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Spain

jmonsori@fis.upv.es

Ricardo A. Depine and Marı́a L. Martı́nez-Ricci
Grupo de Electromagnetismo Aplicado, Departamento de Fı́sica, Facultad de Ciencias
Exactas y Naturales, Universidad de Buenos Aires, Ciudad Universitaria, Pabellón I,

C1428EHA Buenos Aires, Argentina

Enrique Silvestre
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Abstract: We consider periodic multilayers combining ordinary positive
index materials and dispersive metamaterials with negative index in some
frequency range. These structures can exhibit photonic band gaps which, in
contrast with the usual Bragg gaps, are not based on interference mecha-
nisms. We focus on effects produced by the interaction between non-Bragg
gaps of different nature: a) the zero averaged refractive index, b) the zero
permeability and c) the zero permittivity gaps. Our analysis highlights the
role played by the unavoidable dispersive character of metamaterials. We
show that the degree of overlap between these bands can be varied by a
proper selection of the constructive parameters, a feature that introduces
novel degrees of freedom for the design of photonic band gap structures.
The numerical examples illustrate the evolution of the dispersion diagrams
of a periodic multilayer with the filling fraction of the ordinary material
constituent and show a range of filling fractions where propagation in the
multilayer is forbidden for any propagation angle and polarization.
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1. Introduction

Photonic crystals (PCs) are periodic structures artificially designed to control and manipulate
the interaction of light with matter. As a result of multiple interference of Bragg scattering,
some frequencies are not allowed to propagate inside a PC, giving rise to forbidden and allowed
bands, analogous to the electronic band gap of a semiconductor. The band structure depends
on the PC’s geometric and constitutive parameters, such as the lattice size or the contrast in
refractive index. The interest in PCs microstructures has grown tremendously in the last decade
because of the deep implications both from a fundamental and a technological point of view.
In fact, spectacular new optical properties of PCs have been predicted, like lossless frequency
selective mirrors [1, 2, 3], planar waveguides with sharp bends [4], high efficiency-surface light
emitting diodes [5] or low-threshold lasers [6]. The recent fabrication of metamaterials [7, 8]
has renewed interest in them. Metamaterials are artificially constructed composites exhibiting
electromagnetic properties that are difficult or impossible to achieve with conventional, natu-
rally occurring materials [9]. Key representatives of this new class of materials are metamate-
rials with negative index of refraction, a property that arises in media with a negative electric
permittivity together with a negative magnetic permeability in the same frequency range [10].
Taking into account that the usual Bragg gaps are based on interference mechanisms, it fol-
lows that the middle frequency of the gap is inversely proportional to the lattice constant and
therefore the size of real devices based on the photonic band gap is dependent on the working
wavelength. Besides, interference mechanisms are affected by the inevitable presence of dis-
order, which may deteriorate the properties of the PC. In contrast, it has been shown that PCs
made of metamaterials can also exhibit photonic band gaps which are not based on interference
mechanisms [11, 12, 13, 14, 15], a fact that could enable the fabrication of devices based on
PCs properties which are invariant to scale-length changes and robust against disorder.

In this paper we theoretically investigate the band structure of periodic bilayers containing
metamaterials. We focus on the new effects produced by the interaction between two kinds of
non-Bragg gaps that can coexist in PCs which combine ordinary materials and dispersive meta-
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materials. The first kind of non-Bragg gap that we consider arises naturally when the volume
averaged refractive index of the multilayer equals zero [11, 15]. Known as zero averaged refrac-
tive index, this gap can only be achieved in composites containing both conventional (positive
index) materials and negative index metamaterials. At the frequency where the volume aver-
aged refractive index vanishes, the periodic structure cannot support propagating modes and,
unlike the Bragg gaps, the central frequency of this gap is invariant to the geometrical scaling
of the superlattice. It is important to note that this invariance occurs provided that the con-
stitutive parameters of the metamaterial are preserved, i.e., its internal structure is not scaled.
The second kind of non-Bragg gaps that we consider appear as a direct consequence of the
singular behavior near resonance of the effective permittivity and permeability of all available
metamaterials. Previous studies on resonant tunneling of electromagnetic waves through po-
lariton gaps [16] indicate that the singular behavior of the permittivity can give rise to peculiar
frequency dependences of the tunneling penetration length, which results in tunneling prop-
erties that are qualitatively different from those of other optical barriers. It has been recently
shown that the band structure of periodic multilayers containing dispersive metamaterials can
exhibit non-Bragg gaps at frequencies where either the magnetic permeability μ or the elec-
tric permittivity ε of the metamaterial is zero [17]. Note that these gaps occur at frequencies
where only a single constituent material of the multilayered structure intrinsically shows zero
refractive-index, a situation that differs fundamentally from that of a multilayer whose unit cell
combines two materials in such a way that the average of the refractive index is zero. As shown
in [17], zero permeability and zero permittivity gaps are polarization dependent and therefore
its existence cannot be ascribed to a breakdown of Snell’s law when the refractive index is zero
[14]. Additionally, the zero permeability and the zero permittivity gaps are also scale-length
invariant and very robust against disorder. In this paper we study the band structure and the
scattering properties of one-dimensional (1D) PCs which can exhibit both kinds of non-Bragg
gaps, paying particular attention to new behaviors that can occur as a result of their interaction.
We show that the degree of overlap between the zero averaged refractive index gap, the zero
permeability and the zero permittivity gaps can be varied by a proper selection of construc-
tive parameters, a feature that introduces novel degrees of freedom for the design of photonic
band gap structures. We provide numerical examples that illustrate the evolution of the band
structure of a periodic multilayer with the filling fraction of the ordinary material constituent,
showing a range of filling fractions where propagation in the multilayer is forbidden for any
propagation angle and polarization [18]. Our analysis highlights the important role played by
the unavoidable (and usually strong) dispersive character of metamaterials, a point that usually
plays a secondary role, or is even neglected in the design of photonic band gap structures.

This paper is organized as follows: Section 2 is devoted to summarize the main properties of
non Bragg gaps, Section 3 is devoted to numerical results and concluding remarks are provided
in Section 4. An exp(−iωt) time–dependence is implicit throughout the paper, with ω the
angular frequency, t the time, and i =

√−1.

2. Theory

We first consider the 1D periodic structure consisting of layers of two different materials: a
conventional dielectric with permeability μ1, permittivity ε1 and thicknesses d1, and a disper-
sive metamaterial with permeability μ2(ω), permittivity ε2(ω) and thicknesses d2. The period
of the structure is d = d1 + d2. The stratification direction is the y axis and we consider wave
propagation in the x− y plane. Let the function f (x,y) represent the z–directed component of
the electric field for the TE–polarization case (electric field parallel to the layers), and the z–
directed component of the magnetic field for the TM–polarization case (magnetic field parallel
to the layers). The propagating waves in the periodic structure have the form of Bloch modes,
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for which the fields satisfy the condition f (x,y + d) = f (0,y)exp i(kxx+ Kd), where kx is the
wave vector component along the layers and K is the Bloch wave number. In order to obtain
the dispersion relation we have used the transfer matrix formalism [19]. In it, the half trace of
the transfer matrix caracterizing the unit cell provides K(ω ,kx) through the following equation

cos(Kd) = cos(k1yd1) cos(k2yd2)− 1
2

[
σ2k1y

σ1k2y
+

σ1k2y

σ2k1y

]
sin(k1yd1) sin(k2yd2) , (1)

where the index j = 1,2 indicates the layer, σ j = μ j for TE polarization or σ j = ε j for TM
polarization, k2

jy = k2
j − k2

x , and k j = ωn j/c are wave numbers in each media with refractive
indexes n j.

The usual Bragg forbidden bands (or gaps) of the periodic medium occur under the following
conditions [12]

k1yd1 + k2yd2 = pπ , p = ±1, ±2, . . . , (2)

σ2k1y �= σ1k2y (3)

k1yd1 �= qπ , q = 1, 2, . . . (4)

In this case, the absolute value of the right hand side of Eq. (1) is greater than unity, K has an
imaginary part and the Bloch wave is evanescent. Unusual transmission bands, reported in Ref.
[11], occur when only the conditions (2) and (3), but not condition (4), hold.

Metamaterial multilayers can also exhibit non-Bragg gaps. We focus on the interaction be-
tween: a) the n = 0 gap (n being the average refractive index of the unit cell) and b) the zero
permeability and zero permittivity gaps [17]. The n = 0 gap occurs when the conditions

σ2k1y �= σ1k2y

k1yd1 + k2yd2 = 0

}
(5)

are simultaneously attained, which is impossible if both layers in the unit cell have either posi-
tive or negative refractive index. The middle frequency of this gap does not depend on the period
d. The zero permeability and zero permittivity gaps occur at frequencies where a constitutive
parameter of the metamaterial –either μ2(ω) or ε2(ω)– changes its sign. Contrary to the n = 0
gap, the zero permeability and zero permittivity gaps occur at frequencies where only a sin-
gle constituent material of the multilayered structure intrinsically shows zero refractive-index.
Note that the term between square brackets in the right hand side of Eq. (1) becomes singular
under these conditions, except for propagation along the stratification direction (k x = 0), where
k2y → 0 and the singularity is compensated [17]. To be specific, let us assume that k x = 0 and
ε2 → 0 but μ2 �= 0. In this limit, k2y → 0 and the dispersion relation (1) at normal incidence
adopts the form

cos(Kd) ≈ cos(k1d1)− 1
2

ω
c

√
ε1

μ1
μ2d2 sin(k1d1) . (6)

We observe that the right hand side in Eq. (6) can take any real value (just changing, for instance,
the value of d2), giving propagating Bloch modes when it belongs to the interval [−1,1] or
evanescent Bloch modes when it is outside the interval [−1,1]. A similar conclusion can be
obtained when μ2 → 0 but ε2 �= 0. For oblique incidences, on the other hand, k x �= 0, k2y →
±ikx �= 0 and the second term in the right hand side of Eq. (1) remains singular when μ 2 = 0

#75193 - $15.00 USD Received 18 September 2006; revised 14 November 2006; accepted 17 November 2006

(C) 2006 OSA 25 December 2006 / Vol. 14,  No. 26 / OPTICS EXPRESS  12961



Fig. 1. Frequency dependence of the effective parameters μ2 and ε2, as given by Eqs. (7).
Note that μ2 and ε2 become zero at different frequency values, indicated by horizontal lines
(3.133 and 3.787 GHz, respectively).

(TE polarization) or when ε2 = 0 (TM polarization), thus originating new gaps, not present for
normal incidences. We conclude that the zero permeability and zero permittivity gaps always
appear for oblique incidences: the μ2 = 0 gap appears for TE, but not for TM, polarization;
whereas the ε2 = 0 gap appears for TM, but not for TE, polarization, i. e., it is a polarization
dependent phenomenon. The greatest challenge in the field of photonic band gap structures has
been the fabrication of composite structures possessing Bragg gaps at a given desired frequency.
Up to now, this task has been mainly achieved by designing different lattices, periodicities,
filling ratios or refractive index contrasts. Dispersion properties of the materials, on the other
hand, have played a secondary role in the design of photonic band gap structures. In contrast,
we see that dispersion properties play a key role in the appearence of the kind of non-Bragg
gaps we have just discussed. This fact suggests that by tailoring dispersion properties of a
metamaterial, we could obtain multilayers with very different band structures, a feature that
introduces novel degrees of freedom for the design of photonic band gap structures.

3. Numerical results and discussion

For multilayers comprising both positive and negative index dispersive materials, the n = 0 con-
dition will always be met for some particular frequency. On the other hand, the zero permeabil-
ity gap will appear at the particular frequency ω μ where μ2 = 0, whereas the zero permittivity
gap will appear at the particular frequency ωε where ε2 = 0. In previous studies on the appear-
ance of non Bragg gaps in metamaterial multilayers, the n = 0 gap and the zero permeability
and zero permittivity gaps have been studied separately, without considering possible interac-
tion between them. The purpose of this section is to illustrate this interaction through numerical
results for a 1D system with alternate layers of air as a positive index material (ε 1 = μ1 = 1)
and dispersive metamaterial with a negative index in some frequency range. In the examples
we assume that the effective constitutive parameters of the metamaterial are given by [11]

ε2(ν) = 1+ 52

0.92 −ν2 + 102

11.52−ν2 ,

μ2(ν) = 1+ 32

0.9022−ν2 ,

(7)

where ν is the frequency measured in GHz. The frequency dependence of the effective para-
meters μ2 and ε2 is shown in Fig. 1. Note that μ2 and ε2 become zero at different frequency
values, indicated by red dashed (ωμ/2π = 3.133 GHz) and blue dotted (ωε/2π = 3.787 GHz)
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Fig. 2. Band structure for TE and TM polarizations, different angles of incidence and differ-
ent filling fractions ( f ) corresponding to periodic stacks (period d = 15 mm) with air layers
(μ1 = ε1 = 1, d1 = f d) and MM layers (μ2 and ε2 shown in Fig. 1, d2 = (1− f )d). Note
that the zero permeability and the zero permittivity gaps are absent for normal incidence
(central column).

lines respectively. We fix the period of this structure to d = 15 mm. The widths of the air and
metamaterial layers are d1 = f d and d2 = (1− f )d, where f is the air filling fraction.

The evolution of the band structure with angle of incidence, polarization and air filling frac-
tion is shown in Fig. 2, for angles of incidence θ = 0◦, 30◦, 60◦ and three different values
of the air filling fraction: f = 0.1 (bottom row), f = 0.4 (central row) and f = 0.7 (top row).
Beginning with the central column, corresponding to the band structure at normal incidence
(kx = 0), only a non Bragg gap, corresponding to the condition n = 0, occurs in the considered
frequency range. When the air filling fraction is decreased from f = 0.7 (top row) to f = 0.1
(bottom row), the central frequency of the n = 0 gap moves up, because less negative values of
the metamaterial refractive index are required to satisfy the n = 0 condition (as seen in Fig. 1,
in the frequency range considered, the less negative values of the metamaterial refractive index
occur at higher frequencies).

We observe that in the f → 0 limit (an homogeneous metamaterial) the n = 0 gap at normal
incidence tends to coincide with the region delimited by ω μ and ωε (indicated by red dashed and
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Fig. 3. Projected band structure for TE and TM polarizations corresponding to the periodic
stacks considered in Fig. 2.

blue dotted lines in Fig. 2), where the metamaterial behaves as an optical insulator (ε 2 μ2 < 0).
Note that frequency regions near ωμ (where μ2 = 0) and ωε (where ε2 = 0) may correspond
to allowed states, despite the fact that in these regions the metamaterial exhibits zero refractive
index (see, for example, the band diagram corresponding to f = 0.7).

The central column in Fig. 2 shows that the overall effect of varying the air filling fraction
is to tune the n = 0 gap in order to include or exclude frequency regions where constitutive
parameters of the metamaterial become zero. For normal incidence, this tuning effect does
not seem to change the band diagrams since, as predicted by Eq. (6), the otherwise forbidden
states corresponding to zero permeability and zero permittivity, are now allowed. However, for
oblique incidences, this tuning effect changes substantially the band diagrams. New gaps appear
near regions where a constitutive parameter changes its sign. This is shown in side columns in
Fig. 2, corresponding to TE and TM polarizations and oblique incidences (θ = 30 ◦ and 60◦).
A relevant feature shown by these band diagrams is that, although the refractive index vanishes
at frequencies where the constitutive parameters are zero, the new gap associated to μ 2 = 0
appears only for TE, but not for TM, polarization; whereas when ε 2 = 0 the new gap appears
for TM, but not for TE, polarization.
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Fig. 4. Dependency of the region of omnidirectional reflection on the air filling fraction f .

As a consequence of the appearance of these new gaps at oblique incidences, new conduction
bands appear between the n = 0 gap and the μ2 = 0 gap (TE polarization) and between the n = 0
gap and the ε2 = 0 gap (TM polarization). For low values of the air filling fraction, the width of
the new conduction band (see last row in Fig. 2 corresponding to f = 0.1) is extremely narrow.
The low curvature of the dispersion relation will imply a high density of states in this frequency
range.

The projected band structure for TE and TM polarizations, corresponding to the periodic
stacks considered in Fig. 2, is shown in Fig. 3. White regions indicate bands where propagation
is forbidden, regardless of K. For f = 0.7, the n = 0 gap provides omnidirectional reflection
for TE polarization but not for TM polarization, whereas the μ 2 = 0 gap for TE polarization
and the ε2 = 0 gap for TM polarization do not strictly correspond to omnidirectional reflection
because, as discussed above [see Eq. (6)], zero permeability and zero permittivity gaps do
not necessarily occur at normal incidence and they are absent for this value of the air filling
fraction. Note that in this example, no interaction occurs between non Bragg gaps of different
origin and no frequency interval leading to omnidirectional reflection for both TE and TM
polarizations can ever be found. However, by decreasing the value of the air filling fraction, the
n = 0 gap approaches to frequency regions where a constitutive parameter vanishes. In our case,
since ωμ < ωε , the n = 0 gap interacts firstly and more strongly with the μ 2 = 0 gap for TE
polarization. As a consequence of this interaction, the n = 0 gap for this polarization becomes
narrower while the μ2 = 0 gap widens accordingly.

In this way, we notice that, at normal incidence and for low air filling fractions, the band gap
labeled as n = 0 gap in Fig. 2, should have been considered as a juxtaposition of n = 0 and
μ2 = 0 gaps, as evidenced by the field characteristics at both sides of the gap.

As a consequence of the intersection of these bands, a forbidden region for all angles of
incidence (including normal incidence) and polarizations appears. In these regions, indicated by
yellow striped zones in Fig. 3, the multilayer behaves as a perfect reflector for both polarizations
and all angles of incidence.

For the parameters corresponding to Fig. 3, the dependency of the region of omnidirectional
reflection on the air filling fraction f is shown in Fig. 4. For f = 0 we do not have a multilayer
but a metamaterial that behaves like a metal, providing full reflection in the range ω μ < ω < ωε
(the region between red dashed and blue dotted lines in Fig. 4). As f increases, the upper limit
of this region (coinciding with the upper limit of the n = 0 gap for TM polarization) decreases,
whereas the lower limit of the gap remains near ω μ . The region of omnidirectional reflection
disappears when f ≥ 0.485, since at these values of air filling fractions, ω μ falls outside the
n = 0 gap.

To illustrate the properties of finite structures, we show in Fig. 5 the TE and TM reflectivity
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Fig. 5. TE and TM reflectivity through 16 unit cells corresponding to the band structures in
Fig. 2.

through 16 unit cells corresponding to the band structures presented in Fig. 2. Grey regions
correspond to conduction bands, with very low reflectivity values, whereas white regions cor-
respond to forbidden bands with reflectivity ≈ 1. On top of the white regions we mark with
yellow stripes the frequency range corresponding to omnidirectional reflection. We can ob-
serve that the locally periodic finite system maintains the main characteristics observed above
for the perfectly periodic infinite system.

4. Conclusion

We have studied the interaction between two kinds of photonic band gaps which, in contrast
with the usual Bragg gaps, are not based on interference mechanisms. Our analysis highlights
the important role played by the unavoidable (and usually strong) dispersive character of meta-
materials, a point that usually plays a secondary role, or is even neglected in the design of PCs
made of ordinary materials. We have shown that the degree of overlap between the zero aver-
aged refractive index gap, the zero permeability and the zero permittivity gaps can be varied by
a proper selection of constructive parameters, a feature that introduces novel degrees of free-
dom for the design of photonic band gap structures. We have presented numerical examples
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that illustrate the evolution of the dispersion diagrams with the filling fraction of the ordinary
material constituent, showing a range of filling fractions where propagation in the multilayer is
forbidden for any propagation angle and polarization.
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