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Abstract Two forced vibrations problems are fundamental from academic and technological
viewpoints; the suddenly applied constant-value force, and the situation where a sinusoidally varying
excitation acts on the system. It is shown that both problems are particular cases of a more general
excitation. The resonance stage is studied in detail.
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Introduction

Consider a system with one degree of freedom subjected to a forced excitation:
FO)=F t>0

or
F)=Fcosat t>0 0#wm,=k/M

It is of interest that both cases are particular instances of the more general case:
F(t) = Fye™ cos ot

where ¢ is a real number. For the former case one has o= @ = 0 and for the latter
case o= 0.

When o and w are not zero, no resonance occurs, as shown below. The approach
is quite general and it may readily be extended to the case of viscous damping. It
must be emphasized that the more general type of excitation described above cor-
responds, approximately, to the starting or stopping conditions for certain lathes and
other machine-shop equipment, as has been determined experimentally by the
authors.

General solution
Consider the problem

MX + kx = Fye™ cos ot (D
subject to the intial conditions

x(0)=x(0)=0 @
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The consideration of more general initial conditions does not introduce any formal

difficulties.
From equation 1 one obtains:

.. F
i+wix= Me‘” cosat = Fje® cos ot

The particular solution of equation 3 is of the type:
x = Ae” coswt + Be” sin ot

and substituting in equation 3 results in:

e” coswi|A(ar® — @) +2Baw]+e” sinwt[B(a® - 0?) - 2A0w]

+m2Ae” coswt + w2 Be® sinwt = Fje™ cos wt

Equating coefficients of similar terms one obtains:
Alo? —0* +w?)+2Bow = Fy
—2A0w+B(a? -0 +w})=0

which leads to:

A—F" a’ -0’ +w?
M (@® - 0* +02)’ +40°0?
K 200

B=—

M (0 - 0* +02) +40°0?
Accordingly, the general solution to equation 3 is:
x(®)=C cosw,t+ C, sinw,t+ Ae™ cos wr + Be™ sin ot
Since
x(0)=0=C,+A
Applying the second initial condition results in:
x(0)=0=C,w, +Axx+ Bw
Then

Ao+ Bw
C,=———
w,

Finally one has:

Ao+ Bw

x(t) =—Acosw,t ——sinw,t + Ae™ cos wt + Be” sin wt

n
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Particular situations

Case  a=w=0
Replacing in equation 7 one has:

A_Fowﬁ F 1

S L 12
M ow! M o} (122)
B=0 (12b)
From equations 11 and 12:
kK 1 K1 K1 Fy
t)=———cosW,t+——=——>(—-cosw,t) =— (1 —cosw,t 13
x(1) s T ng( )= ) (13)
Case ll: =0; # w,
One has now:
F -0*+o; F 1 F 1 F 1
A=— F= = r=—" r o (4o
M (-0’ +w}) Mo;-0> Mo, R k (@
@, w,
B=0 (14b)
From equations 11 and 14 one obtains:
F 1 F 1 F Wt —cos W, t
x(t)=——0—zcoswnt+—°—zcoswt=—ou (15)
k ) k ) k 0]
- — 1-| — - —
W, W, W,
Caselll: a=0;, ® — w,
Equation 15 is now indeterminate and the L’Hospital theorem yields:
F, —tsinwt F tsinw,t 1 F .
()=t =——F—=——0,Isinw,t
k _2(60)1 ko2 2k
®, )0, O @,
LRy kt in@,t L & 1sin@,t 16
=—— |[—tsinw,t=— sinw,
2 k\M 2 VkM (16)

General situation
One immediately deduces from equations 7 and 11 that when « # O the resonance
phenomenon, as it is classically understood, does not appear.

If o = w one obtains:

K o,

= 17
M o} +4w* (172)
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F, 20°
B=——1—— 17b
M 0! +40* (170)
If, in equation 17, one makes v = v,, one obtains:
F, o} 1K
_h o ; -0 (13a)
M Sw, 5k
2K 1 2K
B=->2—===2 (18b)
SMw, 5k

Concluding remarks

As shown in equation 16 (case III), when the applied load possesses constant ampli-
tude but varies sinusoidally, the response is amplified (over time) as the external
frequency approaches the natural frequency of the mechanical system. This is the
classical case of resonance.

One the other hand, when one deals with a step loading (case I) the response is
amplified by the factor (1 — cos @, f) and the maximum value of the amplification
factor is 2 (t = Ww,).

Finally, for the general situation where o # 0, the response is given by equation
11, where A and B are defined in equation 7. As the time increases the amplitude
also increases for o > 0 in an indefinite fashion. When « is negative, equation 11
yields as a limiting, functional value:

Ao+Bo .
x(t) =—Acos®,t ———sin W, t

When @ = o, it can be shown that A and B acquire definite, finite values (see equa-
tion 7).
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