionality and performance of the har-
vester. Although PZT is widely used as a power harvesting
material, the toxicity of lead is a serious health and envir-
onmental threat and thus lead-free piezoelectric ceramics have
attracted significant attention. Numerous studies on lead-free
piezoelectric ceramics such as (K,Na)NbO ,3 BaTiO3-based,
Bi-layered, bismuth sodium titanate and tungsten bronze-type
materials have been published recently [14–16]. Niobates (K,
Na)NbO3 (KNN)-based ceramics have shown good piezo-
electric and electrical properties, high Curie temperature and
are environmentally benign. Saito et al [17] reported excep-
tionally high piezoelectric properties for the (K,Na)NbO3 Li
TaO3 LiSbO3 system. Their study was based on chemical
modifications, in the vicinity of the morphotropic phase
boundary (MPB) of KNN, by complex simultaneous sub-
stitutions in the A (Li) and B (Ta and Sb) site of the per-
ovskite lattice. In addition, KNN-based ceramics with
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4 mol % of lithium, 10 mol % of tantalum and 4 mol % of
antimony present interesting piezoelectric properties [18]. In
the present paper, we used MoO3-doped lead-free

- - -K Na Li Nb Ta Sb Mo Ox x x x0.44 0.52 0.04 0.86 0.1 0.04 5 6 3( )( ) , here-
after abbreviated as KNL-(NTS)Mo, as a novel material to
harvest vibration energy.

In the early mathematical modelling of piezoelectric
energy harvesters, researchers employed a lumped-parameter
model to predict the dynamics of the electromechanical sys-
tem comprising a flexible metallic (steel) beam and a piezo-
ceramic element attached to it. This was the main procedure
followed by Roundy and Wright [19] and duTouit et al [20].
Although this model offers insight into the problem, it lacks
some important aspects of the coupled electromechanical
problem such as the dynamic mode shapes of the composite
and accurate strain distributions that contribute to the correct
estimation of the electrical response. Analytical solutions
based on a distributed-parameter model were given by Erturk
and Inman [21, 22] along with experimental validation of the
proposed models. They used vibration mode shapes under the
Bernoulli–Euler beam theory and constitutive piezoelectric
relations to obtain the coupled electromechanical equations.

The aim of the present work is to study a novel piezo-
electric material made of KNL-(NTS)Mo employed to harvest
energy from a vibrating system. The piezoelectric disc is
attached to a steel beam subjected to base vibration in order to
generate electric power. The intention is to contrast the ana-
lytical model with experimental results. Additionally, opti-
mization of the generated power is studied by analyzing the
effect of the resistive load in the electric circuit of the elec-
tromechanical system.

2. Mathematical model

The system under study is presented in figure 1. It comprises
KNL-(NTS)Mo lead-free piezoelectric material attached up to
L1 to a steel beam of total length L2 that acts as its support.

The whole system is base-excited by deterministic
function g(t), which tries to mimic an environmental excita-
tion from which energy can be extracted. In order to model

the electromechanical system, we considered the system
(beam and piezoelectric disc) as two separate Euler–Bernoulli
beams satisfying continuity and compatibility conditions at
their junction [23]. The final electromechanical expression
that yields the voltage generation of mode j in terms of the
system parameters can be found elsewhere [22]:
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31 11 d31 is the piezoelectric constant and c11
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the Young modulus of the piezoelectric element at constant
electric field. The other parameters are: Ω excitation
frequency, Rl resistive load, Cp internal capacitance of the
piezoelectric disc, wj jth natural frequency of the system and
xj jth modal damping. The dynamical parameters that
represent the electromechanical coupling are: the piezoelectric
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Due to the large thickness of the piezoelectric disc compared
with that of the steel beam (two times larger than the beam),
we decided to add its flexural rigidity in obtaining the total
mode shape of the system f .j Finally, taking into account the
above considerations fj can be written as

åf = F
=

x x H x , 2j
k

j k k
1

2

,( ) ( ) ( ) ( )

where k is the number of sections and Hk(x) is the Heaviside
function to denote the break at =x L .1 Considering the

Figure 1. (a) Schematic diagram of the experimental setup. (b) Cross-sectional view of the electromechanical system.
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piezoelectric laminate Fj,1 results in
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where Ci represent constants determined by the boundary
conditions and bj,1 are the eigenvalues given by
b w r= A E I .j j,1
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For the L2 section, the solution is

b b

b b

F = +

+ +

x C x C x

C x C x

sin cos

sinh cosh 6

j j j

j j

,2 5 ,2 6 ,2

7 ,2 8 ,2

( ) ( )
( ) ( )

( )

( )

and C5–8 are determined by boundary conditions. In this case,
the eigenvalues are b w r= A E I .j j,2
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To simplify the electromechanical model, we replace the
disc for a rectangle of the same area with its length equal to
the diameter of the disc. This approximation greatly simplifies
the calculations and gives very good results, as is shown in
the following sections.

3. Experimental details of the harvester fabrication

The sample composition used here (KNL-(NTS)Mo) was
selected from previous studies on KNN-based lead-free pie-
zoelectric ceramics [24].

3.1. Sample preparation

The compositional ceramic of KNL-(NTS)Mo was prepared
by a conventional solid-state reaction from an adequate
mixture of corresponding oxides and carbonates and calci-
nations at 700 C◦ for 2 h [18]. The ceramics were sintered for
2 h at 1125 ◦C. The amount of Li, Ta modifiers were, chosen
to set the orthorhombic–tetragonal phase transition some-
where around room temperature, while Mo was added nom-
inally as a B-site dopant in order to increase the grain size and
to reduce conductivity.

3.2. Structural characterization

The crystalline structure was determined by x-ray diffraction
analysis (XRD; X’Pert PRO Theta/2theta of Panalytical, Cu

aK radiation) on powder obtained by milling of the sintered
ceramics. The lattice parameters were refined by a global
simulation of the full diagram (pattern matching, fullProf
program)

3.3. Microstructural characterization

Microstructure was evaluated on polished and thermally
etched samples (1000 C◦ for 5 min) using a field emission
scanning electron microscope (FE-SEM; Hitachi S-4700,
Tokyo, Japan). The average grain size was determined from
FE-SEM micrographs by an image processing and analysis
program (Leica Qwin, Leica Microsystems Ltd, Cambridge,
UK) considering more than 100 grains in each measurement.

3.4. Electrical characterization

Electrical characterization was carried out on ceramic discs
with fire silver paste (700 ◦C) on both sides as electrodes. The
ferroelectric nature of the ceramics was determined using a
hysteresis meter (RT 6000 HVS, RADIANT Technologies)
operating in virtual ground mode. The temperature depen-
dence of the ceramics permittivity was measured using an
impedance analyzer (HP4294A, Agilent) in the frequency
range of 100 Hz−1MHz and the temperature range
25–400 ◦C, using a 2 ◦C min−1 heating rate. The samples
were polled in a silicon oil bath at 25 C◦ by applying a DC
field of 4.0 kV mm−1 for 30 min. The piezoelectric constant
d33 was measured using a piezo d33 meter (YE2730A d33
METER, APC International, Ltd, USA).

3.5. Overall characteristics

The x-ray diffraction pattern of the ceramic sample is shown
in figure 2(a). The diffraction pattern corresponds to a per-
ovskite phase without trace of secondary phases at room
temperature, within the XRD resolution. The inset of
figure 2(a) displays splitting of the (200) pseudo-cubic peak
into (200) and (002), which suggests a non-cubic symmetry in
this sample. The ceramic sample shows splitting that indicates
the coexistence between a tetragonal symmetry T and an
orthorhombic symmetry O, (see inset of figure 2(a)). Coex-
istence of different polymorphs (tetragonal and orthorhombic
phases) was previously reported on KNL-NTS bulk ceramics
[25, 26]. It is well known that the tetragonal symmetry of the
perovskite phase can be deconvoluted into two peaks—(002)T
and (200)T—fit to a Lorentzian. However, in these patterns it
is also seen that two more peaks appear at ∼45.4 and ∼45.6°
(2Θ), which are associated with the orthorhombic symmetry.
Nonetheless, refinement of the lattice parameters confirms
that the tetragonal symmetry dominates in this ceramic sam-
ple. From figure 2(b), it can be observed that the ceramic
sample has dense microstructure and a typical feature of
quadrate-shaped grains, which is common in KNN-based
ceramics. In this way, the density obtained by Archimedes’
method was 4.47 g cm−3 and an average grain size of ∼1.9±
0.8μm. The high density KNL-(NTS)Mo ceramic is perfectly
adapted to measure the dielectric, ferroelectric and piezo-
electric properties, and to try to correlate such properties to
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the observed structural evolution. Figure 2(c) shows the P-E
loops of the ceramics as a function of applied electric field
between 500 and 4000 V, measured at room temperature. One
can see that the KNL-(NTS)Mo sample possesses typical
polarization electric field (P-E) loops. The ceramic sample
shows a remnant polarization Pr( ) and saturation values Ps( ) of
~20μC cm−2 and25 μC cm−2, which are a little lower than
PZT ceramics. In order to further determine the phase tran-
sition temperature, the temperature dependence of the relative
permittivity,  ,r and dielectric losses curves (at 100 kHz) of
the KNL-(NTS)Mo sample were measured in the temperature
range of 25–400 °C, as shown in figure 2(d). Considering the
evolution of the dielectric constant, two anomalies are
observed: (i) a sharp peak in Curie temperature, Tc, of 270 °C
corresponding to the cubic (paraelectric)-tetragonal (ferro-
electric) phase transition; and (ii) a weak maximum close to

room temperature, corresponding to the tetragonal (ferro-
electric)-orthorhombic (ferroelectric) phase transition, -T .O T

Considering the results of both XRD patterns and r-T curves,
see figures 2(a) and (d), we can deduce that the KNL-(NTS)
Mo sample belongs to orthorhombic (O) and tetragonal (T)
phase coexistence.

Finally, a sample was obtained in the form of a disc
(16.12 mm diameter, 1.96 mm thick) which was bonded to a
steel beam comprising the electromechanical system to be
analyzed (see figure 3(a)).

4. Results and discussions

Analysis of the electromechanical system was performed for
the first two modes. The actual setup for the experiment is

Figure 2. Structural, microstructural and electric characterization of KNL-(NTS)Mo ceramics: (a) XRD pattern corresponding to ceramic
sintered at 1125 C◦ for 2 h. The inserts of the figure show a detail of the XRD diffraction pattern in the range 44.5–47°. (b) Microstructure of
polished and thermally etched surfaces. (c) Hysteresis loops at room temperature. (d) Temperature dependence of the relative permittivity and
of the dielectric losses (at 100 kHz).

Figure 3. (a) Electromechanical system under study comprising a steel beam and a piezoelectric disc. (b) Experimental setup for the proposed
system.
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illustrated in figure 3 and it includes an electrodynamic shaker
for base excitation whose acceleration is measured by inte-
grating twice the measurements of a displacement proximity
sensor (Provibtech, TM0182, Houston, USA). Sinusoidal

excitation is provided by a signal generator (Rigol, RTI-
DG4062, Beijing, China) in a frequency sweep over the fre-
quencies of interest and its power adjusted by a power
amplifier (homemade; power 100W, bandwidth 1 Hz–50
Khz). All measured signals are then recovered for post-
processing using a data acquisition system (Pasco Scientific,
CI-7500, Roseville, USA), see figure 3(b).

In table 1 we present the physical and geometrical
parameters of the steel beam and of the piezoceramic disc of
KNL-(NTS)Mo.

Several experiments that show the voltage/power to base
acceleration frequency response functions (FRFs) for fre-
quencies near the first two modes of the system were per-
formed to validate the electromechanical model of section 2.
For the first mode, the reader may refer to figures 5(a) and (b)
and for the second mode the results are shown in figures 6(a)
and (b).

To analyze the experiments, it is useful to bear in mind
the following theoretical concepts. The differences in gener-
ated voltage between the first and second mode can be
explained by analyzing equation (1), which shows that the
generated voltage is directly proportional to the piezoelectric
coupling θ and mode coupling Γ. From the analytical results
Γ was calculated, obtaining an equal value for both modes.
Thus, the difference in generated voltage is caused by the
piezoelectric coupling θ. By its definition, it depends on

=e d czx
E

31 11 and on the attachment location of the piezo-
electric disc through the first derivative of the mode shape
evaluated at the span of the piezoelectric disc f¢ Lj 1( )(see
equation (1) and below). Therefore, since f¢ Lj 1( ) depends on
the mode shapes, any differences in the generated voltage can
be attributed to this. In figures 4(a) and (b) we show the
proposed normalized mode shapes of equation (2) as a
function of the span of the electromechanical system. There,
the different slopes are clearly observed in both modes. From
this fact, it is evident that the selection of the mode shapes is
very important to predict an accurate piezoeletric coupling.

Also in figures 4(a) and (b) we show for comparison in
dashed lines the first two mode shapes of a cantilever beam
(without the piezo disc). Thus it can be seen that the great
differences in the slopes may lead to erroneous results if we
do not choose the correct mode shapes.

The experiments shown in figures 5(a) and (b) present the
voltage/power to base acceleration FRFs near the first mode
of the system. Each experiment was performed by changing a
set of five resistances whose values were: W986 k , W247.8 k ,

W89.6 k , W31.7 k and W9.85 k . These values result from the
equivalent resistance of commercial resistive loads connected
in parallel with the input resistance of the data acquisition
system. Note that all the values of voltage/power are divided
by base acceleration to obtain a voltage/power to base
acceleration FRF (in units of g = 9.81 m s−1). In the case of
voltage generation, the maximum value of -V g 1 is ~4.8 V
g−1 and corresponds to the maximum load resistance. The
minimum value is approximately 0.08 V g−1 and corresponds

Figure 4. (a) First two normalized mode shapes for the electro-
mechanical system as a function of its span (solid lines). (b)
Enlargement of the zone where the KNL-(NTS)Mo is attached on
the steel beam. Additionally, the first two normalized mode shapes
of a cantilever beam (without the piezo disc) are shown for
comparison (dashed lines).

Table 1. Geometrical and physical parameters of the
electromechanical system consisting of a steel beam and a
piezoelectric disc.

Geometrical parameters Beam Piezoelectric disc

steel KNL-(NTS)Mo

Length, L (mm) 115.6 16.12 (diameter)
width, b (mm) 19 —

thickness, b (mm) 0.9 1.96

Material parameters

density, ρ ( -kg m 3) 7800 4470
Young modulus, E (GPa) 210 105
piezo constant, d31( -m V 1) — - ´ -45 10 12

Capacity, Cp (nF) — 4.02
Dielectric constant — 2650
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to the lowest resistance, which is the case of maximum cur-
rent consumption.

From the voltage values obtained in figure 5(a) we cal-
culate the electrical power generated for each resistive load as
=P V Rl

2 whose values can be observed in figure 5(b). The
different curves show the electrical power for the resistances
considered. The maximum generated power is 0.025 mW for
resistance = WR 986 k .l

Figures 6(a) and (b) show the results for the generated
voltage and power for frequencies near the second mode of
the system. We can observe in this case that the generated
voltage in figure 6(a) is greater than for the first mode. The
maximum voltage is approximately ~6.1 V g−1, which is
almost 30% higher than the voltage for the first mode. The
minimum voltage, however, is 0.52  V g−1, which is more
than six times the voltage generated for the first mode.
Regarding the generated power which can be observed in
figure 6(b), it is possible to observe a maximum generated
power of 0.15 mW for a resistance of = WR 89.6 k . Note that
this value of resistance for the maximum generated power is
different from the value obtained for the first mode.

4.1. Optimum electrical load

It is clear from our results (figures 5 and 6) that the value of
the electrical load resistance that maximizes power depends
on frequency. Then, it is possible to think about finding an
optimum value that maximizes electrical power.

The electrical model considered here was extracted from
[22] and used in equation (1) to obtain the voltage generation.
It is worth pointing out that this is a simplified version of a
more complete electrical model, encountered, for example,
in [27, 28] where a series resistance ( d= WR Ctan ,s p δ

dielectric loss factor) due to the capacitor is considered in the
electrical model of the piezo. Physically, it is expected that
the optimum load will be the one that matches the impedance
of the capacitor [28]. In this sense, and in the absence of
damping, this will be

=
W

R
j C

1
, 9l

p

opt ( )

( .. = modulus) which coincides with equation (6) in [28]
for the case of d = 0(our model).

Figure 5. (a) Voltage to base acceleration FRFs for frequencies near the first mode of the electromechanical system for a given set of resistors.
Blue circles represent experimental results, coloured lines represent theoretical results. (b) Power to base acceleration FRFs for frequencies
near the first mode of the electromechanical system.

Figure 6. (a) Voltage to base acceleration FRFs for frequencies near the second mode of the electromechanical system for a given set of
resistors. Blue circles represent experimental results, coloured lines represent theoretical results. (b) Power to base acceleration FRFs for
frequencies near the second mode of the electromechanical system.
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On the other hand, considering damping in the model
will lead us to equation (1) for the voltage expression. Then, it
is possible from this and the power definition =P V Rl

2 to
mathematically obtain an Rl value that maximizes power. It is
straightforward to show that this is

w x w

q q w

w x x

=
+ - W + W

W + - W

+ + - W + W

R
C

C

4 2

2

4 2

. 10l
opt j j j

j p j j

p j j j

4 2 2 2 4

2 4 2 2 2

2 4 2 2 2 4( )

( )
( )

( )
( )

( )

For the values considered in the experiments, this expression
can be reduced to

=
W

R
C

1
, 11l

opt

p
( )

in accordance with our physically deduced equation (9).
Finally, the calculated optimum resistance for the

first mode is = ´ WR 7.205 10l
opt 1 5( ) and =Rl

opt 2( )

´ W1.1515 105 for the second mode. Evidently, these values
are not in agreement with those obtained experimentally
because they were selected for a commercial set of
resistances.

4.2. Magnitude of the generated voltage

Regarding the magnitude of the generation of voltage, the
values obtained experimentally were acceptable. Compared
with other commercial piezoelectric materials such as PZT,
generation was lower. For example, for a commercial PZT
bimorph (T226-H4-203X) manufactured by Piezo Systems
Inc, our KNL-(NTS)Mo possess a power density (power
output divided by the volume of the piezo-device) of 0.0625
mW g−2 cm−3 against 2.1 mW g−2 cm−3 of the PZT, for
frequencies near the first resonant mode of the piezo system.
The specific power, which is power output divided by the
total mass of the piezo device is 0.014 mW g−2gr for the
KNL-(NTS)Mo and 0.27 mW g−2gr for the PZT device in the
same interval of frequencies. However, there exist several
parameters of this new material that can be optimized to
obtain a larger voltage; for example, by optimizing the
effective piezoelectric strain constant  ,zx the physical
dimensions of the disc or by attaching it to other locations on
the hosting structure.

5. Conclusions

In summary, we carried out a series of dynamic experiments
with a novel type of lead-free piezoelectric material KNL-
(NTS)Mo attached to a vibrating steel beam. The main con-
clusion is that this new type of material KNL-(NTS)Mo can
be used for energy harvesting when attached to a vibrating
element such as a beam or other flexible structure. Regarding
the modelling of the electromechanical system, there exists
excellent agreement between the analytical (numerical) and
experimental results, highlighting the validity of the analytical
model. In the particular case of the system considered and

ceramics characteristics such as density and composition of
the main phase, maximum power generation occurs for the
second mode, with a 10 times larger power compared to the
first mode. This behaviour is due to the electromechanical
coupling, which depends on the attachment position of the
piezoelectric disc over the beam.
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