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Abstract
We have studied the influence of initial state distortion in a single ionization
by ion impact. We have taken a continuum distorted wave type distortion
and by taking up to the first order in its asymptotic series expansion we build
an eikonal-spherical distortion. In this way the influence of each term in the
transition amplitude can be stated. This approximation can be considered
an intermediate one between the eikonal initial state and the continuum
distorted wave approaches for initial state distortion. We have computed
doubly differential cross sections for helium ionization by protons and highly
charged ions at high and intermediate impact energy. We have also discussed
the contribution of the different terms in electron energy spectra, specially in
the vicinity of ECC peak. Very good agreement is found with the available
experimental data.

1. Introduction

The simplest model for single ionization process by ion impact involves a three particle system
interacting through long range Coulomb potentials.

If intermediate to high energy ion–atom ionization is considered, the classical nature
of the projectile and target nuclei can be safely assumed. This leaves us with the quantum
motion of the active electron in the combined potential of two Coulomb centres in relative
motion. The choice for the electron wavefunction associated with this motion is one of the
main challenges for the evaluation of transition amplitudes at intermediate and high collision
energies (McDowell and Coleman 1970).

Approximate wavefunctions for the continuum final state are usually obtained from
the asymptotic condition in the �0 region where the three particles are far away from
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one another. For three particles interacting through long range Coulomb potentials, the
wavefunction is given as a product of plane waves and eikonal distortion factors (Rosenberg
1973). Distorted wave methods for collision processes make use of such wavefunctions so
that the perturbation potential responsible for the electronic transition is a short range potential
for which perturbative methods can be safely applied.

At intermediate and high energies, distorted wave theories have been used for the last
25 years. They provide a good overall picture for the ionization process in the presence
of Coulomb potentials. Among these, continuum distorted wave (CDW) theory (Belkić
1978) and the continuum distorted wave–eikonal initial state (CDW-EIS) approximation
(Crothers and McCann 1983) have probably been the most widely employed. In these
models the Coulomb distortion in the electron–projectile coordinate is represented in the
initial state by a Kummer type function and its asymptotic eikonal phase, respectively. In
both cases, the final state wavefunction is written as the product of three two-body Coulomb
wavefunctions, each corresponding to one interparticle relative position in the two-body energy
shell.

Trying to describe the behaviour in the asymptotic regions �ij , where two of the particles
are close to one another and the third one is located far away, several authors have studied
and analysed the effect of the distortion in the final state (Kunikeev 1998, 1999). In
these works, three body wavefunctions have been proposed in which the electron–target
nucleus relative momentum is dependent on the position (or momentum) of the impinging
projectile. The calculation of transition amplitudes with these kinds of functions is not an
easy task because it involves a six-dimensional coupled integral (Alt and Mukhamedzhanov
1993, Berakdar 1996). Moreover, if one has to evaluate doubly differential cross
sections (DDCS), two additional integrals are needed, with the corresponding computational
cost.

Our group has developed several approaches to take into account the correlation effects
in the electronic final wavefunctions (Gasaneo et al 1997, Colavecchia et al 1998). When
the same approach is used for the initial state, it leads to a picture in which the electronic
state becomes metastable due to the presence of the incident projectile (Garibotti et al 2000,
Ciappina et al 2002). We have also analysed the sensibility of the transition amplitude to the
final and initial states for different versions (post and prior) finding that the post version is
less sensitive to the final wavefunction (Ciappina et al 2003). Jones and Madison (2000) have
studied the influence of the initial state wavefunctions for ionization of hydrogen atoms by
fast electrons. They have demonstrated the importance of the initial two centre effect in the
proper description of collision dynamics and proposed an initial two centre wavefunction that
takes into account electron correlation effects.

The CDW approximation is known to give better results for highly charged ions than
CDW-EIS (Gulyás and Fainstein 1998). However, the lack of proper normalization associated
with CDW initial state leads to a large overestimation of experimental data at intermediate
energies and large projectile charge (Crothers 1982), and in this approximation it is not
easy to identify the different physical mechanisms implicit in the full CDW distortion. In
this paper, we analyse the entrance channel distortion by expanding it in an asymptotic
series expansion. Our aim is to understand the physical picture provided by the different
series terms. In this way it may be possible to suggest a way to improve the distortion, in
particular, for highly charged projectiles. The paper is organized as follows: in section 2 we
describe the theoretical framework. In section 3, we calculate DDCS using this approximation
and compare the obtained results with other distorted wave methods and the experimental
data. Finally we state our main conclusions. We use atomic units unless otherwise
stated.
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2. Theory

DDCSs for ionization are defined in the impact parameter approximation by

d2σ

dE d�
=

∫
|ai,f (b)|2 db (1)

where b is the projectile impact parameter. The transition amplitude ai,f (b) is given in the
post version by

ai,f (b) = −i
∫ +∞

−∞
dt

〈
�−

f

∣∣ (Hel − i
∂
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)† ∣∣�+
i

〉
(2)

where �+
i represents the exact solution wavefunction for Hel with initial conditions

lim
t→−∞ �+

i = �+
i . (3)

In the same way, we define the prior transition amplitude as

ai,f (b) = −i
∫ +∞

−∞
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with �−
f being the exact solution wavefunction for Hel with final conditions

lim
t→+∞ �−

f = �−
f . (5)

As for the electronic Hamiltonian Hel , it reads

Hel = −1

2
∇2

r + VT (rT ) − ZP

rP

+
ZP ZT

R
. (6)

For hydrogenic targets we have

VT = −ZT

rT

(7)

whereas for multielectronic targets we have to use model potentials (HF) or Coulomb potentials
with effective charges to take into account the passive electron screening. In using distorted
wave methods, we use the long range distortion potential to solve a part of the total Hamiltonian
exactly, so that the potential we left as perturbation is a short range potential where a rapid
convergence of the perturbative approach can be achieved (Dodd and Greider 1966).

The usual procedure is to define distortion potentials Ui and Uf , such that

Hel = Hi + Ui + Wi (8)

and

Hel = Hf + Uf + Wf (9)

and find distorted wavefunctions that verify(
Hi + Ui − i

∂

∂t

)
χ+

i = 0 (10)

and (
Hf + Uf − i

∂

∂t

)
χ−

f = 0 (11)

respectively. Then we find the transition amplitudes in the distorted wave approximation
(DW), in its post

a+DW
i,f (b) = −i

∫ +∞

−∞
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and prior versions

a−DW
i,f (b) = −i

∫ +∞

−∞
dt

〈
�−

f
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∣∣χ+
i

〉
. (13)

Selecting different wavefunctions and distortion potentials several approximations are obtained
for the transition amplitude.

For the final state we will use the CDW approximation

χ−CDW
f = B1�−

f × L−CDW
f (14)

with distortion

L−CDW
f = exp

(
−i

ZP ZT

vP

ln
(
vP R + v2

P t
))

N∗(ζ )1F1(−iζ ; 1;−ikP rP − ikP rP ) (15)

whereas for the final perturbation potential we have

WCDW
f χCDW

f = B1�−
f

( �∇rT
ln1 F1(−iξ ; 1;−ikT rT − kT rT ) · �∇rP

L−CDW
f

)
.

B1�+
i and B1�−

f are the usual first Born approximation (FBA) wavefunctions for the initial

and final states, respectively, with ζ = ZP

kP
and ξ = ZT

kT
being the Sommerfeld parameters.

For the initial state, CDW approximation is defined by

χ+CDW
i = B1�+

i × L+CDW
i (16)

with

L+CDW
i = N(ν)1F1(iν; 1; ivP rP + ivP rP ) (17)

ν = ZP

vP

(18)

where the perturbation potential is defined by

WCDW
i χ+CDW

i = B1�+
i

( �∇rT
ln ϕ(rT ) · �∇rP

L+CDW
i

)
. (19)

Let us rewrite the distortion using parabolic coordinates

ηP = rP + v̂P · rP .

So that the initial distortion can be written as

L+CDW
i = N(ν)1F1(iν; 1; ivP ηP ) (20)

where 1F1 is the usual confluent hypergeometric function (Abramowitz and Stegun 1965).
Now if we take its asymptotic series expansion and keep up to first order, we get

L+SEIS
i = e(−iν ln vP ηP ) − i

�(1 − iν)

�(iν)
e(ivP ηP ) e(−(1−iν) ln vP ηP ). (21)

Here we see that the electron projectile distortion in this approximation amounts to a no-
scattering eikonal term (the same distortion used in the CDW-EIS approximation) plus a
spherical wave term which takes into account a single Coulomb scattering event. In the next
section, we will use this eikonal spherical wave distortion within a CDW-type approximation
for the calculation of helium ionization by ion impact.
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3. Cross sections

Let us incorporate the distortion derived in the previous section in a CDW-type theory in its
post version, i.e.,

T SEIS
if = 〈

χ−
f

∣∣V CDW
f

∣∣χ+SEIS
i

〉
(22)

where V CDW
f is the usual non-orthogonal electronic kinetic energy, and

χ+SEIS
i = B1�+

i × L+SEIS
i . (23)

After the usual factorization, one ends with the product of an integral in the electron–target
coordinate, which is identical to the corresponding one in the CDW-EIS approximation, and
an integral in the electron–projectile coordinate, i.e.

Tif = JT · JP

with

JT = 〈χT |∇rT
|ϕi〉 JP = 〈χP |∇rP

|EvP 〉 + 〈χP |∇rP
|E ′vP 〉

where

EvP (rP ) = e(−iν ln vP ηP ) E ′vP (rP ) = e(−(1−iν) ln vP ηP ).

DDCSs in the electron energy and emission angle are as usual given by

d2σ

dE d�
= (2π)4 kT

v

∫
|Tif |2 d�P .

As we are interested in looking for different contributions to the cross section due to each part
of the electron–projectile distortion, we write |Tif |2 as

|Tif |2 = ∣∣T EIS
if

∣∣2
+

∣∣T SPH
if

∣∣2
+ 2 Re T EIS

if · (
T SPH

if

)∗
.

So basically we get this new approximation by adding to the CDW-EIS transition amplitude a
term that corresponds to the eikonal spherical wave distortion, i.e. T SPH

if . We name this theory
CDW-SEIS (continuum distorted wave–spherical eikonal initial state). In the next section we
show the results obtained for ion-impact ionization of helium using this approximation.

4. Results

We have performed DDCS calculations for helium single ionization with the theory outlined
in the previous sections. In all our calculations we have employed Roothan–Hartree–Fock
wavefunctions for the helium target initial bound state (Clemente and Roetti 1974). In figure 1,
results for helium ionization by 1 MeV amu−1 H+ and F9+ impact are displayed (Lee et al
1990). Very good agreement is found for the CDW-SEIS approximation, particularly for
the highly charged F9+ projectile. Since CDW-SEIS can be thought of as an intermediate
approximation between CDW and CDW-EIS, this behaviour could be expected, since pure
CDW calculations also show a generally better behaviour as the projectile charge increases
(Gulyás and Fainstein 1998). These results may suggest that a two-term expansion for the
CDW distortion could be enough to retain its behaviour. Figure 2 shows similar calculations
at intermediate energy, also showing a very good agreement (Bernardi et al 1989). Angular
calculations (figures 3 and 4) (Stolterfoht et al 1995) also show an overall better agreement
with experiments than CDW-EIS.
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Figure 1. DDCS for single ionization of helium by 1.5 MeV amu−1 H+ and F+9 impact in the
forward direction. CDW-SEIS, full curve; CDW-EIS, dashed curve; experimental data (Lee et al
1990), solid circles.
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Figure 2. DDCS for single ionization of helium by 100 keV amu−1 H+ impact in the forward
direction. CDW-SEIS, full curve; CDW-EIS, dashed curve; experimental data (Bernardi et al
1989), circles.

Unlike pure CDW calculations, with CDW-SEIS the influence of the different terms in
the distortion expansion can be studied. Figures 5 and 6 show the different contributions to
the cross section from the different terms. It can be seen that the relative contributions change
rather abruptly at the projectile velocity for forward emission. At emission velocities greater
than vP , CDW-EIS calculations (i.e. the first term in our expansion) seem to be enough to
describe the experimental data. In fact, the simple Coulomb Born approximation is also a good
approximation here, which is reasonable given that the binary encounter (BE) and the electron
capture to continuum (ECC) mechanisms are essentially independent. However, the so-called
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Figure 3. DDCS for single ionization of helium by 1 MeV amu−1 H+ impact, for 20◦ and 160◦
emission angle. CDW-SEIS, full curve; CDW-EIS, dashed curve; experimental data (Stolterfoht
et al 1995), circles.
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Figure 4. Same as in figure 3, for 1 MeV amu−1 O8+.

two centre ridge between the ECC and the soft electron (SE) peaks is not so easy to describe,
suggesting a complicated mechanism of emission (Pedersen et al 1990). Miraglia and Macek
(1991) also got good agreement in this region with the impulse approximation (IA) by changing
the initial projectile–electron distortion. On the other hand, it is symptomatic that by refining
the final state (Colavecchia et al 1998) no equivalent improvement has been achieved. Within
the CDW-SEIS approximation, it is in this region that the spherical eikonal term becomes
more important. As projectile charge increases, the spherical eikonal term becomes almost
dominant and explains the agreement between CDW-SEIS and data for emission velocities
lower than vP . While the physical picture is far from complete, the obtained results suggest,
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Figure 5. Contribution to DDCS for the different terms of CDW-SEIS theory for 1.5 MeV amu−1

H+ impinging over He in the forward direction. CDW-SEIS (all terms), full curve; CDW-EIS term,
dotted curve; spherical wave term, dashed curve. The arrow indicates the position of the ECC
divergence.
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Figure 6. Same as in figure 5, for 1.5 MeV amu−1 F9+.

in our opinion, that a different mechanism for the emission of the ionized electron may be
important for that lower energy region.

If we see the collision event from the projectile reference frame, we can see the target
active electron impinging the incident projectile. The long range nature of the projectile–
electron potential implies an infinite number of collisions off the projectile. Even when there
is not a one-to-one relation between these scattering events and the different terms in the
distortion expansion, certainly the spherical-eikonal term takes into account at least one of
these scattering events. When the transition amplitude is calculated, the term corresponding
to the spherical eikonal term is to be added to the no-scattering one (CDW-EIS). Small
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impact parameters with higher momentum transfer collisions dominate for electrons ejected
with velocities higher than the projectile, and therefore single binary encounter mechanisms
prevail. In this region, the term corresponding to no-scattering in the initial state (CDW-EIS)
suffices to explain the experimental results. On the other hand, the spherical-eikonal term is
expected to become increasingly important for a large impact parameter and a low momentum
transfer. This is the case for electrons ejected in the forward direction with velocities lower
than the projectile’s.

5. Conclusions

We have studied the influence of initial state distortion in a single ionization by ion impact. We
have considered a continuum distorted wave type distortion and by taking a first order in its
series expansion we have built an eikonal-spherical distortion. In this way the influence of each
term can be stated. This approximation can be considered as an intermediate one between
CDW-EIS and the pure CDW approaches for initial state distortion. We have computed
DDCSs for helium ionization by protons and highly charged ions at high and intermediate
impact energy. Very good agreement is found with the available experimental data. By writing
the distortion as an asymptotic expansion, it was possible to establish the relative importance
of the different terms. While it is necessary to carry out more detailed analysis on the role
that various emission mechanisms play in the different expansion terms, it certainly looks as
if a two term expansion is enough to retain much of the full CDW distortion behaviour. We
have found that zero scattering and single scattering orders contribute differently in different
emission regimes. The single scattering term is particularly important for low energy and the
forward direction.
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