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Abstract

An exact, analytical solution is obtained for the title problem which constitutes a classical
one although no solution is available in well known textbooks and handbooks normally used by
the structural engineer in several fields of technology: ocean and naval engineering, aerospace
applications, etc. The authors performed this study motivated by a situation where excessive
displacements were noticed in a structural element carrying a relatively small motor at the
free end and placed at the engine room of a naval vessel. The Bernoulli-Euler model has
been employed.
 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Analytical solution; Ocean and naval engineering; Aerospace applications; Motor; Engine
room; Bernoulli-Euler

1. Introduction

Consider the structural system shown in Fig. 1. The knowledge of its dynamic
parameters is of practical interest in order to avoid excessive displacements and
dynamic stress resultants and certainly: resonance conditions. The problem is a
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Fig. 1. Beam-mass system subjected to transverse, forced sinusoidal excitation at the free end.

classical one within the realm of the general theory of vibrations of continuous sys-
tems but no results are available in well known textbooks and handbooks which, in
general, only contain information regarding mode shapes and natural frequencies
(Blevins, 1979; Laura et al., 1974). The present problem arose in an engine room
of a small naval vessel where severe and trouble some displacements were observed
in a system similar to the one depicted in Fig. 1.

Displacements and bending moment amplitudes are obtained in this study as a
function of the ratio external frequency/fundamental natural frequency using the
classical Euler-Bernoulli theory. Accordingly shear and rotatory inertia effects are
not taken into account. Structural damping has not been considered either.

As correctly stated by Watson (Watson, 1998) “any vibratory forces on couples
that may emanate from a main engine must be carefully assessed before it is accepted
as suitable” . This world renowned author expresses the view that if a moderate couple
is generated, it could only be accepted if it is demonstrated that it is within acceptable
limits at all locations of the ship where it could affect personnel or equipment. How-
ever the one considered in this note could cause considerable trouble to personnel or
equipment, even though the motor or engine in operation may belong to a secondary
classification type.

On the other hand minimization of the under-water noise signature is a preponder-
ant factor in the overall mechanical installation, especially in the case of warships
and fishery and oceanographic vessels (Watson, 1998).

2. Analysis and solution of the problem

The problem under consideration is described by the following differential system:

EI
∂4w(x,t)

∂x4 � rAo

∂2w(x,t)
∂t2

� 0 (1a)

w(0,t) � 0 (1b)

∂w(0,t)
∂x

� 0 (1c)

∂2w(L,t)
∂x2 � 0 (1d)
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���EI
∂3w(L,t)

∂x3 � � M
∂2w(L,t)

∂t2
�P0 cos w t, (1e)

where E is Young’s modulus, I the constant moment of inertia, Ao the constant cross-
sectional area, r the mass density and M the concentrated mass at the free end.

Using the standard method of separation of variables, one assumes

w(x,t) � W(x)T(t) � W(x)cos wt. (2)

Substituting this form in Eq. (1) results in the equality

W(x)(IV)

W(x)
�
rAo

EI
w2 � k4 (3)

The solution of the ordinary differential equation

W(x)(IV)�k4W(x) � 0 (4)

or
d4W(x)

dx4 �
rAo

EI
w2 W(x) � 0 is simply

W(x) � A cos kx � B sin kx � C cosh kx � D sinh kx (5)

with

k4 �
rAo

EI
w2 (6)

or k2 � w�rAo

EI
.

The fundamental circular frequency is:

w1 �
a2

1

L2� EI
rA0

⇒ w2
1 �
a4

1

L4

EI
rA0

. (7)

Accordingly

k2L2 �
w
w1

a2
1 ⇒ k L � a1�ww1

(8)

where a1=fundamental eigenvalue (Laura et al., 1974).
Applying the boundary conditions one obtains:

� W(0) � 0 A � C � 0⇒C � � A (9a)

� dW(x)
dx |

x=0

� 0 B � D � 0⇒D � � B (9b)

Substituting C and D in Eq. (5) one obtains:
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W(x) � A(cos kx�cosh kx) � B(sin kx�sinh kx) (10a)

then

dW(x)
dx

� kA(�sin kx�sinh kx) � Bk(cos kx�cosh kx) (10b)

d2W(x)
dx2 � k2A(�cos kx�cosh kx) � k2B(�sin kx�sinh kx) (10c)

d3W(x)
dx3 � k3A(sin kx�sinh kx) � k3B(�cos kx�cosh kx). (10d)

From
d2W(x)

dx2 |
x � L

� 0 one obtains

A(�cos kL�cosh kL) � B(�sin kL�sinh kL) � 0,

A � �B
sin KL � sinh KL
cos KL � cosh KL

Substituting A in Eq. (10d) results in:

d3W(x)
dx3 � k3B��

sin kL � sinh kL
cos kL � cosh kL

( sin kx�sinh kx)�cos kx�cosh kx�.

Using now:

�EI
d3W(x)

dx3 |
x=L

� P0 � Mw2W(L), (11)

where

�EI
d3W(x)

dx3 |
x=L

� �EIk3B��
sin kL � sinh kL
cos kL � cosh kL

( sin kL�sinh kL) (12a)

�cos kL�cosh kL�.

Defining

b1 � ��
sin kL � sinh kL
cos kL � cosh kL

( sin kL�sinh kL)�cos kL�cosh kL� (12b)

one obtains

�EI
d3W
dx3 |

x=L

� �EIk3Bb1. (12c)
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On the other hand:

W(L) � A(cos kL�cosh kL) � B(sin kL�sinh kL). (13a)

Substituting A in W(L) results in:

W(L) � B�sin kL�sinh kL�
sin kL � sinh kL
cos kL � cosh kL

(cos kL�cosh kL)�.

Defining

b2 � �sin kL�sinh kL�
sin kL � sinh kL
cos kL � cosh kL

(cos kL�cosh kL)� (13b)

Accordingly

W(L) � Bb2 (13c)

Substituting (12c) and (13c) in Eq. (11) one obtains:

�EIk3Bb1 � P0 � Mw2Bb2,

Then

�Bb1 �
P0

EI k3 � B
Mw2

EI k3b2

and

�B�b1 � b2

Mw2

EI k3� �
P0

EI k3

or

�B�b1 k3L3 � b2

Mw2L3

EI � �
P0L3

EI
.

Finally

B � �

P0L3

EI

b1 k3L3 � b2

Mw2L3

EI

� �

P0L3

EI

b1 (k L)3 � b2

M
r A0L

w2
r A0L4

EI

. (14)

As the beam mass Mb is r A0 L, one is able to use the mass ratio m � M /Mb

Substituting (6) and (8) in (14) one obtains

B � �

P0L3

EI

b1 a3
1�ww1

�3/2

� b2 m a4
1�ww1

�2
.
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Substituting B in the deflection expression yields the following functional relation
for the deflection amplitude.

W(x) � �

P0L3

EI

b1 a3
1�ww1

�3/2

� b2 m a4
1�ww1

�2�sin kx�sinh kx (15)

�
sin kL � sinh kL
cos kL � cosh kL

(cos kx�cosh kx)�
And the bending moment amplitude expression becomes M(x) � �EI

d2W(x)
dx2 .

Accordingly the bending moment amplitude is given by:

M(x) � �
P0L

b1 a1�ww1
� b2 m a2

1

w
w1

� � sin kx�sinh kx (16)

�
sin kL � sinh kL
cos kL � cosh kL

(cos kx � cosh kx)�.

3. Numerical results

Table 1 depicts deflection and bending moment amplitudes for M /Mb � 0 as a
function of w/w1 when this parameter varies between 0 (static case) and 0.95. Tables
2, 3, 4, 5 and 6 present similar information for M/Mb= 0.2, 0.4, 0.6, 0.8 and 1,
respectively. As expected the amplitudes of displacement and bending moments
increase quite drastically as w /w1 approach unity.

It is interesting to point out that the static case (w /w1 � 0) has been computed
making w / w1 � � 1. The corresponding results of displacement and bending
moment amplitudes agree admirably well with those obtained using the classical
“strength of materials” solution for the static situation.

No claim of originality is made by the authors but it is expected that naval design-
ers will find present results useful in their professional work.
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