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The spectrum and the time evolution of a system, which is modeled by a non-hermitian quantum 
deformed oscillator Hamiltonian, is analyzed. The proposed Hamiltonian is constructed from a non-
standard realization of the algebra of Heisenberg. We show that, for certain values of the coupling 
constants and for a range of values of the deformation parameter, the deformed Hamiltonian is a pseudo-
hermitic Hamiltonian. We explore the conditions under which the Hamiltonian is similar to a Swanson 
Hamiltonian. Also, we show that the lowest eigenstate of the system is a squeezed state. We study 
the time evolution of the system, for different initial states, by computing the corresponding Wigner 
functions.

© 2016 Elsevier B.V. All rights reserved.
1. Introduction

The fundamental mathematical aspects of the so-called quan-
tum deformed algebras have been studied intensively [1,2]. From 
the early appearance of quantum groups, great effort has been 
devoted to he search for physical inspired hamiltonians. Though
concrete applications of the formalism have been explored [3–12], 
the field is still open.

Recently, the analysis of the properties of q-deformed poten-
tials has renewed interest in connection with the description of 
different molecular systems [13–16]. The essential properties of 
these systems, are modeled through attractive finite range po-
tentials [17–20,14]. As an example, the authors of [17,18] have 
reported the construction of squeezed coherent states for the hy-
drogen chloride molecule 1H35Cl. In [19], a q-deformed hamil-
tonian has been constructed to model a Pöschl–Teller potential, 
the behavior of the spectrum, particularly the uncertainty rela-
tions of the eigenstates have been analyzed. In the same line of 
work, the authors of [20], by using the f-deformed oscillator for-
malism, have introduced a class of squeezed coherent states for a 
Morse potential system. A common feature of these works is the 
looking for states that optimizes the Heisenberg Uncertainty Rela-
tions.

In a series of papers, Wess et al. [21–25], and Zang [26–28]
have studied different non-standard q-deformation schemes of the 
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Heisenberg–Weyl algebra, and they have obtained the correspond-
ing an-harmonic hamiltonians. In [29], we have applied these ideas 
to study of possible correspondence between q-deformations and 
boundary conditions. We have compared the spectrum of the q-
deformed harmonic oscillator with that of different finite range 
potentials, i.e. the Woods–Saxon potential and the a Pöschl–Teller 
potential. We have performed a similar analysis in [30], by con-
structing hamiltonians from the non-standard algebra reported in 
[31–39].

In this work, we continue the analysis of the q-deformed 
Hamiltonian of [30]. We are interested in the description of the 
squeezing properties of the corresponding eigenstates. Also, we 
aim to discuss the time evolution of different initial states.

The work is organized as follows. In Section 1 we present the 
model Hamiltonian as well as the adopted formalism. In Subsec-
tion 2.1, we briefly reviewed the concept of pseudo-hermicity. 
In Subsection 2.2 we discussed the time evolution of a pseudo-
hermitian hamiltonian for different initial states. Analytical and 
numerical results are presented in Section 3. Conclusions are 
drawn in Section 4.

2. Formalism

In recent works [40–42], the interest in the study of the har-
monic oscillator has been renewed in connection with the con-
struction of minimum-uncertainty squeezed states. The squeezed 
harmonic oscillator Hamiltonian can be written as

Hsq = η{a†,a} + ζ(a†2 + a2), (1)
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where the {N, a†, a} are the generators of the Heisenberg oscilla-
tor algebra. That is

[N,a] = −a,
[

N,a†
]

= a†,
[
a,a†

]
= I, [I, ·] = 0. (2)

As has been reported in [40–42], the eigenvalues and eigenfunc-
tions of Eq. (1), for |ζ | < |η|, can be obtained analytically, and the 
lowest eigenstate is a squeezed state.

We shall generalized the Hamiltonian of Eq. (1) by replacing the 
generators of the Heisenberg algebra of Eq. (2) by the generators 
of the non-standard Un

λ(h4) oscillator algebra [36].
The generators of the Hopf Un

λ(h4) algebra, {A+, A−, N, M}, 
obey the following commutation relations [36]

[N, A+] = eλA+ − 1

λ
, [N, A−] = −A−,

[A−, A+] = MeλA+ , [M, ·] = 0, (3)

and the corresponding Casimir operator, Cλ , is given by

Cλ = NM − 1

2

{
1 − e−λA+

λ
A− + A−

1 − e−λA+

λ

}
. (4)

The general Hamiltonian, which we propose to study, reads 
[30]

Hλ = η{A+, A−} + ζ(A2+ + A2−). (5)

Among the possible boson realizations of the non-standard algebra, 
we shall adopt the exponential form [30,43]

A+ = a†, A− = δeλa†
a + δβzeλa†

,

N = eλa† − 1

λ
a + β

eλa† + 1

2
,

M = δI. (6)

In the previous equations, a† and a are boson creation and anni-
hilation operators, respectively. They obey the usual commutation 
relation of Eq. (2). Without loss of generality, we shall take δ = 1
and β = 0 [30].

The boson image of Hλ can be written as [30]

Hλ = (η − ζ )(p2 − i {p,�λ}) + ζ�2
λ

+ (η + ζ )(x2 + {x,�λ}), (7)

with

p = i√
2
(a† − a), x = 1√

2
(a† + a), (8)

and

�λ = 1√
2

∞∑
k=1

λk

k! a†k
a. (9)

In what follows, we shall study the properties of the Hamilto-
nian of Eq. (7) up to order O (λ3). After reordering terms via Wick 
Theorem, we obtain the Hamiltonian

H = H0 + Hres, (10)

with

H0 = 2(η + ζλ2)(a†a + 1/2) − λ2ζ

+ ζa2 + (ζ + ηλ2/2)a†2 + λ(ηa† + ζa), (11)

and

Hres = 2λ(ηa†2a + ζa†a2) + λ2(2ζa†2a2 + ηa†3a). (12)

Clearly, H of Eq. (10) is a non-hermitian hamiltonian. We shall 
show that the Hamiltonian H is a pseudo-hermitian hamiltonian 
[44–46]. In the next subsection, we briefly review the essentials of 
the formalism of pseudo-hermitian operators.
2.1. Pseudo-hermitian hamiltonians

A non-hermitian hamiltonian H is pseudo-hermitian, if it is 
similar to an hermitian hamiltonian h [44–46]. That is

h = ϒ Hϒ−1, h = h†. (13)

As it can be demonstrated from the previous definition, h and H
are iso-spectral hamiltonians

h|φ〉 = ε|φ〉,
H|φ̃〉 = ε|φ̃〉, (14)

with |φ〉 = ϒ |φ̃〉.
As h is an hermitian hamiltonian, h = h†, there exists a pseudo-

metric operator U , such that H†U = U H . The explicit form of U
can be derived from Eq. (13). The pseudo-metric operator U can 
be written as U = ϒ†ϒ . Consequently

H|ψ̃〉 = E|ψ̃〉,
H†|ψ〉 = E|ψ〉, (15)

and the eigenvector of H (|ψ〉) and of H†(|ψ̃〉), corresponding to 
the same eigenvalue, are connected by the metric operator U , 
|ψ〉 = U |ψ̃〉.

The Hamiltonian H is not an hermitian operator in the Hilbert 
space H = (H, 〈.|.〉), where 〈.|.〉 is the usual inner product. How-
ever, as H is a pseudo-hermitian operator we can define a new 
inner product over H [46]

〈 .|. 〉U : H×H → C, 〈ψ |φ〉U := 〈ψU |φ〉, (16)

where 〈 .|. 〉 is the usual inner product in H. The Hilbert space H
equipped with the inner product 〈.|.〉U is the new physical Hilbert 
space HU := (H, 〈.|.〉U ).

The set {|ψα〉, |ψ̃β 〉} forms a bi-orthonormal basis for H [47], 
with

〈ψ̃α |ψ̃β〉U = 〈ψα |ψ̃β〉 = δαβ, (17)

and the Identity operator 1 is – in H – given by

1 =
∑
α

|ψ̃α〉〈ψα |. (18)

In the Hilbert space HU , the mean values of a general pseudo-
hermitian operator Ô = ϒ−1ôϒ , with ô = ô†, are obtained as [46]

〈ψ̃ |Ô |φ̃〉U = 〈ψ̃ |U Ô |φ̃〉 = 〈ψ̃ |ϒ†ôϒ |φ̃〉. (19)

2.2. Time evolution

We shall construct the time evolution of a general initial state, 
|̃I〉 in the physical space HU .

In terms of the eigenvectors of H the initial state can be written 
as

|̃I〉 =
∑

k

ck |̃k〉. (20)

We shall assume that the initial state is normalized, that is 
〈̃I |̃I〉U = 1.

As H is non-hermitian, the mean value of an operator O in HU

is evaluated as

〈̃I(t)|O |̃I(t)〉U = 〈̃I(0)|eiH†t U O e−iHt |̃I(0)〉 =
=

∑
n,m

cnc∗
mei(Em−En)t〈̃m|ϒ†oϒ |̃n〉. (21)
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2.2.1. Initial state
In this work, we shall discuss the time evolution of the Gazeau–

Klauder (GK) [48,49] coherent state associated to H of Eq. (10). The 
GK coherent can be written as

|GK〉 = N
∑

n

zn
γ√
ρn

eiγ En |̃n〉, (22)

where |̃n〉 are the eigenstates of H , En the corresponding eigen-
values, and ρn = ∏

n En . Notice that, as has been demonstrated in 
[48], for the usual harmonic oscillator the |GK〉 state reduces to

|z〉 = e− 1
2 |z|2 ∑

n

zn

√
n! |n〉, (23)

with z = zγ e−iγ , and being |n〉 the eigenstates of the harmonic 
oscillator Hamiltonian.

As a second example, we shall discuss the time evolution of the 
state constructed as a superposition of the ground state and first 
excited state of H . That is

|̃I1〉 = 1√
2
(|̃0〉 + |̃1〉). (24)

2.2.2. Wigner distribution function
We shall study the time evolution of the system in phase space 

we shall compute the corresponding Wigner function distribution 
[50]. In HU , the Wigner distribution for the initial state |I〉 is given 
by

W (x, p, t)

= 1

2π

∫
eipy 〈̃I(t)|ϒ†|x − y

2
〉〈x + y

2
|ϒ |̃I(t)〉dy. (25)

The Wigner function of Eq. (25) is normalized in phase space. That 
means∫

W (x, p, t) dx dp = 1. (26)

3. Results an discussion

We shall, in the first place, study the quadratic sector of the 
Hamiltonian of Eq. (10). In a second step, we shall analyze the 
contribution of Hres , which involves normal order products of three 
and four boson operators.

3.1. Quadratic Hamiltonian

Let us consider the properties of a system that evolves in time 
through the Hamiltonian H0 of Eq. (11). In order to facilitate the 
algebra, we shall rewrite H0 as

H0 = ω( ã†̃a + 1

2
) + αã2 + β( ã†)2 + H00, (27)

with ̃a† = a† − a1, ̃a = a† − a0, and

ω = 2η + 2ζλ2, (28)

α = ζ,

β = λ2η

2
+ ζ,

a0 = − 2η2λ − 2ζ 2λ

2(2η2 − 2ζ 2 + 3ηζλ2)
,

a1 = − 1

2(2η2 − 2ζ 2 + 3ηζλ2)
,

H00 = −5
ζλ2. (29)
4

It can be proved that the Hamiltonian of Eq. (11), is related to 
the Swanson Hamiltonian [47] by a similarity transformation V ,

V = exp

(
−a1 − a0

2
x

)
exp

(
−i

a1 + a0

2
p

)
, (30)

such that H0 = V HSw V −1. HSW reads

HSw = ω

(
a†a + 1

2

)
+ αa2 + βa†2 − H00, (31)

with α �= β . As it is well known from the literature [47], there 
exists an hermitian Hamiltonian h similar to HSw . The similarity 
transformation is not unique. We shall choose

W = exp

(
−α − β

4
p2

)
. (32)

W HSwW −1 = h.
Thus, the hermitian Hamiltonian h is similar to H0 of Eq. (11), 

h = ϒ H0ϒ
−1, being

ϒ = W V −1. (33)

The explicit form of h can be calculated straightforward

h = γ {a†,a} + �(a†2 + a2) − H00, (34)

γ and � can be expressed as

γ = 1

4

(
ω + α + β +

√
ω2 − 4αβ

ω + α + β

)
,

� = 1

4

(
ω + α + β −

√
ω2 − 4αβ

ω + α + β

)
. (35)

Finally, the pseudo-metric operator U can be written in terms 
of ϒ of Eq. (33) as U = ϒ†ϒ .

3.1.1. Eigenstates and eigenvalues
The eigenvalues and eigenvectors of H0 can be obtained by 

evaluating the corresponding eigenvalues and eigenvectors of h, 
and using similarity transformation ϒ of Eq. (33). An alternative 
approach is the one proposed by S.M. Swanson [47]. Following the 
work of [47] we shall perform a general Bogoliubov transformation

d̃ = g4 ã − g2 ã†, (36)

c̃ = −g3 ã + g1 ã† (37)

with the condition[
d̃, c̃

]
= 1. (38)

Clearly ̃c �= d̃†. After some algebra, H0 can be written as

H0 = H00 + �

(
c̃d̃ + 1

2

)
, (39)

with

� = √
D(η, ζ,λ), D(η, ζ,λ) = ω2 − 4αβ. (40)

In order to obtained real eigenvalues, we ask D(η, ζ, λ) > 0. Thus, 
the eigenvalues and eigenvectors of H0 can easily be calculated

H0|̃〉 = En|̃〉, (41)

with

En =
(

n + 1
)

�, |̃〉 = 1√ c̃n|0d̃〉. (42)

2 n!
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The explicit form of |0d̃〉 can be derived from the condition

d̃|0d̃〉 = 0. It reads

|0̃d〉 = Nd exp (τ ã†2)|0〉, ã|0〉 = 0, (43)

where τ = (� − ω)/(4α).
In the physical space HU , the fluctuation of the operator Ô on 

the eigenstate |̃n〉 of H0 is computed as

�2
U (Ô ) = 〈̃n|ϒ† ô2 ϒ |̃n〉 − (〈̃n|ϒ† ô ϒ |̃n〉)2. (44)

Let us calculate the fluctuations of the operators X (X =
ϒ−1xϒ ) and P (P = ϒ−1 pϒ ) on |0̃d〉, they can be expressed as

�2
U X̂ = e2σ

2
, �2

U P̂ = e−2σ

2
, (45)

with σ = (τ/|τ |) tanh (|τ |). We shall define the corresponding 
squeezing parameters as

Q (x, p) = 2�2
U X̂, Q (p, x) = 2�2

U P̂. (46)

Clearly, from this result, we can say that the state |0̃d〉 is an 
squeezed state [42,51], which minimizes the uncertainty relations 
for the operators X and P in the physical space HU .

3.1.2. Numerical results
We shall present some numerical results concerning the behav-

ior of the system model by the Hamiltonian of Eq. (11).
The eigenvalues of H0 of Eq. (27) are real if D(η, ζ, λ) > 0, see 

Eq. (40). In terms of the deformation parameter, λ, D(η, ζ, λ) of 
Eq. (40) can be expressed as

D(η, ζ,λ) = 4η2

(
1 −

(
ζ

η

)2

+ 3

2

(
ζ

η

)
λ2 +

(
ζ

η

)2

λ4

)
, (47)

if λ = 0, the eigenvalues of H0, of Eq. (42), are given by En =
2η

√
1 −

(
ζ
η

)2 (
n + 1

2

)
. This result is similar to the expression pre-

sented in [40,41]. It indicates that the system displayed real energy 
spectra if |ζ/η| < 1.

In Fig. 1, we show the values of D(η, ζ, λ) of Eq. (40), as a 
function of the ratio of the coupling constants, ζ/η, and of the 
deformation parameter λ. As the Hamiltonian H0 has been ob-
tained from Hλ of Eq. (5) to order O(λ3), we have considered 
values of λ, in the range −1 < λ < 1. The dark-gray zone cor-
responds to D(η, ζ, λ) < 0. The light-gray region corresponds to 
values of D(η, ζ, λ) > 0. For the range of parameters compatible 
with D(η, ζ, λ) > 0, the Hamiltonian H0 has real eigenvalues, as 
seen from Eq. (40). As can be observed in Fig. 1, there exist a lower 
and a upper limits in ζ/η as a function of λ. From Eq. (47), it can 
be calculated straightforwardly, and it reads

3λ2 − 4
√

1 − 7λ4

16

4
(
1 − λ4

) <
ζ

η
<

3λ2 + 4
√

1 − 7λ4

16

4
(
1 − λ4

) . (48)

Thus, the inclusion of the parameter λ modifies the boundary lim-
its that can reach the ratio of coupling constants ζ/η in order 
to ensure pseudo-hermicity. Also, notice that if λ = 0, the energy 
spectrum of H0, which coincides with that of Hsq of Eq. (1), does 
not depend on the sign of the coupling constant ζ . For 0 < |λ| < 1
the level spacing, En+1 − En = √

D(η, ζ, λ), is smaller than the 
level spacing for λ = 0 if ζ < 0. While for ζ > 0 and 0 < |λ| < 1, 
the level spacing becomes greater than the one of the case λ = 0. 
In this sense, we shall say that the case ζ < 1 correspond to an 
attractive interaction, while ζ > 1 models a repulsive interaction. 
The inclusion in H0 of terms depending on the parameter λ can be 
Fig. 1. Values of D(η, ζ, λ) of Eq. (40), as a function of the ratio of the coupling con-
stants, ζ/η, and of the deformation parameter λ. The dark-gray zone corresponds to 
D(η, ζ, λ) < 0, while the light-gray region corresponds to values of D(η, ζ, λ) > 0.

Fig. 2. Fluctuations of the operators X and P as a function of the deformation pa-
rameter λ, see Eq. (44), calculated for the lowest eigenstate of H0 of Eq. (43). The 
coupling constants have been fixed to the values η = 1.0 and ζ = −0.45.

used to adjust the spectrum spacing without modifying the param-
eters of the original harmonic oscillator. As an example, we shall 
choose η = 1 and ζ = −0.45, in arbitrary units of energy. This cor-
respond to an energy spacing varying from En+1 − En = 1.78606
for λ = 0, to En+1 − En = 1.14018 for λ = 1, in arbitrary units of 
energy.

In Fig. 2, we display the fluctuations of the operators X and P
as a function of the deformation parameter λ, see Eq. (44), calcu-
lated for the first eigenstate of H0 of Eq. (27). Clearly, from the 
figure the first state of H0, Eq. (43) is a squeezed state and it min-
imizes the uncertainty relations.

To complete the analysis of the spectra of the Hamiltonian H0
of Eq. (11), in Table 1 we present the values of the first energy lev-
els with respect to the ground state, En − E0, and the fluctuations 
of X and P in the corresponding eigenstate.

In order to study the time evolution of the system, we shall 
fixed the deformation parameter at the value λ = 0.1. In Figs. 3–5
we displayed the results corresponding to the time evolution of the 
GK-coherent state, |GK〉. The mean value of P , 〈P (t)〉, as a function 
of the mean value of X , 〈X(t)〉, is displayed in Fig. 3. The phase 
space trajectory is periodic. The period is given by T = 2π/�, in 
units of h = 1.

In Fig. 4, we show the behavior of the fluctuations of the op-
erators X and P as a function of time, (t/T ), for the GK-coherent 
state of Eq. (22). As seen from the figure, the GK-coherent state 
is squeezed in P , and the uncertainty relation takes the minimum 
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Table 1
Spectrum of H0 of Eq. (11), and their corresponding fluctuations. In the first col-
umn, the eigenvalues of H0 respect the lowest eigenvalue, E0 = 0.89488 in arbitrary 
units of energy, (for η = 1, ζ = −0.45 and λ = 0.1) are displayed. In columns 2 to 4, 
the fluctuation of each state, computing from the corresponding eigenvector, is pre-
sented.

En − E0 2�2 X 2�2 P 4�2 X�2 P

0.00000 1.62272 0.61625 1.00000
1.77851 4.86815 1.84875 9.00000
3.55701 8.11359 3.08125 25.00000
5.33552 11.35902 4.31375 49.00000
7.11402 14.60446 5.54625 81.00000
8.89253 17.84989 6.77875 121.00000

10.67103 21.09533 8.01125 169.00000

Fig. 3. Mean value of P , 〈P (t)〉, as a function of the mean value of X , 〈X(t)〉, for 
the GK-coherent state of Eq. (22). The GK-coherent state is constructed from the 
eigenvalues of H0 of Eq. (27). The coupling constants are the same as those of Fig. 2. 
We have fixed the deformation parameter to the value λ = 0.1.

Fig. 4. Fluctuations of the operators X and P as a function of time (t/T ), for the 
GK-coherent of H0 of Eq. (27). The parameters are the same as those of Fig. 3.

value. The Wigner function of the system is presented in Fig. 5, for 
t/T = 0, 0.25, 0.5, 0.75, 1, respectively. The results presented in 
Fig. 5, shows that GK coherent states for general oscillator Hamil-
tonians are a natural extension of the usual harmonic oscillator 
coherent state.

In Figs. 6–8 we display the results corresponding to the time 
evolution of the state of Eq. (24), |̃I1〉. In Fig. 6, the mean value of 
X , 〈X(t)〉, as a function of the mean value of P , 〈P (t)〉, is plotted. 
Also in this case the phase space trajectory is periodic. The period 
is given by T = 2π/�, in units of h = 1. In Fig. 7, we show the be-
havior of the fluctuations of the operators X and P as a function 
of time (t/T ). As seen from the figure, the initial state of Eq. (24)
Fig. 5. Wigner Function for the GK-coherent (constructed from the eigenvectors of 
H0 of Eq. (27)) state of Eq. (22), at different times. Insets (a), (b), (c), (d) and (e) 
correspond to t/T = 0, 0.25, 0.5, 0.75, 1, respectively.

Fig. 6. Idem Fig. 3, for the initial state |̃I1〉, of Eq. (24).

shows a pattern of revivals of squeezing in P , but the uncertainty 
relation does not take the minimum value. The Wigner function of 
the system is presented in Fig. 8, for t/T = 0, 0.25, 0.5, 0.75, 1, 
respectively. It resembles the Wigner Function of a hybrid entan-
glement system as the one reported in [53]. In this sense, we can 
conjecture that the Hamiltonian of Eq. (5) is an effective hamil-
tonian [52], and that the deformation parameter is related to the 
classical degrees of freedom of the system reported in [53].

3.2. General Hamiltonian

Finally, we shall analyzed the behavior of the system when the 
term Hres of Eq. (12) is taken into account. The Hamiltonian H of 
Eq. (10) can be written in terms of the operators p and x of Eq. (8)
as

H = ζλ2

2
+ (η − ζλ2)(x2 + p2) + ζ(x2 − p2)

+ ηλ2

4
(x2 − p2)(x2 + p2) − i

ηλ2

4
{x, p}(x2 + p2)

+ λη√
2
(x − i p)(x2 + p2) + λζ√

2
(x2 + p2)(x + i p)

+ ζ
λ2

(x2 + p2)(x2 + p2). (49)

2
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Fig. 7. Idem Fig. 4, for the initial state |̃I1〉, of Eq. (24). Dotted lines correspond to 
the value 4�2x�2 p.

Fig. 8. Idem Fig. 5, for the initial state |̃I1〉, of Eq. (24).

We look for a similarity transformation, so that the Hamiltonian h
(h = ϒ Hϒ−1) being an hermitian hamiltonian. We have chosen

ϒ = e−F (p)e−G(x), (50)

with

G(x) = g1(θ, λ)x2 + g2(θ, λ)x3 + g3(θ, λ)x4,

F (p) = f1(θ, λ)p2 − i f2(θ, λ)p3 + f3(θ, λ)p4. (51)

In what follows, we shall introduce the parameter θ = ζ/η. The 
expressions of f j(θ, λ) and g j(θ, λ), up to order O (λ3), for θ �= −3, 
0, 1, can be written as

g1(θ, λ) = − 1 + θ

2(θ − 1)
+ θ2(1 + θ)λ

(θ − 1)2
−

θ(−1 + θ + 4θ2 + 8θ3 + 4θ4)λ2

2(θ − 1)3
,

g2(θ, λ) = θ(3 + 2θ + 7θ2)λ

3
√

2(−1 + θ)3(3 + θ)
+

2
√

2θ2(−3 − 13θ − 23θ2 − 15θ3 + 6θ4)λ2

3(θ − 1)4(3 + θ)2
,

g3(θ, λ) =
(
θ4 + 14θ3 − 2θ2 + 14θ − 3

)
λ2

4
,

16(θ − 1) (θ + 3)
f1(θ, λ) = θ − 1

4θ
+ λ

2
−

(
4θ4 + 4θ3 + θ − 1

)
λ2

8(θ − 1)θ

f2(θ, λ) = (3 + θ + 13θ2 − 9θ3)λ

12
√

2θ(1 + θ)2(3 + θ)
+

(9 + 8θ2 + 70θ3 − 9θ4 − 46θ5)λ2

6
√

2(θ − 1)(1 + θ)2(3 + θ)2

f3(θ, λ) = 1

32θ(θ − 1)2(θ + 1)3(θ + 3)2

(
2θ7 +

129θ6 − 128θ5 + 23θ4 −
246θ3 + 31θ2 − 12θ + 9

)
λ3/2. (52)

After some algebra, the explicit form of h = ϒ Hϒ−1 can be ob-
tained

h0 = h0(θ, λ) + h1(θ, λ)p2 + h2(θ, λ)x2 + h3(θ, λ)p4 +
h4(θ, λ)x4 + h5(θ, λ){x2, p2} + h6(θ, λ){x, p2} +
h7(θ, λ)x + h8(θ, λ)x3, (53)

with

h0(θ, λ) = 1

2
ηλ2(−48 f1(θ, λ)g3(θ, λ)(θ − 1) +
3
√

2 f2(θ, λ) − 3
√

2g2(θ, λ) + θ
)
,

h1(θ, λ) = η(1 − θ) −
4 f1(θ, λ)ηλ ( f1(θ, λ)(θ + 1) + 2g1(θ, λ)(θ − 1)) −
1

2
ηλ2

(
32 f1(θ, λ)2 g1(θ, λ)2(θ − 1)+

3
√

2 f2(θ, λ) + 2θ − 1
)

,

h2(θ, λ) = η(θ + 1) + 4ηg1(θ, λ)2(θ − 1)λ +
1

2
ηλ2

(
3
√

2g2(θ, λ) − 2θ − 1
)

,

h3(θ, λ) = 1

4
ηλ2(64 f3(θ, λ)

(
f1(θ, λ)

(−(θ + 1)) − g1(θ, λ)(θ − 1)
) +

36 f2(θ, λ)2(θ + 1) + 6
√

2 f2(θ, λ) + 2θ − 1
)
,

h4(θ, λ) = 1

4
ηλ2

(
36g2(θ, λ)2(θ − 1)+

64g1(θ, λ)g3(θ, λ)(θ − 1) −
6
√

2g2(θ, λ) + 2θ + 1
)

,

h5(θ, λ) = 1

4
ηλ2(−96 f1(θ, λ)g3(θ, λ)(θ − 1) +

9
√

2 f2(θ, λ) − 9
√

2g2(θ, λ) + 2θ
)
,

h6(θ, λ) = 1

4
ηλ3/2(−48 f1(θ, λ)g2(θ, λ)θ +

48 f1(θ, λ)g2(θ, λ) +
4
√

2 f1(θ, λ) − 6
√

2g1(θ, λ)
) +

1

4
ηλ2

(
48 f2(θ, λ)g1(θ, λ)2θ +

16
√

2 f1(θ, λ)g1(θ, λ) + √
2θ −

48 f2(θ, λ)g1(θ, λ)2 − 12
√

2 f1(θ, λ)2
)

+
1
ηλ

(
12 f2(θ, λ)θ + 12 f2(θ, λ) + √

2
)

,

4
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Table 2
Idem Table 1, for H of Eq. (10), with E0 = 0.89303 in arbitrary units of energy.

En − E0 2�2x 2�2 p 4�2x�2 p

0.00000 1.62250 0.61697 1.00103
1.78123 4.84558 1.84478 8.93902
3.55681 8.03784 3.06776 24.65863
5.32575 11.19851 4.28234 47.96595
7.08700 14.22259 5.53824 78.76815
8.83946 16.61043 7.03846 116.91183

10.58196 16.66588 8.99761 149.95307

Fig. 9. Mean value of P , 〈P (t)〉, as a function of the mean value of X , 〈X(t)〉, for 
the GK-coherent state of Eq. (22). The GK-coherent state is constructed from the 
eigenvectors of H of Eq. (10). The parameters are the same as those of Fig. 3.

h7(θ, λ) = √
2ηg1(θ, λ)λ3/2 − ηθλ2

√
2

− ηλ√
2
,

h8(θ, λ) = ηg1(θ, λ)λ3/2
(
−12g2(1 − θ) − √

2
)

+
ηλ2

(
θ − 4g1(θ, λ)2

)
√

2
+ ηλ√

2
. (54)

Notice that, the terms in {x2, p2}, p4 and x4, contribute to a 
Kerr-like term (x2 + p2)(x2 + p2) [54].

Let us discuss some numerical results. We have adopted the 
parameter of the previous sections, η = 1, ζ = −0.45, λ = 0.1. In 
Table 2, we display the behavior of the spectra of H of Eq. (10). 
The table shows the values of the first energy levels with re-
spect to the ground state, En − E0, and the fluctuations of X and 
P in the corresponding eigenstate. Clearly the lowest eigenstate
is a squeezed state, and its uncertainty is close to the minimum 
value. Also, while for H0 the level spacing is constant (En+1 − En =√

D(η, ζ, λ)), for the general case, the level spacing becomes com-
pressed. In this sense, the inclusion of the additional terms in the 
Hamiltonian can be used to fit the spectra of different finite range 
attractive potentials, i.e the Morse potential [17,18].

We computed the time evolution of GK-coherent state in pres-
ence of an interaction model by H of Eq. (10). The behavior of 
〈X(t)〉 as a function of 〈P (t)〉 is drawn in Fig. 9. As it can be in-
ferred from the figure, the trajectory in phase space is not closed, 
though it is bounded. The fluctuations of the GK state, as a func-
tion of time, are presented in Fig. 10. They show a modulate pat-
tern of revivals. It can seen from the figure that the GK-coherent 
state is squeezed in P , though the uncertainty relation does not 
reach its minimum value.

The previous results, indicate that the lowest eigenstate of the 
generalization of the harmonic squeezed oscillator presented in 
Eq. (5), in the regime of parameters adopted, is a squeezed states. 
Moreover, the GK-state constructed as the coherent superposition 
Fig. 10. Fluctuations of the operators X and P as a function of time (t/T ), for the 
GK-coherent of H of Eq. (10). The parameters are the same as those of Fig. 3.

of the eigenstates of H , see Eq. (22), evolves in time as a squeezed 
state.

4. Conclusions

In this work, we have studied the spectrum and the time evo-
lution of a system modeled by the non-hermitian Hamiltonian Hλ

of Eq. (5). As reported previously [30], this Hamiltonian is ob-
tained as a generalization of the squeezed harmonic oscillator, bay 
adopting the non-standard Un

λ(h4) Hopf algebra. We have consid-
ered the system modeled by the Hamiltonian Hλ to order O (λ3). 
We have proved that the Hamiltonian H0 of Eq. (11) is similar 
to a Swanson Hamiltonian. We have verified that, for the regime 
of real spectrum, the lowest eigenstate is a squeezed state that 
minimizes the Heisenberg Uncertainty Relations. Also, we have 
study the time evolution of the Gazeau–Klauder coherent state 
constructed from the eigenstates of H0, and we have shown that 
it evolves in time as a squeezed state, and it minimizes the uncer-
tainty relations. Finally, we have found a similarly transformation 
for the Hamiltonian H of Eq. (10), so that h = ϒ Hϒ−1, being h
an hermitian Hamiltonian. We have shown that the first eigenstate 
of the general Hamiltonian H , behaves as a squeezed state. The 
Gazeau–Klauder coherent state constructed from the eigenstates of 
H displays a pattern of revivals as it evolves in time, and shows the 
behavior of a squeezed state, though the uncertainty relations does 
not reach its minimum value. From the properties of the spectra of 
H , it is concluded that it can be used as an effective hamiltonian 
to model the behavior of different finite range attractive potentials 
[17,18], and to construct states which optimizes the associated un-
certainty relations.
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