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Abstract

We review past and present theoretical developments in the description of ionization processes in positron–atom collisions. Starting
from an analysis that incorporates all the interactions in the final state on an equal footing and keeps an exact account of the few-body
kinematics, we perform a critical comparison of different approximations, and how they affect the evaluation of the ionization cross sec-
tion. Finally, we describe the appearance of fingerprints of capture to the continuum, saddle-point and other kinematical mechanisms.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The simple ionization collision of a hydrogenic atom by
the impact of a structureless particle, the ‘‘three-body prob-
lem’’, is one of the oldest unsolved problems in physics.
The two-body problem was analyzed by Johannes Kepler
in 1609 and solved by Isaac Newton in 1687. The three-
body problem, on the other hand, is much more compli-
cated and cannot be solved analytically, except in some
particular cases. In 1765, for instance, Leonhard Euler dis-
covered a ‘‘collinear’’ solution in which three masses start
in a line and remain lined-up. Some years later, Lagrange
discovered the existence of five equilibrium points, known
as the Lagrange points.

Even the most recent quests for solutions of the three-
body scattering problem use similar mathematical tools
and follow similar paths than those travelled by astrono-
mers and mathematicians in the past three centuries. For
instance, in the center-of-mass reference system, we
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describe the three-body problem by any of the three possi-
ble sets of the spatial coordinates already introduced by
Jacobi in 1836. All these pairs are related by lineal point
canonical transformations, as described in [1]. In momen-
tum space, the system is described by the associated pairs
(kT,KT), (kP,KP) and (kN,KN). Switching to the Laboratory
reference frame, the final momenta of the electron of mass
m, the (recoil) target fragment of mass MT and the projec-
tile of mass MP can be written in terms of the Jacobi
impulses Kj by means of Galilean transformations [1]

k ¼ mvCM þ KN; K ¼ MPvCM þ KT and

KR ¼ MTvCM � KP.

For decades, the theoretical description of ionization
processes has assumed simplifications of the three-body
kinematics in the final state, based on the fact that

• in an ion–atom collision, one particle (the electron) is
much lighter than the other two,

• in an electron–atom or positron–atom collision, one
particle (the target nucleus) is much heavier than the
other two.

For instance, based on what is known as Wick’s
argument, the overwhelming majority of the theoretical
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descriptions of ion–atom ionization collisions uses an
impact-parameter approximation, where the projectile fol-
lows an undisturbed straight line trajectory throughout the
collision process, and the target nucleus remains at rest [2].
It is clear that to assume that the projectile follows a straight
line trajectory makes no sense in the theoretical description
of electron or positron–atom collisions. However, it is usu-
ally assumed that the target nucleus remains motionless.

These simplifications of the problem were introduced in
the eighteenth century. The unsolvable three-body problem
was simplified, to the so-called restricted three-body prob-
lem, where one particle is assumed to have a mass small
enough not to influence the motion of the other two parti-
cles. Though introduced as a means to provide approxi-
mate solutions to systems such as Sun–planet–comet
within a Classical Mechanics framework, it has been widely
used in atomic physics in the so-called impact-parameter
approximation to ion–atom ionization collisions.

Another simplification of the three-body problem widely
employed in the nineteenth century assumes that one of the
particles is much more massive than the other two and
remains in the center of mass unperturbed by the other
two. This approximation has been widely used in elec-
tron–atom or positron–atom ionization collisions.
2. The multiple differential cross section

A kinematically complete description of a three-body
continuum final-state in any atomic collision would
require, in principle, the knowledge of nine variables, such
as the components of the momenta associated to each of
the three particles in the final state. However, the condition
of momentum and energy conservation reduces this num-
ber to five. Furthermore, whenever the initial targets are
not prepared in any preferential direction, the multiple dif-
ferential cross section has to be symmetric by a rotation of
the three-body system around the initial direction of
motion of the projectile. Thus, leaving aside the internal
structure of the three fragments in the final state, only four
out of nine variables are necessary to completely describe
the scattering process. Therefore, a complete characteriza-
tion of the ionization process may be obtained with a qua-
druple differential cross section:

dr
dq1dq2dq3dq4

.

There are many possible sets of four variables to use. For,
instance, we can chose azimuthal angles of the electron and
of one of the other two particles, the relative angle between
the planes of motion, and the energy of one particle.

dr
dE1d cos h1d cos h2d/

.

Such a choice is arbitrary, but complete in the sense that
any other set of variables can be related to this one. A sim-
ilar choice of independent variables has been standard for
the description of atomic ionization by electron impact,
both theoretically and experimentally [3,4].

A picture of the very general quadruple differential cross
section is not feasible. Thus, it is usually necessary to
reduce the number of variables in the cross section. This
can be achieved by fixing one or two of them at certain par-
ticular values or conditions. For instance, we might arbi-
trarily restrict ourselves to describe a coplanar (i.e. / = 0)
or a collinear motion (i.e. / = 0 and h1 = h2), so as to
reduce the dependence of the problem to three or two inde-
pendent variables, respectively.

The other option is to integrate the quadruple differen-
tial cross section over one or more variables.

dr
dq1dq2dq3

¼
Z

dr
dq1dq2dq3dq4

dq4.

The former has been widely used to study electron–atom
collisions, while the latter has been the main tool to char-
acterize ion–atom and positron–atom ionization collisions.
Particularly important has been the use of single particle
spectroscopy, where the momentum of one of the particles
is measured.
3. Single particle momentum distributions

In ionization by positron impact it is feasible to study
the momentum distribution of any of the involved frag-
ments. As is shown in Fig. 1, the momentum distributions
for the emitted electron and the positron present several
structures. First, we can observe a threshold at high elec-
tron or positron velocities because there is a limit in the
kinetic energy that any particle can absorb from the sys-
tem. The second structure is a ridge set along a circle. It
corresponds to a binary collision of the positron with the
emitted electron, with the target nucleus playing practically
no role. Finally, there is a cusp and an anticusp at zero
velocity in the electron and positron momentum distribu-
tions, respectively. The first one corresponds to the excita-
tion of the electron to a low-energy continuum state of the
target. The second is a depletion due to the impossibility
of capture of the positron by the target nucleus. These
momentum distributions allow us to study the main char-
acteristics of ionization collisions. However, we have to
keep in mind that any experimental technique that analyzes
only one of the particles in the final-state can only provide
a partial insight into the ionization processes. The quadru-
ple differential cross sections might display collision prop-
erties that are washed out by integration in this kind of
experiments.
4. Theoretical model

The main question that we want to address in this
communication is if there are some important collision



Fig. 1. Electron and positron momentum distributions for the ionization
of helium by impact of positrons with incident velocity v = 12 a.u.
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properties in positron–atom collisions, that are not obser-
vable in total, single or double differential ionization cross
sections, and that therefore have not yet been discovered.
In order to understand the origin of these structures, we
compare the corresponding cross sections with those
obtained in ion–atom collisions. To fulfill this objective it
is necessary to have a full quantum-mechanical treatment
able to deal simultaneously with ionization collisions by
impact of both heavy and light projectiles that is therefore
equally applicable – for instance – to ion–atom or posi-
tron–atom collisions. A theory with this characteristics will
allow us to study the changes of any given feature of multi-
ple-differential cross-sections when the mass relations
among the fragments vary. In particular, it would allow
us to study the variation when changing between the two
restricted kinematical situations.

The second important point is to treat all the interac-
tions in the final state on an equal footing. As we have just
explained, in ion–atom collisions, the internuclear interac-
tion plays practically no role in the momentum distribution
of the emitted electron and has therefore not been consid-
ered in the corresponding calculation. In this work, this
kind of assumption has been avoided.
The cross section of interest within this framework is

dr
dEedXkdXK

¼ ð2pÞ4

v
jtifðk;KÞj2

kmNK2

K þ mN
bK � ðk� vÞ=MT

��� ��� .
The transition matrix can be alternatively written in post or
prior forms as

tif ¼ hW�f jV ijWii; tif ¼ hWf jV f jW�i i;
where the perturbation potentials are defined by
(H � E)Wi = Vi Wi and (H � E)Wf = VfWf.

For the Born-type initial state

WiðrT;RTÞ ¼
eiKT �RT

ð2pÞ3=2
/iðrTÞ;

which includes the free motion of the projectile and the ini-
tial bound state Ui of the target, and the perturbation po-
tential Vi is simply the sum of the positron–electron and
positron–nucleus interactions. The transition matrix may
then be decomposed into two terms

tif ¼ W�f jV ijWi

� �
¼ W�f

ZT

rN

���� ����Wi

� �
þ W�f

�1

rP

���� ����Wi

� �
¼ tN þ tP;

depending on whether the positron interacts first with the
target nucleus or the electron.

In order to be consistent with our full treatment of the
kinematics, it is necessary to describe the final state W�f
by means of a wavefunction that considers all the interac-
tions on the same footing. Thus, we resort to a correlated
C3 wave function

W�f ¼
ei kT �rTþKT�RTð Þ

ð2pÞ3
D�ND�P D�T

that includes distortions D�j for the three active interac-
tions. The final-channel perturbation potential for this
choice of continuum wave function is [5]

V f ¼
KPKN

MP

� KTKN

MT

� KTKP

m
; Kj ¼

rD��j

D��j

. ð1Þ

In the case of pure coulomb potentials, the distortions are
given by

D��j � D�ðmj; kj; rjÞ

¼ Cð1� imjÞe
�pmj=2

1 F 1ð�imj; 1;�iðkjrj � kjrjÞÞ;

with mj = mjZj/kj. This model was proposed by Garibotti
and Miraglia [6] for ion–atom collisions, and by Brauner
and Briggs six years later for positron–atom and elec-
tron–atom collisions [7]. However, in all these cases the
kinematics of the problem was simplified, as discussed in
the previous section, on the basis of the large asymmetry
between the masses of the fragments involved. In addition,
Garibotti and Miraglia neglected the matrix element of the
interaction potential between the incoming projectile and
the target ion, and made a peaking approximation to eval-
uate the transition matrix element. This further approxima-
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tion was removed in a paper by Berakdar et al. (1992),
although they kept the mass restrictions in their ion-impact
ionization analysis.

5. The electron capture to the continuum cusp

Let us review some results in a collinear geometry. We
choose as the two independent parameters the emitted elec-
tron momentum components, parallel and perpendicular to
the initial direction of motion of the positron projectile.
The energy of the projectile is 1 keV. In Fig. 2, we observe
three different structures: two minima and a ridge.

The origin of the ridge is very well understood. It corre-
sponds to the electron capture to the continuum (ECC)
cusp discovered in ion–atom collisions three decades ago
by Crooks and Rudd [8]. They measured the electron
energy spectra in the forward direction and observed a
cusp-shape peak at exactly the projectile’s velocity. The
first theoretical explanation [9] showed that it diverges in
the same way as 1/k. This cusp structure was the focus of
a large amount of experimental and theoretical research.

Since the ECC cusp is an extrapolation across the ioni-
zation limit of capture into highly excited bound states, this
same effect has to be present in positron–atom collisions. In
fact, the observation of such an effect associated with pos-
itronium formation, while predicted two decades ago by
Brauner and Briggs, remained a controversial issue. The
reason for this dispute was that, in contrast to the case of
ions, the positron outgoing velocity is not similar to that
of impact, but is largely spread in angle and magnitude.
Thus there is no particular velocity where to look for the
cusp. And this is certainly so. If we evaluate the double dif-
Fig. 2. QDCS for ionization of H2 by impact of 1 keV positrons for
emission of electrons in the direction of the projectile deflection.
ferential cross section, we see that the cusp is clearly visible
in ion–atom collisions, but just a very mild and spread
shoulder in positron–atom collisions. Thus, to observe this
structure it is necessary to increase the dimension of the
cross section. For instance by considering a zero degree
cut of the quadruple differential cross section in collinear
geometry.

Kover and Laricchia measured in 1998 the dr/
dEe dXk dXK cross section in a collinear condition at zero
degree, for the ionization of H2 molecules by 100 keV pos-
itron impact [10]. The structure is not so sharply defined as
for impact observed for heavy ions because of the convolu-
tion that accounts for the experimental window in the pos-
itron and electron detection. Since the target recoil plays no
significant role in this experimental situation, the present
general theory gives results similar to those obtained by
Berakdar [11], and both closely follow the experimental
values.

The same kind of experiment was performed by Sarkadi
and coworkers in Argon ionization by 75 keV proton
impact. They measured the quadruple differential ioniza-
tion cross section in a collinear geometry for ion–atom col-
lisions for the first time, and found the ECC cusp as in
positron impact at large angles. In this case, we have to
keep a complete account of the kinematics in order to
reproduce the experimental results [12].

6. Thomas mechanism

Let us now go back to the ionization of H2 by 1 keV
positron impact. A structure at 45� can be observed, which
was predicted and explained in 1993 by Brauner and Briggs
as due to the interference of two equivalent double-colli-
sion mechanisms. Each of these processes consists of a pos-
itron–electron binary collision, followed by the deflection
by 90� of one of the light particles by the heavy nucleus.
This mechanism was proposed by Thomas [13] as the main
responsible of electron capture by fast heavy ions. In this
case, since the electron and positron masses are equal, these
two processes interfere at 45�.

If we lower the energy from 1000 eV to 100 eV, this
structure at 45� disappears, a result that is consistent with
the idea that the Thomas mechanism is a high energy effect.
But there is another structure, at about 22.5�, that persists.
We will consider this structure in the next section.

7. Saddle-point mechanism

The origin of the structure at about 22.5� is certainly
more difficult to identify. To our best knowledge, it has
not been predicted before in positron–atom collisions, even
though the mechanism responsible of its origin was already
been proposed in ion–atom collisions almost two decades
before. The idea was that an electron could emerge from
an ion–atom collision by lying in the saddle-point of the
projectile and the residual target-ion potentials. This mech-
anism is clearly related to one of the equilibrium points



Fig. 4. Mechanism proposed to lead to the observed saddle-like structure.
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Fig. 5. QDCS for ionization of H2 by impact of positrons at 100 eV and
electron energy Ee = 19 eV.
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discovered by Lagrange in 1772, or to the mechanism pro-
posed by Wannier for low-energy electron emission. In the
case of ion–atom collisions, the search for theoretical and
experimental evidence of this mechanism was overcast by
vivid controversy [14–18].

In the case of positron–atom collisions, for the electrons
to be trapped in the saddle of the positron and residual-ion
potentials, the electron and the positron must first perform
a binary collision so as to end up with the right velocities

ve ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2 � 2jeij
1þ ð1þ 1=

ffiffiffiffiffiffi
ZT

p
Þ2

s
and

vP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2 � 2jeij
1þ 1=ð1þ 1=

ffiffiffiffiffiffi
ZT

p
Þ2

s
; ð2Þ

where ei is the binding energy of the target in the initial
state.

Application of energy and momentum conservation
principles shows that the positron is deviated in an angle

hP ¼ arccos
vP

v
1þ jeij

v2
P

� 	
 �
. ð3Þ

Finally, for the electron to emerge in the same direction as
the positron, it must suffer a subsequent collision with the
residual-nucleus in a Thomas-like process. In this second
collision, the electron is deflected by 90� and the residual
target ion recoils in a direction that forms an angle of
about 135� with the electron and the positron. This mech-
anism is depicted in Fig. 4.

Thus, to check that the proposal of a saddle-point is cor-
rect, we look at whether our calculations show structures
that are consistent with this description of saddle-point
electron production.
Fig. 3. QDCS for H2 ionization by 100 eV positrons in the restricted
collinear geometry.
The minimum observed in the QDCS of Figs. 3 and 4
are located at precisely those points where the previous
conditions on the energy and angle of any of the three par-
ticles are met.

We made another test on the validity of the saddle-point
mechanism. Fig. 5 shows that the structure arises exclu-
sively from the tP term. This result is consistent with the
proposed mechanism, where the saddle-point structure
arises from a first positron–electron collision. Afterwards,
both positron and electron are scattered by the nucleus.

8. Conclusions

Summarizing the results presented in this communica-
tion, we have investigated the ionization of molecular
hydrogen by the impact of positrons. The obtained quadru-
ple differential cross-sections for the electron and the posi-
tron emerging in the same direction show three dominant
structures. One is the well-known electron capture to the
continuum peak. Another one is the Thomas mechanism.
Finally, there is a minimum that might be interpreted as
due to the so-called ‘‘saddle-point’’ ionization mechanism.

But the main conclusion is that the study of the fully dif-
ferential cross section might be hindered by a great number
of difficulties, but the reward is that many different struc-
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tures can be observed that otherwise are missed in double,
single differential or total cross sections.
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