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a b s t r a c t

We have numerically investigated the effects that observational correlated noises have on
the generalizedHurst exponents, h(q), estimated by using themultifractal generalization of
detrended fluctuation analysis (MF-DFA). More precisely, artificially generated stochastic
binomialmultifractals with increased amount of colored noiseswere analyzed viaMF-DFA.
It has been recently shown that for moderate additions of white noise, the generalized
Hurst exponents are significantly underestimated for q < 2 and they are nearly unchanged
for q ≥ 2 [J. Ludescher, M.I. Bogachev, J.W. Kantelhardt, A.Y. Schumann, A. Bunde, On
spurious and corrupted multifractality: the effects of additive noise, short- term memory
and periodic trends, Physica A 390 (2011) 2480–2490]. In this paper, we have found that
h(q) with q ≥ 2 are also affected when correlated noises are considered. This is due to
the fact that the spurious correlations influence the scaling behaviors associated to large
fluctuations. The results obtained are significant for practical situations, where noises with
different correlations are inherently present.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Multifractal properties of time series recorded from observable quantities associated to a system are now extensively
studied because of the ubiquity ofmultifractals in nature.Multiple scaling exponents in the same range of temporal or spatial
scales are usually required for a full and appropriate description of the complex dynamics associated with a multifractal
system. The accurate estimation of these scaling exponents is fundamental to develop suitable models for simulation and
forecasting purposes [1]. The analysis of multifractality from experimental data is a critical task mainly due to the finite size
and the discretization of the data record [2,3]. It is worth mentioning that it has been very recently shown that a residual
multifractality can appear due to the finite length of the signals and/or due to the long-range correlations present in the
time series [4]. It is well-known that the MF-DFA methodology allows a reliable quantification of the multifractal scaling
of nonstationary time series [5]. Other methods, such as wavelet transform modulus maxima (WTMM) [6], high-order
autocorrelation function [7] and wavelet leaders [8], have been proposed with the same purpose inmind. However, theMF-
DFA is widely accepted due to its easy implementation and accurateness. Furthermore, it is recommended in the majority
of situations in which the fractal character of data is unknown a priori [9]. Since the seminal paper by Kantelhardt et al. [5]
where the MF-DFA technique was introduced, a huge number of applications in different and heterogeneous scientific
fields, like seismology [10,11], cosmology [12], biology [13,14], meteorology [15], econophysics [16,17], medicine [18],
geophysics [19], epidemiology [20] andmusic [21–23],without being exhaustive,were published. TheMF-DFAmethodology
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was generalized to higher dimensions in Ref. [24]. Moreover, the multifractal detrended cross-correlation analysis was
recently implemented by Zhou [25] in order to unveil the multifractal behaviors in the power-law cross-correlations
between two time series or higher-dimensional quantities recorded simultaneously, generalizing the detrended cross-
correlation analysis previously introduced by Podobnik and Stanley [26] and Podobnik et al. [27].

It is clear that experimental data are noisy; the random component can be inherent to the process providing information
about the intrinsic dynamics (informative noise) or it can be due to the limited accuracy of the measurement equipment
(measurement noise) [28]. Consequently, the analysis of the influence this noise environment has on the multifractal
properties of time series is essential. It has been recently studied the performance of MF-DFA in the presence of white
additive noise, short-term memory and periodicities [29]. It was found that in the case of moderate amount of completely
uncorrelated noise the generalized Hurst exponents for negative moments are considerably underestimated. However,
the behavior for large positive moments remains practically unaffected. To consider the measurement noise as white
noise, assuming a flat power spectrum and no correlations, is somehow arbitrary because the preliminary filtering in the
measurement equipment usually leads to colored noise characterized by a finite power spectrum [28]. The aimof the present
paper is to evaluate how additive correlated noises corrupt the multifractality estimated by employing MF-DFA. For that
purpose, the generalizedHurst exponents of simulated stochastic binomialmultifractal contaminatedwith different amount
of colored noises were analyzed with this approach. As it will be shown below, we find that positive moments are also
affected in the correlated case. Moreover, the effect is more pronounced when the correlation of the noise increases. We
argue that these findings are relevant for a more proper understanding of the multifractal nature hidden in experimental
and natural time series.

The remainder of the paper is organized as follows. In the following section we briefly describeMF-DFA. The numerically
generated data used for testing are detailed in Section 3. Our results are presented and discussed in Section 4 and, finally,
the findings of this paper are summarized in Section 5.

2. Theoretical backgrounds

MF-DFA [5] is based on the traditional DFA [30]. Given a time series S = {xt , t = 1, . . . ,N}, with N being the number of
observations, the cumulated data series Y (i) =

i
t=1 (xt − ⟨x⟩), with i = 1, . . . ,N and ⟨x⟩ =

N
t=1 xt


/N , is considered.

This profile is divided into ⌊N/s⌋ nonoverlapping windows of equal length s (⌊a⌋ denotes the largest integer less than or
equal to a). Since the record length N does not need to be a multiple of the considered time scale s, a short part at the end of
the profile will remain in most cases. Segmentation starts at the very beginning and at the very end of the signal in order to
have into account this part of the record; in this waywe consider all datawith a total of 2 ⌊N/s⌋windows. A local polynomial
fit yν,m (i) of degreem is fitted to the profile for eachwindow ν = 1, . . . , 2 ⌊N/s⌋. The degree of the polynomial can be varied
in order to eliminate constant (m = 0), linear (m = 1), quadratic (m = 2) or higher order trends of the profile. After that
the variance of the detrended time series is evaluated by averaging over all data point i in each segment ν:

F 2
m (ν, s) =

1
s

s
i=1


Y [(ν − 1) s + i] − yν,m (i)

2 (1)

for ν = 1, . . . , ⌊N/s⌋ (forward direction) and

F 2
m (ν, s) =

1
s

s
i=1


Y [N − (ν − ⌊N/s⌋) s + i] − yν,m (i)

2 (2)

for ν = ⌊N/s⌋ + 1, . . . , 2 ⌊N/s⌋ (backward direction). An alternative detrending operation by estimating the local trends
through empirical mode decomposition has been recently proposed [31].

In order to analyze the influence of fluctuations of different magnitudes and on different time scales, the qth order
fluctuation function given by

Fq (s) =


1

2 ⌊N/s⌋

2⌊N/s⌋
ν=1


F 2
m (ν, s)

q/21/q

(3)

is obtained for a real valued parameter q ≠ 0. When q = 0 a logarithmic averaging procedure has to be employed because
of the diverging exponent

F0 (s) = exp


1

4 ⌊N/s⌋

2⌊N/s⌋
ν=1

ln

F 2
m (ν, s)


. (4)

For q = 2, the standard DFA procedure is retrieved. By construction, Fq (s) is only defined for s ≥ m+2. As themain purpose
is to understand the scaling behavior, the generalized fluctuation functions should be estimated for different values of the
time scale s and for different values of the order q.
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Generally, if the time series S = {xt , t = 1, . . . ,N} has long-range power-law correlations, Fq (s) scales with s as

Fq (s) ∼ sh(q) (5)

for a certain range of s. The scaling exponents h(q), usually known as generalized Hurst exponents, are estimated by
analyzing the double logarithmic plot of Fq (s) versus s for each value of q. In the case of stationary signals, h(2) coincides
with the Hurst exponent H . Ideally, for monofractal time series, h(q) are independent of q since the scaling behavior of the
variances F 2

m (ν, s) is identical for allwindows ν. Otherwise, amultifractal structure is observedwhen the scaling behaviors of
small and large fluctuations are different. In this case there will be a significant dependence of h(q)with the chosenmoment
q. The generalized Hurst exponents with negative order q describe the scaling of small fluctuations because the segments
ν with small variance will dominate the average Fq (s) for this q-range. Contrarily, for positive order q the windows ν with
large variance have stronger influence and, thus, the scaling of large fluctuations is examined. Small fluctuations are usually
characterized by larger scaling exponents than those related to large fluctuations.

In this paper, we concentrate on the generalized Hurst exponents description for quantifying the multifractal properties
of the time series. Equivalently, the singularity spectrum (α, f (α)), sometimes known as Hölder description, could be
considered. For details about the link between these two descriptions please see Ref. [1].

3. Numerical data

The binomial multiplicative process is a paradigmatic model for multifractal data [32, Chapter 6]. It was shown that this
process fits remarkably well the observed multifractal spectrum of the dissipation field in fully developed turbulence [33].
In the model, a record of length N = 2nmax is constructed recursively in nmax + 1 steps. In the generation, a constant time
series, i.e. xt = 1 for all t = 1, . . . ,N , is constructed. In the first step of the cascade, the first half of the series is multiplied
by a factor a and the second half of the series is multiplied by a factor b = 1− a, with the model parameter a ∈ R restricted
to 0.5 < a < 1. This procedure is repeated in the next steps. Each series of the previous step is divided into two subseries
of equal length, and the left half is multiplied by a and the right half by b until the halves consist of only one element
and no more splitting is possible. In this paper we consider the stochastic version of the binomial multiplicative process.
The stochastic character is incorporated randomly multiplying in each iteration the left or the right halves by the model
parameter a [34]. Note that, in this way, the unrealistic determinism is removed and the underlying multiscaling hierarchy
is preserved. This procedure is not equivalent to perform a random permutation of the deterministic model because all the
temporal correlations are removed with a shuffled randomization.

The generalized Hurst exponents for both binomial models, deterministic and stochastic, can be theoretically derived. It
was shown [5,34] that

h(q) =


1
q


1 − log2(a

q
+ (1 − a)q)


, q ≠ 0;

−
1
2

(log2 a + log2(1 − a)) , q = 0.
(6)

Fig. 1 shows completely deterministic and stochastic realizations of the binomial multiplicative multifractal for different
values of the model parameter a together with their theoretical generalized Hurst exponents. As can be easily concluded
by comparing the generalized Hurst exponents (Fig. 1(g)–(i)), the strength of multifractality (∆h = h(−∞) − h(+∞))1
increases and the long-range dependence (i.e., h(2)) decreases for higher values of the model parameter. For a → 0.5 the
multifractality is principally due to the temporal correlations.With increased values of the parameter (a → 1) theminimum
value of the time series, (1−a)nmax , is very small compared to themaximumone, anmax , and the broad probability distribution
also contributes to themultifractality [9]. It isworth remarking that thismultifractalmodel has only one parameter. Thus, the
long-term correlation andmultifractality strength cannot be fixed independently of each other. To overcome this drawback,
a generalized version of the binomial multiplicative process was proposed [1,34].

4. Results and discussion

In order to understand the influence that additional correlated noises have on the multifractal properties, simulated
stochastic binomial multifractals with increased amount of colored noises were analyzed by employing MF-DFA. We have
used the Fourier filtering method (FFM) for generating the colored noises. In this numerical algorithm the Fourier transform
coefficients of uncorrelated random numbers with a Gaussian distribution are multiplied by f −β/2. The inverse Fourier
transform of this modified coefficients produces a new time series with power spectrum f −β [35,29]. Long-range correlated
noises with β values between 0 (white noise) and 1 (flicker noise) and step 0.2 were generated. It should be noted that
the β scaling exponent and the Hurst exponent H are related through the formula β = 2H − 1. Furthermore, long-range

1 For practical applications the multifractal strength is estimated with ∆hq = h(−q) − h(+q) for a large value of the order q.
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Fig. 1. Numerical simulations of the binomial multiplicative model of length N = 215 data points for different values of the model parameter a for the
fully deterministic (a–c) and the stochastic instances (d–f). The generalized Hurst exponents analytically calculated (Eq. (6)) are also plotted (g–i). The long-
range dependence and multifractality degree for the different model parameters are the following: h(2)a=0.60 ≈ 0.972, h(2)a=0.75 ≈ 0.839, h(2)a=0.90 ≈

0.643, ∆ha=0.60 ≈ 0.585, ∆ha=0.75 ≈ 1.585 and ∆ha=0.90 ≈ 3.170.

correlated signals are characterized by a power-law decay of the autocorrelation function C(τ ) ≡ ⟨xtxt+τ ⟩ = τ−γ with
γ = 1 − β = 2 − 2H . Consequently, the correlation degree increases for larger β values of the power spectrum. Different
noise levels (NL), defined by the standard deviation of the noise divided by the standard deviation of the original signal, were
numerically added to the original multifractal signals. One hundred independent realizations of length N = 215 data points
were analyzed in each instance and the average results of the generalized Hurst exponents h(q) for q in the range between
−20 and 20 with step equal to 0.5 were plotted. Throughout the whole paper, a linear MF-DFA (m = 1) was implemented,
the fluctuation functions were calculated for time scales s ∈ [10,N/4], and the scaling behaviors were estimated in the
fitting range s ∈ [100, 5000].

In Figs. 2–10 the generalized Hurst exponents of simulated stochastic binomial multifractal contaminated with different
levels of colored noises estimated by employing MF-DFA are plotted. In each figure the model parameter a and the
noise level are fixed, and the persistence degree associated with the contaminated noise is increased from top to bottom
(β = 0.0, 0.2, . . . , 1.0). Figs. 2–4, 5–7 and 8–10 correspond to model parameters a = 0.60, 0.75 and 0.90, respectively.
Three different noise levels were considered: NL = 0.1 (Figs. 2, 5 and 8), NL = 0.5 (Figs. 3, 6 and 9) and NL = 1.0 (Figs. 4, 7
and 10).

It is clearly observed that generalized Hurst exponents for q < 2 are significantly underestimated even in the presence of
small additions of noise (correlated or uncorrelated). The effect is more noticeable for larger values of the model parameter
(a = 0.75 and a = 0.90), i.e. for larger multifractality strengths and smaller long-range dependence. The higher robustness
to additive noise observed for a = 0.60 can be attributed to the fact that themultifractal hierarchy for this model parameter
originates from temporal correlations. Themultiscaling for a = 0.75 and a = 0.90 is also related to the fat-tailed probability
distributions of the data, and this multifractality source seems to be much more sensitive to additive noise.2 For a better
visualization of these findings, Fig. 11 shows the relative change δq=−20 = [h(−20) − hc(−20)] /h(−20) between the edge
generalized Hurst exponent estimated values for the original multifractal signal, h(−20), and its contaminated counterpart,
hc(−20), as a function of the β scaling exponent of the spurious added noise. The results obtained for the different model
parameters and noise levels are included in the same plot. A clear linear relationship is obtained for a = 0.90 independently
of the noise intensity. This result is justified taking into account that, for a = 0.90 and q < 0, h(q) ≈ hnoise, where hnoise
is the Hurst exponent of the added long-range correlated noises (please see Figs. 8–10). Thus, for this multifractal model
parameter, scalings obtained for negativemoments give information about the spurious correlations that corrupt the original
multifractal signals. For a = 0.60, a maximum deviation is obtained for an intermediate β scaling exponent in the case of

2 Identifying the source of multiscaling in time series is an elusive issue. Drożdż et al. [3] have recently found that a genuine multifractal hierarchy can
only originate from temporal correlations.
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Fig. 2. (Color online) Generalized Hurst exponent of stochastic binomial multifractals with model parameter a = 0.60 contaminated with long-range
correlated noises with power spectrum f −β . The noise level was fixed equal to 0.1. Mean and standard deviation estimated from one hundred independent
realizations are plotted (blue curves). The results obtained for the noise-free simulations are included for comparison purposes (black curves). The
theoretical curve (Eq. (6)) is also depicted (red dashed curves). Vertical black lines are used to identify the case q = 2.

Fig. 3. (Color online) Same as Fig. 3 but for NL = 0.5.

moderate and strong additive noises. We conjecture that the reason behind this interesting effect could be some kind of
mixing between the long-range correlations of the signal and those of the colored noise; further workmust be done in order
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Fig. 4. (Color online) Same as Fig. 3 but for NL = 1.0.

Fig. 5. (Color online) Same as Fig. 3 but for a = 0.75 and NL = 0.1.

to confirm this hypothesis. Finally, for a = 0.75 an intermediate result is observed, with linear responses for moderate to
strong additive noises, and a clear maximum deviation for β = 0.4 when NL = 0.1.

We have also found that a moderate amount of colored noises (NL = 0.5 and NL = 1.0) prevents a reliable estimation of
the scaling exponents for positive moments. This is due to the fact that scalings related to large fluctuations are affected by
the long-range correlations present in the colored noises. Obviously, the bias is more pronounced when the longmemory of
the additive noise increases and a maximum deviation from the expected behavior is observed for the superpersistent case
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Fig. 6. (Color online) Same as Fig. 3 but for a = 0.75 and NL = 0.5.

Fig. 7. (Color online) Same as Fig. 3 but for a = 0.75 and NL = 1.0.

(β = 1.0). This finding is easily concluded from Fig. 12, where the relative change δq=2 = [h(2) − hc(2)] /h(2) is depicted
as a function of the β scaling exponent of the added noise for the model parameter a = 0.90. Consequently, generalized
Hurst exponents for q > 0 are notably overestimated when the original series are corrupted by additive colored noise.

Trying to shed more light on the reasons behind this spurious effect, Fig. 13 shows the fluctuation functions Fq (s) as a
functions of s for a = 0.90, NL = 1.0 and the different considered colored noises for one randomly chosen realization.
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Fig. 8. (Color online) Same as Fig. 3 but for a = 0.90 and NL = 0.1.

Fig. 9. (Color online) Same as Fig. 3 but for a = 0.90 and NL = 0.5.

A crossover scale s∗ is clearly observed for positive order q when the underlying multifractal time series is corrupted by
noises with large correlations (β = 0.6, β = 0.8 and β = 1.0). This particular scale is identified with a vertical black dashed
line in Fig. 13(d)–(f). Generalized Hurst exponents with q > 0 are overestimated due to this change in the trend. The use of
a uniform range of scales for the linear fit is totally questionable in these cases. To be more precise, two distinct regions of
scaling, s < s∗ and s > s∗, must be considered. Moreover, the slopes for the small-scale and large-scale regions appear to be
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Fig. 10. (Color online) Same as Fig. 3 but for a = 0.90 and NL = 1.0.

Fig. 11. (Color online) Relative change δq=−20 = [h(−20) − hc(−20)] /h(−20) between the edge generalized Hurst exponent estimated values for the
original multifractal signal, h(−20), and its contaminated counterpart, hc(−20), as a function of the β scaling exponent of the spurious added noise for the
different model parameters and noise levels. Mean and standard deviation estimated from one hundred independent realizations are plotted.

dependent and independent, respectively, on the order q. This suggests that the scaling on large time scales (s > s∗) could
be very useful to unveil the nature of the contaminated noise. A systematic estimation of the crossover scale and the two
different scaling regimes as a function of the β value and the noise level is beyond the focus of the present paper and will
be addressed in a future work.

5. Conclusions

We have found that the spurious effect of additive correlated noises should be properly taken into account when
analyzing themultifractal character of experimental data. Generalized Hurst exponents, and, hence, themultifractal spectra
estimated by employing the widely used MF-DFA technique can be biased due to the presence of such artifact. On the
one hand, h(q) with q < 2 are notably underestimated for small amount of additive correlated and uncorrelated noises.
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Fig. 12. Relative change δq=2 = [h(2) − hc(2)] /h(2) between the Hurst exponent estimations for the original multifractal signal, h(2), and its
contaminated counterpart, hc(2), as a function of the β scaling exponent of the spurious added noise for the model parameter a = 0.90. Mean and
standard deviation estimated from one hundred independent realizations are plotted.

Fig. 13. (Color online) Fq (s) versus s for a = 0.90 and NL = 1.0 for one realization. The behavior observed is representative for the whole data set. The
order q (q = −20, −19.5, . . . , 19.5, 20) increases from bottom to top. Spurious effects related to the different colored noises with power spectrum f −β

can be better visualized. Vertical black solid lines are included to indicate the fitting range. Vertical black dashed line marks the crossover scale s∗ observed
for positive qwhen the original multifractal signal is contaminated with noises with large correlations.

On the other hand, moderate additions of colored noises also affect h(q) with q ≥ 2. More precisely, the generalized Hurst
exponents in this q-range are overestimated and the bias is more significant when the correlation of the noise increases. It
is clear that the long-range correlations present in the noises have an influence on the scaling behaviors associated to large
fluctuations. Thus, positive moments result affected. Taking into account that correlated noises are inherently present in
experimental data, the results obtained can be useful for unveilingmultifractal features in practical situations. A comparison
with the performance of other practical methods to quantify multifractality, like WTMM, in a noise environment and the
confirmation of the lower sensitivity to observational noise observed for Gaussian multifractals are promising tasks for the
future.
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