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Modeling Broadband Electromagnetic Induction
Responses of 2-D Multilayered Structures

Patricia Martinelli, Ana Osella, and Eugenia Lascano

Abstract—Dual-coil frequency-domain electromagnetic induc-
tion (EMI) systems are commonly used as detectors of buried
metallic objects, but they are also increasingly used for environ-
mental purposes such as detection of contaminant plumes and
archaeological prospection. Usually, data are analyzed directly by
visualizing the in-phase and quadrature components, and also
by applying one-dimensional inversion methods. Besides, there
exist three-dimensional (3-D) forward and inverse modeling codes
based on finite-difference techniques, but these methods are not
routinely applied because their computation cost for real geo-
physical situations is still too high. The computation cost is sig-
nificantly lower for two-dimensional (2-D) structures since this
problem is not 3-D but 2.5-D. Few 2.5-D methods have been
published in the last years, based on finite-element techniques,
but for the case of electric dipole sources. In this paper, the
authors present a 2.5-D forward-modeling algorithm, based on
Rayleigh-Fourier expansions, for calculating the response of 2-D
multilayered earth with irregular boundaries to the magnetic-
dipole sources. Using this code, the authors numerically simulated
the dual-coil frequency-domain EMI response of a soil model
that could be found in environmental research. They considered
a buried nonmetallic object, conductive with respect to the host
media, and calculated its response for different orientations of the
transmitter and receiver coils. The best resolution for detecting
and characterizing this object corresponded to the configuration
in which the axes of the transmitter and receiver dipoles were par-
allel to the ground surface and perpendicular to the symmetry axis
of the buried objects, and the axis of the instrument was parallel
to that symmetry axis. Finally, the authors interpreted the field
data from a profile exhibiting resistive anomalies, corresponding
to underground contamination, by using their forward code and a
trial-and-error procedure. This profile had been previously char-
acterized through the inversion of dipole-dipole electrical data.
They considered that result to select their starting multilayered
model. They obtained a good correlation between the EMI data
and the synthetic response of the final multilayered model. Besides,
this model is consistent with the image of the electrical inversion.
During the modeling process, the method showed to be practical
and versatile and to have a good convergence.

Index Terms—Discrete Fourier transforms, dual coil, electro-
magnetic induction (EMI), forward modeling, frequency domain,
Rayleigh scattering, two-dimensional structures.
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I. INTRODUCTION

UAL-COIL frequency-domain electromagnetic induction

(EMI) systems are commonly used to detect buried metal-
lic bodies, such as unexploded ordnance (UXO), because they
are very sensitive to the presence of highly conductive struc-
tures. But they are also useful for environmental applications
like contaminant detection, waste-site exploration, or archae-
ological prospection, since they are an alternative method to
delimit anomalous zones. One of the main advantages of these
systems is that they do not require direct contact with the
ground and, therefore, are much faster than other EM methods.
This is especially important when dealing with these kinds of
targets because the surveyed area is usually too large compared
to the lateral resolution required for shallow prospections.
Though anomalous zones can be detected directly by a visu-
alization of EMI data, much more information can be obtained
if a quantitative analysis is added to the first qualitative result.

In recent years, several methods to calculate the EMI re-
sponse of metallic bodies have been presented and applied to
analyze and characterize the response of UXO [1]-[4]. In all
these works, it is supposed that the objects are in free space.
This is because metals usually are orders of magnitude more
conductive than the common background media. In spite of
that, obtaining accurate numerical results is difficult and re-
quires extensive computation costs, since the very high conduc-
tivity of the bodies can destabilize the numerical solutions.

In environmental applications, conductivity contrasts are
lower, and therefore, the background must be considered to-
gether with the targets. But this is also a complicated task
mainly because the magnetic-dipole sources are very local-
ized and generate three-dimensional (3-D) fields. Due to this
reason, even at present, the usual approach to quantitatively
interpret EMI data is to apply one-dimensional (1-D) inversion
methods [5]. The use of these methods always brings more
information than the mere observation of data and gives very
good results in particular cases in which the soil structure can
be regarded as being approximately 1-D. However, the soil
structure is not 1-D in most cases. In those situations, better
descriptions of the actual features of the subsurface may be
obtained by applying forward or inverse methods that allow
considering two-dimensional (2-D) or 3-D earth models. The
calculation of the response to a 3-D magnetic-dipole source
is a 2.5-D problem for a 2-D earth, while a fully 3-D prob-
lem for a 3-D earth. The first published solutions considered
2-D or 3-D bodies, having simple geometry, embedded in
uniform or layered 1-D media (2.5-D methods: [6]-[8], 3-D
methods: [9]-[11]). More than a decade after these pioneering
works, a forward method based on finite-difference (FD) tech-
niques was presented, which considers much more general 3-D
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models [12]. Later, inversion algorithms were implemented
for 3-D FD forward methods [13], [14]. But all of these
3-D FD codes are not routinely employed for the interpretation
of EMI data because their computation cost is still too high
for present-day common computers. On the other hand, the
computation cost of 2.5-D modeling is significantly lower and
actually becoming affordable moreover, taking into account
that the earth’s structure can be considered 2-D in many geo-
physical situations. Nevertheless, this subject received little
attention in the literature in the last years. Only a few 2.5-D
methods were presented, all for the case of electric dipole
sources. Unsworth et al. [15] and Mitsuhata [16] published
forward methods based on finite elements (FE), and later,
Mitsuhata et al. [17] implemented an inversion code for their
forward-modeling algorithm.

In general, FD forward codes consider models in which soil
properties vary gradually between adjacent elements of a mesh.
This is also the standard approach in inversion codes, based not
only on FD but also on FE forward methods, which also seek for
the smoothest model that fits the data. Imposition of smoothness
constraints stabilizes the algorithms but could lead to unrealistic
interpretations in situations in which it is known (from well-
log data or archaeological excavations, for instance) that the
underground structure consists of layers of nearly uniform
conductivity separated by boundaries defining sharp resistivity
contrasts [18]. In these cases, the use of Rayleigh—Fourier (RF)
techniques is very appropriated. Though FEs also allow for
discontinuities in soil properties, RF expansions are especially
formulated for the modeling of multilayered structures with
irregular boundaries.

Recently, we presented an RF method to calculate the EM
response of 2-D structures as the ones described above to
arbitrary 2-D and 3-D inducing fields [19]. Previously, we had
also implemented RF magnetotelluric modeling algorithms for
2-D and 3-D structures [20], [21]. Here, by modifying the
results presented in the work of Martinelli and Osella [19],
we develop a 2.5-D RF method for calculating the dual-coil
frequency-domain EM response of 2-D structures.

Afterward, we propose a soil model representing a structural
feature that could be found in environmental applications, and
by using this method, we numerically simulate its in-phase
(HI) and quadrature (HQ) responses. We consider a nonmetallic
embedded body, conductive with respect to the host medium,
which could represent for instance a contaminant spill, and
analyze the resolution of its responses for different orientations
of the dipole source and receiver.

Finally, we apply this method to interpret field data acquired
along a profile that crosses a zone where the soil presents
resistive anomalies produced by contaminant material. To select
the starting model of the subsurface structure, we used informa-
tion from a geoelectrical dipole—dipole profile obtained along
the same line. Then, we varied this model, using a trial-and-
error procedure, until a good correlation between the data and
synthetic response was achieved.

II. EMI RESPONSES OF 2-D MULTILAYERED STRUCTURES

In this section, we obtain the dual-coil EMI responses of
2-D multilayered structures. The EMI system consists of two
small coils, a transmitter, and a receiver separated by a con-
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stant distance, which is moved along a profile. The secondary
field detected at the receiver is separated into HI and HQ
components, which are expressed in parts per million (PPM)
against the primary field. The depth of penetration is a function
of the frequency w, the distance between the emitter and the
receiver, and the conductivity of the media. In the proposed
model, each medium n, for 0 < n < N, has a conductivity o,,,
dielectric permittivity €,,, and magnetic permeability f,,. The
air (medium 0) has ¢ and o equal to that of the free space, and
o¢ = 0. The air—earth interface corresponds to z = 0, where z
is positive downward and y is the symmetry direction. The stud-
ied area has lengths L, and L, in the  and y directions, respec-
tively. Layer boundaries are given there by smooth functions
z = Sp(z), with 1 <n < N — 1. The emitter has a magnetic-
dipole moment 91, and a time dependence exp(iwt). It is
located over the studied area at the position 7. = (¢, Ye, 2¢),
with z, < 0. Hence, inside each medium n, the electric E,, and
magnetic H, fields satisfy

VxE,=-— iwunﬁn
V x H, = (0, +iwen)E,,.

&)
2

In the air, these equations are valid except at the location of the
source.

To solve the problem, we must extend the model outside the
studied zone. We choose an extension that greatly simplifies the
treatment. In this extended model, the interfaces .S,, are even
and periodic functions of x, and the external field Heyw is a
periodic function of = and y. The periodicities in x and y are A,
and )\, respectively. The studied zone is centered at x = X, /4
and y = A\, /4. A\;/2 and A, /2 must be greater than L, and
L, respectively, and such that the field produced by the emitter
dipole at the boundaries of the area 0 <z < A,/2, 0 <y <
Ay/2 is negligible. We extend the interfaces as follows:

Sn(m)

Spn(Ae/4— L /2),
Sn(Ae/4 4 Ly /2),
Sn(—2),

if0 < |z < Ap/d— Ly/2
it Ao /4+ Ly /2 < [ < Ag/2
_()‘w/4+Lx/2) <z
_(Ax/4_ Lx/z)'

3)

These extensions are identical to those proposed and described
in the work of Martinelli and Osella [19].

In the area 0 <z <\, /2, 0 <y < A\,/2, Hey coincides
with the field produced by the emitter. We extend H.y to
thearea —\;/2 <z < A\;/2, -\, /2 <y < \,/2 by assuming
that its  component is an even function of = and y, and that its
y component is an odd function of x and y. Then

H{™(z,y)
ngxt)(_x7 y)’
ext
= Hé )(LE, _y)7
HéeXt)(_Iy _y)a
ext
H{™O (2, y)
_ngeXt)(_x7 y)a
= _HfgeXt)(Iz _y)a
ext
Hy™ (—, —y),

if =\, /2<2<0, 0<y<A\,/2
if0<x <A;/2 -\, /2<y<0
if -\;/2<z<0, =\, /2<y <0

“)

if =\;/2<x<0, 0<y<\,/2
if0<z<\./2, -\, /2<y <0 (5)
if —A\;/2<2<0,-)\,/2<y<0.
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According to its parity, this field corresponds to the type named

as ™ in [19].

Itis 1mp0rtant to point out that the selected extensions neither
constrain the type of functions S,, that can be considered
inside the studied zone, nor limit the possible orientation of the
emitter. Moreover, if A, and A, are great enough, the imposed
parities and periodicities do not affect the response obtained
inside the studied area [19].

Assuming that Rayleigh scattering theory is valid on every
boundary, the general solutions for the magnetic and electric-
field components, which are also periodic with = and y, can
be written as the expansions shown at the bottom of the page,
where 72 = —(w/c)?, 72 = iwpn (o + iwey), for 1 <n <
N, kxl = 207/ Aps kym = 2mm /Ay, [RUD = K2 + k2, +
22, ot () = cos(karz) cos(Rymy). Vi, (2,y) = sin(ky)
sin(kymy), v (2, y) =cos(kux) sin(kymy), and v, T (z,y) =
sin(kqi2) cos(kymy). The parities of field components are the
same as the ones obtained in [19] for external fields of type 1
and in even interfaces. In that work, only nonmagnetic media
were considered, but that result can easily be extended for
magnetic media like those considered here. In medium 0, these

solutions are valid for (z, y, z) different from (., ye, 2e)- Al(::l)

and B, with 1 > 0andm > 0,and C\") and D), with I > 0
and m > 0, are complex coefficients that depend on frequency
w. B™ and D™ define the incident fields, and A" and C\
the reflected ones. Therefore

H™O(2,5,0) =1>0, m>0Y Bt (x (12)
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These equations determine B'") and D{®) because H™"

x(z,y,0)and H(eXt)(z Y, 0) are known.

To calculate Al(gg and Cj,/ 0 as functions of B l(gl) s Dl(gz , and the
earth’s structure, we apply the appropriate boundary conditions.
On every interface, the tangential components of E and H are
continuous; in the deepest medium, N, AMJZ), and Cl(g)
null for every | and m because the fields must not diverge as

z increases. To obtain Al(gl) and C’l(gz , we follow a procedure
similar to the ones described in the previous works [19], [21].
Due to the range of frequencies used in EMI studies, which
are typically in the range 300-20 000 Hz, the process is purely
diffusive, and the quasi-stationary approximation is valid. It
implies that we,, < o,, inside the earth. In air, it corresponds

to take the limits vo ~ 0 and R(()%) ~ 0, and then [19]

Alg =BG (15)
AL =B — 0, ifm>0 (16)
kym AL = kO ifl>0andm >0 (17)
kymBY) =kuDY | if1>0andm >0.  (I8)

Taking into account (18) and (12)-(14), it follows that
in the quasi-stationary approximation, H\™"(z,y,0) and
HY (2, y,0) can be calculated from H{™"(z,y,0). For the
source considered here, we have (19), shown at the bottom of
the next page. Once A", B (%) and Dl('?n) are determined,

lmvlm lm> lm’ lm>
. the induced field in the air Hig can be calculated, and the
Héex N2,y,0) =~1>0, m> OZ ng U (2,4)  (13)  quotient between the components of Hiyg and Hex, parallel to
Flext) (2,,0) = — l >0, the magnetic-dipole moment of the receiver 91, at the receiver
2 yv) = location, 7, = (., Yr, 2,-), can be obtained. Finally, the results
m>0 Z (0) - Blm +kym Dlm)vlm (z,y). (14) are presented as the? real and imagipary parts of this quotient,
R, HI and HQ, respectively, expressed in PPM.
H;”') (x,y,2)=1>0, m> OZ {A(n) exp (R(n) ) + B(n) exp (—R(n)z>] v (2, y) 6)
HM(z,y,2)=-1>0, m>0)_ [C(" exp( R(™ ) + D™ exp ( R )} vy (2, y) @)
HZ(”)(x, y,2)=1>0, m> OZ [( Al(;? + kymcl(;?) exp (Rl(;?z)
77l

—(k B(") k D(") _R(") —+ 8
2 1m + ym | €XP tm # ) | Vm (fﬂ,y) ( )

(n) _ b 1

EM (z,y,2) = >0, m>OZR(

71

[t - 528080 (122
Im

~ [Ratkym B = (k2,4 92) D | exo (=B 2) o (@) ©)

(n) Wity > > 1 2
B (z,y,2) = %%l_(), m_OZR(n){{(kym—&-

lm

— |2+

:ﬂ"l >0, m> 03 [(~hym A+ kaCly) ) exp (RI7)2)

EM(z,y,2) =

n

( kymB —|—k$1D )exp( R(n) )]

VAR — katkym Gl | exp (B 2)

W2)B) Ktk Dl | exo (<Rl ) ot (ey) - (10)

m (T,9) (11)
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Fig. 1. Model proposed by Stoyer and Greenfield [6] (Model SG) together
with the smoothed version of that model employed here to apply the RF method
(Model SGry).

It is worth to mention that, for the sake of simplicity, the user
of the code can select an arbitrary location of the studied area.
The user enters that location and the values of )\, and A, and
the code automatically shifts the center of the area to the point
(x,y) = (Az/4, Ay /4) and generates the extended model that
satisfies all the assumptions described before.

III. VALIDATION OF THE METHOD

Rayleigh scattering theory is an approximation valid when
the boundary slopes are not too large because multiple reflec-
tions are not contemplated. Considering this, we extensively
tested our 2-D and 3-D RF magnetotelluric modeling methods
[20], [21], by comparison with other existing FD, FE, and IE
solutions, in order to find a self-consistency criterion for the
determination of the validity of Rayleigh’s solutions in each
particular case. We found that when Rayleigh’s approximation
is valid, the series expansion of field components is convergent
and then the coefficients corresponding to [ or m greater than a
finite value L can be neglected. In these cases, the root mean-
squared values of the residual discontinuities of the tangential
components at layer boundaries can be reduced to a level below
a few points per cent by increasing the number of scattering
orders L. On the contrary, when the approximation is no more
valid, the series exhibit oscillatory or even divergent behav-
ior, and the residual discontinuities always remain large. The
maximum boundary slopes that can be correctly modeled using
RF techniques, in the magnetotelluric case, which corresponds
to uniform external fields, lie typically in the range 50°—60°
but can exceed these values for very resistive media. For the
RF method proposed here as for the one presented in [19], we
obtained convergent solutions and low residual discontinuities
for a similar range of boundary slopes.

For 1-D structures, we verified that, like the magnetotelluric
case, convergent solutions and low residual discontinuities
effectively correspond to valid Rayleigh solutions. This was
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Fig. 2. Comparison between the response of Model SG published by Stoyer
and Greenfield [6] (SG) and the response of Model SGR calculated using the

RF method (RF). The axes of the emitter and receiver dipoles are parallel to the
x direction.
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Fig. 3. Comparison between the response of Model SG published by Stoyer
and Greenfield [6] (SG) and the response of Model SGRrF calculated using the
RF method (RF). The axes of the emitter and receiver dipoles are parallel to the
z direction.

done by comparing the responses calculated with our method
to the ones obtained with the EMIDFM code developed at
the University of British Columbia (UBC) [22], and based
on the work of Farquharson et al. [5], for a great number of
1-D models.

At least to our knowledge, there are no recently published
modeling methods for 2-D structures and magnetic-dipole
sources. Therefore, for 2-D structures, we compared our
solutions to some of the results published by Stoyer and
Greenfield [6]. We selected the model shown in [6, Fig. 20].
Fig. 1 displays that model (Model SG), together with a
smoothed version of it (Model SGrr), which we employed to
apply our RF code. We smoothed the boundaries of the original
model because, as we explained previously in this section,
our method does not include vertical contacts. Figs. 2 and 3
compare the response of Model SGrr, calculated using the RF
method, to the response of Model SG, published by those au-
thors. The emitter and the receiver are located at positions 7. =
(ze,0,—2m) and 7, = (x. + 35m,0, —2m), respectively.
The frequency is 27.7 kHz. 9, and 90, are oriented in the
z direction in Fig. 2, and in the z direction in Fig. 3. Instead
of HI and HQ, the tilt angle o and the ellipticity e, of the
polarization ellipse of the magnetic field detected by the
receiver, are plotted as functions of x, (x. is 0 when the emitter
is just over the center of the structure). The agreement between
both solutions is remarkable, in spite of the smoothing of the
original model.

1) [2(e — @)® = (y — e)® = 28] + MI3(w — 2)(y — ye) + MI3(@ — we) (—2e)

19)

HE (2,,0) = —
7

[(.Z‘ - xe)Q + (y - ye)2 + Zg]

5/2
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Fig. 4. Instrument’s configurations Verl, Ver2, Horl, and Hor2.
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Fig. 5. Model A representing a 2-D conductive body embedded in a more

resistive two layer host.

IV. MODELING A BURIED NONMETALLIC 2-D BODY

In this section, we use our code to calculate the synthetic
responses of a buried nonmetallic 2-D body for different dipole
orientations. The body is conductive with respect to the host
media. We analyze the sensitivity of the responses in order to
determine which configuration best characterizes this body.

We assume that we have a system such that 91, and 901,
are parallel, and both are perpendicular to the direction of
the instrument’s axis @ = 7, — 7. The distance between the
dipoles is |a| = 1.67 m. The center of this system is ¢ =
(e, Yes 2c) = (Fr +T¢)/2. € is moved along the x axis, which
is perpendicular to the symmetry axis of the structure, such that

Yo = 0 and 2z, = —1 m. We consider four instrument configu-
rations, named Verl, Ver2, Horl, and Hor2, which are shown
in Fig. 4.

Fig. 5 shows the soil model named model A. The embedded
body is more conductive than the host media, and the magnetic
susceptibilities are all equal to zero. The interfaces z = S, (),
for n = 1 and 2, are given by

z=5p(x) =P+ AZ,exp [— (x/G)Q} (20)
withP=15m,G=1m,AZ; = —-0.5m,and AZy = 0.5m.

Fig. 6 shows the HI and HQ components of the EMI re-
sponses of model A, plotted as functions of x., for the four
configurations (. is zero just over the center of the body). Also,
the responses obtained after removing the body for the ver-
tical and horizontal configurations, 1D-Ver and 1D-Hor, re-
spectively, are shown. The responses are all symmetrical with
respect to x. = 0; hence, the results are given only for x. >
0. For all the configurations, the responses exhibit positive
anomalies with respect to the results that are obtained without
the body. Over the body, the greatest anomalies correspond
to the configuration Hor2. This configuration has the best
sensitivity to the presence of the body and gives the best
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delimitation of its lateral width. The sensitivity of the con-
figuration Horl is much lower than that of the configuration
Hor2. For the configurations Verl and Ver2, the HI and HQ
components have a local minimum over the center of the body
and have a maximum near each lateral border located at |z.| &~
2 m. The anomalies extend up to values of |z.| as great as,
approximately, 10 m.

V. MODELING OF A CONTAMINANT PLUME

We also used our method to analyze data from a contami-
nated site, due to a hydrocarbon spill. In that zone, electrical and
EMI data were collected along several profiles. The electrical
profiles were acquired using the multielectrode resistivimeter
Saris 500. Dipole—dipole arrays were deployed with apertures
of 3 m. EMI data were acquired along the same profiles using a
multifrequency EM profiler GEM-300 [23]. These data were
collected with a step of 3 m, for a frequency range 330-
19975 Hz, in the configuration Verl.

From the inversion of geoelectrical data, electrical images
were obtained. The inversions were made applying the DCIP2D
inversion code of the UBC [24], and based on the work of
Oldenburg et al. [25] and Oldenburg and Li [26].

We interpreted EMI data from one of these profiles, where
a resistive anomaly that could be associated to the presence of
the contaminant plume was clearly mapped from the electrical
inversion (Fig. 7). First, we built a starting multilayer repre-
sentation of the soil structure shown in Fig. 7 and calculated
its synthetic EMI response using our code; then, we varied
this model, using a trial-and-error procedure, until a good
correlation between the data and the synthetic response was
achieved for all the measured frequencies. Fig. 8 shows the final
model, and Fig. 9 compares its synthetic response to the data at
19975 Hz. The computation time for obtaining the synthetic
response of this model, at this frequency and for all the source
locations, was approximately 15 min on a personal computer
with an Intel Pentium IV (2.4 GHz) processor.

VI. CONCLUSION

We developed a 2.5-D forward method to calculate the
dual-coil frequency-domain EMI response of 2-D multilayered
structures with irregular interfaces based on RF expansions.
This method is user friendly. When boundary slopes are lower
than 50°—60°, it has good convergence and computation costs
easily affordable for present-day personal computers. In these
cases, it gives reliable results.

Applying this method, we calculated the synthetic response
of a buried nonmetallic body, conductive with respect to the
host media, for four possible measurement configurations. The
greatest anomaly is obtained when the magnetic-dipole mo-
ments are horizontal and perpendicular to the strike direction
of the structure, and the axis of the instrument is parallel
to the strike (configuration Hor2). The lateral extension of
this anomaly is similar to the width of the body. Then, for a
qualitative interpretation made just from visualization of the
data, configuration Hor2 will best detect the body and delimit
its width. As the rest of the configurations give less localized
anomalies, the width of the body would be overestimated.

Finally, we used our code and a trial-and-error proce-
dure to model field data acquired along a profile crossing a
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Fig. 9. Synthetic response of the model shown in Fig. 8 for configuration

Verl, at 19975 Hz, compared to the corresponding data.

contaminated zone. In this zone, a hydrocarbon spill produced
a localized plume of enhanced resistivity. The first characteri-
zation of this profile had been obtained from the inversion of
dipole—dipole electrical data. We considered that result to build
our starting layered model. We obtained a good correlation

between the EMI data and the synthetic response of the final
model, which also is consistent with the image of the electrical
inversion. During the modeling process, the method showed to
be practical and versatile, and had a good convergence.
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