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1. Introduction

By BMO, (R) we denote the space constituted by all those odd functions with bounded mean oscillation on R. This space
can be characterized as follows. An odd function f € L} (R) is in BMO(R), that is, f has bounded mean oscillation on R, if

loc

and only if, for all 1 < p < oo (equivalently, for some 1 < p < oo) there exists C, > 0 such that, for every interval I = (a, b)

and also

1 1/p
m/lf(x)—fz|pdx} <Cp. O<a<b<oo, 0
1

1 1/p
m/lf(x)|de] <Cp, O=a<b<oo. o)
1

Here, as usual, |I| denotes the length of I and f; = ‘17‘ f, f(x)dx. Moreover, for every 1 < p < oo, inf{C, > 0: (1) and (2) hold}
is equivalent to the usual || f|gmow) (see, for instance, [14, Chapter 1] definitions and properties concerning BMO(R)).
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BMO,(R) coincides with the dual H; (R)’ of the subspace H; (R) of H'(R) that consists of all the odd functions in the
Hardy space H!(R). The space Hg (R) was studied in [4] and [10], where several characterizations of Hg (R) are obtained.
In the sequel we denote by BMO, the space that consists of all those f € L}OC([O, 00)) such that the odd extension f, of f
to R is in BMO(R). On BMO4+ we consider the natural norm. Our objective in this paper is to study the behavior on BMO
of maximal operator, Riesz transform and Littlewood-Paley g-functions associated with Bessel operators.

Muckenhoupt and Stein [12] began the development of harmonic analysis related to Bessel operators. They considered
the Bessel operator B;, A > 0, defined by B; = —x~2*Dx*'D, with D = & . In [12] Poisson integrals and conjugate of Poisson
integrals associated with B; were introduced. Recently, LP-boundedness properties for the higher order Riesz transform [5]
and for the Littlewood-Paley g-functions [6] in the B, context have been established.

Here we consider the Bessel operator A, = —x~*Dx?*Dx~*, with A > 0. If J, denotes the Bessel function of the first
kind and order v, for every y > 0, the function ¢y (x) = «/W],\—% (xy), x € (0, 00), is an eigenfunction of A, and

M(VRY 1 xy) = Y2VRY ], (y), X,y € (0, 00).

The Poisson kernel associated with the operator A, is given by

oo

PA(t, x, y)=/e’”<px(2)¢y(2)dz, t,x,y €(0,00).
0
According to [12, (16.4)] (see also [19]) we have that

T
20t (xy)* / (sin@)2+-1
PA(t,x, y) = do, t,x, 0, 00).
(%) b4 ((x — y)2 +t2 +2xy(1 — cos9))*+1 %,y €(0,00)
0
The Poisson integral P?‘(f) is defined by
o
P?(f)(x)=/P’\(t,X, Nfydy, tx>0.
0

The family {P?}t>o constitutes a semigroup of linear and bounded operators in LP(0, c0), 1 < p < co. LP-boundedness
properties of the maximal operator

PX(f)= sugIP?(f)I
t>

were established in [7] and [8].
The heat kernel associated with the operator A, is
o
W, x, y)=/e‘”2<px(2)¢y(2)dz, t.x,y € (0, 00).
0
According to [18, 13.31(1)], we can write

1

‘l X 2 X X2+y2

Wk(t,x,y)=f<2—};> hﬁ(%)f i t,x,y €(0,00),
t

where I, denotes the modified Bessel function of the first kind and order v. The heat integral W}(f) of f is defined by

W?(f)(X)=/W*(t,x,y)f(y)dy, t,x>0.
0

Then, {W}}~¢ is a semigroup of bounded and linear operators in LP(0, 00), 1< p < oo. The maximal operator associated
with {W}};0 is given by

WH(f) = f“g‘ WE(f)|

and it was investigated on LP-spaces in [7].

Bennett, DeVore and Sharpley [2, Th. 4.2(b)] proved that if M denotes the (uncentered) Hardy-Littlewood maximal
operator on R", then, for every f € BMO(R"), either M f € BMO(R") or M f = co. The function f(x) =log, [x|, x € R", is
an example of the second situation. In [9] it was introduced a BMO type space on R" associated with Schrodinger operators
where the maximal operator M is bounded. This is the case for the maximal operators, W2, P* and the Hardy-Littlewood
maximal operator Mg on (0, co), on BMO, as we state in the following proposition.
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Proposition 1. Let A > 0. We denote by \ the operators Mo, W or P%. There exists C > 0 such that

IN flismo, < Cllifllsmo,, f €BMO,.

Riesz transforms in the Aj;-setting were studied in [3]. The operator A; admits the factorization A, = D}D;, where
D, =x*Dx~* and D7 represents the (formal) adjoint of D, in L?(0, c0). Following the ideas developed by Stein in [13], the
Riesz transform R, is defined by

_1
R)nf:D)»A)sz5 fECSO(O,OO)

Here CZ°(0, co) denotes the space of smooth functions with compact support in (0, co). The operator R, can be extended
to LP (0, co) as a bounded operator on LP (0, 0o), for every 1 < p < oo, and to L (0, co) as a bounded operator from L' (0, o)
into L1:%°(0, c0). Moreover, for each f € LP(0,00), 1 < p < 00,

o0

Rfw=lim [ REDIOdy. aere .00 3)
0,|x—y|>¢
being
i~
Ry (x, y):ka,xP*(t,x, y)dt, x,ye€(0,00), X#£Y.
0

According to [1, (1.6)] (also see [7]) we get

X, 2x<y
2542 X Vs
[Ru(x, ;| < Cap* § 7 . (4)
X2A+1 0<y<j»
and
1 1 1 JX
Ry(x,y) — — ‘gc-(l+log+ y ) 0<§<y<2x. (5)
TX—Yy y | — yI 2

Then, we can prove that the Riesz transform R is well defined on L°°(0, co). This fact establishes a difference between the
behavior of R, and the Hilbert transform on bounded functions [16, p. 294].
The vertical Littlewood-Paley g-function associated with the heat semigroup {W?}r>0 for the Bessel operator A, is

defined by
1
242
" )

and the corresponding one for the Poisson semigroup {P?}bo is given by

1
Zdt 2
: .

The behavior of the Riesz transforms and g-functions on BMO. is established in the next proposition.

v 0
%unm={f%5WHﬁw
0

v 0
@Juxm={/%§Pﬂna)
0

Proposition 2. Let ) > 0. We denote by N the operators R, gn ; and gp ;. There exists C > 0 such that

IN flismo, <Clifllsmo,, f €BMO,.

As for maximal operators the property stated in Proposition 2 for gy, and gp, contrasts with the corresponding one
for vertical classical Littlewood-Paley g-functions (see [17]).

This paper is organized as follows. In Section 2 we prove Proposition 1 and the proof of Proposition 2 is shown in
Sections 3 and 4 where we establish the estimates for the Riesz transform and for the g-functions, respectively.

Throughout this paper we always denote by C a suitable positive constant that can change from a line to the other one.
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2. Maximal operators in BMO .

In this section we present a proof of Proposition 1. We divide the proof in three parts. Each part is concerned with one
of the maximal operators under considerations.
(i) By Mg we denote the Hardy-Littlewood maximal operator on (0, co), that is, if f € Lloc([O, 00)),

Mo(f)(X)—supm/|f(y)|dy, x € (0,00),

where the supremum is taken over all the bounded intervals I on (0, c0) such that x € I.

Assume that f € BMO, then f, € BMO,(R). Let a > 0, we write f, = f1 + f2 where f1 = fox(—24,20)- Since f, € LI‘OC(R).
Mf1(x) < 00, a.e. x € R, where M denotes the Hardy-Littlewood maximal operator on R. Moreover, if x € (—a,a) and I is
a bounded interval such that x € I and I N (—2a, 2a) # @, by denoting | = (—b, b), where b = max{|y|, y € I}, we have

1 1
- d = — 0 d < 0 C . 6
“lI/Ifz(y)I y=i [ 1fwlay< m/lf(y) I v, 0

IN(—2a,2a)¢
Note that |I| < |J]| <2(|I| +a) <4]I|. Hence M(f2)(X) < 00, a.e. X, |x| < a. Then, we obtain that M f,(x) < o0, a.e. x, |x| <a.
Hence, we conclude that M f,(x) < 00, a.e. x € R.
Since f € BMO(0, o0), by proceeding as in [2, Theorem 4.2] we obtain that My f € BMO(0, 00) and || Mo flamoc,00) <
Cl fllamo, - Moreover, for every a > 0,

a
1
1+ [ Mothax<ciflavo, 7)
0
Indeed, let a > 0. As above we write f = fi + f2, where fi = f X(0,20). Then, by proceeding as in (6) we get
Mo(f2)x) < 2| fllemo,, x€(0,a). (8)
Also, since M, is bounded on L2(0, co), one has
a a 1 2a 1
1 1 2 1 2
A |Mo f1(x)]dx < . [Mof1(0]"dx | <C " |f@)|"dx ) <Cl fllamo, - 9)
0 0 0

From (8) and (9) we deduce that (7) holds.
By combining the above arguments we conclude that (Mg f), € BMO,(R) and || Mo fllamo,. < Cll fllamo, -
(ii) We now analyze the maximal operator W} associated with the heat semigroup {W?}r>o. Assume that f € BMO,.
According to [11, (5.16.5)] we have that

i 1 _ap?
0<W(t,x,y)<C$e a“, t,x,y€(0,00), (10)
and also,
2,42
S, H<,
Whexy<cd e (1)
k _ Xy
NS
It is well known that
1
sup ﬁ If(y)ldy CMo(f)(x), x€(0,00). (12)

t>0
0

Then
W)X < CMo(f)(x), x€(0,00).

Hence, by (7), for every a > 0, we have

1 a
a/Wi(f)(x)dxgcnanMm. (13)
0
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On the other hand, we can write

sup| W2 (f)(x)| — sup
t>0 t>0

2x
/ WH(t,x, y) f (y)dy
%

X

7 00
<sug/WA(t,x, y)lf(y)ldy+su0hWA(t,x, W|fW|dy, xe(0,00).
t> 5 t> 5y
From (10) it follows that

x=y)?

O/wk<t,x,y>|f<y)|dy<c0/%e ? \f(y)\dygc()/%eféf\f(y>|dy

%
C
< ;/lf(y)ldy <ClIflamo,. txe€ (0, 00).
0

By using (11) we get

00 00 N _ﬁ 00 _(X_y)2
Xy e 4 e a
WA, x, dy <C / (—) dy + f — d
/ €, x,y)|f(y)|dy ( c) 7 |f(y)|dy NG |f(y)|dy
2x 2%, 3 <1 2%, ¥ >1
00 N 00 o0 2(k+1)%/*x
xy\ e e [ IFDL [f)I
<C/<T> G |f(n)]dy < Cx S dy=Cx")" i dy
2% 2x k=1 o2y

oo 2(k+1)2/*x 00 2(k+1)2/*x
1 1 1
@A Y — dy<cy —— d
> (227 xy+1 / [fldy<c)] K2 20+ 1)2x / |f(n)|dy
k=1 0 k=1 0
< ClifllBmo,, t,x€(0,00).

Hence, we have proved that

2x
sup| W/ (f)(x)| — sup / W(t, x, y) f(y)dy| € L(0, 00),
t>0 t>0
%
and
2x
sup| W2 (f)(x)] — sup /wm,x,y)f(y)ay < Cll flismos - (14)
t>0 t>0 " 0o
2
Moreover,
2x 2x 1 5
x=y)
su W, x, y) f(y)dy| —su / e” a f(y)dy| e L™(0, 00),
t>g / t>g Jamt
3 3
and
2x 2x 1 ,
_ &=y
sup fWA(t,x,y)f(y)dy —sup/ e 4 f(y)ydy|| <Cllfllsmo,- (15)
t>0 J t>0 J JAamt 0
2 2

Indeed, we can write



J.J. Betancor et al. / J. Math. Anal. Appl. 363 (2010) 310-326 315

2x X 1

—y)

W, x, d e~ at
/ (t,x, y)f(y)dy Jant

sup — Sup

t>0 t>0
3 3
<sup ‘W t,x,y) — ! e——(ﬁ{)z ’|f(y)|dy x e (0, 00)
t>0 VAart ’ ’ '

2
According to (10), it follows that

2x
.W*(t xy) - e ‘If(y)ldy
VAt
X XV ~q
Z’ZI\
2x 3
<c [ A7) 1)
L
o) cr
y
<c 4dy<—/|f(y)|dy<C||f||BM0+, t.x € (0, 00).
/x2+y2 X J

Also, by using [11, 5.16.5], we get

2x 2x 1
(x=y)? 1 t\2 & y)
w? T < — —
/ ’ (t,x,y) — me 7 ‘If(y)!dy<CX/ﬁ<xy> |f(y)|dy

2

"’|‘<

2 s

2x
C
< ;/!f(J’)‘dY<C||f||BMO+, t,x € (0,00).
0

Hence (15) is established.
Now we denote by {W;};~¢ the classical heat semigroup, that is, we write

1
Wi ( )(x)=—/e_ (y)dy, te(0,00)andxeR.
t(fo NreT y)dy
—00
Since f, is an odd function we can write
(= y)2 y)2
Wi (fo)(x) = \/_/ @) f(y)dy, te(0,00)andxeR. (16)
Moreover W,(f,) is odd, for every t > 0. By splitting the integral one gets
1 ®=y)
7% X) — e~
’ t(fo) (%) NZET:
_ x=y)? (x+y)
T — || f(y)|dy
. 2x
=y? (X+y> _xp?
f|e S| rlay+ = [ | ay
3
(X_J/)z (x+y) y)
— d
f( [ . |f()|dy
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00 _ 2 2x ,
+/ x—Y) (x+y) ‘ xop? |f(y)|dy+f iy |f(y)|dy>
2x X

2

<C % _XT|f(Y)|dy+/—e 16t|f(y)|d +/ |f(.V)| )

t2

C(% \f(y)lderX/ —|fw|dy + - /If(y)ldy>

2x
. oo 2x(k+1)2l
<C ;/If(y)ldyﬁtxz / ﬁlf(y)ldy>
2xk2
2x oo 2x(k+1)2
C l/|f(y)|dy+zl; / |f|dy | < Cliflamo. -
X k2 2x(k + 1)2 +
0 k=1 0
for every t, x € (0, c0). Hence,
2x
sgp [We(fo) )] —sup € L%(0, 00),
te(
2
and
sup |We(fo)(®)] —sup < ClIfllamo, - (17)
te(O,oo)| e V4 00 -
We deduce from (14), (15) and (17) that
sugIW?(f)(x)I - sug!wt(foxx)l € L°(0, 00)
t> t>
and
| sup|wi()| = sup| W)l | < Clfllawo, - (18)
t>0 t>0 oo

According to (13) and (18), in order to see that
sup| W/ (f)] € BMO: and | sup| Wi ()| <Cllf lawo,
t>0 t>0 BMO.

it is sufficient to establish that sup;.o |W:(f,)| € BMO(R) and that

sup|W ” <C .
H t>g’ t(fo)] BMOGR) Il follBmo(R)

We have to show that sup;. o |W:(fp)(x)| < 00, a.e. x € R (see [15]). From (7) and (12) we get

a

1
_/SUP‘Wt(fo)(X)‘dX<C||f||BMO+, a>0.
a o t>0

Then, since sup;.q|W:(fo)| is even, sup;.q|W:(fo)(x)| < oo, a.e. x € R. Thus we prove that Wﬁ(f) € BMO4 and

IW2(H)lismo, < CIl fllsmo, -
(iii) Let f € BMO4.. By using subordination formula we can write

2
Pt x, y) = f/[ <t ,y)du, t,X,y € (0, 00). (19)
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Then,

sup| P} (f)| < sup|W2(f)].
t>0 t>0

Hence, from (13) we deduce that

a

1
E/Pi(f)(x)dx<¢||f||mo+, a>0.
0

Moreover, by taking into account the proof of (18), it follows

fug}l’?(f)(x)! — §u13|Pt<fo)(x>| € L®(0, 00),

and
| supl P2 (0] —sup|Pecfo) 0| _ < Cl lavo..
where
1 o t
Pr(fo)(0 = — / mfo(y)dy, t>0, xeR.

From (12) one infers that sup;. o |P:(fo)(x)| < CMo(f)(x), x € (0, 00). Then, by (7),
a

1
—/SUP\Pt(fo)(X)\dxéC||f||3M0+, a>o0.
a 9 t>0

317

(20)

(22)

Hence, since sup;.q|P:(fo)| is even, sup;. g |P:(fo)(X)| < 0o, a.e. x € R. It deduces that sup;. o |P:(fo)| € BMO(R) (see [15]).

(20) and (21) allow us to conclude that P f € BMO,, and [P} fllsmo, < CI fllamo, -

3. Riesz transform in BMO .

Our objective is to prove Proposition 2 for the Riesz transforms R;. Firstly, note that, by (4) and (5), the Riesz trans-

form R, is defined on L*°(0, 00). Indeed, let f € L°°(0, 00). It is known (see, for instance, [16, p. 294]) that the limit

o0
1 1
lim — —)d
lim / f(y)(x—y +X(l,oo)(y)y> y
0,|x—y|>¢
exists for almost every x € (0, co). We now prove that

X
2 2x 00

Rx(f)(X)z/Rx(x, y)f(y)dy+81i_rp0 / Ry (x, y)f(y)dy+/Rx(x, »fydy,

0 L x—yl|>¢ 2x

for almost all x € (0, 00). According to (4), we get

X

%
1
[IReplirmlay < [V1rwldy <Cifim. xe .00,
0

0
and
N N
/|R,\(X, WIlfwdy < cxt '5;{;' dy <Cliflor X (0, 00).
2x 2x

On the other hand, one has

(23)
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2x 2x
1 1
/ R, y)f(y)dy = / (R,\(x,y)———>f(y)dy
TX—Y
3. Ix=yl>¢ X |x—y|>¢
2x
1 1
+— / ——f(dy, &,x€(0,00).
T X—y
5 x=yl>e

From (5) one deduces that, for every x € (0, c0),

2x

2x
1 1 1 X
/Rk(x,y)—;m.|f(y)|dy<cnf||oo/;(1+log+ lx”_fw)dy«nfnoo,

2 2

because j;x ;(1+log, “/g‘)dy = f%z 11 +1log, rﬁu‘)du. Moreover, we write

|x

;o [ (1 W)
X(1,00 (Y
»dy = f ( + ) y)d
/ x_yfy y xy " fdy
$.x—yl>¢ 0,|x—y|>¢
2x ( ) 00 ’ ( )
— f fp Xt gy, / ( + Xl )f(y)dy
y X—y y
$.lx—yl>¢ 2%, |x—y|>€

X

- [ ()i, exeo.0,
x—y y

0,|x—y|>¢

Note that, for each x € (0, 00),

2x
d
/lf(y>x<1,oo><y>|7y <Clf oo

that
7 )
, y
/ + X000 ‘If(y)ldy
X—=Y y
2x
2x+1 o)
1 1 X 1
<Clif e /( +—)dy+f dy <c<—+1)||f||oo,
x—yl vy lx—yly X
2x 2x+1
and
o ¥)
s Yy
[ + Xd-0) ‘|f(y>|dy<c<1+x>uf||oo.
J X—y y

Then, by (23) and (24) we conclude that the limit

o0

Rx(f)(X)zgligB / Ry(x,y)f(y)dy

0,[x—y|>¢

(25)

exists for almost every x € (0, oo). This property shows different behavior of Hilbert transform (see (23)) and R;-transform

on L*(0, 00).
We now prove Proposition 2 for Riesz transform R;.
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Assume that f € BMO,. If we consider f, the even extension of f to R, according to [16, p. 294],

“+o00
1 11\
H(f)(x) = lim / < 4+ X1 (y)>fe(y)dy€BM0(R),
£—0 X—y y

—00,[x=y|>¢

because f. € BMO(R). Since f, is even we can write

00 0
o 1 X(1.00(¥) /' 1 X0\ ¢,
Haow=lin [ (25 + 2020 )y o Koo yay
0,|x—y|>¢ —00,|x—y|>¢&
r 1 r 1
— lim /' n X(1.00(¥) Fy)dy + / X100 (Y) Fy)dy
£—0 X—y y x+y y
0,|x—y|>¢ 0,[x+y|>¢
x 1 : 2 v 2
X X
= lim / < +X(l’oo)(y)>f(J/)d}’+/ﬁf(}’)d}"f‘/ﬁf(}’)dy
=0 X—y y x2—y x2—y
3.lx=yl>¢ 0 2
2x 1
+/( - X(l’oo)(y))f(y)dy, X € (0, 00).
X+y y
%
Note that H(f) is odd. We are going to see that
2x 1
H(f)(x) — lim / ( 4+ 200U )>f(y)dy € L®(0,00) (26)
£—0 X—y y
$.lx—y|>¢
and
2x 1 ( )
H(fe)(x) — lim / ( + Xl >f(y)dy < Cllf lsmo, - (27)
£—0 X—y y
L lx—yl>¢ o

We have to analyze three terms. One gets, as in the proof of (17) in the previous section,

X
2 X

2x 1
| a=sfway|<c; [IFwldy<cifiao,. xe©.0)
0 0
and
o2 rood
X
[ w255 Fmay| <cx [ [FwI$5 < Clfllavo,. x€ 0,00
2x 2x

Also, we obtain
2x

T Xa.00)
/<X+J’ y )f(y)dy

X

2

Thus (26) and (27) are established. By using (25), (4) and (5) we have that

2x
C
<z f!fw)!dy <Cllfllswo,. x€(0,00).
0

2x

1 1 N
| (x_ S+ X“’y)m>f(y)dy

5 lx—yl>e

2x 2x

1 00
<c /—(1+10g+ i )ff(y)!dw/wif(wldy
y Ix—yl J y

2 2
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X

1
+W/y*|f(y){dy—l—xk“ |f/82|dy>

0 2x

le 2 3 1 2x 3
X
<C<</—<1+10g+ Y ) dy) (—/If(y)lzdy>
Jy |x =yl X
2

2

1 X o0
+;/|f(y)|dy+></lf;fndy)éCllfIIBMm, x€ (0,00),
2x

0
because
2x_1 2 1 \/_ 2
u
—|1+1log, ) dy = /—(l—i—log ) du < oo, x¢€(0,00).
f y( T x—yl u 11—l
2
Hence,
2x
1 . 1
R.())(9) — — lim / ( 4 a0l )>f(y)dy € 1%(0, 00), (28)
T >0 X—y y
L. x—yl>¢
and
2x
1 . 1 .00 (V)
R.(f)(%) — — lim / ( 4 X000y )f(y)dy < Cllfllswmos - (29)
T e0 X—y Y 1%(0,00)
5 x-yl>e :

By combining (26), (27), (28) and (29) we conclude that

Ri(f) —H(fe) €L%°(0,00) and |Ri(f) —H(fe)|, <ClI fllamo,- (30)
Moreover, since H(f.) € BMO(R) and H(f,) is odd, for every a € (0, c0),

fymfe)(x)}dx— —/!H(fexx)\dx— —/

H(fe)(x) — —/H(fe)(u)du

—a

< C|H(fe) HBMO(R) < CllfellBmow) < Cll fllemo.. -

Then, from (30), for every a € (0, c0),

1 ; 1 ; 1 ;
- f!Rx(f)(X)|dx < /\Rx(f)(x) — H(fo) ()] dx+ /!H(fe)(x)\ dx < CIl fllsmo, -
0 0 0

Hence R, (f) € BMO4 and |R; fllsmo, < Cll fllsmo, . Thus the proof of Proposition 2 for Ry is finished.
4. Littlewood-Paley g-functions in BMO
In this section we prove Proposition 2 for the Littlewood-Paley g-functions g ; and gp , associated with the heat and

the Poisson semigroups for A;, respectively.
Firstly we study g ;. Let f € BMO,. Triangle inequality for L2((0, 00), %)-norm implies that

00 5 2x Zdt .
gh,uf)(x)—{/ tgfwka,x,y)f(y)dy 7}
0 X

2x
d
- tgfwka,x, W@ dy

a o0
= / W (t.x, ) f () dy
0

12((0,00), &) 12((0,00), &)
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N

ot
0

o) 2x
3 9
t— [ Wi, x, y)f(y)dy—tE/W*(t,x, v f(y)dy

X L2((0,00), &)
2

o T
= t&(/-i-/)W)‘(f,X,}/)f(J’)dy
0 2x

Then, by using the Minkowski inequality we obtain that

, X€(0,00).
12((0,00), %)

00 5 2x zdt 1
gh,x(f)(x)—{/ tgfwka,x,y)f(y)dy 7}

0

<(/)2(+7)>\f(y>|{fyt‘%wA
0 2x 0

According to [7, Lemma 8] we have that

00
/13
tl—
at
0

From (31) we deduce that, for every x € (0, 00),

2 2
dt} dy, xe(0,00).

1 vy
2 2 y

prwn O<Y<%7
dt; <C

T, 2X <Yy <oo.

;e
><>'+
=

<

X

O/\fw)\[/’ W(t,x, y)

and, as in the proof of (14) in Section 2,

Z|f<y>|{07t’%w*

Hence, we conclude that

1

2 )2 [ 1F )l
dt} dy < cx* i dy <C|l fllamos -
2x

00 2x 1

2 1
9 dt|?
gn,x(f)(X)-{f tgfwk(t,x,y)f(y)dy 7} € L%°(0, 00),

0
and
[ 2x 2 %
SR de
gh.uf)(x)—[/ tgfw (t.x. ) f(y)dy 7} H <Cllfllamo, -

0

By using again the Minkowski inequality and [7, Lemma 8] we get

00 5 2x Zd % 00 5 ’
t
t— | wh dy| =% — t— -
{/ 8t/ &, x, ) f(y)dy t] {/ T: \/me
0 X 0 %
o0 5 2x 1 ) 2d %
x=y) t
< t— Wh(t,x, y) — e~ 4 dvl =
{0/ 3tx/< Exy) - = )f(y) Y| § }

0o 1
el 1 _(x—y)2 2 :
/If(y)l /t‘a W, x, y) — 4me i )‘ det dy

0

7

1 X
2 2 2 A X
[fDly C
dt} dy <C | =—5—dy< —/\f(y)\dyéCllfIIBMm,
X X
0 0

2 1
de |’
t

321

(33)
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2x
1
C;/If(y)ldyéCllfIIBMm, x € (0, 00).

X
2

Then
oo . 2x 2 . oo 2x . Zd 3
t
t— [ Wi, x, dy| =t — t— — L>(0, 34
{0/ at/ &, x, ) f(y)dy } {0/ BtX/\/4_nt t}e (0, 00) (34)
and
i 2x 2t 3 00 2x . zdt 3
/t—/Wk(t,x,y)f(y)dy - - /t—/ e — < Cll fllsmos - (35)
Jat t t VAt t
0 X 0 % 00
We denote
1
1o 2ar)?
gn(fo)x) = /tﬁwt(fo)(x) R xeR
0
We are going to see that
00 5 2 1 Zd 3
_ t 00
gh(fo)(x)_[[ b JHG 7] € L*(0, 00) (36)
o' 3
and
i 2x zdt 3
gh(fo)(x)_[f t— e —] H < Cll fllgmo.. - (37)
, 3t% VAt t o

Note firstly that according to (16) the Minkowski inequality leads to

00 2x . Zdt 3
gn(fo) () — {/ / el T}
ol 3

-

00 3 00 1 , 2d %
_x= y) &+y)? t
t— —e 4 dy —t— —
{/ 3t/ 471t )f(y) y /\/ f}
0 0
2 ) 5 ; NP 1
x+y)
< t|— e 4 dty d
/!f(y)!{/ ‘ar( = )‘ } y
% 0
5 oo ce 2 3
0 1 x=y? x+y)?
+ + t|— e A& —e A dty d
X

=Ti(H®) +T2(/H)X), x€(0,00). (38)

It is not hard to see that

8 («/1 e,<x+4p2)‘ <che " txye.00)
e x L — , , X, ,00).
at \ /Aant 3

t2

Then
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oo

2 3 2x
1 x+y)% 2
T](f)(x)gcf|f(y)’{ft_2€< ) dt} dy <C |f(}’)|dy
3 0
2

X+y

2
] 2x
C;/‘f(}’)‘d}’SCIIfIIBMO+, x € (0, 00).
0

Also, by using the mean value theorem, we get

‘ 8 ( ] 2 ) (X+y)2 ) ‘
— —e & ]
ot t

4
1 _wp? x—=y)2 _wp? X+ Y)? _erp?
C—~ !e ar | =T e a — e 4
13 at 4t
X X
< t—ge (8{), te (0, oo)and0<y<§,ory>2x (39)

Hence

5 oo ooe_(le{)Z 1 5 oo xy
T2(f)x) < C /+f |f )| xy / g—drp dy<c /+/ If(y)||x_
0 2x 0 0 2x

2 00 1 X oo
Cﬂf(y)’%dy” WZ)' <C—/!f(y)!dy+x/ 'f(i’)ldy,
0 * 2x Y XO > y

and by proceeding as in the proof of (17) we obtain that T2(f)(x) < Clfllamo,,X € (0,00). From (38) we deduce (36)

and (37). By using (33), (35) and (37) we conclude that gy, (f) € BMO4 provided that g,(f,) € BMO(R), and that there
exists C > 0 such that

a

%/gh(fo)(X)dX<C, a € (0, 00).

0

Since f, € BMO(R), gh(f,) € BMO(R) when g,(f,)(x) < o0, a.e. x€ R [17]. Let a > 0. We write f, = f1 + f2 + f3, where

2a
1
f1(x)=%/f(y)dy = f0,200, x€(0,00),
0

F20 = (f® — fo.20)) X0.20)(%),  x € (0,00),
30 = (f® — f0,20) X2a,00(X), X € (0, 00),

and fi(x) = —fi(=x), x€ (—00,0), and i=1,2, 3.
Note that, for each x € (0, 00),

oo

gn(fuyx) = If(o,za)l[/

oo 2

d 1 =2 tp?
t— e~ 44 —e 4 )d
a/ = Jdy
0 0

2 7l s %ﬁ
=_|f(020)|[/ tg/.e_u du
0 0
o0
C||f||BMO+[/.t—e 5
0

Since gy (f1) is even, gy (f1)(X) < Cl fllamo,, x € R. It is well known that g, is a bounded operator from L%(R) into itself.
Then

-

1 0 1
2124t | 2 PO
T = Cll fllamo.. ¢ " dt ¢ < C|lfllamo.. - (40)

0
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a

+00 1 2a 1
/gh(fz)(x)dx<\/a{ f|gh(f2)(x)\ dx} C\/E{/\f(x)—f(o,za)lzdx}
0 —00 0

< Call fllsmo, -

(41)
Hence, since g, (f2)(x) is even, gx(f2)(X) <00, a.e. x € (—a, a)
Finally, by proceeding as in the proof of (17), we obtain
a

a a

r d
[gh(f3)(x)d><=/gh((f—f<0,2a))X(2a,oo))(X)dX<C/></|f()’)-f(o 2a)|—y
0

0
a o0 d a OOd
y Yy
C(/X/|f(}/)|ﬁdx+ If(o,za)lfxfﬁdx) < Cal fllamo. .
0 2x 0 2x

Then, gn(f3)(x) < o0, a.e. x € (—a,a). We conclude that gy(f,)(X) < oo, a.e. x € (—a,a). Hence, since a > 0 is arbitrary
gn(fo)(x) < oo, ae. x € R, and then g, (f,) € BMO(R). Moreover, from (40), (41) and (

42) we obtain that,

(42)

1
E/’«%(fo)(’@’dxgC||f||BMO+, a>0.
0

Thus, we deduce that gy, (f) € BMO4 and || gn 5 (f)llamo,. < Cll fllBmo, -

To analyze the Littlewood-Paley g-function gp ; associated with the Poisson semigroup {P}};~o for the Bessel operator,

t
we can proceed as for the g, case. We compare gp ; with the g-function for the classical Poisson semigroup on R
According to the results established in [6, (2.8) and (2.11)] we can write

1
Zdtz
t

|x— y|2)) % < y <2X7

y > 2x.
Then, by using the Minkowski inequality we get, for every x € (0, 00)

2 1
de|?
t

fooraP%tx) ! )
J 9t X, Y ﬂX{§<y<2x}y(

x—y)2+t2

x~2-1, 0<y<?
<Ca* L y271(1 +log(1 +

—2—1
y )

oo

1 3
gra(H®) — ;{/ t—
0

t
o / mf(}’)dy

o0

00 2 %

{/ f;(/P)"(fXY)f(J/)dy——/mf(Y) Y> ?}

.- !
S/’f(ﬁ’{/‘f%Oﬂ(f’X’Y)—%X{§<y<2x}(ﬁm> %] < ClIfllamoy - (43)

0 0

On the other hand a straightforward manipulation allows us to write, for each x e R

+o0 o0
1 t 1 t t
Pi(fo)(x) = p / mfo(”dy: p ((x—y)z T2 Gry)? +t2>f(Y)dY-
—00 0

We are going to see that

o0

gr(fo)(x) — {[
0

2d 1
t
T} e L*°(0, 00)

t t
;&/mﬂ}’)d}’ (44)
2
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and
00 2 1
LN 45)
gp(fo)(x) — fnat/mf(y) y s < Clfllemo, » (
0 o
where
Il 2ar |’
gr(fo)(x) = /WQEPARM@ T xeR
0
being P; f, as in (22). Indeed, the Minkowski inequality implies, for every x € (0, c0),
00 2 %
w1 [ f——————ﬂw@ a
&r(fo Tot) (x—y)2+e2 t
0
1[rlal 7] t t S 24t
<;[/ ta_[/<(x V22 (X+J/)2+t2>f(y)dy_/(x—y)2+t2f(y)dyj| T]
0 0 2
(Fla ¢ 24t
0l
00 3 2 %
1 t dt
E[/ (/ /)(a—yﬂ+ﬂ u+yﬂ+ﬂ)fwmy'?}
0
1 3 t 240)?
<;/‘f(”‘!/‘fa4<x+y>2+tz ?} W
3 0
2,17
t dt
(f f)|f(5’)|{ ‘m (x— y)2+t2 (x+y)2+t2) T} a. (46)

Moreover, we have that

<c/ e & & X 2%
S X XX "9 - < < )
t G2+ Saryr S 277

0

t
t_i
/‘ ot (x+ y)2 + t2

an
24t
t

t
O/’t ((x—y)2+t2 (x+y)2+t2>

ﬁ
4
<CtiY,
Y
x4
Hence, (46) leads to

o0

2dt :
gﬂnxm—{/ 7]
0

2x 3 o
1 1
C(;/‘f(y)‘dY‘f‘;/’f(J’)’dy-i-X/ lfj(/f”dy) <Clifllamo,. x€(0,00).
5 0 2

Thus (44) and (45) are established. From (43), (44) and (45) we deduce that
g (f) —gp(fo) €L%°(0,00) and | gpi(f) —gp(fo)| o, <ClIlflamo, -

9 2x
t
Ay L Y
Bt/(x—y)z—i-tzf(y) y
2
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To see that gp 3 (f) € BMO, and | lgp »(f)llamo, < Cll fllamo, we can proceed as in the proof of the corresponding property
for gp .
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