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ABSTRACT. Let u be a weak solution of (—A)™wu = f with Dirichlet boundary
conditions in a smooth bounded domain 2 C R".
Then, the main goal of this paper is to prove the following a priori estimate:

lullyy 2 ) < € 12 -

where w is a weight in the Muckenhoupt class Ay.

1. INTRODUCTION

We will use the standard notation for Sobolev spaces and for derivatives, namely,
if  is a multi-index, a = (a1, 02,...,a,) € Z} we denote |a| = Z;Zl a;, D¥ =

Ogt...0g™ and
WEP(Q) = {ve LP(Q) : D e LP(Q) Vla| <k}
For u € WHP(Q), its norm is given by

lullwrni@) = Y 1Dl Lr(e) -
la|<k
We consider the homogeneous problem
(=A)"u=f inQ
(L1) |
(Z)u=0 moQ 0<j<m-—1,

where a% is the normal derivative.
In the classic paper [1], the authors obtained a priori estimates for solutions of

(1.1) for smooth domain 2 given by

[ullwzme@) < CllfllLe) -
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A key tool to prove those estimates was the Calderén-Zygmund theory for singular
integral operators.

On the other hand, after the pioneering work of Muckenhoupt [7], a lot of work on
continuity in weighted norms has been developed. In particular, weighted estimates
for a wide class of singular integral operators has been obtained for weights in the
class of Muckenhoupt A,. Therefore, it is a natural question whether analogous
weighted a priori estimates can be proved for the derivatives of solutions of elliptic
equations.

For the Laplace equation (m = 1), it was proved in [5] that for a weight w

belonging to the Muckenhoupt class A4,

||UHW3’1"(Q) < Clfllze o

on a bounded domain Q with 9Q € C2.
The goal of this paper is to extend the results of [5] for powers of the Laplacian

operator with homogeneous Dirichlet boundary conditions, i.e. it is to prove that

(1.2) [ullyyzmr ) < Cllfllze )

for w € A, where the constant C' depends on 2, m, n and the weight w.

The main ideas for the proof of these estimates are similar to those given in
[5]. However, non trivial technical modifications are needed because, for m > 2,
the Green function is not positive in general and therefore, we cannot apply the

maximum principle.

2. PRELIMINARIES

In what follows we consider the problem (1.1) in a bounded domain € with
0Q € C%+ for n = 2 and 9Q € C5"*+2 for n > 2 (the regularity on the boundary

is necessary in order to use the results of the Green function given in [6]).



The solution of (1.1) is given by

(2.1) u(r) = 5 Gm(z,y) f(y) dy

where Gy, (z,y) is the Green function of the operator (—A)™ in Q which can be

written as
(2.2) Gm(z,y) =T(z —y) + h(z,y)

where I'(x — y) is a fundamental solution and h(z,y) satisfies

(—Am)mh(x,y) =0 z €N
(2) ha,y) = — (Z) T(@—y) 2o 0<j<m—1
for each fixed y € Q.

Then

(2.3) h(z,y) = _2[39 K;(y, P) (aay)jr(P—x) ds

where K (y, P) are the Poisson kernels and dS denotes the surface measure on 052.

We recall that any fundamental solution associated to (1.1) is smooth away from
the origin and it is homogeneous of degree 2m — n if n is odd or if 2m < n and
the logarithmic function appears if n is even and 2m > n. However, in both cases,
under our assumption on the boundary domain, we have the known estimates of
the Green function Gy, (z,y) and the Poisson kernels K;(xz,y). In what follows the

letter C will denote a generic constant not necessarily the same at each occurrence.

(2.4) |DSG(z,y)| < C for |a] < 2m —n,
2di Q
(2.5) |DSG (2, y)| < C log <c|lzam(|)> for |a] = 2m —n,
r—=y
(2.6) |DEGon (z,9)] < Clz —yPm 1ol for || > 2m —n,

(2.7) DG G (2, y)| < C

min{l, dy) } for |a| = 2m,
|z =yl

|z —y[”
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d(z)™

(2.8) |Kj(x,y)] < CW

for0<j<m-—1,
where d(z) := dist(x,99Q) (see [6] for (2.4), (2.5) and (2.6) and [4] for (2.7) and
(2.8)).

3. THE ESTIMATES FOR THE DERIVATIVES OF u

In this section we state pointwise estimates for the first 2m — 1 derivatives of
the function v and a weak estimate for the 2m derivative. These estimates will be
allow to proof the main result of this work.

Lemma 3.1. Let u(x) be the solution of (1.1). Then, for |a| < 2m — 1 we have
|DZu(x)| < CMf(x),

where M f(x) is the usual Hardy- Littlewood maximal function of f.

Proof':

| Dy u()|

IN

/Q DG, 9)| |1 (4) | dy

IN

¢ [ ML ay < s
Qlr—yl

by (2.4),if 2m —n+1 < |a| < 2m — 1 and by (2.5) and (2.6), if |a| < 2m —n.

(I

Proposition 3.2. Given two measurable functions f and g in Q, for |a| = 2m we

have that

[ 102Gt f) a(@)ldydo < € ( | Mr@ la@lde+ [ o) 11) dy) ,
where D := {(x,y) € A x Q : |z —y| > d(z)}.

Proof: We write D = D, U Dy, where

Dy ={(z,y) € D:d(y) <2d(x)} and Ds={(x,y)€ D:d(y)>2d(z)}.



Then, using (2.7) we have

o d(y)™
L1056t fa@layds < [ RO 1) lo(o)] dyda
d(x)™
<o/ | e 1Pl () dy d
(3.1) o [ R W) dyde = 1+ 11

Calling Qi (x) = {z € Q : 2%d(z) < |z — 2| < 2¥1d(x)},

d m
/Dlm(%nf(yﬂg(xﬂdydx < /Qk 1/Qk(x) \x7y|"+1| ()| dy|g(z)| dz
= [ A@ @) s
Q
with
3 d@)
A )| d C =-C )
() < 1;/{1 J<atrayy [T — g |f(y)]dy < Z Mf(x M f()

In order to estimate the term II in (3.1), we first observe that for (z,y) € Do,

we have that |z — y| > 1 d(y). Then

_dly)
C d p
Qi 1/Qk L T — gt lg(x)] dz | f(y)| dy

IN

L
/D2 |z — y[rtm |f(W)l1g(x)| dyd

- / B)|f(y)|dy
Q

and therefore, by the same arguments used before we have that
B(y) < CMg(y)

and the Proposition is proved.
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In order to see how to estimate in Q \ D, we consider separately the function h

and I' involved in G,,.

Proposition 3.3. If || > 2m — n + 1, there exists a constant C' such that

(3.2) |Dh(z,y)| < C d(z)2m—"l

for |z — y| < d(x).

Proof: In view of (2.3) we must find estimates for Dg(%)jF(P —z) and K;(y, P).
From the general properties of the fundamental solution I'(z — y) we have that

0

a—)jI‘(P —z)| <C|P —gmnrlal=d
14

(3.3) Dz (
for |a] +j > 2m —n+1, and for 0 < j < m — 1, by (2.8) we have that

d(y)™
(3.4) |K;(y, P)| < CW

for y € Q and P € 09.
Then by (3.3), (3.4) and the fact that if | — y| < d(x) then d(y) < 2d(x), we

have for |a|+j>2m —n+1

D%h < _dW)™  p_ emenlal-ig
el = 0% [ o s

IA

2m n—|o|
catapmr e S [ e .

In order to see that each integral is finite we write Q2 = Fy U Fy, with
Fi={PecdQ:|Py—P|>2d(y)} and Fo={PedQ:|Py— P|<2d(y)},

where Py € 99 is that |y — Py| = d(y). And now, the convergence of these integrals

follow in a standard way.
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It follows from the previous Proposition that for each z € Q and |a| > 2m—n—+1

we have that DYh(x,y) is bounded uniformly in a neighborhood of = and so

(35 D2 [ heaw) f0)dy = [ Db,y ) do
On the other hand, although DST is a singular kernel for |a| = 2m, taking (

such that 3; = o; — 1 and B; = «; if j # ¢, we have that

(36) D, [ DIV =) S0 dy = Kf(@) + o) f(2)
where c¢ is a bounded function and K is a Calder6on - Zygmund operator given by
(37  Kf(e)=lim K f(z), with Kf(z) =/ DEl(z —y) f(y) dy.

“ |z—y|>e

We will also make use of the maximal operator K f(z) = SUP.sq | Kcf(x)]. Here
and in what follows we consider f defined in R™ extending the original f by zero.

Now we are in conditions to give the following estimate:

Theorem 3.4. Given g a measurable function and |a| = 2m. Then there exists a

constant C' depending only on n, m and Q such that, for any x € €,

/Q Do) g(a) dz < o( /Q R () lga)) de + /QMf(x) l9(2)] de

+ [ gl [ |f<x>|g<x>dx).

Proof: Using the representation formula for u, by (3.5), (3.6) and (3.7) we have

that

Dgu(z) = lim DIT(x —y) fy) dy + c(z) f (=)

=0 Jec|z—y|<d(x)

+ / DEh(a.y) f(y) dy + / DG, y) f(y) dy
|lz—y|<d(x) |z—y|>d(x)

(3.8) = I+ IT+IIT+1V.
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By the results given above, for I, II and II] we have pointwise estimates, and

obtain ( in the same way that in [5]) that
[T+ 11+ 111 < C (R f(2) + |/ (@)] + M f(2)).

However, for IV we have just a weak estimate. Indeed, for the Proposition 3.2

we have

[l < c( JRECICIEEE Mg(y)lf(y)ldy>

and the Theorem is proved.

4. MAIN RESULT

We can now state and prove our main result. First we recall the definition of
the A, class for 1 < p < co. A non-negative locally integrable function w belongs

to A, if there exists a constant C such that

(@2' /Q (@) dac) (@ /Q w(x)w””dx)p_léc

for all cube @ C R™.
For any weight w, LP(Q) is the space of measurable functions f defined in €

such that

1fllzz) = (/Q |f(@)|P w(z) dw)l/p < o0

and W¥P(Q) is the space of functions such that

1/p

Hf”vvjjm(m = Z HDQJC”I[J&(Q) < 00.
lo|<k

Theorem 4.1. Let Q C R"™ be a bounded domain such that O is of class C™+4

forn =2 and 09 is of class C5™*2 forn > 2. Ifw € A,, f € LP(Q) and u a weak
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solution of (1.1), then there exists a constant C depending only on n, m, w and €

such that

lullyzms g < C l1fllzg -

Proof: Since M is a bounded operator in L2 (2), by Lemma 3.1 it follows that
> IDgullrs ) < Cllfllz -
la|<2m—1

Therefore, it only remains to estimate || Dgul| .z ) for |af = 2m.

Let w € A, and g(z) := (D%u(x))P~! w(x). By Theorem 3.4 we see that

x

/Q D2 ()P w(z) da /Q DSu(x)) g(x) de

IN

c ( [ Bt@lg@lde+ [ MG o)l do

(4.1) s [ gl [ f<x>||g<x>|d:c>.

Since K and M are bounded operators in L? (), applying the Holder inequality,

it follows that

K f(x )| dx K f(x T ! w(z)/? dz
| Rr@ls@ide = [ Ri) o] < @'

w(z)

1/q
iz ([ oo )

IA
o

(4.2)

IN

1,1
Where5+5f1.

In the same way, we obtain that

q 1 1/4
4 [ @l <l ([ o - d)
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and

@ [ 1@l < 1l ( Lo~ dx)l/q.

For the last term in (4.1), taking into account that w™%/? € A,, we have that

1 1/q
(4.5) /QMg(y)lf(y)ldy < Az </QMg(y)qw(y)q/pdy)

1/q
< |fllzz @) </ lg(x q/pd$> .

Then, by (4.2), (4.3), (4.4) and (4.5)we have

1 1/q
IDzulln@ < Clflezw (/ lo( )q/pdx> .

By the definition of g(z),

1/q H 1/q
— @ p—1)g
(/ lg(x q/pdx> = </|D ul w(x)? ()q/pdx)
1/q
(/ |Dgu|Pw(x)dx> = [ Dgulye,-
Q

Then we obtain
(4.6) 1D ull% ) < ClF iz IDullfh,

and the Theorem is proved for u € W2™P(Q).

Finally, we will show that the weak solutio u of (1.1) belong to W2™P(Q) :

We have that (—A)™u = f, with f € LP (), then there exists a sequence
fr € C°(R™) such that klir{:o fi = fin LP(Q) [3].

For each k, there exists u, € C°(2) satisfying

(7A)muk = fk in

(a%)jukzO nd 0<j<m-—1.
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It is easily to see, from Lemma 3.1 that up, € W2m~1P(Q), and obviously us, €

W22 (). Moreover for all compact set K C €, we have

w, loc
HUkHWgWP(K) < C(K),

where C'(K) is a constant depending on the measure of K. Indeed, taking vy = uge
with ¢ € C§°(K), it follows that vy, € W2™P(Q), satisfies (1.1) with f = g, €
LP (), and we can use (4.6).

Then, it follows by the dominated convergence theorem that uy € W2 (2) and

applying (4.6), we have that

[unllwzmr ) < CllfkllLz@).

Therefore, {uy} is a Cauchy sequence in W2™P(Q) and there exists v € W2™P(Q)
such that klii{.lo u = v in W2mP(Q). Let see now that v solves (1.1).

Obviously, f = klggo fr = klirgo(—A)muk = (—=A)™v in LP () and by the classi-
cal trace theorems in Sobolev spaces and the definition of w € A4,, it follows that v

satisfies the homogeneous boundary conditions and by uniqueness of the solution,

the Theorem is proved.

O
Remark 4.2. The result of Theorem 4.1 is valid also for u a weak solution of
Lu=f in
Biu=0 indQd 0<j<m-1
when £ := 37, <5, @a(z) D is uniformly elliptic and B; := 3~ |, <, bj.a(2) D%,

0 < j <m—1 are the boundary operators defined in [1].

Indeed, we define [; > max;(2m—m;) and Iy = max;(2m—m;). If the coefficients
an € CHHL(Q), bj, € CLFL(O0) and 0Q € Ch1+2mF! we have that the Green
function G, and the Poisson kernels K; for 0 < j < m — 1 exist whenever [; >

2(lp+1) fornz?andll>%loforn23.
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Moreover, wherever they are defined, the Green function and the Poisson kernels
of the operator £ with these boundary conditions satisfy the estimates (2.4), (2.5),

(2.6), (2.7) and (2.8) (see [4] and [6]).

Remark 4.3. Using the fact that d(z)? € A, for —1 < 8 < p — 1 and generalizing
the classical imbedding Theorems of Sobolev spaces to weighted Sobolev spaces (as
we have done in [5] , Theorem 3.4 ) we have as a consequence of the main result:

Under the hypotheses of Theorem 4.1 with w = d7, where v = k8, k € N and
0<p<1 Ifo<y<p-—1land 1/p—1/¢ <2m/(n+k) (with ¢ < co when
2mp = n + k), then there exists a constant C' depending only on 7 , p, ¢, n and 2

such that

(4.7) lullzs, @) < ClIfllce, -

Finally, as a particular case of (4.7) taking v = m we have that

lullze,, @) < ClIfllee,.
forp>m+1and 1/p—1/¢ < 2m/(n+m) ( with ¢ < oo when 2mp = n + m).
This result is proved in [4] using different arguments for the case 1/p — 1/¢q <
2m/(n + m) Our results shows that, at least in the case p > m + 1, the estimate

remains valid when 1/p —1/¢ = 2m/(n + m)
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