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EV Traction Control Based on Nonlinear Observers
Considering Longitudinal and Lateral Tire Forces
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and Cristian H. De Angelo , Senior Member, IEEE

Abstract— An observer-based traction control strategy for
electric vehicles is proposed in this paper. The proposed strategy
considers the combined effects of lateral and longitudinal traction
forces, both for acceleration and regenerative braking, even
in curved trajectories. Nonlinear reduced-order observers are
designed for estimating tire-road friction condition on each trac-
tion wheel and vehicle lateral velocity from which side-slip angles
are calculated. A detailed analysis of observers convergence is
performed, and a method to know the quality of the estimated
variables is also proposed. The proposed traction control strategy
allows avoiding the traction wheels skidding during acceleration
and braking both in straight trajectories and turning maneuvers.
The performance of the proposal is verified through simulation
on a complete vehicle model, under different situations and even
considering a different vehicle tire model.

Index Terms— Traction control system, combined longitudinal-
lateral brush tire model, tire-road friction, nonlinear observer.

NOMENCLATURE

α Side-slip angle.
δ Average steering angle.
ε Observer constant gain.
ω Angular velocity of the wheel.
ω̇ Angular acceleration of the wheel.
γ Vehicle yaw rate.
� Nonlinear transformation.
σ Tire slip.
ay Vehicle lateral acceleration.
C Parameter dependent on tire characteristics.
d Vehicle track width.
e Estimation error.

F Total force in a tire (
√

F2
x + F2

y ).

Fx Longitudinal force on a tire.
Fy Lateral force on a tire.
Fz Normal force on a tire.
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Fmax Maximum force transmissible to the road.
FR Rolling resistance force.
g Observer constant gain.
i Subscript used to indicate front (i = f ) or

rear (i = r ) wheel or axis.
Iw Wheel spin inertia.
Iz Inertia respect to the vertical Z axis.
j Subscript used to indicate left ( j = l) or

right ( j = r ) side.
kd Rolling resistance model parameter.
ks Rolling resistance model parameter.
l Distance to center of gravity (CG).
Lμ Nonlinear gain of the μS observer.
Lvy Nonlinear gain of the vy observer.
m Vehicle mass.
μS Tire-road friction coefficient.
Re Effective radius of the tire.
vx Longitudinal velocity of the center of gravity.
vy Lateral velocity of the center of gravity.
T ∗ Reference torque.
Tn Maximum traction motor torque.
Tr jmax Torque saturation calculated by the traction

control.

I. INTRODUCTION

IN ELECTRIC Vehicles (EV), the possibility of control-
ling wheel torque almost instantaneously [1] enables the

implementation of different Traction Control (TC) strategies.
In addition, electric motors can be used as regenerative brake,
which allows recharging batteries and using the TC system as
Anti-lock Braking System (ABS), improving energy recovery
during braking [2].

Several TC strategies are available in literature. The Model
Following Control is proposed in [3], where the dynamics of
the wheel is treated as a variable-inertia system, assuming
that a greater wheel slip can be seen as a lower inertia.
This dynamic system is compared with the nominal plant,
and the error between them is used to limit the torque
applied by the traction motors, in order to maintain the
adhesion between the wheel and the road. In the Optimal
Slip Ratio Control [4], the single wheel slip is regulated in a
desired range by controlling the gradient ( ∂μ

∂slip ). This control
strategy maintains the value of the friction coefficient slope
(e.g. positive slope) bounded, which ensures the tire operating
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in the stable sliding zone. In [5], an online search method of
the optimal operation point of the traction wheels is proposed
without the need to measure or calculate the slip ratio, in order
to avoid the wheel slip in electric vehicles. A second-order
sliding mode control strategy is proposed for wheel slip control
in [6], in order to maximize the traction forces.

In [7] an EV traction control strategy is presented, which is
based on the detection of the maximum transmissible torque,
avoiding the evaluation of the inverse of the nonlinear function
that relates the friction coefficient with slip. In [8], a nonlinear
observer is designed for road condition estimation and the
maximum traction force is controlled using dynamic torque
saturation. A robust estimation of traction forces is presented
in [9] as well as a strategy to control and maintain them within
the stable region. Although all these strategies have shown a
good performance, they do not analyze the behavior of the
proposals during turning maneuvers.

In situations in which acceleration or braking maneuvers
are required while the vehicle performs a turning maneuver,
an increase of longitudinal slip occurs to reach the required
traction/braking forces, but a decrease of lateral forces can
also be observed. To compensate this loss of lateral force
in order to allow the vehicle to continue with the desired
path, the side-slip angle should be increased. Even more,
in case of acceleration/braking maneuvers during sharp turns,
the traction wheels may skid producing a large decrease in
the lateral forces which could eventually lead to loss of the
vehicle control. Therefore, the design of a traction control that
ensures the vehicle stability on turning maneuvers should take
into account the combined effect of the longitudinal and lateral
tires forces.

Some TC strategies are based on the knwoledge of the
Tire-Road Friction Condition (TRFC), for which different
estimation strategies have been proposed based on [10]:
a longitudinal vehicle-tire model [11], [12], a lateral
model [13], [14] and a combined model [15], [16]. Among
these three categories, there are several works that use different
TRFC for the two sides of the vehicle, and some others
which only estimate an average road condition. Strategies
that only use a longitudinal model to estimate TRFC may
not work properly in turning maneuvers, and those that are
only based on a lateral model may not be appropriate when
longitudinal slip is high. Therefore, proposing a TC based on
TRFC estimation able to work on both situations is needed
in order to ensure the proper operation when both lateral
and longitudinal slip exist. In [17], the estimation of lateral
and longitudinal traction forces is carried out and a strategy
to estimate TRFC is proposed by means of an adaptive
observer and a Burckhardt/Kiencke tire model able to operate
on extreme adherence situations.

For using the TC system in turning maneuvers, it could be
also necessary to know the wheels side-slip angles and/or the
lateral velocity. Different side-slip estimation strategies based
on Extended Kalman filter (EKF) are compared in [18], using
a nonlinear force model, but load transfer is not considered,
while computational burden of EKF is usually high. Different
strategies for estimating wheels side-slip angles are proposed
in [19], considering a combined lateral/longitudinal model.

A first strategy combines two open loop estimators for obtain-
ing the side-slip angle, one of them based on the model
while the other is a kinematic estimation. Both estimations are
combined through a weighted sum using a first order filter. The
disadvantages of this strategy is that the filter alters the actual
side-slip dynamics, the open-loop estimators may suffer from
drift due to sensor bias or noise, and the used model introduce
errors when forces are in the nonlinear region. The other two
methods are based on an EKF and a scaled Kalman filter with
model error compensation. The problem with these techniques
is their complexity and high computational burden. In [20]
lateral velocity is estimated from a combination of an observer
based on a bicycle model and a kinematic observer. Side-slip
angles are estimated in [21] through a Kalman filter, using the
measurements provided by a GPS and a magnetometer.

A new strategy for estimating side-slip angle and TRFC on
electric traction vehicles is proposed in this work. This strategy
is based on reduced-order nonlinear observers and allows
estimating TRFC on each side of the vehicle as well as lateral
velocity, both in curved or straight trajectories. The proposed
observers allow implementing a traction control strategy by
controlling the torque of the individual traction electric motors.
Through dynamic saturation of the applied torque on each side,
traction and regenerative braking forces are maintained within
their stable region, both for straight and curved trajectories.

The proposed TRFC observers are characterized by their fast
convergence compared to the lateral and longitudinal vehicle
dynamics, and also with other strategies based on Kalman
filter. This is an important requisite in order to allow the
TC system to react and correct the vehicle dynamics through
the electric traction motors. Besides, the proposed observer
does not need the real time calculation of inverse matrices.
Moreover, in this work a method to evaluate the quality of
the estimated TRFC, based on the analysis of the nonlinear
observer feedback gain, is also proposed. This information is
used to determine when the estimated variables can be used
in the traction control strategy.

This paper is organized as follows: in section II, a study of
longitudinal and lateral wheel forces is carried out and the cor-
responding tire model presented. In addition, the vehicle model
is described. In section III the allowed maximum torque values
for traction motors are deduced, and a scheme of the proposed
traction control strategy is presented. The proposed observers
for TRFC and side-slip angle are described in section IV.
A method to evaluate the quality of the estimated variables is
also presented in this section. In section V, the performance
of the proposed traction control and observers for different
tire-road conditions and risky driving situations are analyzed
and verified through simulation results. Finally, in section VI,
main results are discussed and conclusions are drawn.

II. SYSTEM MODEL

For traction and stability control, different models that rep-
resent the tire-road interaction have been used. These models
include Pacejka Magic Formula [22], LuGre [23], Dugoff [24],
and brush models [24], [25], among others. In this work we
use the combined longitudinal-lateral brush model, which is
a semi-empirical, simple and low-cost computational model.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

ALIGIA et al.: EV TC BASED ON NONLINEAR OBSERVERS CONSIDERING LONGITUDINAL AND LATERAL TIRE FORCES 3

In addition, this model uses fewer parameters than the Pacejka
model, to represent the behavior of the tire under study. These
characteristics make this model suitable for the estimation of
variables related to tire-road interaction [13], [25].

The longitudinal slip, σx , is defined as

σx =
⎧
⎨
⎩

Reω−vx
Reω

for driving

Reω−vx
vx

for braking
(1)

and the tire lateral slip is defined as

σy = vx

Reω
tan(α) (2)

where vx is the longitudinal velocity of the center of mass of
the vehicle, Re is the effective radius of the wheel, ω is the
angular speed of the wheel and α is the tire side-slip angle.

The traction force according to the combined longitudinal
and lateral brush model [24, p. 418], is defined as,

F =
{

μS Fz[3θσ − 1
3 (3θσ)2 + 1

27 (3θσ)3] if σ < σm

μS Fz if σ ≥ σm
(3)

where σ =
√

σx
2 + σy

2, θ = C
3μS Fz

, σm = 1
θ , C is a lumped

parameter which depends of the tire characteristics and Fz is
the normal force.

From (3), the components of the lateral and longitudinal
forces can be obtained as follows

Fx = σx

σ
F (4)

Fy = σy

σ
F (5)

and it can be seen that F is the resultant of the geometric sum

F =
√

Fx
2 + Fy

2 (6)

In the present model, μS is the value taken by the friction
coefficient once the wheel starts to skid or enters to the
unstable slip region. It is defined as the ratio between the
maximum force transmissible to the road for a given road
condition and normal force,

μS = Fmax

Fz
(7)

Therefore, μS is called tire-road friction coefficient (TRFC)
and it identifies a particular road condition.

In Fig. 1, the lateral force (5) is represented as a surface
Fy(σx , α) for μS = 1 and Fz = 2500 N. For different turning
maneuvers, Fy will correspond to some point on this surface.
As can be appreciated, for a given lateral force transmitted by
a tire, when longitudinal slip grows (e.g. due to acceleration in
a curved trajectory), side-slip angle must also be increased in
order to maintain the same lateral force. Even more, in sudden
acceleration during a curve, side-slip angle could reach very
high values, which can make the vehicle unstable.

In this situation, the traction control should be able to
limit the traction force considering not only the maximum
longitudinal force that can be transmitted to the ground due
to road adherence, and the normal force (see (7)), but also the
lateral force required to perform turning maneuvers.

Fig. 1. Lateral force as function of longitudinal slip and side-slip angle.

Fig. 2. Vehicle planar model.

For the design of the TC strategy a model of a small
EV prototype is considered. This prototype is a rear trac-
tion (2WD) four-wheel vehicle with conventional mechanical
steering. Vehicle traction is performed by two independently
controlled in-wheel electric motors, placed on each rear wheel.
Electric motors are driven by variable speed drives able to
apply the reference torque in the order of miliseconds, which
allows neglecting the dynamics of the actuators [1].

The parameters for this prototype are detailed in Section V.
The model considers the planar lateral dynamics and also the
rotational dynamics of the traction wheels.

Here, by approximating the steering angles of each wheel
by the average between them (δ), the side-slip angles are
geometrically calculated as follows [24],

α f j = δ − arctan

(
vy + l f γ

vx ∓ γ d
2

)
(8)

αr j = − arctan

(
vy − lrγ

vx ∓ γ d
2

)
(9)

where j = {l, r} with l: left, r : right; vx and vy are the
longitudinal and lateral velocity of the center of gravity (CG),
γ is yaw rate, l f and lr are the distances from the CG to
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Fig. 3. Proposed traction control scheme.

the front and rear axis, and d is the vehicle track width,
respectively.

The lateral forces are calculated individually for each wheel
using (5), due to the fact that the TRFC and the normal forces
may vary significantly on both sides of vehicle. The force on
each axis can be defined as,

Fy f = Fy f l(α f l , μSl, Fz f l) + Fy f r (α f r , μSr , Fz f r ) (10)

Fyr = Fyrl(αrl , μSl, Fzrl ) + Fyrr (αrr , μSr , Fzrr ) (11)

The model used in this work is then defined by the two
equations that represent the lateral planar dynamics of the
vehicle,

v̇y = Fy f cos (δ) + Fyr

m
− vxγ (12)

γ̇ = Fy f cos (δ) l f − Fyrlr + (Fxrr − Fxrl )(d/2)

Iz
(13)

where, m is the vehicle mass, Iz is the inertia respect to
the vertical axis z and [(Fxrr − Fxrl)(d/2)] is the action
of a differential torque (e.g. due to a yaw control action).
In addition, the traction wheels dynamics are modeled as
follows:

ω̇r j = 1

Iw

(
Tr j − (Fxr j + FRr j )Re

)
(14)

Here, Tr j represents the torque applied by the electric motor,
Fxr j is the traction force modeled by (4), ωr j is the driven
wheels angular velocity, FR the rolling resistance and Iw is the
wheel rotational inertia. The rolling resistance, FR , is modeled
as a linear function of the normal force [26],

FRr j = Fzr j (ks + kdωr j Re) (15)

where ks and kd are parameters of the friction model
and (ωr j Re) is the tangential velocity of the tire on the road.

III. TRACTION CONTROL STRATEGY

In this paper, a control strategy able to maintain the traction
forces within the stable operation region for different road
conditions and maneuvers is proposed. This traction control
approach is based on the analysis of the total forces (F)
exerted by a tire (3) (rear wheels in this particular case).
In addition, it ensures good adherence of tires during accelera-
tion and regenerative braking maneuvers in straight and curved
trajectories.

Different from previous proposals, we consider that lat-
eral velocity is not measured, but it is estimated using

a nonlinear observer. Besides, TRFC on each side of the
vehicle are also estimated using nonlinear observers.

A. Calculation of Maximum Applicable Torque

To ensure the operation of the traction control within the
stable region of the traction forces, complete slip condition
which occurs at (σ >= σm ), must be avoided. Therefore,
according to (7), the maximum force a tire can transmit to
the road in any direction is given by,

Fr jmax = μS j Fzr j (16)

and the total force on each rear tire is given by:

Fr j =
√

Fxr j
2 + Fyr j

2 (17)

In (16) and (17), μS j , Fzr j and Fyr j are imposed conditions
dependent on the state of the vehicle. The only action a TC
system can take to keep the total force (F) in the stable region,
if required, is limiting the longitudinal force by controlling
motor torque.

From (16) and (17), the maximum longitudinal force a tire
can transmit can be obtained as,

Fxr jmax =
√(

μS j Fzr j
)2 − F2

yr j (18)

where the lateral force on the tire is calculated from the
estimated values of αr , μS j and Fzr j , using (5). From the
maximum traction force, the maximum applicable torque is
calculated by considering (14) at steady state,

Tr jmax = (Fxr jmax + FRr j )Re (19)

The block diagram of the proposed traction control strategy
is presented in Fig. 3.

The traction control system input is a torque reference
value (T ∗), imposed by the throttle position. Reference torque
for each wheel is limited through a dynamic saturation to
the maximum value, Tsat. According to the criteria given in
section IV-D, if TC is not needed, torque limit value is set the
maximum motor torque Tn .

On the other hand, when TC is needed, Tsat is obtained
as follows: With estimated μ̂S j , F̂yr j and F̂zr j values,
the maximum torque value that can be applied to each wheel
(Trl max and Trr max) are calculated. As the maximum torque
values on left and right sides may not be equal (e.g. due to
different TRFC and different normal forces on one and the
other side of the vehicle), the torque reference value is limited
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to the minimum value among them. This avoids the appearance
of differential torque that may occasionally turn the vehicle
unstable.

The output of TC system are the torque references
(T ∗

rl and T ∗
rr ) for each electric motor drive.

Concluding, to implement the proposed control strategy it is
necessary to know the TRFC (μS j ) at each side of the vehicle,
the rear lateral forces (Fyr j ) and the normal forces on the
tires (Fzr j ). Here, the normal forces are estimated according
to [27], while TRFC and rear lateral forces are obtained as
detailed in the next section.

IV. ESTIMATION OF TIRE-ROAD FRICTION CONDITIONS

AND TIRES SIDE-SLIP ANGLES

Although the sensors commonly used in vehicular safety
systems allow obtaining some information on the longitudinal
and lateral dynamics of the vehicle, there are other variables
that are difficult or expensive to be measured. Particularly,
it becomes necessary to estimate those variables related to
TRFC, μS j , and the lateral forces, which can be calculated
once μS j are estimated, as well as the rear side-slip angles,
αr j , and normal forces (see (11)).

A new strategy for estimating TRFC on each side of the
vehicle as well as the tires side-slip angles using nonlinear
reduced-order observers is proposed in this work. These
observers are designed from the nonlinear model of lateral
and longitudinal forces. The use of nonlinear force models in
the observers design provides the advantage that they work
properly for maneuvers in which the behavior of forces are
significantly away from those of the classical linear bicycle
model, particularly on large longitudinal or lateral slip angles
and large load transfer.

The following reduced-order observers are proposed for
estimating the lateral velocity and TRFC at each side of the
vehicle,

˙̂vy = 1

m

(
F̂y f cos (δ) + F̂yr

)
− vxγ + Lvy (ay − ây) (20)

˙̂μSl = Lμl (ω̇rl − ˙̂ωrl ) (21)
˙̂μSr = Lμr (ω̇rr − ˙̂ωrr ) (22)

where Lvy , Lμl and Lμr are state-dependent nonlinear gains
to be determined, and F̂y f and F̂yr are the estimated lateral
forces given by,

F̂y f = Fy f l(α̂ f l , μ̂Sl, F̂z f l) + Fy f r (α̂ f r , μ̂Sr , F̂z f r ) (23)

F̂yr = Fyrl(α̂rl , μ̂Sl, F̂zrl ) + Fyrr (α̂rr , μ̂Sr , F̂zrr ) (24)

Side-slip angles are obtained from (8)-(9) evaluated on the
estimated lateral velocity and the measurements of yaw rate
and longitudinal velocity. Besides, ay is the measured lateral
acceleration and

ây = ˙̂vy + vxγ, (25)

˙̂ωr j = 1

Iw

(
Tr j − (F̂xr j + F̂Rr j )Re

)
(26)

with F̂xr j and F̂Rr j the longitudinal and rolling resistance
calculated using the estimated normal forces and TRFCs, and
j = l, r .

A. Lateral Velocity Observer Design

For obtaining the side-slip angles, αi j , an observer is first
proposed for estimating the lateral velocity, vy . Different from
previous proposals, the proposed observer is a reduced-order
one, which implies a simpler implementation. Besides, it does
not requires operations between matrices or matrix inversions,
as in the case of EKF. It is first assumed that the TRFCs (μS j )
are known, as they are estimated by the observers presented in
the next subsection. This condition will be relaxed later, when
the convergence analysis of the combined observers is carried
out in Appendix A.

This design is based on the lateral velocity dynamics, (12).
Considering the following transformation

ν = �v(vy, μS j ) = ay = 1

m

(
Fy f cos (δ) + Fyr

)
(27)

the system in the new coordinates can be expressed as follows,

ν̇ = Aν + ρ(ν, μS j )

yv = ν (28)

where

Aν + ρ(ν, μS j ) = ∂�v(vy, μS j )

∂vy
v̇y

Then, the observer (20) in the new coordinates is given by

˙̂ν = Aν̂ + ρ(ν̂, μ̂S j ) + g(yv − ŷv )

ŷv = ν̂ (29)

where g is a constant gain that is selected to obtain the
desired convergence time (see Appendix A). The observer in
the original coordinates becomes,

˙̂vy = 1

m

(
F̂y f cos (δ) + F̂yr

)
− vxγ + Lvy (ay − ây) (30)

with

Lvy =
(

∂�v(vy, μS j )

∂vy

∣∣∣∣
vy=v̂y

)−1

g

Once lateral velocity is estimated, it is possible to calculate
the tire side-slip angles from (9) and the corresponding lateral
forces from (5) and (3).

B. TRFC Observers Design

These two observers, one for each side of the vehicle
( j = l, r ), are responsible for estimating TRFC on each rear
tire. Considering the wheel dynamics (14), and assuming that
the TRFC is slowly variable,

μ̇S j = 0, (31)

the following transformation is introduced to design the non-
linear gain,

ζ j = �μj (μS j ) = ω̇r j = 1

Iw

(
Tr j − (Fxr j + FRr j )Re

)
. (32)

This transformation makes the output a linear function of the
new state, y j = ζ j , and

ζ̇ j = ∂�μj (μS j )

∂μS j
μ̇S j = 0. (33)
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Then, the proposed TRFC observer in ζ coordinates is
designed as a reduced order high-gain observer [28], given by

˙̂ζ j = 1

ε

(
y j − ŷ j

) = 1

ε

(
y j − ζ̂ j

)
. (34)

where ε is small enough to make the dynamics of this
observers faster than the lateral velocity observer [29]. The
reader can refer to Appendix A for a detailed analysis of the
convergence of the proposed observers.

Then, in the original coordinates, the proposed observer
results

˙̂μS j = Lμ j (ω̇r j − ˙̂ωr j ) (35)

with

Lμ j =
(

∂�μj (μS j )

∂μS j

∣∣∣∣
μS j=μ̂S j

)−1
1

ε
. (36)

C. Implementation Aspects

As can be noted, the proposed TRFC observer needs the
derivatives of the measured wheel angular speed for the
correction term. Since a direct computation of this derivative
would produce a noisy estimation, the following change of
variable is proposed,

χ̇ j = ˙̂μS j − Lμ j ω̇r j (37)

Then the observer is implemented in the substitute variables,

χ̇ j = −Lμ j
˙̂ωr j = −Lμ j

1

Iw

(
Tr j − (F̂xr j + F̂Rr j )Re

)
, (38)

and the estimated TRFC is calculated as follows,

μ̂S j = χ j + Lμ j ωr j (39)

Here, motor torque is obtained from the motor con-
troller, while the longitudinal forces are calculated from the
measured wheel velocities, the estimated TRFC, and the
vehicle longitudinal velocity which is obtained as an average
value among those values measured on the undriven front
wheels.

The implementation of the proposed observers and the
control strategy needs the measurements of the steering angle,
lateral acceleration, yaw rate and wheels speed. Steering
angle can be measured using a potentiometer or a hall-effect
sensor with at least 20 Hz bandwidth and a range of ±25°.
Lateral acceleration and yaw rate measurements can be
obtained from an inertial measurement unit (IMU) with
a 50 Hz bandwidth. The maximum lateral acceleration to
be measured is about ±1 G while the maximum expected
yaw rate is about ±5 rad/s. The angular wheels speed
measurement can be obtained from 1024 pulse/rev. optical
encoders, which are also used for the traction motor controller.
Finally, the observers can be implemented in a real vehicle
using an ARM4 32-bit floating-point microcontroller running
at 100 MIPS, discretizing the system with a 4th order Runge
Kutta algorithm, with a sampling time of 1 ms.

D. Quality of the Estimated TRFC

A well known problem in the literature is the correct
estimation of the TRFC under low slip values [10]. This is due
to for low slip values, longitudinal forces are almost a linear
function of the slip, being practically independent of μS . Due
to this problem, under low slip conditions, small disturbances,
parameter errors or differences between the model and the real
vehicle would cause an incorrect estimation of μS . However,
this issue does not represent an inconvenience for the control
strategy proposed in this work, since for low longitudinal
slip conditions, the proposed traction control is not needed
(i.e. torque is not limited by (19)).

Despite this, a criteria is needed to evaluate the quality of
the estimated variables, in order to know when the estimated
TRFC is valid to be used in the calculation of the torque limits.
An analysis of the region of convergence of the μS observer is
performed in [9], while this information is utilized to evaluate
the quality of the estimated values for control purposes. The
problem of such proposal is that the region of attraction is
dependent of the estimated variables.

In the present work, a method for evaluating the quality
of the estimated variables independent of such estimations
is proposed. The proposal is based on the analysis of the
nonlinear gain of the TRFC observer (36). As can be seen,
the reciprocal of this term is proportional to the derivative of
the longitudinal force with respect to μS ,

∂�μj (μS j )

∂μS j

∣∣∣∣
μS j=μ̂S j

= ∂ ˙̂ωr j

∂μ̂S j
= − Re

Iω

∂ F̂xr j

∂μ̂S j
(40)

This derivative indicates the degree of dependence of the
longitudinal force on the parameter μS j , for a given value
of σx and σy . A small value of this derivative means that the
longitudinal force is in the linear region, which implies that
the estimated value of μS j is not reliable, and should not be
used for torque limits calculation. On the other hand, if the
value of this derivative is high, longitudinal forces are highly
dependent of μS j , and the estimated values are correct and
can be used for torque limiting.

As can be seen in Appendix B, function (40) is negative
and it has an absolute minimum in the interval 0 < σx < σm .
Besides, the value of this minimum is independent of μS ,
which means that it can always be calculated, independently
of the quality of the estimated variables and of the vehicle
driving conditions.

According to the vehicle driving and road conditions, dif-
ferent operating region of the proposed observers can be
identified, as shown in Table I. Here, different combinations of
longitudinal and lateral slip that can be found are considered.
For simplicity it is assumed that lateral side-slip on both rear
wheels are equal. In the table, “low” means that force is in the
linear region, while “high” refers to forces beyond the linear
region.

As previously explained, a correct estimation of μ̂S j is
obtained when forces are beyond the linear region. Therefore,
for cases 〈1〉 to 〈3〉 the estimation of μ̂S j is not reliable, but
traction control is not needed in such cases.
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TABLE I

OPERATING OBSERVERS REGIONS

Cases 〈4〉 to 〈7〉 are not usual driving conditions, but they
can occur when road condition changes only on one side of
the vehicle. In these cases, μ̂S j is correctly estimated only on
the wheel with high slip, while traction control is only needed
in that wheel (i.e. on the side with high slip).

In cases 〈8〉 and 〈9〉 longitudinal slip is high on both sides,
so μ̂S j is correctly estimated on both wheels. Such situations
require the traction control on both wheels to avoid wheels
skidding.

Different from the μS j observers, the estimation of v̂y

converges both for the linear region of the forces and beyond it.
Then, in cases 〈2〉, 〈4〉, 〈6〉 and 〈8〉, lateral velocity is correctly
estimated since lateral forces are in the linear region, so they
are not dependent on the estimation of μ̂S j . For cases 〈3〉, 〈5〉
and 〈7〉, the performance of the lateral velocity observer can
be slightly affected by the μ̂S j which is no properly estimated,
producing that the estimation error does not converges to zero,
but to a small value. In cases 〈8〉 and 〈9〉 μS j is rightly
estimated, and the same occurs with v̂y .

In 〈10〉 longitudinal force is saturated (wheels are skidding)
and lateral velocity is null. In such case the estimation of
both μ̂S j is correct. Traction control should avoid to reach
this situation.

Finally, 〈11〉 represents a case where the vehicle is laterally
skidding without control, with null longitudinal slip, while
lateral forces are saturated. In this situation μS j and lateral
velocity are not observable. Even when the observers do not
provide a reliable estimation, traction control could not do
anything since there is not available longitudinal force.

V. EVALUATION OF THE PROPOSED CONTROL STRATEGY

To verificate the traction control strategy and the observers
proposed in this work, simulations were carried out using
Simulink/CarSim environments, using a full model of vehicle
whose parameters are presented in Table II. The rest of para-
meters corresponds to a generic class A vehicle, provided by
CarSim. The CarSim vehicle model is a multibody dynamic
model that considers the effects of suspension, load transfer,
aerodynamic force, etc. The tire model used by this simulator
includes rolling resistance, camber trust effect, combined slip,

TABLE II

VEHICLE PARAMETERS

dynamic radius variation depending on load variations, and
dynamics due to rolling are included using relaxation length
for lateral and longitudinal slip [30]. In order to accomplish
the desired velocity of convergence, the following observer
gains were selected: g = 10, ε = 0.001. In the first results
(V-A to V-C), the tire model used by the simulator is the
combined longitudinal-lateral brush tire model. Subsequently,
for the case V-D, this model is replaced by a Pacejka model in
order to verificate the proposal even for significant differences
of the tire model. In this work, electric traction motors are
considered to be driven by variable speed drives able to apply
reference torque in the order of miliseconds [1]. This allows
neglecting the dynamics of the actuators.

A. Observers Convergence

A first test was performed to show the observers conver-
gence, starting with a non-zero estimation error. Two cases
are considered in this simulation. In the first case, the vehicle
is accelerating with a 500 N force on each traction wheel
since t = 0s on a high adherence road (μS = 0.8) in a
straight path (no lateral velocity). At t = 2s the μS j observers
are activated with an initial condition (μS j = 0.2). and
Figs. 4(a) and (b) show the estimation error on ζ coordinates
and in the original coordinates, respectively. As can be seen,
convergence time is below 10 ms, while a small final error
appears on the estimation error of μS j due to some model
mismatch.

In the second case, the vehicle is turning with a constant
steering angle, while accelerating with a 500 N force on
each traction wheel on a high adherence road (μS = 0.8).
Lateral acceleration is 5 m/s2. TRFC observers are correctly
estimating μ̂S j while the lateral velocity observer is activated
at t = 2s with an initial estimation error.

Fig. 4(c) shows that the estimation error in the ν coor-
dinates converges to zero, while the estimation error on the
original coordinates, vy , goes to a small value close to zero.
As can be appreciated, convergence time of this observer is
about 300 ms, as expected from the observer design.
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Fig. 4. Estimation errors of: (a) TRFC, μS j ; (b) ζ ; (c) ν; and (d) Lateral
velocity, vy .

B. Case 1: ISO7975: Braking on a Curved Trajectory.
In this case the simulated maneuver follows the guide-

lines given by standard ISO 7975:2006, but adapted to
the restriction of the considered vehicle. In this simulation,
the vehicle circulates along a straight trajectory with high
adherence (μS j = 0.8) between t = 0s and t = 2s, without
acceleration and at an initial velocity of 80 km/h. At t = 2s,
it begins to turn until a lateral acceleration of 4 m/s2 is
reached (about 125 m turning radius) (see Fig. 5(a)). At t = 5s
it brakes suddenly with the rear wheels (regenerative braking)
while turning, producing an initial deceleration of −2 m/s2.
It must be noted that even when the standard requires a higher
deceleration, such value cannot be achieved due to only the
rear wheels are used for braking (regenerative braking only),
and due to the load transfer to the front wheels during the
maneuver reduces the braking capacity of the rear wheels.

In Fig. 5(b), it can be seen that between t = 0s and t = 5s,
traction forces stays far from saturation, while between t = 5s
and t = 9s, they are limited by the traction control to the lower
limit value (Fxrlmax in this case, due to the load transference
to the right side).

From t = 10.2s, due to the vehicle velocity decreases,
the needed lateral force also decreases, thus increasing the
available longitudinal force Fxrlmax .

Fig. 5. Case 1. Braking on a curved trajectory. (a) Longitudinal/lateral
acceleration. (b) Traction forces. (c) Longitudinal slip. (d) Rear left side-slip
angle. (e) Tire-road friction coefficients. (f) Threshold and indicators of quality
of μ̂S j .

Between t = 0s and t = 5s, the estimation of μS j is not
reliable, due the low value of longitudinal slip. As can be
seen, in this interval derivatives of the longitudinal forces with
respect to μS j are below the threshold,

∣∣κ j
∣∣ <

∣∣th j
∣∣ (Fig. 5(f)),

which indicates that longitudinal forces are slightly dependent
of μS j , and the traction control is not necessary.
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From t = 5s a reliable estimation of TRFC can be
appreciated, which coincides with the increase of the force
derivatives. Due to the load transference to the right side,
the left longitudinal force is closer to its saturation than the
right one, which produce that the quality of the estimation of
μSl is better than μSr . The same can be appreciated in the
comparison of each force derivative with its corresponding
threshold, in Fig. 5(f). Besides, only μSl is used to calculate
the limit force value, since the limit of the left force (Fxrlmax )
is lower than the one of the right force (see Fig. 5(b)).

Figures 5(c) and 5(d) show that both, longitudinal slip and
side-slip angle values are maintained low, ensuring a good
adherence.

C. Case 2: Longitudinal Acceleration on a Curved
Trajectory and Change of Tire-Road
Friction Conditions

Acceleration of the vehicle during a left-turning maneuver
was performed in this case. A decrease in adherence is also
introduced into one side of the vehicle to demand traction
control performance even more. The vehicle travels following
a curved trajectory with a 50 km/h initial velocity, on a high
adherence surface (μS = 0.8). From t = 2s, the driver accel-
erates the vehicle and the traction control produces a 400 N
longitudinal traction force to the road. Fig. 6 shows the results
obtained using the proposed TC strategy. It can be observed
in Fig. 6(a) the comparison between the force required for
the maneuver (F∗

x ) and the maximum longitudinal forces
(Fxrl max and Fxrr max ) the vehicle is capable of transmitting
for this situation, obtained from (16).

A change of TRFC to a low adherence surface (μSl = 0.2)
on the left side of the vehicle is performed at t = 4 s.
It is appreciated that from this moment, the estimation of
μSl converges to the actual value (Fig. 6(d)). The same can
be concluded from the comparison of the derivative of the
left force with its corresponding threshold (|κl | > |thl |),
in Fig. 6(e). Also, when the threshold is exceeded, trac-
tion control must limit the applied torque. From t = 4s,
the required longitudinal force is greater than the maximum
force the left wheel can transmit, so traction control limits
the force on both wheels to the saturation value calculated for
the left wheel. Due to the control action, both longitunal slips
and side-slip angles remains within stable forces region and
the vehicle can continue its trajectory without losing stability,
as seen in figures 6(b) and 6(c). Figure 6(c) also shows that
the estimated side-slip angle is close to its actual value during
the maneuver, except at the beginning, when the applied force
is small.

D. Case 3: TC Strategy Test for Changes in the Tire Model

Since the proposed TC strategy is based on observers, and
they were designed in base of a particular tire-road force
model (combined longitudinal-lateral brush tire model), it is
desirable to evaluate its performance when the actual tire-
road model (or its parameters) differs from the one considered
for the design. With this aim, we compare two cases: when
the same tire-road (brush) model is used in the simulated
vehicle, and when a Pacejka tire model is used for the vehicle.

Fig. 6. Case 2. Longitudinal acceleration on a curved trajectory and change
of tire-road friction conditions. (a) Traction forces. (b) Longitudinal slip.
(c) Rear left side-slip angle. (d) Tire-road friction coefficients. (e) Threshold
and indicators of quality of μ̂S j .

Pacejka model corresponds to a 205/55R16 tire whose para-
meters are shown in [31]. Since the parameters of the Pacejka
model presented in [31] correspond to an unitary friction-
coefficient surface, the similarity method [32] is used here
to simulate the behavior of the tire in a less adherent surface.
In order to take into account the behavior of the tire during
the curve, combined slip theory is used.
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Fig. 7. Case 3a. (a) Longitudinal slip (b) C estimation.

In particular, the combined longitudinal-lateral brush tire
model in which the proposed strategy is based, is mainly
characterized by the parameter C (see (3)). This parameter
depends on the physical characteristics of the tire, and it
must be identified in an initial commissioning stage. However,
it could also change with the tire wear, or when the tire is
replaced by a different brand or model.

This parameter (C) models the slope of the longitudinal
force for null (or very small) slip values. The observers
proposed in this paper are robust to variations of C in the
high-slip region because in that region the force is highly
dependent on μS , but little dependent on the C parameter.
However, their performance and the quality of the estimated
μS j could be better if the value of C represents the actual
slope of the force-slip curve. Also, the parameter C is needed
for properly evaluating the maximum applicable torque, since
it is calculated from the force model.

For this reasons, a recursive estimator is proposed in order to
estimate the C parameter of the force model (see Appendix C).
This estimation is performed considerably slower than the
observers, since changes in C only occur when the tire is
changed. Then, this parameter can be considered a known
constant, but its estimated value (Ĉ , adjusted by the recursive
estimator) is used in the proposed observers.

For this case, two results are presented. First, the behavior of
the recursive estimator is demonstrated. Then, the performance
of the proposed traction control strategy using the estimated
parameter, Ĉ , is shown when a different tire model is used in
the vehicle.

The estimation algorithm is tested considering the following
maneuver. The vehicle is travelling in a straight trajectory
at low longitudinal velocity (36 km/h) during 90 s. Then,
a sinusoidal torque reference (with a mean value in order
to compensate the vehicle losses) with growing amplitude
is applied to both traction motors. This allows producing a
variable-growing longitudinal slip, which is limited to the lin-
ear force region (Fig. 7(a)). This emulates a driving condition
with successive (soft) accelerations and regenerative brakings.

Fig. 8. Case 3b. Comparison for change in the tire model. (a) Traction forces.
(b) Longitudinal slip. (c) Rear left side-slip angle. (d) Steady state operating
points.

This condition is run twice: first using the brush model with
C = 50 000 in the CarSim vehicle model, and then using
the previously described Pacejka tire model in the simulated
vehicle. The obtained results are shown in Fig. 7(b) where it
can be appreciated that a Ĉ = 47 000 value is obtained for the
brush model, while a Ĉ = 56 500 value is estimated for the
Pacejka model.
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In both cases, the estimated value corresponds to the slope
of the linear approximation of the force model, as modeled in
the estimation algorithm (see Appendix C).

Below, the results of the traction control algorithm using
the Ĉ parameters estimated in the previous tests are presented
in Fig. 8.

Lets consider the following maneuver: the vehicle is
circulating along a straight trajectory with low adherence
(μS j = 0.5) and at t = 1 s the driver accelerates producing a
1200 N reference force. Since the actual TRFC does not allow
to apply the reference force to the road, the TC system will
limit the traction forces, as seen in Fig. 8(a). Later, the vehicle
begins a left-turning maneuver with a constant steering angle,
and after about 4 seconds, the rear side-slip angles becomes
stable at αr = 0.01 rad (see Fig. 8(c)). Due to the action of
lateral load transfer the rear left normal force decrease. The
transient behavior of the longitudinal slip for this maneuver is
shown in Fig. 8(b).

For the proposed maneuver, two steady state conditions are
presented in Fig. 8(d): the first one corresponds to the straight
trajectory (at t = 2 s), while the second one correspond to the
turning condition, once the side slip stabilizes at αr = 0.01 rad
(at t = 8 s). When the brush model is considered, such
conditions correspond to the longitudinal force behavior shown
in the blue and red curves of Fig. 8(d), respectively. The TC
system limits the longitudinal force, as shown in Fig. 8(a),
resulting in the operating points marked as B and D, respec-
tively. In point D, the longitudinal force decrease for two
reasons: the increase in the lateral force and the decrease in
the normal force due to load transfer on the curve. As it can be
appreciated, in both cases the TC system avoids the increase
of longitudinal slip (Fig. 8(b)), maintaining the forces in the
stable region.

When the Pacejka model is used in the vehicle, the longi-
tudinal force behavior corresponds to the green and sky blue
curves of Fig. 8(d), for the straight and curve trajectory, respec-
tively. In this case, the operating point due to the action of the
TC system corresponds to points A and C. It can be appreci-
ated that even when the model is different from the one used
for the observer design, the TCS is still able to maintain the tire
in the stable region, both in the straight and curve trajectory.

VI. DISCUSSION AND CONCLUSIONS

A new strategy for estimating side-slip angles and tire-road
friction condition on both sides of the vehicle was proposed
in this paper. The estimation strategy is based on nonlinear
reduced-order observers. A traction control strategy which lim-
its the applied traction forces based on the estimated variables
is also proposed. This strategy allows keeping the traction and
regenerative braking forces within its stable region, both for
straight and curved trajectories.

The proposed strategy controls the maximum traction torque
to maintain the tire forces in the stable region.

To accomplish this, two nonlinear reduced-order observers
were proposed for the estimation of the tire-road friction
condition at each side of the vehicle, and lateral velocity.
For the design of observers and the calculation of torque

limitations, the combined longitudinal-lateral brush tire model
was used, whose main characteristic is its simplicity compared
with other more complex models.

A method for identifying the quality of the estimated
variables was also presented. An indicator independent of both,
the estimated variables and the driving and road conditions
was determined. This indicator allows determining the quality
of the estimated variables and when they must be used in
the traction controller to limit the applied forces. A recursive
estimator was proposed in order to estimate the value of
the parameter C involved in the force model, used in the
designed observers. This makes the proposal more robust in
front of uncertainties in the tire model, which improves the
performance of the traction control strategy.

Compared with some previous proposals, the following
differences can be highlighted. The proposed reduced-order
observers provide a faster convergence of the estimated TRFC,
when compared to the strategy presented in [25]. Besides,
in [25] the lateral velocity is assumed known (or estimated
by another method), without considering its influence on
the estimation of the TRFC. Instead, in the present paper
convergence of the combined observers is ensured, while the
improvement in the convergence time of the TRFC estimation
allows implementing a traction control which can react to
sudden changes of road condition.

In [13] TRFC and side-slip angle is also estimated
using nonlinear observers, however, only lateral dynamics
is considered. Instead, in the present proposal the observer
convergence is guaranteed also in maneuvers involving lon-
gitudinal slip during curves, which allows implementing a
traction control strategy during acceleration or braking, both
in straight or curved trajectories. Besides, in our work self-
aligning torque measurement is not needed, but wheel angular
speed must be measured.

Both the traction control and the observers were verified
for different operation conditions using a Simulink/CarSim
environment with a complete vehicle model.

In a first case the behavior of the proposed observer-based
traction control strategy was evaluated following the guidelines
of standard ISO7975. The performance of the traction control
was analyzed for a sudden braking maneuver during a turning
maneuver. This situation is more critical even for acceleration,
provided that during braking, normal loads on the rear wheels
decrease and so does its road adherence capability. A stable
vehicle behavior was obtained during this maneuver, with both
longitudinal slip and side-slip angles bounded.

Next, the proposed traction control behavior was evaluated
for a sudden acceleration in a curved trajectory, including a
change of road friction condition in one side of the vehicle.
As it was shown, the proposed strategy ensures the vehicle
stability under these conditions.

Finally, the proposed control strategy was verified by
changing the tire-road model used in the simulated vehicle.
It was shown that even under significant differences in the
considered tire model, the proposed traction control system
ensures a stable vehicle operation, both in straight and curved
trajectories.
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APPENDIX A
STABILITY ANALYSIS OF THE PROPOSED OBSERVERS

Consider the lateral dynamics given by (28) and the
observer (29), with the estimation error defined as follows,

eν = ν − ν̂, (41)

Besides, the estimation error of the TRFC observers is
defined as

eζ =
[

ζl − ζ̂l

ζr − ζ̂r

]
, (42)

with the observers defined in (34). Also, since the TRFC deriv-
ative is unknown, assume that the system can be represented
as follows,

ζ̇ j = f j (t), (43)

with j = l, r . Besides, due to the definition of ζ j and the
physical constraints, it is known that f j (t) are bounded.

Then, estimation errors dynamics can be expressed as
follows,

ėν = Aeν + �ρ(eν, eζ ) − geν (44)

ėζ = f − 1

ε
eζ . (45)

with �ρ(eν, eζ ) = ρ(ν, μSl, μSr) − ρ(ν̂, μ̂Sl, μ̂Sr ) and
f = [ fl fr ]T . Also, we can assume that f is bounded by
some constant value, i.e. ‖f‖ ≤ φ.

Consider now a candidate Lyapunov function V1(eζ ) =
eT
ζ P1eζ , for the system (45), with P1 a symmetric positive

definite matrix, then

V̇1 = −2

ε
eT
ζ P1eζ + fT P1eζ + eT

ζ P1f . (46)

For simplicity, choose P1 = I, so

V̇1 ≤ −2

ε

∥∥eζ

∥∥2 + 2 ‖f‖ ∥∥eζ

∥∥. (47)

or

V̇1 ≤ −2

ε

∥∥eζ

∥∥2 + 2φ
∥∥eζ

∥∥. (48)

Then, one can show that [33],
∥∥eζ

∥∥ ≤ ∥∥eζ (0)
∥∥ exp

(
− t

ε

)
+ εφ. (49)

As can be seen, the estimation error of ζ j shows an
asymptotic convergence to a final value bounded by εφ. Thus,
the asymptotic error value will be smaller the smaller the
value of ε.

Convergence of the lateral velocity observer can be analyzed
by proposing a candidate Lyapunov function V2(eν) = e2

ν , with
the error dynamics given by (44). In this case,

V̇2 = 2(A − g)e2
ν + 2 eν (�ρ(eν, eζ )) (50)

It can be assumed that �ρ(eν, eζ ) is bounded by∣∣�ρ(eν, eζ )
∣∣ ≤ η1 |eν | + η2

∥∥eζ

∥∥, with η1 and η2 positive
constants.

Then,

V̇2 ≤ 2(A − g)e2
ν + 2η1 e2

ν + 2η2 |eν |
∥∥eζ

∥∥ (51)

As shown in (49),
∥∥eζ

∥∥ is bounded, so it can be assumed
a conservative bound as

∥∥eζ

∥∥ ≤ �, so that

V̇2 ≤ 2(A − g)e2
ν + 2η1e2

ν + 2η2� |eν | . (52)

and it can be shown that,

|eν | ≤ |eν(0)| exp(−σ t) + η2�

σ
(53)

with σ = −(A − g) − η1. Then, the observer presents asymp-
totic convergence of the estimation error to an ultimate bound
value given by η2�

σ . This value depends on the estimation error
of eζ and also on the observer gain g. Besides, σ can be chosen
positive by selecting an appropriate value of gain g.

APPENDIX B
DETERMINATION OF A RELIABLE TRFC ESTIMATION

In this section the function
∂ F̂xr j

∂μ̂S j
obtained from (40) is

analyzed to determine the quality of the estimated variables.
The expression of this function, now called κ j , is derived from
the force model (3) as follows,

∂ F̂xr j

∂μ̂S j
= C2 Reσxσ

(
2Cσ − 9Fzr j μS j

)

27Ir F2
zr j μ

3
S j

�= κ j (54)

Here, the term (2Cσ − 9Fzr jμS j ) is always negative, because
σ <= σm and σm = 3μS j Fzr j /C . Therefore the sign of this
function only depends on the sign of the longitudinal slip σx .
By replacing σ =

√
σ 2

x + σ 2
y in (54) and by expressing the

sideslip as a factor ξ of longitudinal slip (σy = ξσx ), a scalar
function that only depends on σx is obtained (κ (σx )). Then,
by taking

∂κ (σx )

∂σx
= 0

it is determined that this function has a unique minimum in
the range 0 <= σx <= σm , which is located at

σx min = 3Fzr jμS j

√
1 + ξ2

C(1 + ξ2)
(55)

Because the function κ (σx) is always negative, this point
corresponds to an absolute maximum of this function. It is
interpreted as the point at which the longitudinal force is more
dependent of μS and it can be demonstrated that at such point
the forces are saturated, so μ̂S j will be properly estimated.
By replacing (55) in (54), the value of κ j at this point is
obtained,

κ j
∣∣
σx=σx min

= − Fzr j Re√
1 + ξ2

sign (σx )
�= κ j min (56)

As it can be appreciated, this function is not dependent of the
parameter μS j . This means that regardless the value of μS j

estimated by the observer, the minimum of the function can
always be calculated from (56) and using Fz , Re y ξ .

Then, in order to determine the quality of the estimated
variables, it is proposed to compare the actual value of κ j , (54),
with a threshold defined here as half of κ j min,

th j = 1

2
κ j min = −1

2

Fzr j Re√
1 + ξ2
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This threshold is used to determine when the longitudinal
forces are sufficiently dependent of μS , and then assume that
the observers are correctly estimating this parameter. Then,
traction control would be activated only when (

∣∣κ j
∣∣ >

∣∣th j
∣∣),

as shown in Fig. 3.

APPENDIX C
ESTIMATION OF THE C PARAMETER IN THE BRUSH MODEL

The proposed estimator is only activated when there is no
lateral dynamics (r = 0 and v̂y = 0), and when traction forces
are in the linear region.

To identify this last situation, an idea similar to the one pre-
sented in subsection IV-D is used. There it was assumed that
μS j is estimated correctly when (

∣∣κ j
∣∣ >

∣∣th j
∣∣) because when

this condition is met the longitudinal forces are sufficiently
dependent of μS j . Conversely, in this case we need to know
when the longitudinal forces are the linear region. That is,
when they are practically independent of μS j . For this reason
a new limit is defined (

∣∣κ j
∣∣ <

∣∣th j
∣∣ /5), so the estimator of C

only works when this condition is met.
The proposed estimator is based on the vehicle longitudinal

dynamics, where the longitudinal acceleration is given by,

ax = Fxi j −kav2
x

m
= Fxrl + Fxrr − FRrl − FRrr − kav

2
x

m
(57)

with ka a constant parameter which represents the aero-
dynamic losses, and FRr j are the rolling resistance forces
given by (15).

Since it is assumed that there is no lateral dynamics
(αr j = 0) and longitudinal slip is very small (in the linear
region of forces), the following simplifications can be made:

• forces on the front wheels are neglected by assuming null
longitudinal slip;

• normal forces on both rear wheels are equal
Fz = Fzrl = Fzrr ;

• the tangential velocity in each rear wheel is aproximately
equal to the longitudinal vehicle velocity Reω ≈ vx .

Therefore, the force model for the rear wheels (3) is
approximated as follows,

Fxr j = Cσxr j (58)

while the rolling resistance forces can be expressed as,

FRr j = Fz (ks + kdvx ) (59)

Then, (57) can be written as a linear function of the
longitudinal slip,

ax = C

m

(
σxr j + σxrr

) − kav
2
x + 2Fz (ks + kd vx )

m
= ϑ

(
σxr j + σxrr

) + τ (60)

where τ and ϑ are the coefficients of the linear function.
The following least-squares recursive algorithm is used for

estimating the parameters of this linear function,

K[k] = P[k]x[k]

λ + x T
[k] P[k]x[k]

P[k+1] =
(

P[k] − K[k]x
T

[k] P[k]

) 1

λ

θ̂[k] = θ̂[k−1] + K[k]

(
y[k] − x T

[k]θ̂[k−1]

)
(61)

where P and K are variables defined by the algorithm, λ the
forget factor and

θ̂[k] =
[

ϑ
τ

]

y[k] = ax

x[k] =
[

σxr j + σxrr

1

]

Longitudinal acceleration, ax , is measured by an accelerom-
eter. The sampling frequency is 1 kHz and the forgetting factor
is set to λ = (1 + 10−6). The recursive process results in
the estimation of the two coefficients of the linear function
(ϑ and τ ). Then, parameter Ĉ is obtained as Ĉ = ϑ m.

Parameter τ could be used to estimate or identify the
losses that occur in the vehicle due to the resistance of static
friction (2Fzks), dynamic friction (2Fzkdvx ) and aerodynamic
losses (kavx

2), which is considered as a future work.
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