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Abstract: We advance two nonlinear wave equations related to the nonextensive thermostatistical
formalism based upon the power-law nonadditive Sq entropies. Our present contribution is in line
with recent developments, where nonlinear extensions inspired on the q-thermostatistical formalism
have been proposed for the Schroedinger, Klein–Gordon, and Dirac wave equations. These previously
introduced equations share the interesting feature of admitting q-plane wave solutions. In contrast
with these recent developments, one of the nonlinear wave equations that we propose exhibits real
q-Gaussian solutions, and the other one admits exponential plane wave solutions modulated by
a q-Gaussian. These q-Gaussians are q-exponentials whose arguments are quadratic functions of
the space and time variables. The q-Gaussians are at the heart of nonextensive thermostatistics.
The wave equations that we analyze in this work illustrate new possible dynamical scenarios leading
to time-dependent q-Gaussians. One of the nonlinear wave equations considered here is a wave
equation endowed with a nonlinear potential term, and can be regarded as a nonlinear Klein–Gordon
equation. The other equation we study is a nonlinear Schroedinger-like equation.
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1. Introduction

In the present paper, we introduce and investigate some features of two nonlinear wave equations
related to the nonextensive thermostatistical formalism [1–3]. This work is motivated by a recent line of
enquiry concerning nonlinear extensions of the Schroedinger, Dirac, and Klein–Gordon equations also
linked to this formalism [4–13]. These nonlinear equations, in turn, exhibit close formal similarities
with a family of nonlinear Fokker–Planck equations that govern the evolution of a variegated class of
systems and processes in physics, biology and other fields, and have been the focus of intense research
efforts in recent years [14–21].

The nonlinear Schroedinger, Dirac, and Klein–Gordon equations previously explored in [4–13]
exhibit the interesting feature of having soliton-like analytical solutions that behave as free particles,
in the sense that they satisfy the Einstein–Planck–de Broglie relations [4]. The wave function φ(x, t)
corresponding to these solutions depends on the spatial coordinate x and on time t through the
quantity x− vt. This means that the evolution of the wave function is given by a uniform translation
at a constant speed v without change in shape. These exact solutions have the form of q-plane waves,
which can be regarded as complex valued analogues of the q-exponential distributions appearing at
the core of the nonextensive thermostatistics [2].

The nonextensive thermostatistical formalism and its applications constitutes nowadays an active
research field involving scientists working in diverse fields. This formalism was first introduced as
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a generalization of the maximum entropy approach to Gibbs statistical mechanics [3]. It is based
on the Sq family of power-law entropic functionals, which was in turn inspired in the study of
multifractals [2,3]. Some of the earliest (and, by now, most developed) applications of the formalism
were to non-equilibrium (or meta-equilibrium) states of systems with long-range interactions (see,
for instance, [1]) and to dynamical systems exhibiting weak chaos (see [22] and references therein).
However, the mathematical apparatus associated with the nonextensive thermostatistics turned
out to be useful for the study of a surprising variety of problems in physics, biology, and other
fields. In the case of physics, applications have been developed both within the classical and the
quantum mechanical domains [2]. These applications involve the q-exponential and q-Gaussian
functions, that arise naturally within this theoretical framework. These functions reduce to the standard
exponential and Gaussian ones in the q → 1 limit. Just to list a few recent examples of applications
of the nonextensive thermostatistical formalism, we can mention applications to self-gravitating
systems [23], to the dynamics of vortices in type II superconductors [19], and to complex networks [24].
The remarkably diverse scenarios within which q-exponentials and q-Gaussians appear to be relevant
suggests that the dynamical mechanisms giving rise to these distributions are not unique. That is, it
seems likely that there is more than one (and probably several) possible dynamical processes leading
to q-exponentials and to q-Gaussians.

The nonlinear wave equations that we are going to consider here, in contrast to the aforementioned
previously studied nonlinear Schroedinger, Klein–Gordon, and Dirac equations, have either real
q-Gaussian solutions or exponential plane wave solutions modulated by a q-Gaussian, instead of complex
q-plane wave ones. The q-Gaussians are q-exponentials with an argument that is a quadratic function
of the relevant spatial or phase-space variables. As already mentioned, the q-Gaussian functions
play a central role within the nonextensive thermostatistical formalism and its multiple applications,
and are observed in a wide variety of natural phenomena [1,2,22,25,26]. Consequently, it is of the
foremost importance to identify and explore all the possible dynamical mechanisms that may generate
q-Gaussians. Some non-conservative dynamical processes admitting exact analytical (real) q-Gaussian
solutions have been investigated by researchers in detail in recent years. Prominent among them are
the processes described by nonlinear power-law Fokker–Planck equations (see, for instance, [14–21]
and references therein). On the contrary, continuous (as opposed to discrete) conservative dynamical
systems exhibiting exact, time-dependent, real, q-Gaussian solutions remain largely unexplored. One
of the purposes of the present contribution is to advance a nonlinear wave equation having precisely
these properties. We are also going to discuss a Schroedinger nonlinear equation exhibiting q-Gaussian
wave packet solutions.

The paper is organized as follows. In Section 2, we briefly review the main partial differential
evolution equations related to the nonextensive thermostatistical formalism. In Section 3, we introduce
and explore the main properties of a nonlinear wave equation having q-Gaussian solutions. In Section 4,
we consider a Schroedinger-like equation exhibiting q-Gaussian wave packet solutions. Finally, some
conclusions are drawn in Section 5.

2. Nonlinear Partial Differential Evolution Equations Associated with the Nonextensive
Thermostatistical Formalism

The nonextensive thermostatistical formalism is based on the nonadditive, power-law entropic
functional Sq[F] [2] given by

Sq[F] =
1

q− 1

∫
(F− Fq) dx , (1)

where q is a real parameter and F(x) is a probability density. In the limit q→ 1, the entropy Sq reduces
to the standard Boltzmann–Gibbs logarithmic entropy, S1 = −

∫
F ln Fdx.



Entropy 2017, 19, 60 3 of 13

The so-called q-exponential function, arising when considering constrained optimization problems
based on the entropic measure Sq, plays a central role within the nonextensive thermostatistical
formalism [1,2,24]. This function is defined as

expq(x) =

[1 + (1− q)x]
1

1−q , if 1 + (1− q)x > 0 ,

0 , if 1 + (1− q)x ≤ 0 .
(2)

An alternative notation for q-exponentials, which we are going to follow in this work, is given by

expq(x) = [1 + (1− q)x]
1

1−q
+ .

Of particular interest are the q-Gaussian distributions, which are proportional to q-exponentials
whose argument is quadratic in the relevant space or phase-space variables. For instance, one

dimensional q-Gaussians are proportional to expq[−λx2] = [1− (1− q)λx2]
1

1−q
+ , where λ is a real

positive parameter determining the width of the q-Gaussian. These distributions are relevant for
the study of a wide family of systems and processes in physics, biology and other areas [1,2]. They
arise naturally as solutions, both of the stationary and of the time-dependent kind, of some partial
differential equations of mathematical physics. The first partial differential equation for which a
connection with the Sq entropy was established was the nonlinear Fokker–Planck (NLFP) equation
with a power-law nonlinearity [15]. This NLFP equation has (in one spatial dimension) the form

∂ρ

∂t
= D

∂2

∂x2

(
ρ2−q

)
+

∂

∂x

(
ρ

dV
dx

)
, (3)

where ρ(x, t) is a time-dependent density, D is a diffusion constant, and V(x) is a potential function.
For quadratic potentials, the power-law NLFP equation admits exact time-dependent solutions, of the
q-Gaussian form. The connection between the power-law NLFP equation and the Sq entropy (1) has
originated intense research activity. Several extensions and applications of the NLFP–Sq connection
have been explored over the years [14–21]. It has to be stressed that the NLFP equation describes a
non-conservative dynamics.

In 2011, Nobre, Rego-Monteiro and Tsallis (NRT) advanced a nonlinear version of the Schroedinger
equation [4] that has a formal similarity with the power-law NLFP equation

ih̄
∂

∂t

(
φ

φ0

)
= − 1

2− q
h̄2

2m
∂2

∂x2

[(
φ

φ0

)2−q
]

, (4)

where φ(x, t) is a time-dependent wave function, m is a constant with dimensions of mass, h̄ is Planck‘s
constant, φ0 is a constant that guarantees that all the terms in the equation have the same dimensions,
and q ≥ 1. In the limit q→ 1, the standard, linear Schroedinger equation is recovered.

In spite of the already mentioned formal similarities between the NLFP and the NRT equations,
the properties of these two equations are very different. The NLFP equation is a real equation with
real-valued solutions, while the NRT equation clearly involves complex numbers and, in general, has
complex-valued solutions. The NLFP equation satisfies an H-theorem, while the NRT equation admits
particular traveling solutions exhibiting a soliton-like behavior. The most important solutions of the
NRT equation, which highlight its close connection with the nonextensive thermostatistical formalism,
are the q-plane waves. These solutions are written in terms of q-exponentials with non-real arguments,

φ(x, t)
φ0

= [1 + (1− q)i(kx− wt)]
1

1−q , (5)
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where the constants w and k satisfy h̄w = h̄2k2

2m , akin to the relation between the energy and momentum
of a non-relativistic particle of mass m. The q-plane wave solutions (5) are expressed in terms of the
q-exponential function, with a pure imaginary argument iu. This is defined as the principal value of

expq(iu) = [1 + (1− q)iu ]
1

1−q ; exp1(iu) ≡ exp(iu) , (6)

with real and imaginary parts respectively given by

[
1 + (1− q)2u2

] 1
2(1−q) cos(α) , and

[
1 + (1− q)2u2

] 1
2(1−q) sin(α) , (7)

with α = 1
q−1 arctan((q− 1)u).

Our aim in the present effort is to introduce two wave equations related to the nonextensive
thermostatistics that, in contrast with the NRT equation, admit exact analytical time-dependent
solutions involving q-Gaussian functions. This is a property that the wave equations advanced here
share with the NLFP equation. However, the proposed wave equations differ from the NLFP in one
essential aspect: they describe a conservative dynamics.

3. Nonlinear Wave Equation with q-Gaussian Solutions

We are going to consider a family of nonlinear wave equations of the form

1
v2

∂2

∂t2

(
φ

φ0

)
− ∂2

∂x2

(
φ

φ0

)
− 2η

1− q

(
φ

φ0

)[
2q
∣∣∣∣ φ

φ0

∣∣∣∣2(q−1)
− (1 + q)

∣∣∣∣ φ

φ0

∣∣∣∣q−1
]
= 0 , (8)

where v, η, q, and φ0 are real constant parameters. The quantity v is a constant with dimensions of
velocity, η is a constant with dimensions of inverse squared length, q is a nondimensional constant,
and the constant φ0 guaranties that each term in (8) has the same dimensionality. It is convenient to
work with the dimensionless quantity ψ = φ

φ0
, satisfying the evolution equation

1
v2

∂2ψ

∂t2 −
∂2ψ

∂x2 −
2η

1− q
ψ
[
2q |ψ|2(q−1) − (1 + q) |ψ|q−1

]
= 0 . (9)

We propose, as a solution of the nonlinear wave Equation (9), the space-time dependent, real,
q-Gaussian ansatz

ψqG(x, t) =
[
1− (1− q)(λ0 + λtt− λxx)2

] 1
1−q

+
, (10)

where λ0 is a dimensionless real parameter, λt is a real parameter with dimensions of inverse time and
λx is a real parameter with dimensions of inverse length. It is convenient to define the dimensionless

variable z = λ0 + λtt − λxx. The function [1 − (1 − q)z2]
1

1−q
+ is equal to [1 − (1 − q)z2]

1
1−q when

1− (1− q)z2 > 0 and vanishes when 1− (1− q)z2 ≤ 0. The points at which 1− (1− q)z2 = 0 are
called the cut-off points. For q > 1, there are no cut-off points, and ψ is everywhere non-vanishing.
In the limit q→ 1, the q-Gaussian ψqG adopts a standard exponential Gaussian form. We regard the
nonlinear wave Equation (9) as describing a classical field. Consequently, the solutions ψ(x, t) are not
required to be normalized.

At those points where 1− (1− q)z2 > 0, one has

∂ψqG

∂t
= −2λtzψ

q
qG ,

∂ψqG

∂x
= 2λxzψ

q
qG ,

∂2ψqG

∂t2 = −2λ2
t ψ

q
qG + 4qλ2

t z2ψ
2q−1
qG ,
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∂2ψqG

∂x2 = −2λ2
xψ

q
qG + 4qλ2

xz2ψ
2q−1
qG . (11)

Replacing z2 = 1−ψ1−q

1−q in the last two of the above equations, one obtains

∂2ψqG

∂t2 =
2λ2

t
1− q

[
2qψ

2q−1
qG − (1 + q)ψq

qG

]
,

∂2ψqG

∂x2 =
2λ2

x
1− q

[
2qψ

2q−1
qG − (1 + q)ψq

qG

]
. (12)

Note that for q > 1
2 , the functions ψ

q
qG, ψ

2q−1
qG , ∂ψqG/∂t, ∂ψqG/∂x, ∂2ψqG/∂t2 and ∂2ψqG/∂x2,

all go to zero continuously at the cut-off points. Since the q-Gaussian ansatz (10) is always real and
nonnegative, one has ψ

q
qG = ψqG|ψ

q−1
qG | and ψ

2q−1
qG = ψqG|ψ

2(q−1)
qG |.

It follows from (12) that the time-dependent, q-Gaussian ansatz (10) constitutes an exact analytical
solution of the nonlinear wave Equation (9), provided that the relation

λ2
t

v2 − λ2
x − η = 0 , (13)

is verified. The shape of this solution is exhibitted in Figure 1 for different values of q.

 0

 0.2

 0.4

 0.6

 0.8
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-3 -2 -1  0  1  2  3
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q = 1.00
q = 1.25
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Figure 1. Plot of the q-Gaussian solution ψqG of the nonlinear wave Equation (9), as a function of the
quantity z = λ0 + λtt− λxx. All depicted quantities are dimensionless.

The solution (10) exhibits a soliton-like behavior, in the sense of being a solution that propagates
at a constant velocity without changing form. The propagation velocity is given by u = λt/λx. In the
case η = 0, the nonlinear wave Equation (9) is reduced to the standard linear wave equation, with
wave velocity v. The two velocities u and v are related through

u2 = v2
[

1 +
η

λ2
x

]
. (14)

The time-dependent wave packet solution (10) is centered at

x0(t) =
λ0

λx
+ t
(

λt

λx

)
. (15)

The center of the wave packet, of course, moves at the uniform velocity u = λt
λx

. The width of
the wave packet is determined by the modulus of the parameter λx, so that increasing values of |λx|
correspond to more localized wave packets. It transpires from Equation (14) that the velocity u of
the q-Gaussian wave packets depends on their width. For η > 0, the propagation velocity u of the
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q-Gaussian solutions is greater than the wave velocity v of the linear wave equation, and u decreases
with the degree of localization of the wave packets. On the contrary, when η < 0, the q-Gaussian wave
packets move at velocities smaller than v, and wave packets of increasing localization move at greater
velocities. In both cases, as the wave packets become more localized, their propagation velocity tends
to the wave velocity v of the linear wave equation. When η = 0, one recovers the linear wave equation
where the propagation velocity is, of course, independent of the width of the wave packets.

The q-Gaussian wave packet solution ψqG can be written explicitly in terms of the wave packet’s

center as ψqG =
[
1− (1− q)λ2

x(x− x0)
2] 1

1−q
+ . As already mentioned, for q < 1, this wave packet has a

finite amplitude only on a finite range of x-values comprised within the cut-off points, x± = x0(t)± ∆
2 ,

where ∆ = 2
|λx |

√
1

q−1 is the width of the wave packet. Let us call this localized q-Gaussian a “q-Gaussian
pulse”. It is evident that −ψqG is also a q-Gaussian pulse solution of the nonlinear wave Equation (9).

Using the fact that ψ
q
qG, ψ

2q−1
qG , ∂2ψqG/∂t2 and ∂2ψqG/∂x2, all go to zero at the cut-off points, it is

possible to match an infinite sequence of q-Gaussian pulses of alternating signs at their turning points,
and construct a new solution consisting of a wave-like infinite train of pulses, defined in a piece-wise
way by

ψqGT(x, t) = (−1)n
[
1− 1(1− q)λ2

x(x− x0(t)− n∆)2
] 1

1−q

+
,

for, x0(t) +
(

n− 1
2

)
∆ ≤ x ≤ x0(t) +

(
n +

1
2

)
∆, n = 0,±1,±2, · · · . (16)

This train of pulses moves at the constant uniform velocity u = λt/λx, and exhibits a traveling
wave-like pattern, consecutive pulses being of alternating signs, all of them having the same width ∆,
and the nth pulse centered at x0(t) + n∆ = 1

λx
(λ0 + λtt) + n∆. However, the pulses have a q-Gaussian

shape, instead of half-sinusoidal one.
Introducing now the potential function

W(ψ) =
2η

1− q

(
|ψ|1+q − |ψ|2q

)
, (17)

it is possible to recast the wave Equation (9) under the guise

1
v2

∂2ψ

∂t2 −
∂2ψ

∂x2 + W ′(ψ) = 0 , (18)

where W ′(ψ) = dW/dψ. The wave Equation (18) has the form of a nonlinear Klein–Gordon equation.
The shape of the potential W(ψ) is shown in Figure 2 for different q-values.
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 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

-1 -0.5  0  0.5  1

W
 /
 η

ψ

q = 0.50
q = 0.75
q = 1.25
q = 1.50

Figure 2. Plot of W(ψ)/η against the wave amplitude ψ, for different q-values. The potential W is
given by expression (17). All depicted quantities are dimensionless.
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If we regard the nonlinear wave Equation (9) as governing the evolution of a real field ψ(x, t),
then the wave equation can be derived from the Lagrangian density

L =
1

2v2

(
∂ψ

∂t

)2
− 1

2

(
∂ψ

∂x

)2
−W . (19)

Indeed, the Euler–Lagrange equation,

∂

∂t

[
∂L
∂ψt

]
+

∂

∂x

[
∂L
∂ψx

]
− ∂L

∂ψ
= 0 , (20)

where ψt = ∂ψ/∂t and ψx = ∂ψ/∂x, corresponds to the wave Equation (9). When regarded as
describing a real field, the nonlinear wave Equation (9) admits a classical mechanical interpretation.
It can be construed as governing the time evolution of a vibrating string, subjected to the effect of
a lateral force field described by the potential (17). The vibration of the string is assumed to be
constrained to a plane and ψ(x, t) corresponds to the lateral displacement of the string.

The appropriate Lagrangean density for a complex field ψ(x, t), governed by the wave
Equation (9), is

L =
1

2v2

(
∂ψ

∂t

)(
∂ψ∗

∂t

)
− 1

2

(
∂ψ

∂x

)(
∂ψ∗

∂x

)
−W , (21)

where the potential W, explicitly written in terms of the field ψ and its complex conjugate ψ∗, is

W =
2η

1− q

[
(ψψ∗)q − (ψψ∗)

1+q
2

]
. (22)

The Euler–Lagrange equations associated with the Lagrangean (21) are

∂

∂t

(
∂L
∂ψ∗t

)
+

∂

∂x

(
∂L
∂ψ∗x

)
− ∂L

∂ψ∗
= 0 ,

∂

∂t

(
∂L
∂ψt

)
+

∂

∂x

(
∂L
∂ψx

)
− ∂L

∂ψ
= 0 . (23)

The first of the above equations is precisely the wave Equation (9), while the second one is the
complex conjugate of (9).

Finally, let us consider the q→ 1 limit of the evolution Equation (9). In this limit, this equation
becomes

1
v2

∂2ψ

∂t2 −
∂2ψ

∂x2 + 4η ψ ln(|ψ|) = 0 . (24)

We see that the nonlinearity in the wave Equation (9), which is proportional to the difference
between two powers of |ψ|, in the q→ 1 limit gives rise to a logarithmic nonlinearity. We are going to
find again a logarithmic nonlinearity in Section 4, when discussing the q→ 1 limit of another nonlinear
wave equation. Logarithmic nonlinearities have applications in quantum physics (see the comment in
Section 4, after Equation (33)). In the q→ 1 limit of the nonlinear wave Equation (9), the space-time
dependent q-Gaussian solution (10) reduces to the time-dependent Gaussian solution,

ψGauss(x, t) = exp
[
−(λ0 + λtt− λxx)2

]
. (25)

This solution is a pulse exhibiting a Gaussian profile, that propagates with a constant velocity and
without changing shape.
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4. A Nonlinear Schroedinger Equation with q-Gaussian-Modulated Wave Packet Solutions

We shall now discuss a nonlinear Schroedinger equation admitting wave packet solutions given
by an exponential plane wave modulated by a q-Gaussian. Let us consider the wave equation,

ih̄
∂

∂t

(
φ

φ0

)
= − h̄2

2m
∂2

∂x2

(
φ

φ0

)
− γ

1− q

(
φ

φ0

)[
(1 + q)

∣∣∣∣ φ

φ0

∣∣∣∣q−1
− 2q

∣∣∣∣ φ

φ0

∣∣∣∣2(q−1)
]

, (26)

where m, γ, q, and φ0 are real constant parameters, h̄ is Planck’s constant and i is the imaginary unit.
The quantity m is a constant with dimensions of mass, γ is a constant with dimensions of energy,
q is a dimensionless constant, and the constant φ0 guaranties that each term in (26) has the same
dimensionality. As in the case of the wave equation considered in the previous section, it is convenient
to work with the dimensionless quantity ψ = φ

φ0
, which now satisfies the evolution equation

ih̄
∂ψ

∂t
= − h̄2

2m
∂2ψ

∂x2 −
γ

1− q
ψ
[
(1 + q)|ψ|q−1 − 2q|ψ|2(q−1)

]
. (27)

Now we propose the wave packet ansatz,

ψwp(x, t) = exp[i(kx−ωt)]
[
1− (1− q)(λ0 + λtt− λxx)2

] 1
1−q

+
, (28)

with real constant parameters k, ω, λ0, λt and λx. The parameters k and λx have dimensions of inverse
length, ω and λt have dimensions of inverse time, and λ0 is dimensionless. It will be convenient to
rewrite the above ansatz as

ψwp(x, t) = exp[i(kx−ωt)] ϕ(x, t) , (29)

with ϕ(x, t) =
[
1− (1− q)z2]1/(1−q) and z = λ0 + λtt− λxx . It follows from these definitions that,

when 1− (1− q)z2 > 0,

ih̄
∂ψwp

∂t
= (h̄ωϕ− 2ih̄λtzϕq) exp[i(kx−ωt)] ,

− h̄2

2m
∂2ψwp

∂x2 = − h̄2

2m

{
−k2 ϕ + 4ikλxzϕq +

2λ2
x

1− q

[
2qϕ2q−1 − (1 + q)ϕq

]}
×

exp[i(kx−ωt)] . (30)

For q < 1, the wave function ψwp has two cut-off points corresponding to the points where

z2 = 1
1−q . We then have ψwp = 0 when |z| ≥

√
1

1−q . For q > 1
2 , the quantities ∂ψwp/∂t and ∂2ψwp/∂x2

(besides ψwp itself) tend to zero, as we approach the cut-off points from within the region where ψwp is
non-vanishing. For q > 1, there are no cut-off points. In what follows, we are going to consider only
values of q larger than 1

2 . As an illustrative example, the shapes of the real and imaginary parts of the
wave function ψwp are given in Figure 3 for q = 3

4 .
It follows from the above considerations that the ansatz (28) constitutes a solution of the nonlinear

Schroedinger Equation (27), provided that the parameters appearing in ψwp satisfy the relations

h̄ω = h̄2k2/2m ,
h̄λt = h̄2kλx/m ,
λ2

x = mγ/h̄2 . (31)

The solution ψwp(x, t) of the nonlinear Schroedinger Equation (27) can be construed as an
exponential plane wave, modulated by a q-Gaussian. The parameters ω and k, appearing in this
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plane wave, satisfy the usual free particle relation, corresponding to the plane wave solutions of the
standard linear Schroedinger equation associated with a free particle.

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

ψ
a

z

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

ψ
b

z

(a) (b)

Figure 3. (a) Plot of the real part ψa of the complex wave function (28) as a function of z. (b) Plot of
the imaginary part ψb of the complex wave function (28) as a function of z. Both figures correspond to
q = 3

4 . All depicted quantities are dimensionless.

The Schroedinger Equation (27) can be derived from the lagrangean density,

L =
ih̄
2

(
ψ∗

∂ψ

∂t
− ψ

∂ψ∗

∂t

)
− h̄2

2m

(
∂ψ∗

∂x

)(
∂ψ

∂x

)
+

2γ

1− q

[
(ψψ∗)

1+q
2 − (ψψ∗)q

]
. (32)

It is interesting to consider the limit q→ 1 of the nonlinear Schroedinger Equation (27). In this
limit, we get a Schroedinger equation with a logarithmic nonlinearity,

ih̄
∂ψ

∂t
= − h̄2

2m
∂2ψ

∂x2 − 3ψ ln |ψ| . (33)

Schroedinger equations with logarithmic nonlinearities have been studied in the research
literature [27–30]. They have been proposed to model various quantum mechanical phenomena, such
as, for instance, the behavior of a quantum particle whose position is continuously being measured [28].

The nonlinear Schroedinger Equation (27) is compatible with a probabilistic interpretation of
ρ = |ψ|2. Indeed, it can be verified that it complies with the standard conservation of probability law,

∂ρ

∂t
+

∂J
∂x

= 0, (34)

where the probability density current is,

J =
h̄

2mi

(
ψ∗

∂ψ

∂x
− ψ

∂ψ∗

∂x

)
. (35)

The Schroedinger Equation (27) also admits an energy-like conserved quantity,

E =
∫ [
−
(

h̄2

2m

)
ψ∗

∂2ψ

∂x2 +
2γ

1− q

(
|ψ|2q − |ψ|1+q

)]
dx . (36)

It can be verified after some algebra that dE/dt = 0.
It is of interest to consider briefly the nonlinear Schroedinger Equation (27) in connection with the

de Broglie–Bohm model of quantum mechanics. Using the representation

ψ(x, t) = R exp(iS/h̄) , (37)

the dynamics corresponding to the wave Equation (27) is equivalent to the following evolution
equations for S(x, t) and R(x, t),



Entropy 2017, 19, 60 10 of 13

∂S
∂t

+
1

2m

(
∂S
∂x

)2
− h̄2

2mR
∂2R
∂x2 +

γ

1− q

[
2qR2q−1 − (1 + q)Rq

]
= 0 , (38)

and

∂
(

R2)
∂t

+
∂

∂x

[
R2

m
∂S
∂x

]
= 0 . (39)

According to the Bohmian model of quantum mechanics, a quantum particle has a definite
position and velocity at a given time, but we cannot have direct knowledge of these variables (see, for
instance, [8] and references therein). The velocity of the Bohmian particle is given by vB(x, t) = 1

m
∂S
∂t .

The probability density corresponding to the possible locations of the Bohmian particle is described by
R2. Consequently, Equation (39) is the continuity equation of the probability density of the Bohmian
particle. Both Equations (38) and (39) jointly govern the evolution of the probability density R2 and of
the field S(x, t). This last function, in turn, determines the velocity field vB(x, t) of the Bohmian particle.

In the case of the q-Gaussian wave packet ψwp, given by (28), the quantities R(x, t) and S(x, t)
have the form,

S(x, t) = h̄(kx−ωt),

R(x, t) =
[
1− (1− q)(λ0 + λtt− λxx)2

] 1
1−q

+
. (40)

It follows that the q-Gaussian wave packet ψwp implies a uniform Bohmian velocity field,

VB(x, t) =
1
m

∂S
∂x

=
h̄k
m

, (41)

which coincides with the Bohmian velocity field associated with a plane wave solution of the standard,
linear Schroedinger equation. Therefore, the wave packet (28) has the same velocity field as the
standard plane wave, but its density R2 differs from the (uniform) one associated with the plane wave.
This anomalous density, however, evolves according to the continuity equation associated with the
plane wave velocity field. This state of affairs reminds us of the intriguing extension of quantum
physics proposed by Valentini, where densities differing from the ones stipulated by the strictures of
standard quantum mechanics are considered (see [31–33] and references therein).

Up to now, we have not explicitly considered the normalization of the wave packet (28). When
considering physical applications requiring a normalized wave function, one has to use the dimensional
solution φ(x, t) (as opposed to the dimensionless one ψ(x, t); see the comment after Equation (26)).
A similar situation occurs in the case of the NRT equation [4] (see Equation (4)). The dimensional
solution is,

φ(x, t) = φ0 exp[i(kx−ωt)]
[
1− (1− q)(λ0 + λtt− λxx)2

] 1
1−q

+
. (42)

This wave packet is normalizable for q < 5 .
It is instructive to compare the main features of the nonlinear wave Equation (27) with those of the

NRT Equation (4). These two nonlinear Schroedinger equations have particular analytical solutions that
are related to the nonextensive thermostatistical formalism. In both cases, the squared modulus of these
special solutions are q-Gaussian distributions that move with a constant velocity and without changing
shape. q-Gaussian distributions play a central role in nonextensive thermostatistics and its multiple
applications. They arise naturally when optimizing the power-law, entropic measure Sq, under simple
constraints. Even though the profiles of the squared modulus of the special solutions of Equation (27)
and of the NRT equation are both q-Gaussians, the detailed structures of these solutions are very
different. The solutions of Equation (27) are given by the product of a q-Gaussian and a standard
complex exponential plane wave, while the solutions of the NRT equation are complex q-plane waves.
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This might suggest that the NRT is more deeply connected with the nonextensive thermostatistics
than the Schroedinger Equation (27). On the other hand, the NRT equation represents a more radical
departure form the standard, linear Schroedinger equation than the wave Equation (27). The NRT
equation has its nonlinearity within the Laplacian term, while the nonlinearity of Equation (27) is in a
potential-like term, which can be regarded as arising from an effective potential that depends on the
wave function itself. Nonlinearities of this kind have been used in the literature to model different
quantum effects (see, for instance, the logarithmic nonlinearity considered in [27,28]). The special
solutions of the NRT equation behave in a soliton-like way, in the sense that they move with uniform
velocity and without changing shape. The special solutions of Equation (27) do not, strictly speaking,
exhibit this property (although their squared modulus does) because the two factors appearing in
ψwp (29) move at different velocities. Equation (27) preserves the normalization of the time-dependent
wave function, while the NRT equation does not, in general, preserve it (it admits, however, particular
solutions whose normalization is preserved). Equation (27) can be derived from a Lagrangean
involving only the wave function ψ and its complex conjugate. The NRT can be brought into a
Lagrangean formulation, but only paying the price of introducing a new complex field [5]. Some of
these differences (in particular, those related to the preservation of normalization) arise from the fact
that the nonlinear Schroedinger Equation (27) can be obtained from a Lagrangean that is invariant
under the transformation ψ → exp(iα)ψ, while the NRT equation cannot. Last, but certainly not
least, the q-plane wave solutions of the NRT equation behave like free particles, in the sense of being
compatible with the Einstein–de Broglie relations [4]. The special solutions of Equation (27) are also
related to free particle behavior, although in a less straightforward way.

As a final remark, notice that the q → 1 limits of the two nonlinear evolution equations
investigated here are themselves nonlinear equations. This suggests that other nonlinear wave
equations may admit meaningful q-generalizations. Alas, no general procedure is known to generate
these kind of q-extensions. At the present stage of development of this line of enquiry, q-extensions
have to be explored on a case-by-case basis. It would be interesting, for instance, to investigate
possible q-extensions of the nonlinear Schroedinger equations advanced in [34,35]. Another venue of
exploration that may be worth pursuing is to investigate q-extensions of nonlinear evolution equations
involving fractional derivatives, such as those considered in [36–38].

5. Conclusions

We proposed and explored some properties of two nonlinear wave equations admitting exact
analytical solutions related to the q-Gaussian form. q-Gaussians play a central role within the
nonextensive themrostatistical formalism, and it is therefore of interest to explore all the possible
dynamical mechanisms that may lead to q-Gaussians.

One of the nonlinear wave equations advanced here has the form of a linear wave equation plus
a nonlinear term that can be derived from an appropriate potential function. This nonlinear wave
equation can be regarded as a nonlinear Klein–Gordon equation. It also admits a classical mechanical
realization in terms of a vibrating string subjected to a nonlinear lateral force field. This nonlinear
wave equation exhibits wave packet solutions with a q-Gaussian shape, that propagate with a constant
velocity and without changing shape.

The other nonlinear wave equation proposed here is a nonlinear Schroedinger equation.
This equation admits exact analytical solutions, that have the form of a plane wave modulated
by a q-Gaussian. The squared modulus of these solutions has a q-Gaussian form, moving with constant
velocity and no change in shape. The nonlinear Schroedinger equation considered here has some
similarities, and also some fundamental differences, with the NRT equation. Both equations have
solutions that are related to q-Gaussians. However, the detailed structure of these solutions is different.
The equation investigated here has solutions that are given by the product of an exponential plane wave
and a q-Gaussian, while the special solutions of the NRT equation are q-plane waves. The equation
advanced here describes a conservative dynamics arising from a Lagrangean involving only the



Entropy 2017, 19, 60 12 of 13

wave function ψ and its complex conjugate, while the NRT equation does not. Finally, the q-plane
wave solutions of the NRT equation exhibit a direct connection with free particle behavior, via the
Einstein–de Broglie relations [4]. This relation to free particle behavior is also observed in the special
solutions of the Schroedinger equations considered in this work, although in a more indirect way.

The present developments suggest some questions for further research. It would be interesting to
explore in more detail the possible relations between the nonlinear Schroedinger equation investigated
in this work and (i) the process of continuously measuring the position of a quantum particle and
(ii) the Valentini extension of quantum mechanics. On the other hand, the comparison between the
present nonlinear Schroedinger equation and the NRT equation raises the following question: would
it be possible to formulate a nonlinear Schroedinger equation having q-plane wave solutions, reducing to the
standard linear Schroedinger equation in the q → 1 limit, and being derivable from a Lagrangean involving
only the wave function and its complex conjugate (that is, without introducing new fields)? This last question
is related to another open problem: Are the q-extensions considered here unique? That is, is it possible to
have different nonlinear evolution equations, all admitting q-plane wave (or q-Gaussian) solutions and sharing
the same q → 1 limit? To the best of our knowledge, these questions, which may have important
implications, remain unexplored. Any further contributions along these or related lines will certainly
be welcome.
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