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Abstract

Quintessence and k-essence have been proposed as candidates for the dark energy component of the universe that would b
responsible of the currently observed accelerated expansion. In this Letter we investigate the degree of resemblance between
those two theoretical setups, and find that every quintessence model can be viewed as a k-essence model generated by a kineti
linear function. In addition, we show the true effects of k-essence begin at second order in the expansion of the kinetic function
in powers of the kinetic energy.

0 2005 Elsevier B.V. All rights reserved.

1. Introduction verse correspond to dark energy. Among several oth-
ers, scalar field models have been proposed as candi-
dates for dark energy, and have therefore received sig-
nificant attention. Simplicity and economy has made
researchers focus mainly on single field cases, which
fall into two classes: quintessence models (@dor
early papers) and k-essence modais7] (the precur-
sor of the concept of k-essence was k-inflatj8i).
The difference between those two setups is that k-
essence cosmologies, unlike quintessence ones, are
derived form Lagrangians with noncanonical kine-
matic terms. More specifically, given that the equa-
_— tions of motion in all classical theories seem to be of
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Observations indicate that type la high redshift su-
pernovae (SNIa) are dimmer than expedtddand the
mainstream interpretation of this result is that the uni-
verse is currently undergoing accelerated expansion
driven by dark energy with negative pressure. Fur-
ther observations, like those of the Cosmic Microwave
Background (CMB) or Large Scale structures (LSS),
suggest that two thirds of the energy density of the uni-

0370-2693/$ — see front mattér 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.physleth.2005.10.011


http://www.elsevier.com/locate/physletb
mailto:juanmari.aguirregabiria@ehu.es
mailto:chimento@df.uba.ar
mailto:ruth.lazkoz@ehu.es
http://dx.doi.org/10.1016/j.physletb.2005.10.011

94

Any suitable quintessence or k-essence model
should provide a satisfactory explanation to the cosmic
coincidence problem (why the dark energy component
universe dominates only recently over the dark matter
one). One can devise situations with scalar fields with
potentials that go to zero asymptotically. These can
have cosmologically interesting properties, including
“tracking” behavior that makes the current energy den-
sity largely independent of the initial conditions, but
unfortunately the era in which the scalar field begins
to dominate can only be set by fine-tuning the para-
meters in the theory. A possible remedy is to consider
a dissipative matter component interacting with dark
energy[9]. However, in k-essence models the solution
seems not to require the consideration of dissipation.
Even for potentials that are not shallow, the nonlin-
ear kinetic terms lead to dynamical attractor behavior
that permits the avoidance of the cosmic coincidence
problem.
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In this Letter we contribute to gaining more insight
on the degree of resemblance between quintessence
and k-essence by extending the results presenté&dl in
to quintessence driven by an arbitrary potential. First,
in Section2 we consider the case of a Friedmann—
Robertson—Walker geometry and homogeneous fields,
and find which is the structure of the kinetic func-
tion of the k-essence models which can be viewed
as kinematically equivalent quintessence models, that
is, as having the same geometry. This is done by im-
posing the validity of this equivalence for whichever
quintessence and k-essence field, which means nei-
ther the quintessence nor the k-essence field depend on
their derivative. Then, in Sectio8, starting from the
knowledge gained in the simple homogeneous case,
we study the situation for arbitrary spacetimes and
inhomogeneous fields, and demonstrate that if the ki-
netic function has the same structure as in the earlier
case then the identification follows as well. Finally, in

Quintessence cosmologies have been exhaustivelySection4 we summarize our main results. Our find-

tested using CMB and SNla data mainly. This has
resulted in constraints on the allowed shape of the
guintessence potential. Ifil0] it was found that
Wilkinson Microwave Anisotropy Probe (WMAP)
data alone constrain the equation of state of tracking
dark energy to be/p < —0.67 (in compatibility with

the bound given iM11]); this result implies for an
inverse law potential an exponent smaller tha®90
Other works devoted to the same issue [d@ and
[13], although they use the valuable but less refined
BOOMERANG data set.

ings suggest that the debate of whether to opt for
guintessence or k-essence should rather be reformu-
lated in terms of which is the most convenient type of
k-essence.

2. ldentification arising from geometry

A possible way to compare quintessence and k-
essence is through observations. As discussed in

As far as k-essence models are concerned, the[14], in order to fit the supernova data with a given

works which deal with observations and k-essence
from a general perspective are just a fg,15] In

quintessence or k-essence model, a choice of a model-
independent fitting function for the apparent magni-

Ref. [14] it is suggested that supernovae data alone tude m(z) must be done. It turns out that the fitting
would not be able to distinguish between k-essence function with the best fit is derived using an expan-

and quintessence. Besides]@j it was discussed the

sion of the equation of state paramei€t) in powers

correspondence between quintessence governed by &f z, i.e., only kinematical aspects (the geometry) of
exponential potential and k-essence with a linear ki- the problem are taken into account, and the outcome
netic functionF driven by an inverse square potential. is an ambiguity that makes it impossible two distin-
In that reference it was imposed that the geometry guish between the two theories. Nevertheles$14]
generated by quintessence and k-essence be the samite remark is made that since the speed of sound of
(identical scale factor) together with the same require- k-essence is not unity as in quintessence models per-
ment on the potential (specifically, that the potentials haps an analysis using CMB data would be able to
driving quintessence and k-essence be equal as func-detect some signal of k-essence. The prospect of some
tion of cosmological time). These requirements lead to success rests on the fact that in such case dynamical
different but non independent fields for quintessence aspects (the potential) would also be accounted for. In-
and k-essence. terestingly, imposing the dynamical condition that the
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quintessence and k-essence potentials be identical asvhile the k-field equation is

in [6] does not remove the ambiguity.

For all these reasons, we address the same problem[

from a more intrinsic point of view. We first establish

that for any quintessence model there is a k-essence

model which is kinematically equivalent to the former,

95
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i.e., they share the same geometry and the same po-

tential as a function of the cosmological time. Note
that our argument is different from that j&], where
the objective was to write any k-essence model like a
quintessence one.

Let us restrict ourselves for the time being to
the cosmological setting corresponding to a flat uni-

verse described by the Friedmann—Robertson—Walker

(FRW) metric. The equations of motion for the grav-
itational field g,, in a universe with metrials? =
—dt? + a?(t)(dx? + dy? + dz?) filled with an ho-
mogeneous quintessence field (g-fiedg)minimally
coupled to gravity as derived from the action

1
/dx4«/ ( +5Pue +U(<0)) 1)
are the Einstein equations below:
2_1.,
3H" = 5% +U(p), (2)
1.,
H=-Z= 3
59 3)
In turn these equations imply
. . oU
¢+3Hp+ — =0, 4
dp
which is the Klein—Gordon equation for the scalar

field ¢.
In contrast, a k-fielgp minimally coupled to gravity
is defined by the actiofi7]

5= /dﬁJ—( +cu¢xﬁ (5)

where Ly (¢, X) is an arbitrary function of and of
the kinetic termX = —¢2. For this field the Einstein
equations become (see agfif])

oLy

3H?=[; —2X —= 6

Ly Ve (6)

FI:X%, 7
X

Let us look for the conditions under which quintes-
sence and k-essence lead to the same geometry, i.e.,
the same scale factor. From Eq2)—(3) and (6)—(7)
the first necessary condition is

9Li(9, X)
—x - O

Under the assumption thatis an arbitrary function of
¢ and X, we now rewrite Eq(4) and then demand the
result is consistent with E¢8) in the sense it does not
lead to further conditions of the fields.

Combining Egs(3) and (7)one gets

3H?+ H=U(p) = Lr(¢, X) — X

(10)

Upon differentiation of the latter one obtains an ex-
pression forg which after substitution in Eq4) and
upon using conditiorf9) leads to

aﬁk 8 Lk aﬁk
3H
10 oLy
——| Ly —2X— 0. 11
+28¢[k BX] (11)

Consistency between E(8) and (11)equires that
azﬁk

- 12
9X2 (12)
Hence,L; must be of the form
Li=V(@)X+ K@), (13)

with K andV arbitrary functions of the k fiel¢p and

U(p) =K (9),

after using Eq(9). The relation between th& and

K must be understood in the sense that they are
the same when written as functions of cosmological
time, but different when written as functions of the
individual fields. So, whenever one of the fields is
known, Eq.(14)fixes the other univocally. In addition,

(14)
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Egs.(10) and (13)ive the following relationship be-
tween both fields

¢=/x/ﬁd¢.

Conditions(14) and (15)are necessary and sufficient
for the kinematical equivalence of FRW quintessence
and k-essence cosmologies.

Using Eqs(13)—(15)in Eq.(11), we see that Eq4)
reduces now to the k-field equatidB) which now
¢+3Ho + + o ¢

looks as
2
=0.
2V | do ]

Finally, it can be seen that the Lagrangians of quintes-
sence and k-essence

(15)

1 [d_K dv . (16)

1,
,Cq = —E(pz + Ul(p), (17)

Ly =—V($)$>+ K (¢),

map into each other under transformatighg)—(15)
These are the only transformations which preserve
the order of the field equations and make those La-
grangians coincide.

(18)

Since the k-essence theoretical setup generated by

the Lagrangian(13) requires knowing the two func-
tions K and V to control the k-field through the
field equation(16), we can restrict the model by im-

posing that the k-essence Lagrangian be factorizable

(as usual). That means we will take= V (¢) F(X),
whereV (¢) is the potential governing the k-essence
andF = X + 1 is the kinetic function, which depends
on the kinetic energy solely, soK = V. Note that
the latter restriction does not alter the relation between
quintessence and k-essence figl@lS). Thus, the k-
field (16) equation gets simplified to

1+¢?av _
2V d¢
At this stage, it is worth moving on and illustrating

our findings. We begin by outlining ifiable 1some

é+3He + (19)

possible potentials for k-essence models, and the cor-
responding potential for the quintessence counterpart.

On the first row we have the exponential potential,
which was proposed as a potential for the tachyon
by Sen[18]. On the next three rows we have other
potentials proposed for the tachyon also. The first of
those potentialgl 9] becomes constant for smallbut
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Table 1
Some k-essence potentials and their quintessence correspondence
V($) Ulp)
2

- (%
re ? T

A e
rsec(5)

X 2
»2 A eXp(—\/;qJ)

A (22— 2qn/(n—2)
fr 22 [Gae]
A (@?-21)2
(1+coshyp)? 160

goes likep—2 for large¢. We see that the associated
quintessence potential has a simple trigonometric ex-
pression. On the third row we have the pure inverse
square potentigl20], which leads to an exponential
quintessence potential as showrj. On the fourth
row we have a power-law potential with a negative
exponen{20], which forn < 1 leads to a power-law
k-essence potential also with a negative exponent (re-
call that observations restrict the exponent of power-
law quintessence potentials to be smaller than 0.99).
Finally, on the last row, we present the k-essence po-
tential which leads to the famous double-well Duffing
potential.

The list of potentials one could consider is nev-
erending, but there is the limitation of physical mo-
tivation on one hand and computational feasibility on
the other. One could for instance, consider the poten-

tialt
coshao)

for action(1), because it leads to a class of cosmolog-
ical models which under some particular initial condi-
tions [21] are conventional Chaplygin cosmologfes.
Unfortunately, the expression obtained under applica-
tion of (16) is not invertible so this case is of little use
and we will not consider it further.

From this equivalence perspective, one might also
one to have a look at generaliz¢d2] and modi-
fied Chaplygin cosmologig$]. The bad news is that

U(p) x <cosh P+ (20)

A larger class of potentials containing this particular one was
considered if16].
2 Different flavors of Chaplygin cosmologies have gathered much
attention due to the role they play as unified dark matter models
[22,23]
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they seem to be derivable only from Born—Infeld La- where on the one haritjﬁ?,) is the stress-energy tensor
grangians, which do not have a canonical kinetic term, of quintessence,
and therefore these two classes of Chaplygin cosmolo- 1
gies cannot be classified as quintessence cosmologiesTﬁ =0 uPv— 8uv (Ew,gq)’” + U((/))), (22)
Indeed, they are k-essence cosmologies, and more

SpeCifically representatives Of the SO'Ca”ed ClaSS Of and on the Other hanﬂél‘? iS the Stress_energy tensor
purely kinetic k-essence cosmologies (k&4 and the of k-essence,

references therein). This being so, what can be said

about their equivalence to quintessence models? ThiSTlﬁ’f} = 2%¢,u¢,v — gl (23)
is an issue which, in fact, extends to a larger set of La- IX .
grangians, i.e., to that of factorizable Lagrangians. ~~ where X = ¢ ,¢"*. If we now rewrite the latter us-

Such a label corresponds to the Lagrangians of the ing (13), and then compare with E¢22), it follows
form L = V(¢)F(X), with V and F arbitrary func- from identity (21) that the following two relations
tions of¢ and X, and they are naturally motivated by ~must hold:
string theory. Interestingly, k-essence models derived ay “
from factorizable Lagrangians in whidh(X) is a lin- U((p(x )) B V(d)(x )) (24)
ear function ofX mimic the behavior of other models. =./2v w

Pu=1/2V(o(xH)).u- (25)
Let us illustrate it for the case of the tachyon, which g (#x"))dus
corresponds t& = (1+ X)¥/2. For|X| < 1 one has  Multiplying by dx* we getdy = /2V(¢)d¢, and by
F ~ 1+ X/2 and it leads to the late time asymptotic integration we obtain the following prescription to re-

of the scale factor. Ifi7] sets of cosmologies witlf’ late the fields:
functions admitting a power series expansion in the
form F(X) = F(0) + F'(0)X + --- were considered, ~ #(*") = / V2V(p(x))de. (26)

At first order in X such models behave like those one
would obtain from(13) and the quintessence effects
will be more important than the k-essence ones. In
contrast, effects strictly due to the actual k-essence na-
ture of the model will begin to become nonnegligible
when the conditionX| <« 1 breaks down.

This generalizes the relatiqi5) obtained previously
in a more restrictive case to situations in which the
fields depend on both space and time coordinates.

In addition, taking into account that the energy den-
sity and the pressure of the k-essence fluid @ee
Lir —2(0L,/9X) and p = — L respectively, one can
see that the sound speeftl= (dp/dX)/(dp/dX) =1
of a k-essence model witfil3) coincides with the
sound speed of the quintessence fluid, so this com-
pletes the proof. This result is in agreement with

In the last SeCtion, we have established the condi- Ref. [15] where it was shown that any scalar field ac-
tions for the kinematical equivalence between FRW tjon with a linear kinetic term has a speed of sound
quintessence and k-essence cosmologies. In what fol-equal to one.
lows we are going to use the insight gained in the
previous section regarding the structurefpfso as to
demonstrate equivalent results for an arbitrary space-4. Conclusions
time.

Let us begin by imposing the condition that the I'_et us come to conclusions and discussion now.
geometry generated either by quintessence or k- Quintessence and k-essence are not the only dark en-

essence be the same. Put another way, this means w&'9Y candidates proposed so far, but they are very
are demanding the quintessence Einstein te popular, particularly the former. At this stage it is im-
portant to understand not only from the observational
be the same as the k-essence Gifd, thus point of view but also from a more fundamental one
the degree of resemblance of these two setups. In what
regards observations, it has already been discussed that

3. Covariant proof for arbitrary spacetimes

_ k k
G =T9=GY) =T, (21)
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supernovae data alone are unlikely to be able to do
such discrimination. In contrast, if one combines CMB
and supernovae data some hint of nonequivalence
could be obtained. In broad terms this is due to the
fact scalar perturbations of quintessence and k-essence
models do not follow the same rules (i.e., the corre-
sponding theoretical frameworks are dynamically in-
equivalent). We think, however, that this topic has not
been addressed in the literature in sufficient depth, and
we hope our work contributes to enlighten it.

We have first demonstrated that any quintessence
is contained into k-essence frame with a linear kinetic
function, and we have obtained the prescription that
gives the g-field in terms of the k-field (this can be
used to relate the potentials of the two models). Then
we have turned to the Einstein field equations for an
arbitrary spacetime and we have proved simply and
neatly the theoretical frame of quintessence can be
fully included into that of k-essence by extending the
previously obtained relation among the homogeneous
fields. Thus, each quintessence model is kinematically
equivalent to a k-essence model.

An interesting related result is that the true effects
of k-essence begin at second order in the expansion of
the kinetic function in powers of the kinetic energy.

Finally, coming back to the issue of observations,
in the light of our results we can say that a combina-
tion of CMB and supernovae data is not going to tell
us whether k-essence is preferable to quintessence, but
rather what sort of k-essence is admissible (the one
generated by a linear kinetic function or other alterna-
tive).
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