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Abstract
Control at the interface between the classical and the quantumworld is fundamental in quantum
physics. In particular, how classical control is enhanced by coherence effects is an important question
both from a theoretical as well as from a technological point of view. In this work, we establish a
resource theory describing this setting and explore relations to the theory of coherence, entanglement
and information processing. Specifically, for the coherent control of quantum systems, the relevant
resources of entanglement and coherence are found to be equivalent and closely related to ameasure
of discord. The results are then applied to theDQC1protocol and the precision of thefinal
measurement is expressed in terms of the available resources.

Introduction

Coherent superposition is a defining characteristic of the quantumworld. Coherence indicates the fundamental
misalignment, or noncommutativity, between quantum states and the interactions or observables whichwemay
use to probe them.Due to its intimate connectionwith quantum superposition, coherence is also important in a
large number of quantum information protocols. In fact, coherence can be seen as a type of resource, allowing
one to perform tasks that would bemore difficult or not possible otherwise. Indeed, coherence has recently been
developed into a formal quantum resource theory [1–14]4, similar to that for entanglement [20, 21].

In themacroscopic classical world, where states and observables commute, superposition effects are
suppressed and physical systems can be describedwithout coherence using classical probability distributions.
Yet some special systems, often found atmesoscopic scales, can exist in themurky borderlands between the
classical and quantumworlds. In fact, systems that bridge between these worlds are very important inmodern
experiments. Operationally, it is common to employ intermediary physical systems, such as lasers,magnetic
fields, or photodiodes, to interface with a separate ‘target’ quantum system. By coupling to the target system,
thesemediator systems can function as state preparation, control, andmeasurement devices.

To interactmeaningfully with the controlled system, themediator systemsmust themselves be able to exert a
nonclassical effect on their targets. At the same time, theymust also interface with the classical world to
communicate human- ormachine-readable instructions andmeasurement outcomes. Through this, they are
inevitably exposed to classical noise and decoherence effects whichmakes the creation and the conservation of
coherence a costly task. Recognising that coherence is a potential resource, wemight askwhat valuemight be
gained if wewere to pay these costs andwhat potential quantumadvantages do coherent resources provide in
this standard operational paradigm?

In this work, we address these questions by formalizing a resource theory for the tasks of preparing,
controlling, andmeasuring quantum systems, and explore the differences between having incoherent versus
coherent resources at our disposal.Within this framework, coherence and entanglement can be freely
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interconverted and thus represent the same underlying resource, whichwe call the recoverable coherence.We
introduce a quantifier for this resource and connect it tomeasures of quantumdiscord [22–25]. Finally, we
illustrate these ideas through an application to the family of quantum algorithms known as ‘Deterministic
QuantumComputationwith one qubit’ (DQC1) proposed in [26]. In the last decade, this family of algorithms
has instigated a lively debate as towhat is the quantum resource behind the speed-up obtainedwith quantum
algorithms, asDQC1 can be implemented evenwith a very small amount of entanglement [14, 27–31].We show
how the accuracy of the outcome inDQC1 can be quantified in terms of the recoverable coherence, and how this
connects with entanglement and discord.We discuss connections with relatedworks in the section defining the
resource theory and in the appendix.

The framework

Tomotivate the following framework, we start by considering a generic experimental set-up for controlling a
quantum system (see figure 1). Humans can only interactmechanically withmacroscopic objects, therefore one
part of any experiment needs to bemacroscopic, be it only the keyboard of a computer. This part is fully
described by classical physics. Tomodel this in quantummechanics, following [1]we say that the state of a
system is incoherent if it is diagonal in afixed basis.

Definition 1.Given a systemA and afixed orthonormal basis = ñ =
-{∣ } c c

D
0
1, we call a state ρ incoherent (with

respect to  ) if r = å ñá∣ ∣p c cc c for some p 0c , whereå =p 1c c .

Secondly, there are some experimental devices that allow us to operate on the full quantum system. These
intermediary devices are usually in themesoscopic domain, becausewewant tomanipulate their operating
parameters in a deterministic way and, at the same time, use them tomanipulatemicroscopic quantum system.
Because of their size, it is an operationally hard task to bring these devices controllably into a coherent
superposition that remains stable against decoherence. To cast this situation into a resource theory perspective,
it is advantageous to assume that only incoherent operations are available and all required coherence is supplied
by a third party. For this reason, wemight think of coherence as a resource for themanipulation of the
controlling devices. Following [1], we thus define5:

Definition 2.Wecall a quantumoperation incoherent if each of its Kraus operators aK is incoherent. That is, for
anyσ incoherent, sa a

†K K is incoherent.

Wewant to use these intermediary devices to control a quantum system, and in the best casewe can have
perfect quantum control.Wemust keep inmind that the controlling devices decohere quickly due to their size.
Therefore, itmight be hard to encode information in a control basis that is not the incoherent one and still have a
stable quantum control. The best stable control we can hope for is therefore given by the unitary

å= ñ á Ä∣ ∣ ( )U c c U . 1control
c

c

Wealso assume thatwe can add ancillae to the quantum system and that we can trace out parts of the system, i.e.
we can prepare and discard parts of it.

Figure 1.Devices between the quantum and the classical. As wemovemore from the left to the right-hand side, the scale of the system
reduces andwe have access to a stronger coherent control.

5
See the appendix for a brief discussion on this choice.
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Ultimately, wemightwish tomeasure the quantum system.We therefore include ameasurement device,
which couples to the quantum system, performs anymeasurement of the quantum system, and sends the
classicalmeasurement result to a computer. This is described by

år rñ á Ä ñ á Ä∣ ∣ ∣ ∣ ( )†c c K K0 0 , 2
c

c c

where the left-hand side of the tensor product denotes a register in the computerʼsmemory and the right-hand
side is the state of the quantum system.

Wenote that incoherent operations include anything one can dowith a computer. Becausewe focus on the
control of a quantum system in this paper, we only need to consider two systems: the controlling systemA, on
whichwe can do any incoherent operations for free, and the quantum systemB, forwhichwe have full quantum
control, includingmeasurements. In this way, the complete family of allowed operations in our framework is
defined as follows.

Definition 3. Consider a bipartite systemAB. The class of GlobalOperations Incoherent onA, with respect to
the local orthonormal basis = ñ{∣ } c onA (abbreviated as GOIA ), is the family of quantum channels
consisting of (finite) combinations of

1. Incoherent operations onA (def. 2),

2. Controlled operations in the incoherent basis fromA toB (equation (1)),

3. Adding or removing (tracing out) ancillae onB, and

4. Measurement and postselection onB (equation (2)).

Notice that if we extend this set of operations by allowing general unitary operations onA, we recover the full
set of quantumoperations onAB.

The resource theory

Having defined the free operations, we need to address what are the free and the resource states in the framework
and investigate how these resources can be distilled if someone provides a source of non-free states.

Free states
With = ñ{∣ } c as the incoherent basis of A, we can prepare any state of the form
r = å ñ á Ä ñ á∣ ∣ ∣ ∣p c c 0 0c c A B0 using only incoherent operations onA. Performing controlled operations
(equation (1)) on r0 (with the aid of ancillary states), we can prepare any state in the set of -classical-quantum
states [9],

år r r= ñá Ä ñ Î≔ { ∣ ∣ ∣ ∣ } ( )CQ p c c c, , 3
c

c c

where the rc are arbitrary quantum states. Conversely, any operations in the GOIA framework conserve this set.
The largest set of operations that preserves the set of classical-quantum states CQ was defined in [14].While all
of our operations are inside that set, the converse remains an open question. Using the physical picturewe have
introduced, we can link together other seemingly disparate recent works in the field [7–14] (see the appendix for
a brief overview and also see the related independent work [32],which discusses a different subset of the

CQ -preserving operations [14]).
Most notably, in [9] the subset of the bipartite operations onAB, that can be performed locally, only with the

aid of classical communication (the Local Quantum-Incoherent operations andClassical Communication,

LQICC )was introduced. These operations are a strict subset of GOIA : we get themby restricting the control to
be performed by local operations onB, conditional tomeasurements outcomes onA. The connections will
prove useful to unravel the resource theory defined by GOIA , which is done in the following sections.

Coherence as a resource
Now,we determine the set of resource states in our framework, i.e. the set of states thatmakes GOIA operations
universal. To this end, wefirst note that from a supply ofmaximally coherent states +ñ∣ onAwe are able to
implement any local operation onA [1]. Secondly, the supply of +ñ∣ onA also allows for the generation of
entanglement betweenA andB by application of equation (1). Thirdly, the provision of arbitrary local
operations onA andB and arbitrary amounts of entanglement betweenA andB allows for the generation of
arbitrary joint operations betweenA andB [33] (see also [11]). In particular, by applying a CNOT (included in

3
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the GOIA -, but not in the LQICC -operations), one can create a puremaximally entangled state (a singlet)
from amaximally coherent state [7] and one can steer an incoherent state to amaximally coherent one under

LQICC operations by using up a singlet state [12]. Therefore, the pure resource states can be produced from
one another with GOIA operations.

We can now ask howmany resource states one can distill from n copies of a given state.

Definition 4. Let r( ) ·r n n, be themaximal number of fully coherent qubit states (on subsystemA) that can be
prepared from n copies of the state rAB with fidelity at least - 1 , by applyingmaps L Î GOIA :

r rL + ñ á+ -
LÎ

Ä Ä( ) ≔ { ∣ ( ( ) ∣ ∣ ) }



r n R F, sup , 1 .
GOIA

n nR

The recoverable coherence (with respect to the basis  ) is the infinite-copy and infinitesimal error limit of the
abovemaximal ratio:

r r=
 ¥

( ) ( ) ( )



C r nlim lim , . 4REC

n0



As entangled and coherent resource states can be interconverted, the analogous notion of recoverable
entanglement coincideswith CREC :

r rº( ) ( ) ( ) E C . 5REC REC

Notice that these quantities are not equivalent to the distillable entanglement [20].Moreover, they are not
entanglementmonotones [34], as GOIA allows to convert product states (not incoherent onA) into entangled
states. However, for pure states, distillable entanglement is a lower bound to the distillable entanglement under

GOIA 6.We give general lower bounds to the distillable coherence in the appendix. Aswas noticed in [9], for any
state outside of CQ , there is a protocol in Ì LQICC GOIA which allows the recovery of some amount of
coherence.Hence, there is no bound coherence or entanglement in GOIA .

Amonotone for CREC

Anext natural step in the resource theory is to introduce amonotone that quantifies the distance to the free
states. A particularly suitablemeasure is provided by the relative entropy:

r r s r rD = = ¢ -
sÎ

( ) ( ∣∣ ) ( ) ( ) ( )


S S Smin , 6
CQ

where r s r r s= -( ∣∣ ) [ ( ( ) ( ))]S Tr log log2 2 , r r r= -( ) [ ]S Tr log2 is the vonNeumann entropy and
r r¢ = å ñá Ä ñá Ä(∣ ∣ ) (∣ ∣ ) c c c cc is the state obtained from ρ by completely decoheringwith respect to the
basis  (see lemma 1 in the appendix).

The functionalD is additive, convex, andmonotonic under GOIA on average. Proofs of these properties
are presented in the appendix in lemma 2, 3 and proposition 1.Most importantly, it upper bounds CREC via (see
the appendix for a proof).

r rD ( ) ( ) ( )  C . 7REC

This sharpens a similar result of [9], where the free operations defining CREC on the right-hand sidewere the
more restrictive LQICC operations. Still, because LQICC is strictly included in GOIA , the bounds derived in
[9, 11] are valid for our framework andwe get that equation (7) is tight formaximally correlated states
(r r= å ñá ¢ Ä ñá ¢¢ ¢∣ ∣ ∣ ∣c c c ccc cc [36, 37]) and for product states [9] (where the recoverable coherence is just the
distillable coherence on theA-part calculated in [2]), as well as for general pure states [11] (as the proofs simplify
in our framework, we show themnonetheless in the appendix). The bound is also tight for quantum–classical
states.We have to leave open the question of whether the bound can be reached in general.

Basis-independent recoverable coherence and discord

In the previous section, we presented a framework that specifies coherence in some fixed basis  . However, it
might be useful in some contexts toworkwithout this constraint. The natural extensionwould then be to ask
what is CREC of the state in themost unfavourable case7. For product states, it is clear that the choice of the

6
For pure states, the protocol described in [35] for entanglement distillation can be performed, as it requires full quantum control just on

one side. This shows that the entanglement entropy provides a lower bound.
7
Atfirst glance, themaximum recoverable coherencemight also seem to be ameaningful quantity.However, it depends strongly on the

dimensionality of the basis, andwould be saturated for any pure state by choosing as the incoherent basis the one conjugate to the local
Schmidt basis.
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eigenbasis of rA is theworst case. In general, this does not need to be the case. For instance, consider the state

r =  ñá Ä  ñá + ¬ñá¬ Ä  ñá + ñá Ä  ñá-∣ ∣ ∣ ∣ (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣)  .1

2

In the limit  0, C 1REC using the local eigenbasis =  ñ  ñ{∣ ∣ } , , yet ¢C 0REC for the choice
¢ = ¬ñ  ñ{∣ ∣ } , .With this inmind, we define the basis-independent recoverable coherence

r r=[ ] ( ) ( )


C Cmin , 8REC
min
REC

as theminimum recoverable coherence regarding themost unfavourable basis. Due to equation (7), we obtain

r r rD = D [ ] ( ) ( ) ( )


C min . 9min
REC A B

That is, the basis-independent recoverable coherence is upper bounded by the thermal discord rD  ( )A B (also
called one-way information deficit). Thermal discord represents the difference between thework that can be
extracted froma system in the state ρ by performing either global or local operations onA [38, 39]. Additionally,
it corresponds to a particular case of ameasure of discord, a type of non-classicality of a quantum state beyond
the notion of entanglement [22–25], quantifying howmuch a given state fails to belong to the set of Classical-
Quantumor pointer states [22, 40]:

≔ ⋃ ( )


CQ CQ . 10

See figure 2 for a picture of the relevant sets. Themost prominent features of discord quantifiers are [24] their

• Vanishing, if the state is inCQ, and

• Invariance under local unitaries.

Therefore, discord quantifiers are asymmetric with respect to the swap ofA andB. Onemay also ask that a
discord quantifier is non-negative, bounded from above by the entropy of rA and suitably normalized, such that
themeasure coincides with the entanglement for the singlet state in the qubit case.We note that the basis-
independent recoverable coherence C REC

min is also a discord quantifier, as it has the above-mentioned properties.
For pure states, distillable entanglement is the same as thermal discord [35], which is an upper bound for the
basis-independent recoverable coherence, which in turn is an upper bound for entanglement as noted above. So,
for pure states, these quantities all coincide (also see [9] for a different argument).

Application to theDQC1protocol

In this section, we apply the above-mentioned results to analyse the resources involved in theDQC1protocol
[26, 29]. The goal ofDQC1 is to determine the trace of a n-qubit unitary operator U, which is a very challenging
task in the realmof classical physics. TheDQC1protocol accomplishes this task bymaking use of amaximally

coherent control qubit
ñ+ ñ∣ ∣0 1

2
as a probe and amaximallymixed state on the remaining target system (see

figure 3). After the action of the controlled unitary ñ á Ä + ñ á Ä∣ ∣ ∣ ∣ U0 0 1 1 , the state of the probe encodes the

trace of the unitary in the coherent bases
ñ+ ñ ñ- ñ({ }∣ ∣ ∣ ∣

,
0 1

2

0 1

2
and

ñ + ñ ñ - ñ ){ }∣ ∣ ∣ ∣
,

i i0 1

2

0 1

2
.Measuring the

probe in these bases ends the protocol. Of course, to read out the result, we need to perform repeated
measurements of thefinal state, implying thatwe need to repeat the protocolmany times to gain a certain degree
of accuracy. If the initial state is notmaximally coherent, we are still able to perform the algorithm, butwe need a

Figure 2. Scheme of the discussed sets. The set of zero discord states,CQ, is the union of all CQ sets (e.g. =  ). Each of the CQ
sets is convex, butCQ is not convex. The unionCQ is containedwithin the convex hull of the CQ , which is the set of separable states.

The intersection of all CQ are the states of the form rÄ

 BTr
. The corners of the separable set correspond to pure states, which are

sharedwith (in principle,many) incoherent lobes. * is the basis inwhich the geometric distance D to CQ getsminimized, i.e. one
with s nearest to ρ in relative entropy.

5
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larger number of runs to reach the same precision [30]. Interestingly, the protocol remains efficient also in the
case of probes in a highlymixed state, evenwhen the bipartite entanglement between the probe and any part of
the system is small or even vanishes during the entire protocol. This observation providedmotivation to look at
differentmeasures of quantumness, such asmultipartite entanglement [27] and quantumdiscord [14, 29]. But
while it is not clear why one should look formultipartite entanglement in a setting that physically is bipartite,
quantumdiscord is problematic as a resource because the zero discord set is not convex, thusmixing two zero
discord states (which amounts to forgettingwhich of the two one prepared) can provide somenon-zero discord
state (see figure 2). On the other hand, aswas pointed out in [14], theminimal requirement for theDQC1
protocol towork is the presence of some amount of coherence in the probe.We canmake this statementmore
precise by remembering that, to obtain the expectation valuewhich encodes UTr , the protocol should be
performedmany times, consuming on each run a fresh qubit probe [29]. The number of runs needed to reach
some desired precision depends directly on the degree of coherence of the probe. Supposewe havem copies of
the joint initial state r r= Ä  dim0 target , where dim is the dimension of the target system and r0 is the
(general) qubit state of the probe before applying the controlled unitary.We show in the appendix that the
precision (i.e. the number of binary significant digits) of the estimated UTr is (up to a constant) given by a
function of CREC , i.e.:

r» - »( ) ( ( )) ( )⎜ ⎟⎛
⎝

⎞
⎠prec CU

U
Tr log SE

Tr

dim

1

2
log , 11REC

2 2 0

where ( ˆ)xSE denotes the standard error of themean [41] associated to the randomvariable x̂.
Notice that in the present formalism, entanglement and coherence are interconvertible, so the amount of

bipartite entanglement that can be produced during the protocol between the probe and any part of the target
system is bounded by r( )CREC for any state ρ of the total system at any stage of the protocol.We note that if at
any point in the protocol any discord quantifier is non-zero, this implies that the state is not quantum–classical
and therefore CREC is non-zero. By themonotonicity of CREC under GOIA , wefind that the state of the probe at
the beginning cannot have been incoherent. Therefore, any discord quantifier is a witness for recoverable
coherence and the applicability of theDQC1protocol.

Conclusion

In this work, a framework for the description of incoherent systems controlling quantum systems is proposed.
The set of operations over the composite system ( GOIA ), together with its associatedminimal invariant set,
define a formal resource theory inwhich the resource is the amount of coherence that can be recovered on the
control side. Using the connections with other frameworks [7–14], we extendmany of the previous results to the

GOIA framework and show that the associated resources, the recoverable coherence, and recoverable
entanglement are equivalent.We upper bounded CREC by a geometric functional and found that the latter is a
monotone of the theory. By looking at the least favourable choice of the incoherent basis, the amount of resource
associated to a given state is a discord quantifier. This quantifier is bounded fromabove by the thermal discord of

Figure 3. Scheme ofDQC1protocol. Top: the standard formof the protocol. Bottom: the protocol from the point of view of the
incoherent-quantumpartition. In this case, thefirstHadamard gate was replaced by a probe (systemA) in a fully coherent state (+ñ∣ ),
while thefinalHadamard gate was exchanged by a final destructivemeasure in amaximally coherent basis (e.g. the basis +ñ - ñ{∣ ∣ }), .
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the state. Finally, we exemplified ourfindings by calculating the precision of theDQC1protocol with amixed
control qubit and stated it in terms of the resource of our theory—the recoverable coherence.
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Appendix. Relatedworks

One of the first papers relating coherencewith entanglement was [7], inwhich the authors looked at howone can
restrict coherence theory further by splitting the space of free states into two incoherent parts. This gives rise to
control operations, and thus allowed operations that can produce entanglement by using up coherence. This line
of thought was further developed in [8], where the authors showed an equality between symmetric discord [42]
and coherence in such a framework. Another approachwas taken in [6], relating amore general formof
superpositions than coherence to entanglement via control gates. In [9] the authors instead looked at possible
extensions of coherence theory and introduced the framework of local operations and classical communication
( LQICC ). This andmodifications thereof where subsequently discussed in [10, 11], whichweremostly
concernedwith the relation of coherence to entanglement and structure of the respective theories. After these
[12, 13] analysed steering-induced coherence in the LQICC framework and defined ameasurement induced
disturbancemeasure for coherence, to some extent related to discord. Finally, [14] defined the set of quantum
operations that preserve the formof incoherent-quantum states. In a subsequentwork [32], a subset of these
operationswas analysed independently of this letter.

Choice of the incoherent operations

In our theory of coherent control of a quantum system, we need to choose which theory inside quantum
mechanics corresponds best to a classical theory of labels, i.e. we need to specify the theory of coherencewe
choose tomodel the free operations on the ‘classical’ sideA of our set-up. Clearly, we need to ensure that no
coherence is produced, i.e. we only considermapswhich, starting from an arbitrary incoherent state, result in yet
another incoherent state (even after a possible postselection). This leads to the coherence theory defined in [1]
and used here. One could now argue that one should restrict the allowed operations further. Indeed, there is by
now an entire hierarchy of proposals of possible theories (see e.g. the appendix of [43] for an overview), but the
discussion of which is themostmeaningful is far from settled yet (and context-dependent).We adopted our
current choice ofmodel principally because it allows for a particularly wide class of operations and hencewill
give particularly strict bounds in the sense that a process that is impossible under this set will also be impossible
under essentially all other possible choices of coherence theory.

A totally different choicewould be the theory ofU(1)-covariance [15], which has been successfully applied in
the context of thermal operations (see e.g. [19]). The reasonwe do not use it here is simple: permutations are not
allowed operations there (unless on degenerate subspaces), but as this only requires changing labels in our
setting, it should be allowed.

Proofs

Here, the proofs of the properties presented in themain text are shown.

Lemma1 (Minimal relative entropy to CQ — equation (6). Also see [9]based on arguments of [42]). Let
P = ñá Ä{ ∣ ∣ }c cc be the set of projectors on the incoherent basis  onA. Then:

år r rD = P P( ) ( )

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟S . 12

c
c c



Proof.We start by observing that r s( ∣∣ )S is a convex function ofσ (for fixed ρ), and hence, the globalminimum
s* is the unique stationary point of that function (and it exists). Let us start the calculation of the stationary
points, by parameterising σ by an exponentialmap: let { }ok be a basis for the sub-algebra of (zero trace)
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hermitian operators inAB satisfying the condition P =[ ]o, 0c k . It is clear that any full-rank state s Î CQ can
bewritten as s = -( ) Zhexp , with = -( )Z hTr exp and l= åh ok k k. Notice that non-full-rank states can
be reached as a limit. In this parameterisation, the stationary conditions reduce to

r s- =( ) ( )*o oTr Tr 0.k k

This implies that for the globalminimum s*, and for any observable O, r rå P P = å P P[ ] [ ]O OTr Trc c c c c c

has to equal s[ ]*OTr . Therefore, the globalminimum is s r= å P P* c c c. ,

Properties ofD—Notice that from lemma 1, it follows that themonotoneD is the same as the
recoverable coherence in the basis  by incoherent operations [2] r r rD Ä =( ) ( ) CA B A and that the
monotone is additive:

Lemma2 Additivity.

r rD = D( ) ( ) ( )n . 13n



Proof.

å

å

å

r r r

r r

r r r

D = P P

= P P

= P P = D

Ä Ä

¼
¼

Ä
¼

Ä
Ä

( )

( )

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟

S

S

nS n .

n n

c c c
c c c

n
c c c

n

c
c c

n

c
c c

, ,
, , , , , ,

N

n n

1 2

1 2 1 2

,

Wecan also verify thatD is convex:

Lemma3 Convexity.

å år rD D ( ) ( ) 
⎛
⎝⎜

⎞
⎠⎟p p . 14

i
i i

i
i i



Proof. For each i, r r sD =( ) ( ∣∣ ) Si i i for certain s Î CQi , therefore

å å
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.
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Now,we can show that this quantity is non-increasing under GOIA :

Proposition 1 (Monotonicity on average).

r rD L D "L Î( ( )) ( ) ( )   GOIA CPTP, . 15



Proof.We start noticing that ifΛ is in GOIA , L Ì( ) CQ CQ . Therefore,

r r s

r s

r s

r s r

D L = L

L

= L L

= D

s

s

s

s

Î

ÎL

Î

Î

( ( )) ( ( )∣∣ )

( ( )∣∣ )

( ( )∣∣ ( ))

( ∣∣ ) ( )

( )

















S

S

S

S

min

min

min

min ,

CQ

CQ

CQ

CQ

where the last inequality follows from themonotonicity of the relative entropy under CPTPmaps [44]. ,
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Proof of the geometric upper bound (equation (7))

Here, we present the proof of equation (7), stating that the geometricmonotone defined by the relative entropy
to the free states, upper bounds CREC.

Proof. Let Ln be the optimal GOIA map that produces from the state ρ,mn copies of the state Yñ∣ , ò-near in
fidelity to +ñ∣ :

rL = YñáY Ä( ) ∣ ∣ .n
n mn

Now,we observe that up to order ò (using the continuity of thefidelity and of the vonNeumann entropy as
functions of the state):

å

å

r r

r r

r
r
r

= L P L P

L P L P

=D L
D

= D

Ä Ä

Ä Ä

Ä

Ä

( ) ( )

( ) ( )

( ( ))
( )

( )











⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

m S

S

n

Tr Tr

.

n R
n

R
c

c
n

c

n

c
c

n
c

n

n

Thefirst line follows from the definition of the relative entropy and the second line from themonotonicity of this
quantity under the partial trace. The third line follows from the definition ofD , the fourth line from the
monotonicity under GOIA and the last line from additivity (lemma 2).

Now, from the definition of r( )CREC (definition 4)we obtain

r
r

r=
L

D
¥ ¥LÎ

( ) ( ) ( )


 


C
m

n
lim lim max

,
.REC

n GOIA

n

,

Lower bounds

A lower bound for CREC is provided by looking at the final coherence obtained after a specific protocol. A
subfamily of such protocols consists on performing ameasurement on theB side, communicating the outcome,
and adding a label to the classical side:

år rL = ñá Ä Ä Ä( ) ∣ ∣ (( ) ( ) )† k k M M ,AB
m

k AB k

where { }Mk defines a POVM.Tracing outBwe obtain for the relative entropy of coherence of the final state:

år rL =( ( )) ( ) C p CTr ,B
k

k k

with r= ( )†p M MTrk k k , r r= ñá Ä∣ ∣ ( )†k k M MTrk B k k .We can also see that this is themaximumamount of
coherence that can be recovered by localmeans (i.e. in the LQICC framework). Noticing that rL( ( ))C TrB is a
concave function on the set of POVMs onB,we can see that itsmaximum is attained on the boundary of the set.
Following a similar reasoning as in the optimization of discord-like quantities [45], we can reduce the
optimization problem tofind a set of rank-1 projectors.Moreover, if r =( ) rrank TrB , themaximum is attained
for a POVMwith atmost r2 elements.

As a corollary, we can notice that for the set of ‘Quantum–Classical states’ r r= å Ä ñá∣ ∣p k kk k k
A

B the lower

bound coincides with the upper bound rD ( ) and hence, r r= D( ) ( ) CREC .
Non equivalence for r( )CREC and rD ( ) in the general case.Anopen question about CREC is related to its

numerical equivalence with the geometricmeasure for generalmixed states. To illustrate the problem, let us
consider themixed state

r
f f j j

=
ñá

Ä ñá +
ñá

Ä +ñá+
∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

2
0 0

2
A

B
A

B

with fñ = ñ+ ñ∣ ∣ ∣0 1

2
and jñ = ñ+ ñ∣ ∣ ∣1 2

2
. For this state, rD »( ) 0.8925while r »( )C Tr 0.6887B . A better

lower bound is given by the previous local protocol involving the optimalmeasurement onB, followed by adding
an ancilla onA. By numerical optimisation over projectivemeasurements onB, a lower bound of

rL »( )C Tr 0.8167B loc was obtained. This number is the best we can obtain by localmeans in a single shot
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protocol. However, to evaluate r( )CREC , we should exhaust every protocol using infinitemany copies, which
would be possible only by providing a specific upper bound for ρ, and a protocol that saturates it.

Lemma4 (Recoverable coherence for pure states, also see [11]). If r y y= ñá∣ ∣AB r r= D( ) ( ) CREC
AB AB .

Proof.We start by noticing that, due to the Schmidt decomposition theorem l a aYñ = å ñ ña a∣ ∣ ∣A B for certain
constants la{ }and local orthogonal basis añ{∣ }A , añ{∣ }B .We can bring this state to a locally incoherent
maximally correlated state y¢ñ∣ by adding an ancilla onB in a reference state ñ ¢∣0 B , followed by the application of a
controlled translation operation = å ñá Ä Ä å Å ñá ¢∣ ∣ ∣ ∣i i i k kT 1c i A B k B . Because both Tc and its inverse are free
operations (being controlled unitaries with incoherent control), by themonotonicity of the upper bound under

GOIA -operationswe get that, y y r r rD ¢ñá ¢ = D Ä ñá = D Ä ñá = D(∣ ∣) ( ( ∣ ∣) ) ( ∣ ∣) ( )†
   T T0 0 0 0c AB c AB AB . It

follows from the tightness of the bound formaximally correlated states that
r y y y y y y rD = D ¢ñá ¢ = ¢ñá ¢ ñá D( ) (∣ ∣) (∣ ∣) (∣ ∣) ( )     C CAB

REC REC
AB , and the equality is shown. ,

Proof of equation (11)

In this sectionwe prove equation (11) of themain text,

r» - » ( ( ))⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝⎜

⎛
⎝

⎞
⎠

⎞
⎠⎟prec C

U UTr

dim
log SE

Tr

dim

1

2
log ,REC

2 2 0

Wefind it instructive tofirst consider a slight generalisation of theDQC1protocol, where instead of a source of
maximally coherent probes, a general state rÄAB

m is provided (seefigure 4). From this state (in the asymptotic

limit), we can prepare r r» =Ä( ) ( ) n C mCREC
AB

m REC
AB maximally coherent probes. InDQC1, the estimation of

the trace is given by s s= á ñ + á ñi
dim x y

UTr , being s = ( )0 1
1 0x , s =

-
⎜ ⎟
⎛
⎝

⎞
⎠

i
i

0
0y the x, yPaulimatrices and á¼ñ the

expectation values. If the number of available probes n is large, á¼ñcan be approximated by the average over the
results of the outcomes of the n independent runs of the algorithm á¼ñn. In the asymptotic limit, the error
introduced by replacing á¼ñby á¼ñn is given by the Standard Error of theMean

s = =m
s s sá ñ - á ñ - á ñm m m[ ]SE

n n

12 2 2

with probability68% [41]. From this it is straightforward to see that in the

asymptotic limit, the precision (i.e. the number of significant (binary) digits) of a number x, <∣ ∣x 1goes like:

» -( ˆ) ( ( ˆ))prec x xlog SE .2

In the sameway, we can bound the normof the error in the estimation of UTr

dim
by

s s r» + = - = - Ä( ) ( )( ) ( ) ( ) ( )n CSE SE SE 2 2x y
REC

AB
mU U UTr

dim
2 2 Tr

dim

2 Tr

dim

2
. But

- ( ) 1 2 2UTr

dim

2
and hence r» - » Ä( ( )) ( )prec dim CUlog SE Tr log REC

AB
m

2
1

2 2 , using this gener-

alized algorithm.
To see that this is indeed themaximumattainable precision for the standard algorithmwithout the

recovering step, let us considerm probes in the general state r = a
a
-( )p

pprobe 1 , wherewithout loss of generality we

assume a  0. For these probes, =
s s

a

á ñ + á ñ

dim

U iTr x y while =
a

a

-( )SE
m

UTr

dim

2 U2 Tr

dim

2

2 . Thus,

a

a
» - » -

-
a

∣ ∣⎛
⎝⎜

⎞
⎠⎟prec

m

U
log SE

Tr

dim
log

2
.

U

2 2

2 Tr

dim

2

2

Figure 4.Recoverable Coherence andDQC1. In thisfigure, the finite accuracyDQC1 algorithm, including the purification stage, is

depicted. Starting from a general resource state r0, the channel LD prepares with somefidelity the state +ñ Ä( )∣
m1

Tr1
, which is used

to estimate the trace ofU.
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But r r= Ä( ) ( ) m C CREC m REC
probe probe and hence,

r
a r

a
» +

-
a

Ä

( )( ( ))
( )

∣ ∣



prec C

C1

2
log log

2
.REC m

REC

U
2 probe 2

2
probe

2 Tr

dim

2

But the second term is a number less or equal than 0 since a r r=( ) ( )  C CREC2
probe probe . As this term is finite

and independent ofm, the correction can be neglected in the asymptotic limit.
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