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Abstract

In this work, a general definition of convolution between two arbi-
trary four dimensional Lorentz invariant (fdLi) Tempered Ultradistri-
butions is given, in both: Minkowskian and Euclidean Space (Spheri-

cally symmetric tempered ultradistributions).
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The product of two arbitrary fdLi distributions of exponential type
is defined via the convolution of its corresponding Fourier Transforms.

Several examples of convolution of two fdLi Tempered Ultradistri-
butions are given. In particular we calculate exactly the convolution
of two Feynman’s massless propagators.

An expression for the Fourier Transform of a Lorentz invariant
Tempered Ultradistribution in terms of modified Bessel distributions is
obtained in this work (Generalization of Bochner’s formula to Minkowskian
space).

At the same time, and in a previous step used for the deduc-
tion of the convolution formula, we obtain the generalization to the
Minkowskian space, of the dimensional regularization of the perturba-
tion theory of Green Functions in the Euclidean configuration space
given in ref.[12]. As an example we evaluate the convolution of two
n-dimensional complex-mass Wheeler’s propagators.

PACS: 03.65.-w, 03.65.Bz, 03.65.Ca, 03.65.Db.



1 Introduction

The question of the product of distributions with coincident point singular-
ities is related in Field Theory, to the asymptotic behavior of loop integrals
of propagators.

From a mathematical point of view, practically all definitions lead to
limitations on the set of distributions that can be multiplied together to give
another distribution of the same kind.

The properties of ultradistributions (ref.[1, 2]) are well adapted for their
use in Field Theory. In this respect we have shown (ref.[3]) that it is possible
to define in one dimensional space, the convolution of any pair of tempered
ultradistributions, giving as a result another tempered ultradistribution. The
next step is to consider the convolution of any pair of tempered ultradistri-
bution in n-dimensional space. This follows from the formula obtained in
ref.[3] for one dimensional space (See ref.[4].)

However, the resultant formula is rather complex to be used in practical
applications and calculus. Then, for applications, it is convenient to consider
the convolution of any two tempered ultradistributions which are even in the
variables k° y p (See ref.[4].).

A further step is to consider the convolution of two Lorentz invariant



tempered ultradistributions (See Section 7)

Ultradistributions also have the advantage of being representable by means
of analytic functions. So that, in general, they are easier to work with them
and, as we shall see, have interesting properties. One of those properties is
that Schwartz tempered distributions are canonical and continuously injected
into tempered ultradistributions and as a consequence the Rigged Hilbert
Space with tempered distributions is canonical and continuously included in
the Rigged Hilbert Space with tempered ultradistributions.

This paper is organized as follow: in sections 2 and 3 we define the Distri-
butions of Exponential Type and the Fourier transformed Tempered Ultra-
distributions. Each of them is part of a Guelfand’s Triplet ( or Rigged Hilbert
Space [5] ) together with their respective duals and a “middle term” Hilbert
space. In section 4 we give a general expression for the Fourier transform of
a spherically symmetric tempered ultradistributions and some examples of
it. In section 5 we obtain the expression for the Fourier transform of Lorentz
invariant tempered ultradistributions and we give some examples of its use.
In section 6, we give the general formula for the convolution of two spheri-
cally symmetric tempered ultradistributions and followed by some examples.

In particular we evaluate exactly the convolution of two Feynman’s massless



propagators. In section 7 we treat the convolution of two Lorentz invariant
tempered ultradistributions in Minkowskian space. In subsection 1, we give
the generalization to Minkowskian space of the “dimensional regularization
in configuration space” obtained in ref.[13]. As an example of its use we eval-
uate convolution of two complex mass Wheeler’s propagators. In subsection
2 we treat the central topic of this paper: the formula for the convolution
of two Lorentz invariant tempered ultradistributions. Finally, section 8 is

reserved for a discussion of the principal results.

2 Distributions of Exponential Type

For the sake of the reader we shall present a brief description of the principal
properties of Tempered Ultradistributions.

Notations. The notations are almost textually taken from ref[2]. Let
R™ (res. C™) be the real (resp. complex) n-dimensional space whose points
are denoted by x = (x1,X2, ..., Xn) (resp z = (21,22, ..., zn)). We shall use the
notations:

i) x+y=(x14+vynx2+Yz .y Xn+Un) ; ox = (X1, *X2, ..., XXy )

(ii)x =2 0 means x; = 0,x2 = 0,..., %, = 0



n

V)= 1|

Let N™ be the set of n-tuples of natural numbers. If p € N™, then
p = (p1,P2y .-, Pn), and pj is a natural number, 1 < j < n. p + q denote
(P1+d1,P2+d2, .., Pntdn) and p 2 q means p1 = q1,P2 = G2, -+, Pn = qn-
xP means x}'x52...xPr. We shall denote by | p |= ipj and by DP we denote

iz

the differential operator oP1 P27 Pn /9xP10x,P2 ... 0%, P"

For any natural k we define x* = x¥x%...xX and 9%/9x* = 9™k /axkoxk...oxk

The space H of test functions such that eP*|D9¢p(x)| is bounded for any

p and q is defined ( ref.[2] ) by means of the countably set of norms:

1$l, = sup e?¥DIG(x)| , p=0,1,2,.. (2.1)

0<q<p,x

According to reference[6] H is a I{M} space with:
M, (x) =eP U p =12 . (2.2)

IC{e P~ DX} satisfies condition (AN) of Guelfand ( ref.[5] ). It is a countable
Hilbert and nuclear space:

K{eP VX — 3 = ﬁ H, (2.3)

p=1

where H,, is obtained by completing H with the norm induced by the scalar
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product:

<$,$>D=Jep”'ZDq¢ )DWp(x)dx ; p=1,2,... (2.4)

where dx = dx; dx;...dx,,

If we take the usual scalar product:
<db>= | Dbl ax (2.5)

then M, completed with (2.5), is the Hilbert space H of square integrable
functions.

The space of continuous linear functionals defined on H is the space A
of the distributions of the exponential type ( ref.[2] ).

The “nested space”

B = (H,HAL) (2.6)

is a Guelfand’s triplet ( or a Rigged Hilbert space [5] ).

In addition we have: H C S C HC 8’ C Ay, where 8 is the Schwartz
space of rapidly decreasing test functions (ref[7]).

Any Guelfand’s triplet G = (®,H, @) has the fundamental property
that a linear and symmetric operator on @, admitting an extension to a
self-adjoint operator in H, has a complete set of generalized eigen-functions

in @ with real eigenvalues.



3 Tempered Ultradistributions

The Fourier transform of a function ¢ € H is

b(z) = 5- j Blx) €= dx (3.1)

®(z) is entire analytic and rapidly decreasing on straight lines parallel to the

real axis. We shall call $ the set of all such functions.
H=F{H} (3.2)
It is a Z{M,} space ( ref.[6] ), countably normed and complete, with:
M, (z) = (T +1z])P (3.3)
$ is also a nuclear space with norms:
\|¢!\pnzjg£(1 +12))"1d(2)] (3.4)

where Vi ={z = (21,22, ...,2n) € C™:| Imz; [ k,1 =<j < n}

We can define the usual scalar product:

< dlz),h(z) >= J d(2)1(2) dz = Jémﬁ)(x) ax (35)

where:

Pi(z) = J Px) e x dx



and dz = dzq dz;...dz,,

By completing $) with the norm induced by (3.5) we get the Hilbert space
of square integrable functions.

The dual of §) is the space U of tempered ultradistributions ( ref.[2] ). In
other words, a tempered ultradistribution is a continuous linear functional
defined on the space §) of entire functions rapidly decreasing on straight lines
parallel to the real axis.

The set @A = ($H,H,U) is also a Guelfand’s triplet.

Moreover, we have: H C S C H C S' cu.

U can also be characterized in the following way ( ref.[2] ): let Ay be
the space of all functions F(z) such that:

I- F(2) is analytic for {z € C™: [Im(z1)] > p, [Im(z2)| > D, ..., [ITm(zn)| >
P}

I1- F(z)/zP is bounded continuous in {z € C™: |[Im(z1)| = p,|Im(z;)| =
p,...,[Im(z.)| = p}, where p =0,1,2, ... depends on F(z).

Let TT be the set of all z-dependent pseudo-polynomials, z € C™. Then
U is the quotient space:

III-u=Aa,/m

By a pseudo-polynomial we understand a function of z of the form



2 ZG(Z1y 0y Zj 1, Zj41y oy Zn) With G(z1, .., 251, 2541, 00, 20) € Aw
Due to these properties it is possible to represent any ultradistribution
as ( ref.[2] ):

Flg) =< F(z), (2] >= $F(2)(z) iz (36)
r
I'=Ty UT,U...Il, where the path Ij runs parallel to the real axis from —oo

to oo for Im(z;) > ¢, ¢ > p and back from oo to —oo for Im(z;) < —,
—( < —p. ( T surrounds all the singularities of F(z) ).

Formula (3.6) will be our fundamental representation for a tempered ul-
tradistribution. Sometimes use will be made of “Dirac formula” for ultradis-

tributions ( ref.[1] ):

R f(t)
O = | oo & 07
where the “density” f(t) is such that
%F(z)d)(z) dz = J f(t)p(t) dt (3.8)
r —00

While F(z) is analytic on I', the density f(t) is in general singular, so that
the r.h.s. of (3.8) should be interpreted in the sense of distribution theory.
Another important property of the analytic representation is the fact that

on I, F(z) is bounded by a power of z ( ref.[2] ):

[F(z)l < Clzf? (3.9)
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where C and p depend on F.
The representation (3.6) implies that the addition of a pseudo-polynomial
P(z) to F(z) do not alter the ultradistribution:

jg{F(z) + P(z)}d(z) dz = %F(Z)d}(z) dz + FJ;P(Z)CP(Z) dz
r

r r

But:

i#P(z)cb(z) dz=0
r

as P(z)d(z) is entire analytic in some of the variables z; ( and rapidly de-

creasing ),

#F(z) +P(z2)}d(z) dz = %F(z)d}(z) dz (3.10)

r r

4 The Fourier Transform in Euclidean Space

The Fourier transform of a spherically symmetric function feHis given,

according to Bochner’s formula by:

f(k) = ~—= J?(r)rzjvzz(kr) dr (4.1)
0

where r =x3+x§+---+x2 ; ; k=kj+ki+ --+k2 ;and J x is the
Bessel function of order v — 2/2. By the use of the equality

MT v2(2) = e Koz (—i2) + Kz (i2) (4.2)
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where IC is the modified Bessel function, (4.1) takes the form:

217 [ o o [
f(k) = 2! 7?;22 Jf(r)rz [C_IZVK:VZ;Z(—ikT)—I—
k2 !
ei%vmz;z(ikr)] dr (4.3)

By performing the change of variables x = r2,p = k2 (4.1), and (4.3)can be

re-written as:

ﬂ o0
f(p) = TI(ZT)JZ J']?(X)XQZJ 2 (p"/*x1/?) dx (4.4)

pT

0
g (ee]

flp) = 2L j?(x)x”f [t (—ix 2" )+
p 4 2

0

UV (1x1/2p1/2)] dx (4.5)
Here we have taken p =y + i0 and

2 _ 2 2
2 \/V+\/v+ +iSgn(o \/v+\/2v +o (46)

p

We can extend (4.4) to the complex plane and obtain the corresponding

ultradistribution. As a first step we calculate the Fourier antitrasfom of

pz%j%(xvz 172) " We have:

1T 2 »
2n J P Top2 (X291 1)e 7 dp =
0
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e (1 —10) T ix
/(%) st My w22 <_H) (4.7)

We have used 6.631.(1) of ref.[9] (M is the Whittaker function). Now we

can use 92.233, (1), (2) of ref.[9] and write

As a second step we calculate the complex Fourier transform of the second

term of (4.7) using (4.8). We obtain:

4

e ™5 (t—10)" T ix
Fe [ e%/\/h—v v—2 <__)

_imv iy

p’s* {O(p)le F Kua (—ix'2p"2) — O1-(p)le T Koz (ix"/2p"/2) +

4—v

%swvzz(wpw)} (4.9)
where we have used 7.629, (1), (2) of ref.[9] and S is the Lommel function
(ref.[10], pag 349, formula 3). The corresponding ultradistribution is then
defined as:

_imv

fxx5* {@(p)e™ Kz (—ix 20V 2) -

13



O3 (p)le T Kapa (ix 20"/ } dx +

v—2

2 Ta

LH J f(X)X 428\/74 v—2 (x]/zpvz) dx (410)
v—2\ Y= 7 2

I5=)p = )

. 2—v . .
When v = 2n, n an entire number, p™# Sv_4 2 is equivalent to zero. In
2 0 2

fact

ES

v—

2—v 2 (l/ - m)! v—2—4m 4m+42-v 2m+2—v
P Svavo=) 2 —"47 x 1 p 2 (4.11)
z 72 m!

o

m=

(4.11) is a polynomial in p~!. However when the volume element is taken
into account that expression is transformed into a polynomial in p which
according to (3.10) is a null ultradistribution. Thus in this case the second

integral in (4.10) vanishes and it becomes in:

013 (p)le I (—ix!/2p2)

—@[—j(p)]ei%vlcvz;z(ix”zp]/z)] dx (4.12)

Note that the complex Fourier transform (4.12) is not merely the Fourier
transform (4.5) in which the variable p is considered to be a complex number.
(4.12) gives the ultradistribution associated to f(p). In the next section we
shall see that formulae (4.5), (4.12) can be generalized to Minkowskian space.

When fis a spherically symmetric distribution of exponential type, we

can use (4.10) to define its Fourier transform. In addition we can follow the
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treatment of ref.[11] to define the Fourier transform. Thus we have

2 v—

J f(p)b(p)p 2 dp = (2m)” J 0B x dx (4.13)
0 0

The corresponding tempered ultradistribution in the one-dimensional com-

plex variable p is obtained in the following way: let §(t) be defined as:

f(p)e ™ dp (4.14)

(=)
=
|
™
3 —_—
2
O3

Then:

00 0
F(p) =©[3(p)] J g(t)e't dt — O[—J(p)] J g(t)e't dt (4.15)
0 —00

T f)
o a (4.16)

sy
=
I
3
3.
o

The inversion formula (v = 2n) for F(p) is given by

F(p)p™™ Juez (x'/2p"/) dp (4.17)

Pmay
2
Il

2

HE

<2

L
0——

Note that the factor multiplying F(p) is an entire function of p for v = 2n.

In this case the first term of (4.13) takes the form:

v—2

g{SF(p)cb(p)ﬁ dp = (2m)” j B OxT dx (4.18)
r 0
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We can now define a spherically symmetric tempered ultradistribution as
the complex Fourier transform of a spherically symmetric distribution of
exponential type. Note that a spherically symmetric ultradistribution is not
necessarily spherically symmetric in an explicit way.

We give now same examples of the use of Fourier transform.

Examples

As a first example we calculate the complex Fourier transform of e®" (where

a is a complex number) for v = 2n. From (4.12) we write:

Flp) = 2L e {@D(plle ¥ Kopa (—ix 2012 -
0

O[-3(p)le T Koz (ix'/2p"2) dx} (4.19)

Now:

v—2

o0

v— im(v+2) r v 4
Jea"]/zxflezz( X212 = 2 E ) P X
0

r(*32) (p'? —ia)

( v—1v+3 a—ip'?
F{(v,

2 72 ’a—I—ip‘/z) Ilp) >0

o v—2
ax'/2 v=2 1/251/2) intvi2) ['(v) pT
Je xRl =2V A 2 )

0

v—1v+3 a+ip'? ~
F(V, 7 T2 Ca—ip2 J(p) <0 (4.20)
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To obtain (4.20) we have used 6.621,(3) of ref.[9] (Here F is the hypergeo-

metric function). Then we have:

e T [ ©0(p)] v—1v+3 a—ip”?
F(P)—(47T)er(%s){(pvz_ia)]: YT "a+1ipl/?

O[—IJ(p)] ( )\/—] v+3 a—l—ip1/2>} (4.21)

(p'/2 +1ia) 27 2 Ta—ip'?
As a second example we evaluate the Fourier antitransform of [—27mi(p —

u?)]~" where u is a complex number and v = 2n. Using (4.17) we have:

v—2
Aoy 7 p 4 1/2 172 _
f(x) =— Vo2 (% dp =
T[FLVEZ
2—v
X Jva (ux'?) 4.22
peE (422

We can test the result (4.22) by transforming it. Taking into account that

im(v—2)

for veven Jv-2 =e 2z J2-v. Thus:
2 2

_imv

Fip) = e ™50 [ 7 i) {@(p)e T Koo (ix212) -
0

O[-3(p)e T K. (ixVZpVZ)} dx (4.23)

Now:

[ e et 21102 (1 2072) e = 2 ) > 0
0

sz;mx”z)lcvzzﬁx”zp”ﬂ dx=e T L “u $3(p) <0 (4.24)
0
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where we have used 6.576, (3) of ref.[9]. Then we have:

1

Flp) = “Imite ) (4.25)

As a third example we give the Fourier transform of 6(x — a) for all v. Using

(4.10) we obtain:

Flp) = “S—a™+* {@0(p)le K 2 (—ia"/2p"/2)-

O1-3(p)le T Kx 2 (a2} +
E

%a”zsvg,vzz(awpw) (4.26)
F(T)p 4
The reader can verify that the cut of (4.26) along the negative real axis is

Zero.

5 The Fourier Transform in Minkowskian Space

For the Minkowskian case we begin with the formula:

2007 T T 4 . .
f(ko, k) = ( ];)32 J Jf(xo,r)rzljvzs(kr)elko"o dx® dr (5.1)

: —oc0 0

that can be re-written as:

2 ﬂ o0 o0 [e.olee) . . .
== S ][ et st g e
=
—00 —00 —00 0



e’ 4t dx ds° ds (5.2)

Now:
. s 2
J &7 s (ks) ds = %(g) T ei0) T EE R (53
0
. ;
J e hethos® g0 — /rr(t — iO)_%ei(ﬁig) (5.4)

We have used 6.631, (4) and 3.462, (3) of ref.[9]. Then we obtain for (5.2):

With the results (5.3),(5.4) we obtain for (5.2):

2 2 (271)\'2;3 in(v—2) T OOA i ikg-x?)
f(kg—k7) = PEET Ve 4 f(x) |[e™e v t72 +
oo 0

We can evaluate the integral in the variable t:

J etrett T dt = ZX%K"ZZ[—“X +10)'%(p 410)"?]
p+10)"+
0
00 LAy Y=2
J e et Y dt :ZZ%KH[i(x—iO)]/Z(p—io)”z] (5.6)
p—i0) 2
0

where p = k3 — k? (Here we have used 3.471,(9) of ref.[9]). Thus (5.5
0

transforms into:

f(p) = (2m)*7 J ﬂx){e“‘(ﬁ” DO T e i +10)2(p +10)2] +
By (p+1i0) = ¢
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(p—10) 7

The corresponding inversion formula is then given by:

te —fzicvz_zﬁ(x—w)‘/z(p—10)1/2]} dx (5.7)

1o PO T e ik 10)2(p - 10)”2]} do (58)

Formula (5.7) is the generalization of Bochner’s formula (4.1) to the Minkowskian
Space.
In this case the extension as ultradistribution of f(p) to the complex

p-plane is immediate:

Fip) = (2n)*% J fix) {@b(pnemf‘m %K w2 [i(x +10)2p12] —

Here we have taken p =y + i0 and

012 = \/v+w +0o°

+1iSgn(o

\/—wm 510
‘ |

Now we can define a Lorentz invariant tempered ultradistribution as the
Fourier transform of a Lorentz invariant distribution of exponential type.

Note that a Lorentz invariant tempered ultradistribution is not necessarily

20



explicitly Lorentz invariant. When f'is a Lorentz invariant distribution of ex-

ponential type, we can use (5.9) or to adopt the following treatment: starting

from ) )
”” f(p)o(p,k?) d’k = (2m)" ”” fx)b(x,x%)d*x (5.11)

can be deduced the equality:

[[ froroto, k0006~ 917+ ap axe -
H Fx)B(x, x0) (x — x2)°T dx dx° (5.12)
Let g(t) defined as:
3lt) = T f(p)e  dp (5.13)
J 2n) . ‘
Then:
o0 0
F(p) =©[3(p)] J g(t)e't dt — O[—J(p)] J g(t)e't dt (5.14)
0 —00
or if we use Dirac’s formula
IR
Flp) =5~ J r— dt (5.15)

The inverse of the Fourier transform can also be evaluated in the following

way: we define:

G(x,A) =

im(v—2 /\ 2
F(p) {e% : %KM[—HX +10)"2(p + A)V2 +
x +10) = 2

™
Ra ) -

‘4

N[

N
1——
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im(2—v —/\ \,4;2
+e )Mb;zﬁ(x—wﬂﬂ(p—m‘ﬂ]} dp (5.16)

then

fix) = G(x,i0™) (5.17)

Examples

As a first example we consider the Fourier transform of the function e*V g =12l

where a is a complex number. The Fourier transform is:

Fip) = (2n) %" | &' {@D(pne““ﬁ” brio e
pT

—00

Koz [=ilx +10) V29" —

@[—J(pnewTicvzzmx—ioﬂ/zp‘”]} dx  (5.18)

Now:

8

. 1 v
e e (x +10) T Kuoa [i(x 410)/2p"/2 =

r(v) e's L Y—1v+3 a—ip'/?
3 2 0 2 Ca+ip”?

I'(v) e v—1 v+3 a+p'?
3 )’V v,

5 ,a_p]/z) J(p) >0 (5.19)

e J e“‘xlj(x—iO)%sz;z[i(x—iOJVZp]/z] =

r'(v) e % . Vv—1 v+3 a+ip'?
3 20 2 Ca—1ip'”2



iy

e2 v—1v+3 a+p'/?
o2t a) T2 T2 'a—o2

v~ T(v) ~
Zzﬁr(é)( ) 3(p) <0 (5.20)

To obtain (5.17) and (5.18) we have used 6.621,(3) of ref.[9]. With these

results we have:

o _inl/2
o [P )
2 —
(23) [Slp)le (02 —ia)

. F (V’v—1)v+3’ a+’:»p1/2>
—0[-3(p)leF /g
(p'/2+1ia)v

v—1 ~v+3 a+p]/2
F<V> 20 2 ap/?

(p72+ a)”

(5.21)

As a second example we evaluate the Fourier transform of the complex mass

Wheeler’s propagator.

. v—2

/2 O V A £ 2

wy(x) :—7£Wxg To (1) (5.22)
Then according to (5.9)
= |
Wilp) == [ Tas (x| @0310)1 S Ko (—ix2p")
5 p

eiﬂ(247v)

o130 /Cvzz(ix‘/zpm)] dx (5.23)

Taking into account that (See 6.576, (3), ref.[9]):

J Tox (12K oz (—ix!2p!/2) dx = T e T J(p) >0
0
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(o) y—2
J'jzzv(uxvz)lezz(ixvzpvz) dx = 2 7 e " p_“ S 3(p) <0 (5.24)
| p—u
we obtain:
iSgn{J(p)]
=22 = 5.25

As a third example we evaluate the transform of §(x3 — ). From (5.12) we

obtain:

-3

”f(pw(p,k")(ké—p)} dp dk° = (2n)” J SOOI 3 dx®  (5.26)

According to (5.1) we can write:

o0

$lex%) =221 (G0 JJ¢(p,k°)Jvzs[(xé —x) YA (kg - 0) Y x
(k2 — p)7 et ak° dp (5.27)

and consequently:

H(0,x0) =271 2m) T KO ” (P, k) Toes X2 (kG — p) 7]

v—3

(k2 —p),* et dk° dp (5.28)
Then
O"’Z;S

(27)" J (0,3 dx® = 271 (27) 7" J (0, k) (3—p) T | | x

§ ——8

24
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T IO 2 (G — p) e™ dx®| dk® dp (5.29)

But
J X T (6725 — p) Vet dx® =

v—3

27 — 2 im(v— —v i (2—v v
\/TTF<VT> [e S p+10) T 4T )(p—w)%] (5.30)

(See 6.623, (1),ref[9])

from which we deduce that

v—2

f(p) = (4722 r (” < 2)

(5.31)

im(v—2) im(2—v)
e 2 e 2 ]

(p+i0)7"  (p—10)"%"
Using then [(5.13),(5.14)] or (5.15), the corresponding ultradistribution is:

2—v

o) =2am) 71 (Y37 ) sonbdlplll o) (53

We proceed now to the calculation of the convolution of two spherically

symmetric tempered ultradistributions.

6 The Convolution in Euclidean Space

The expression for the convolution of two spherically symmetric functions
was deduced in ref.[13] (h(k) = (f x g)(k)):

1
24V

" e

ﬁf(kl)g(kZ) X

0
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v—3
[4k3Kk3 — (k* — k§ — Kk3)?.7 Kkik, dkq dk; (6.1)

and with the change of variables p = k%,p7 =k, p2 = k3 takes the form:

22T [
h(p) = ————== || f(p1)g(p2) x
g

r)ez
4102 — (p— p1— pa)2l,7 dpy dps (6.2)
In particular when v =4 is:
h(p) = %” 01)9(p2) 40102 — (p — p1 — p2)4Z dpy dps (6.3)

0

h(p) can be extended to complex plane as ultradistribution thus generalizing

the procedure of ref.[13]. According to (4.12) we can write:

2
08 = e § o116 (210} 0y i x 201/ )1 (x o} oy doz (6.0
Nn

and Fourier transforming:

2

= G 1/zﬂgﬂgF(p1)G(p o1/ %0} J x0T (0
0

N

[O[T(p)IKC1(—ix'/2p'?) — ©[-T(p)IK:(ix'/%p"/?)] dx} dp1 dp  (6.5)

The x-integration can be performed with the result:

Jj( ‘/vaz)j( 1/2p /2 )Ca(— 1x1/2p1/2)dx:
0
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1

—

—i(pp1p2)” 9—91—92—\/(9—91—92)2—49102} J(p) >0 (6.6)

Ti(x"207 ) T (x 2K (i 2p1/2)dx =

o— .3

i(pp1p2) ! [P —p1—p2—V(p—p1— 92)2—40192} Jp)<0 (6.7)

where we have used 6.578,2 of [9] and (7) pag. 238 of [12]. Thus

i
Hip) = 3 § D F(p1IGlo:) x
b
[P —p1—p2—/(p—p1—p2)? —49192] dp; dp; (6.8)

3(p)l > [3(p1)l + 13(p2)]
In ref.[3] we have defined and shown the existence of the convolution product
between to arbitrary one dimensional tempered ultradistributions. Analo-

gously for spherically symmetric ultradistributions we now define:

im
Ha(p) = — & ®F(p1)G(p2)plp) x
4p
I"1 rz
[p —p1—p2—V(p—p1—p2)?— 4p1pz] dp; dp> (6.9)

Let 3 be a vertical band contained in the complex A-plane P. Integral (6.9)
is an analytic function of A defined in the domain 3. Moreover, it is bounded

by a power of [p|. Then, according to the method of ref.[8], Hy can be
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analytically continued to other parts of P. In particular near the origin we

have the Laurent expansion:

Ha(p) = > H™(pA" (6.10)

H(p) = H%(p) (6.11)

The proof that H(p) is a Tempered Ultradistribution is similar to the one
given in ref.[3] for the one-dimensional case. The Fourier antitransform of
(6.11) defines the product of two distributions of exponential type. Let Ax(x)

be the Fourier antitransform of Hy(p):

Ax(x) = i AM (x)A™ (6.12)
If we define:
fAx) = F o F(p)}
galx) = F {p*G(p)) (6.13)
then
Ax(x) = (20)*A(x)Ga(x) (6.14)

and taking into account the Laurent developments of fand g:
falx) = Z ) (x)A™
n=—mys
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)= > gMpen (6.15)

we can write:

00 00 n+my
> AMEAT = (2m)* Y ( > ﬁ‘d(x)@(n—k)(x)) AT (6.16)

n=—m n=—m \k=—my

(m =m¢+my)

and as a consequence:

AOx) = Zg )M (x) (6.17)

k=—m¢

We will give now some examples of the use of (6.11) and (6.17).

Examples

As a first example we evaluate the convolution of two Dirac’s delta of complex

mass:

1
(5604 =5y

According to (6.9),(6.10),(6.11) we have:

im

8(p — uy) *8(p — p3) =
p—mi)*dlp— ) = o

[p— i —uj— \/(p— ud — )2 — 4pipl
As an ultradistribution only the term containing the square root is different

from zero (cf.(4.11)). We then have:

i
5(p — uf) * 8(p — u3) =~ (p— uf— u3)2 —4piys (6.18)

29



When py = p; = m (m real) we obtain:

im
§(p—m?) % 5(p —m?) :—m\/p—llmz (6.19)

As a second example we evaluate the convolution of two massless Feynman’s

propagators. We have:

f(x) = —) 3E< ‘pA—‘ln(—p)) o127, (x2p1/2) dp —

8mx1/2 C2mi

220(1 +A)
42T (1 = A)

. 22T (1 +A)
—A—1 AT s “A—1 s
X — € SIH(T[)\) mx [17[+

2In(2) + (1 +A) +P (1T —A) —In(x)] (6.20)
where {(z) =T (z)/T(z)
From (6.20) we have

falx) = (2m) x4+ SA(x) (6.21)

with

lim SA(X) =0

A—0
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Then

2(x) = 21) ™2+ Ty (x) (6.22)
with
}\ILI(I)TA( )=0
AS a consequence
2(x) = (2m)*x 2 (6.23)

Taking into account that
F{x %) = —n*In(p)
we obtain

1T 1
— % — = —7In(p) (6.24)
p P

7 The Convolution in Minkowskian space

In this section we deduce the formula for the convolution of two Lorentz
invariant functions and then we consider the central topic of this paper, i.e:

the convolution of two Lorentz invariant tempered ultradistributions.
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7.1 The generalization of Dimensional Regularization
in Configuration Space to the Minkowskian Space

The convolution of two Lorentz invariant functions is given by:
(Falpd) = [ o | fltpa— kuad) (7.1)

and can be re-written as

J J fm)g(m2)dMr — (pp — k)82 — ki) dny dna dk - (7.2)

We select the axis of coordinates in a way that the spatial component of p,,

P coincides with the first spatial coordinate (pfL = p3—p?). Then we have:

v—4

2

v—2
T ([ f (P2 =71 +1M2 4 2p1k)?
: J” T [pu M ne ) _k%—T]z] dng dnz dk;  (7.3)

2Ipl JJJ T (35?) 4p§
Using:
T = F(VTZ)Z;WT) J(t—iO)TeitX dt (7.4)
with -

x = —4piki+4pika(ph — i +m2) + (Ph—mi +m2)? —4pfn2 (7.5)

we can evaluate the integral in the variable ky using 2.462(1) of ref.[9]. The

result is:

itp%(pﬁfmﬂul

V2nli(8tp2 —i0)] ze v (7.6)
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We can now perform the t integration:

r (’V—Z) ei"“{"] 0 . itp%[(Pﬁ*ﬂ]Jrle)
I =lim —2 J
—00

(t—ie) 2" (tp2 —ie) Ze

2*4p,2ﬂ]2]

dt

e—0 4ﬁ

Pi

(7.7)
Formula (7.7) is defined for v = 2n. In this case (7.7) is proportional to the

derivative of the same order of the Dirac’s formula for

itv%[(pﬁfm +n2)274vﬁnz]

P

(tpﬁ — iO)’]fe

with z =1e. Thus we have

in(1—v) OO 202 2 2
MO T L bt
= P —1 it % e i
e "
—0Q
7 1= itv(z)[(Pﬁ*ernzlzf@ﬁnz]
N 2
(pi—l—l()) it? e P dt (7.8)

The result of (7.8)is immediate (is a Fourier transform). We consider first

the case v # 2n + 1:

im(2—v)

e 2 v—2 3—v
=t () TG e
v—3
2 2 2 2
—m + —4
(pi_w)_% (P—m nzz) P2
Pu
v—3
2 2 2 2
. —m )’ —4
+e™ 2 (p2 440) 2 [(p” i ;j) p”nz—'o] (7.9)
o
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With this result we have for (7.3)

v—3
_ _ 2 _ 2 .
{(p —10)"z {(p & p;) Ap1p2 +io} benh2)
v—3
_ _ 2 —4 2
(p+1i0)2 [(p & ppZ) P1P2 —iO] } dp; dp> (7.10)

Wherep:pﬁandh:f*g.

When v =4 we have

h(p) = %ﬂf(pﬂg(pz) [(p—p1— 02)2—49102}3 dpy dp2 (7.11)

—0Q

When v =2n + 1 we obtain:

! | (p—pr—p)?—dpwpa]" 'y L
(o) =~y || fleatoe) |22 082 i 04

—00

2 P

[_(p —p1—p2)* —4p1p2
p

[w(n) TN [(p— P1 = p2)” —4p1p2

+10” —(p+1i0)72

{ll)(n) + i +In

> + iOH } dp; dp2 (7.12)

As an example we will evaluate the convolution of §(p —m?) with §(p —m3)

for v # 2n 4 1. In this case we have:

v—3

y=3 a2 2N2 2.2 -
h(p):ﬂl em(zzw{(p_io); {(P my mpz) 4m1m2+i0] : +
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v—3
. —m2 —m2)2 — 4m2m2 =
et 4 10)} | (L™ mpz) mms iO] } (7.13)

When v =4, m; =0, m; = m we obtain:

5(p) # 5(p —m?) = %p—mzr (7.14)

If we use the dimension v as a regularizing parameter, we can define the

product of two tempered distributions as
A(x,v) = (2m)"f(x,v)a(x,Vv) = (2m)"F {f(p,v)}F Hg(p,V)} =

Ff(p,v) * glp,v)} = F H{nlp,v)} (7.15)

where F ! was defined in section 5 by means of (5.8) and where (7.10) should

be re-interpreted as:

v—3 o0
T2 in(2—~) 3—v
hip,v) = T =5 r(—z )”f(pw)g(pz,v) ‘

2’\/71
v—3
o . 2 2 i
{(p—w)l {(p Py ppz) 4p1pz+m} et
v—3
o _ 2_4 2
(p+w)—1{(p o "pZ) p‘pz—w] }dm dp, (7.16)

The same procedure is valid when f(x,v) and g(x,v) are distributions of

exponential type. Here f(p,v) and g(p,v) are defined by:

1
F(p,v) = ﬁ

g ——8
—h
-
=



1 T g(t,v)
2mi t—0p

—00

dt

G(p,v) =

where F and G are the tempered ultradistributions given by

Flp,v) = F{flx,v)}  Glp,v) = Fl§(x,v))

This procedure generalize to the Minkowskian space the dimensional regu-
larization in configuration space defined in ref.[13] for the Euclidean space.
As an example of the use of this method we give the evaluation of the con-
volution product of two complex mass Wheeler’s propagators. From (5.22)

and (5.9) we have:

Flwy, (V)W (x,v)} = — (ip2) 2" Jx 2 () T (M%) %
P (2m) 2 J

m(2—-v)

T (ixg ) — O (el T Kz (10" ) f ax (7.07)

{er(p)e

To evaluate (7.17) we use
|| e 000 7o (a2 ) e =

0
TR e

VA 2T ()T

and to deduce (7.18) we have used:

[( + puf + u3)? — 43 Hz} T (7.18)

] ﬂ T v ZZXZ
Kz (xz) = 3 (ZZ—X> ’ Jtzet4t dt
0



(See 8.432(6) of ref.[9]). Thus from (7.18) we have:

2 = - im(v—
F v (6, ¥ (0, )) = T (3 2V) T

v—3

o= Sgn[3(p)] [(p — 1} — p3)? — 4pdud] - (7.19)

and consequently:

(27{)% 3—v in(v—2)
{Wm(p»V)*Wuz(p»V)}: 2% I 5 e 2 X

y—3

o7 Sgn[3(p)] [(p — nf — n3)* —4ufu3] (7.20)

7.2 The Convolution of two Lorentz Invariant Tem-
pered Ultradistributions

To obtain a expression for the convolution of two tempered ultradistributions
we consider the formula (7.11). As a first step we extend h(p) as tempered
ultradistribution. For this pourpose we consider the function:

1

Up, p1,02) = [(p— p1 — p2)? —4P1PZE (7.21)

The Fourier antitransform of (7.21) is:

N e tpe1+p2)x o o
L(x, p1, p2) = ™ {(p1pz+10)7/\/1 [2(p1p2—|—10)?|x|} +
O(—p1p2)vV—P1p271(2iv/—p1p2 X } (7.22)
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where N is the Newman function. If we consider now the distribution:

1

m(p,p1,p2) =p ' [(p—p1—p2)*— 49192}1 (7.23)

the corresponding tempered ultradistribution is:

00 1
1 [t [(t—p1—p2)*—4pip2)?
M(p,p1,p2) = 5 - J [ H dt (7.24)
i t—0p
which can also be written as:
1
M(p, p1,p2) = {F}(p,p1,02) —
1 . .
5 [F(0, 1, p2) + F{LH(—10, p1, pz)]} (7.25)
Thus the extension to the complex plane of h(p), N(p) is:
s
N(e) =3 {[ #(o1)(620M (0,1, p2) dor o (7.26)

To obtain M in an explicit way we use the following Laplace transforms:

cﬁquﬂHﬂ=7%¢§I¥m<§§?52>+

25 @) +1-7) (7.27)
an
L{t"Rlat)}(s) = % (7.28)

(see [14] pags. 310 1nd 313). Then we have for the Fourier transforms:

wa a

fW“MwﬂnmZ‘E{@mm4¢¥tﬁm<J¥jﬁ_w>+
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ip (In(2) +1—7vy)] —O-T(p)] [\/mln (« /a2 _apl + ip) B
ip(In(2) +1—v)1} (7.29)

F U Falt)} (o) = OO LE— 210

a

2_ A2 s
OL-3(p) - (7.30)

With these results we obtain:

M(p) =0O[J(p)] {@(9192)\/49192 —(p—p1—p2)? %

4 (0 —01—02—ilp— 01—
1m[\/ p1p2— (p—p1—p2)2 —ilp—p1—p2) N

2,/P1p2
O(—p1p2) {%T [\/40102 —(p—p1—p2)?—ilp—p1— Pz)} +

VAeipa—(p—p1—p2)? —ilp—pi—pa) | | | _
2i\/=p1p2

O[-J(p)] {@(9102)\/49192 —(p—p1—p2)? X

\/40102— (p—p1—p2)%In [

VAap1p2— (p—p1—p2)2+i(p— p1— p2)
2,/p1p2

O(—p1p2) {%T [\/410192— (p—p1—p2)2+ilp—p1 — pz)} +

\/49102 —(p—p1—p2)?+ilp—p1—p2)
4 —(p— 0. — 2 _
\/ p1p2— (P —p1—p2) hl[ 2iv—p102

101021001~ pa)n (21 + @-prpal(or — paltn (~£1) +
P2 P2

In

_I_

N e

O(—p1)O(p2) [imt(p1 — p2)Sgn(p1 + p2) + 2imP20(p1 + p2) + 2imP1O(—p1 — p2)] +
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O(p1)O(—p2) [—im(p1 — p2)Sgn(p1 + p2) + 2imP1O(p1 + p2) +
2imp,0(—p1 — p2)1} (7.31)

To obtain an expression for the convolution of two ultradistribution we use

for the Heaviside function the identity:
O(xy) = B(x)6(y) + O(—x)O(—y) (7.32)
Taking into account that

1
O(p) = Aliri%+ ﬁ[ln(—p + A)—In(—p —A)] (7.33)

a conceptually simple by rather lengthy expression is obtained for Lorentz

invariant tempered ultradistributions:

Ha(p, A) = J j F(01)G(02)p) 0} O (p)] {IIn(—p1 + A) — In(—p1 — A)lx

N

8m2p

In(—p2+ A) —In(—p2 — A)lV/4(p1 + A)(p2 + A) — (p — p1 — p2 — 2A)2x

| VA1 +A)(p2+A)—(p—p1—p2—2A)2—1i(p— p1 — p2— 2A)
n +
2/ (p1+A)p2+A)

[In(py +A) —In(pr — A)llIn(p2 + A) — In(p2 — A)]x

VA4(p1 —A)(p2—A) — (p — p1 — p2 + 2A)2x

N [\/4(p1 —AJlp2—A)—(p—p1— p2+ 2A)2 —i(p— p1 — p2 + 2/
2/(pr—Allp2—A)
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[In(p1 + A) —In(p1 — A)lIn(—p2 + A) —In(—p, — A)]x

{%[ [\/4(91 +A)(p2—A)—(p—p1—p2)?—1ilp—p1— pz)] +

b

{%‘ VA(r = Aoz + AT = (p— p1 = p2)? —ilp— p1 — p2)| +

VA(p1 + A)(p2—A) — (p— p1— p2)2x

\/4 P+ A)p2—A)—(p—p1—p2)*—ilp—p1—p2)
2iy/—(p1+A)(p2—A)

In(—p1 +A) —In(—p1 — A)]lln(p, + A) — In(p, — A)Ix

VA(p1 —A)(p2+ A) — (p— p1 — p2)2x

| [\/4(91—/\)(pz+/\) (9—01—02) —i(p—m—pz)”}_
n
2iy/—( A)(p2+A)

O-J(p){lln(—p1 + A) = In(—p1 — A)l[In(—p2 + A) — In(—p2 — A)]x

VA(p1 — A)(p2—A) — (p— p1 — p2 + 2A)2x

| [\/4(91—/\)(pz—/\)—(p—m—pz+2/\)2—i(p—p1—pz+2/\)
n +
2\/(p1—=A)lp2—A)

In(py + A) —In(p; — A)llln(p2 + A) —In(p2 — A)]x

VA(p1 +A)(p2+A) — (p—p1 — p2 — 2A)2x

\/4p1+/\)(pz+/\) (p—p1—p2—2A)2—1i(p—p1—p2—2A) N
2\/(p1+A)p2+A)

[In(p1 +A) —In(p1 — A)llIn(—p2 + A) — In(—p2 — AJ]X
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VA(p1 — A)(p2+A) — (p— p1 — p2)2x

b

{%[ [\/4(91 +A)(p2—A)—(p—p1—p2)?—1ilp—p1— pz)] +

21\/ J(p2+ A)

In(—p1 +A) —In(—p1 — A)]lIn(p2 + A) — In(p, — A)Ix

[\/4(01 —A)(p2+A) — (p— p1 —p2)2—ilp—p1—p2)

VA(p1 + A)(p2— A) — (p— p1 — p2)2X

1 | VAP H A2 = A) — (p—p1 — p2)? —ilp — 1 — p2) i
2t/ —(p1 + A)(p2 — A) 2

{In(=p1 + A) —In(—p1 — A)]lIn(—p2 + A) — In(—p2 — A)] x

. [Pt A . [P —A
(p1— p2) [ln (1 p2+/\> +In (—1 pz—/\>
In(p1 +A) —In(p1 — A)llln(p, + A) —In(p, — A)]x

. [ A —py . [ A+

(p1—p2) lln —i A_p2>—|-1n (1 A—i—pz) +
(n(py +A) —In(py — A)[In(—p2 + A) = In(—p2 — A)] x

A+ pq A —p1
%m—m4m< A_m)+m( A+m)

1222 iy (—py — - A) — Iy — 2 A) -

_|_

In(p1+p2+A)+1In(pr + p2— A+ p2In(—p1 —p2 + A) —
In(—p1 —p2—A)l+ p1In(p1 + p2 + A) —In(p1 + p2 — A1}

[In(=p1 +A) = In(=p1 — A)llIn(p2 + A) — In(p2 — A)] X
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A —pq A+ pq
{(m—pz) [1( Mpz)m( A_pz)

(p1—p2) [
2

In(p1 +p2+A)—In(p1 +p2—A) —
In(—p1 —p2+A)+1In(—p1 —p2—A)l + p1 In(—p1 — p2 + A) —
In(—p1 —p2—A) + p2ln(py + p2 + A) —In(p; + p2 — A)}}} dpy dp2 (7.34)

Which defines an ultradistribution on the variables p and A for

[T(p)[ > T(A) > [I(p1)l + [I(p2)]

Let 3 be a vertical band contained in the complex A-plane P. Integral (7.34)
is an analytic function of A defined in the domain 3. Moreover, it is bounded
by a power of |pA|. Then, according to the method of ref.[8], HA(p, A) can

be analytically continued to other parts of . Thus we define
H(p) = H(p,10%) (7.35)

Ha(p,107) = ZH (p,i0H)A™ (7.36)

As in the other cases we define now

{F«G}(p) =Hl(p) (7.37)

as the convolution of two Lorentz invariant tempered ultradistributions. The

proof that H(p) is a Tempered Ultradistribution is similar to the one given

43



in ref.[3] for the one-dimensional case. Starting with (7.34) we can write:

. 1
H(p,10) = =5 H f(01)gn(P2)M(p.p1, p2) dpr dps (7.38)

where fa(p) and ga(p) are defined by Dirac’s formula:

A Ge s 02Galp) =

t—p T 2m (7.39)

] o0
A _
P Falp) = I J

|
g3
(=}
>
=
o
H.

Let Ax(x) be the Fourier antitransform of Ha(p,10"). The according with
(6.12) to (6.17) we can express H©(x) as a function of de Laurent develop-

ments of fa(x) and Ga(x)

Examples

As an example of the use of (7.35) we will evaluate the convolution product of
8(p) with 8(p—p?) with w = pg+1ip; a complex number such that: p3 > u?,

ugp > 0. Thus from (7.34) we obtain:

o i(p—p?) p—
Ho(p, A) = —imt[ln(—p4+A)—In(—p?+A)] {W lln (W) +

2 2
(ot e -t ) )
—ip?) A A p?
= e R (1o | E= S0
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Simplifying terms (7.47) turns into:

Ho(p, A) = —imt[ln(—p? + A) — In(—p? + A)] {% o (p—p?) +
.2
In (> —p)] + 817'[2p [In(p? + A) + In(p? — /\)]} (7.41)
Now, if
Fi(i, A) = In(—p® + A) — In(—p? — A)
then
Fi(w,i0%) = 2im 5 g > uf 5 wepp >0
And, if
Fa(i, A) = In(p? + A) = In(p? — A)
then
F2(11,10%) =0 5 Mg > ui 5 Hepr >0
Using these results we obtain:
H(p) = % [In(p — p?) + In(p* — p)] + % In(p?) (7.42)

As an example of the use of (6.17) we will evaluate the convolution product

of two Dirac’s delta: 8(p) * &(p). In this case we have:

Falp) = -2 (7.43)

2mi
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and as a consequence:
falp) = ———p" (7.44)
The Fourier antitransform of (7.44) is:

N 222T(1+A)
B sty

[x: 2" — cos(mA)x ] (7.45)

which can be written as:

22 T(1 4+ A) [cos(mA) — 1

_ -1 -1
falx) BTN > d(x) +xi ' —cos(mA)x_" +

ST — cos(mA)S ] (7.46)
Thus we have:

fA(x) 5%(x) + %2 + cos*(TA)x % +

2 T2(14+A) [ (cos(mA) —1)?
B 16716F2(1—7\){ A2

[Sf‘_] — COS(W)\)S:)\_1] 2 + Z[XI] — COS(7T7\)XZ1][Sf‘_1 — cos(mA\) ST+

9 [cos(ﬂ?\) —1

X 6(x)] (%" — cos(mA)x_" + ST — COS(W?\)S}\1]} (7.47)

From (7.47) we obtain:

. 729 .
}\1_r)r(1)f)\(x) = (27-()6)( (7.48)
and taking into account that:
3
Fix?) = TSgn(p) (7.49)
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we obtain

8(p) *d(p) = =Sgn(p) (7.50)
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8 Discussion

In a earlier paper [3] we have shown the existence of the convolution of
two one-dimensional tempered ultradistributions. In other paper ref.[4] we
have extended these procedure to n-dimensional space. In four-dimensional
space we have given an expression for the convolution of two tempered ul-
tradistributions even in the variables k® and p. In this paper we obtain a
expression for the convolution of two Lorentz invariant tempered ultradistri-
butions in both, Euclidean and Minkowskian space. In an intermediate step
of deduction we obtain the generalization to the Minkowskian space of the
dimensional regularization in configuration space (ref.[13])

When we use the perturbative development in Quantum Field Theory,
we have to deal with products of distributions in configuration space, or
else, with convolutions in the Fourier transformed p-space. Unfortunately,
products or convolutions ( of distributions ) are in general ill-defined quanti-
ties. However, in physical applications one introduces some “regularization”
scheme, which allows us to give sense to divergent integrals. Among these
procedures we would like to mention the dimensional regularization method
( ref. [15, 16] ). Essentially, the method consists in the separation of the

volume element ( d¥p ) into an angular factor ( dQ ) and a radial factor (
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p¥~'dp ). First the angular integration is carried out and then the number
of dimensions v is taken as a free parameter. It can be adjusted to give a
convergent integral, which is an analytic function of v.

Our formula (7.34) is similar to the expression one obtains with dimen-
sional regularization. However, the parameter A is completely independents
of any dimensional interpretation.

All ultradistributions provide integrands ( in (7.34) ) that are analytic
functions along the integration path. The parameter A permits us to control
the possible tempered asymptotic behavior ( cf. eq. (3.9) ). The existence
of a region of analyticity in A, and a subsequent continuation to the point of
interest ( ref. [3] ), defines the convolution product.

The properties described below show that tempered ultradistributions
provide an appropriate framework for applications to physics. Furthermore,
they can “absorb” arbitrary pseudo-polynomials, thanks to eq. (3.10). A
property that is interesting for renormalization theory. For this reason and
also for the benefit of the reader we began this paper with a summary of the
main characteristics of n-dimensional tempered ultradistributions and their
Fourier transformed distributions of the exponential type.

As a final remark we would like to point out that our formula for convo-
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lutions is a definition and not a regularization method.
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