
ARTICLE IN PRESS
0022-3697/$ - see

doi:10.1016/j.jpc

�Correspondi
de Energı́a

+54 2944 44511

E-mail addre
1Also membe

Técnicas.
Journal of Physics and Chemistry of Solids 67 (2006) 1692–1696

www.elsevier.com/locate/jpcs
Volume and heat of solution of hydrogen in rare earths from proton
screening charges

J.M. Marchettia, S. Seguib, J.L. Gervasonib,c,�,1, A. Juana,1, J.P. Abriatab

aDepartamento de Fı́sica, Universidad Nacional del Sur, 8000 Bahı́a Blanca, Argentina
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Abstract

In this work we determine some fundamental microscopic and macroscopic properties of rare earth-hydrogen (RE-H) systems. The

behaviour of the electronic density variation of RE-H systems is obtained, using a program based on the density functional formalism.

This information allows us to calculate the volume of solution of hydrogen in rare earths, as well as their heat of solution, and to

compare with experimental results.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The technological interest for rare earths has been
stimulated by different processes which use individual rare
earths as metals and as salts. One of these applications is
the use of mixed rare earths (mischmetal) for petroleum
cracking.

Another application of great interest is the interaction of
rare earths with hydrogen. This is particularly true in the
case of the study of rare-earth hydrides for the storage of
hydrogen as a source of energy. One example of this is the
increasing development of AB5 type alloys, where A is a
rare earth or a rare-earth mix, and B is a 3d metal, such as
nickel. The study of these compounds comes from the need
of substituting petroleum by cleaner and cheaper fuel for
internal combustion engines. These technological develop-
ments are also associated to rare earths extraction and
purification costs [1].
front matter r 2006 Elsevier Ltd. All rights reserved.
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The study of hydrided pure rare earths constitutes the
fundamental tool in order to understand the basics of the
hydriding process, and a good starting point to extrapolate
results to alloys. In the present work, we propose a first
approximation to the study of properties such as the
volume of solution and the heat of solution of the RE-H
systems using a simple model to describe the electronic
density.
2. Theoretical model

To characterize the properties of hydrogen solution in
rare earths we assume that the electron density can be
described by an effective jellium model [2,3]. In this model,
which has proved to be adequate for some transition
metals, the valence electrons are regarded as a free electron
gas of density n0, with a background of uniform and
positive charge of the same density, to keep the neutrality
of the system. This is reasonable when the main contribu-
tion to the electron density comes from s-electrons or from
closed-shell configurations, with spherical symmetry.
Nevertheless, it has proved to be useful for other electronic
configurations as long as the properties studied are derived
from averaged microscopic quantities.
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Fig. 1. Bulk modulus vs. rs. Continuous line: this work (Eq. (2)); dashed

line: kinetic contribution Bkin; circles: experimental data for B [6].
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In a free electron gas, the density n0 is given by
n0 ¼ 3=ð4pr3s Þ, where rs is the radius of a sphere corre-
sponding to one electron in the gas. The value of rs is one
of the fundamental parameters of the jellium model and it
is necessary to assess it with great accuracy. Unfortunately,
the available data for rare earths are scarce, and we have to
determine it in an indirect way. In the case of metals,
Serebrinsky et al. [4] proposed a parameterization to obtain
the value of rs from the bulk modulus B, which is a well
measured physical quantity for practically all the elements
through the periodic table. In this work, we adopt this
modelization, restricting it to rare earths to obtain new
values of the fitting parameters.

The parameterization given in [4] relies on the definition
of B in terms of the energy e per particle of the electrons in
the gas. This energy can be written as the sum of the kinetic
ekin, exchange ex and correlation ec energies, and each one
as a function of rs. The bulk modulus B is obtained as the
simple sum of the corresponding contributions Bkin, Bx and
Bc. The parameterization given in [4] is

BðrsÞ ¼

Bkin þ Bx þ Bc; rsp1;

Bkin þ
1

rs

ðBx þ BcÞ; rs41;

8<
: (1)

where

BkinðrsÞ ¼
1

2p
1

a2r5s
; Bx ¼ �

1

2p2
1

ar4s
; Bc ¼ BcðrsÞ

and a ¼ ð4=9pÞ1=3. The correlation energy ec is always
negative and its functional form depends on the range of rs

considered. At metallic densities, it goes from 0:1 to 0:5ex,
but in the limit of high densities it is proportional to ln rs.
An analogous relation can be assumed for Bc and Bx.

In the case of rare earths elements and their precursors
(Sc, Y, and La), the available experimental data for B [6,7]
show a variation from � 13:5GPa (for Ytterbium) to �
45GPa (for Scandium). Taking into account that for
metals these values correspond to rs ranging from �
3:1 a:u: to � 2:7 a:u:,2 we follow the functional dependence
previously obtained for metals and propose a parameter-
ization given by

BðrsÞ ¼ Bkin þ
b0

r5s
. (2)

The values of rs used for the fitting are those obtained from
the material density (see e.g. [5]). The experimental data
here used for the bulk modulus B are those given by
Gschneidner [6]. Although this database may seem too old,
the results obtained with the more recent (but incomplete)
database given by Hachiya and Ito [7] differ in less than
0.5%. The value of the fitting parameter b0 is
�0:0307881 a:u:. In Fig. 1 the function obtained is shown,
as well as the contribution of the kinetic term alone (Bkin),
2We use atomic units for the rs values since the figures are more

convenient. The length atomic unit is the Bohr radius

a0 ¼ 5:292� 10�11 m.
and they are compared with the experimental data. The
values for rs show little dispersion and the relative
differences are in general less than 0.04 (except for Yb,
with 0.09).
3. Results

The semiempirical parameterization of B as a function of
rs proposed in the previous section provides a simple
definition for rs. This parameter can be used in a variety of
calculations in which the electronic density is perturbed in
the interstitial region. This is the case for a hydrogen atom
interstitially dissolved in a material host. This impurity
produces an expansion of the lattice represented by the
volume of solution VH . The calculation of this quantity is
quite complicated and very difficult to perform in a
systematic way through the periodic table.
With the calculated data for rs we use the jellium model

[2] to obtain the density of charge Q induced by a proton
embedded in a rare earth host. The induced charge density
allows us to obtain the volume of solution of hydrogen VH ,
as explained in Section 3.1. Moreover, we obtain the
variation of the total energy of the system, from which we
obtain the heat of solution DH in Section 3.2.
It is worth pointing out that the calculations presented

here do not take into account the magnetic properties of
the rare earth considered. This is permissible in a first
approximation, since the studied quantities are not
strongly dependent on the magnetic behaviour of the
material host.
3.1. Application to the calculation of VH

The change of energy dE associated with an inhomo-
geneus (but isotropic) deformation introduced by one
hydrogen atom in the material determines the volume of
solution through the expression [8]
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Ri

O
�
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, (3)

where O is the volume of the unit cell, B is the bulk
modulus and dRi is the deformation at the positions fRig of
the ions in the host. To first order in fdRig, and using the
Hellman–Feynmann theorem [2,3], dE is given by the
electrostatic interaction between the ionic cores of the host
and the impurity of charge Z0 at r ¼ 0

dE ¼
X

i

Zi

Z
DnðrÞ � Z0dðrÞ

r� Rij j3
ðRi � rÞd3r

� �
dRi. (4)

Here Zi is the charge of the ion located at Ri and DnðrÞ is
the charge density induced by the impurity, which depends
on the effective parameter rs.

In the case studied here, with a hydrogen atom
embedded in a jellium, these expressions are simplified
and the value of V H can be calculated as

VH ¼
1

3B
4pn0 lim

R!1

Z R

0

½1�QðrÞ�rdr, (5)

where QðrÞ is the integrated screening charge density.
Nørskov and Lang [9] and Stott and Zaremba [10]

obtained a parameterization for the energy of an atom
embedded in an inhomogeneus system, using the theory of
the effective medium. In the present work, we used a
computer code based on this model to obtain QðrÞ in order
to evaluate VH for rare earths.

In Fig. 2, calculated values of V H are plotted as a
function of the atomic number Z. In general, they show an
approximately constant behaviour, with a mean value
around V H � 4:5 Å3. It is worth pointing out that the
numerical program used to calculate the electronic density
and the charge distribution does not show a clear
convergence in some particular cases (Eu and Yb). The
calculation of V H showed to be very sensitive to the value
of the integral in Eq. (5). The discontinuities appearing in
the plot V H vs. Z for these elements correspond to
discontinuities of rs as a function of Z: while most of the
rare-earth elements present a value of rs approximately
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Fig. 2. Calculated values of VH as a function of the atomic number Z.
constant (� 2:9 a:u:), the values for Eu and Yb are above
3.5 Å. Correspondingly, the values of the bulk modulus for
these elements are considerably lower than the mean of the
remaining elements.
Besides, the volume of solution for Cerium seems to be

too high when comparing with the remaining elements of
the group. This behaviour is not surprising if we consider
the itinerant character of the 4f -electron, which is not
taken into account by the model.
The experimental values for V H corresponding to rare

earths are scarce and show considerable dispersion. In
Table 1, a comparison of calculated values with experi-
mental data is shown, for the rare earth precursors Sc, Y
and La [1,11,12], and for Er, Tm and Lu [13,14]. As can be
seen, the prediction is reasonable although it may seem to
overestimate the value of V H . It is worth pointing out that
the data taken from Ref. [11] correspond to dihydrides,
which may not be well described by our infinite-dilution
model.
Besides, comparing experimental values obtained by

different authors for Yttrium, we observe that the value
obtained by Griessen and Feenstra is 1:1 Å3 while
Khatamian’s value is 3:00 Å3. The explanation for this
discrepancy is the following: Khatamian’s data for V H are
obtained from a measure of samples of composition
YD0:176, whereas Griessen and Feenstra took for V H the
difference in molar volume between YH2 and Y. The
calculation is then as follows: atomic volume of pure Y:
33:034 Å3; atomic volume of YH2: 35:345 Å3; the difference
in volume divided by 2 gives V H ¼ 1:16 Å3.
For metallic elements, the volume of solution V H shows

a smooth behaviour as a function of rs and can be
parameterized in terms of the linearized Thomas–Fermi
model [4], considerably simplifying the calculations. In
order to compare this result with our calculations for rare
earths, in Fig. 3 the calculated values of V H are plotted as a
function of rs. As can be seen, they are quite well
approximated by the parameterization proposed by Ser-
ebrinsky et al.
Besides the particular cases indicated above, the jellium

model implemented here gives reasonable predictions for
Table 1

Calculated and experimental values of VH , given in Å3

Sample rs (calc) VH (calc) V H (exp) Reference

Sc 2.79 4.49 2.36 [1]

1.1 [11]

Y 2.90 4.35 1.1 [11]

3.00 [12]

La 3.14 5.10 4.25 [1]

Er 2.85 4.53 3.97 [13]

3.06 [14]

Tm 3.55 4.57 3.61 [13,14]

Lu 2.83 4.52 3.25 [13]

2.72 [14]

Note that experimental values given in Ref. [11] correspond to dihydrides.



ARTICLE IN PRESS

1.5 2 2.5 3 3.5 4 4.5

rs (a.u.)

1

2

3

4

5

6

v H
 (

x1
0-3

0 m
3 )

Metals (Ref. 4)
Rare earths (this work)

Yb
Eu

La
Ce

Sm

PrPm

Y
Sc Nd

Gd, Tb, Dy, Ho,
Er, Tm, Lu

Fig. 3. Calculated values of VH as a function of the electronic radius rS .

-14.62 -14.6 -14.58
∆ET (eV)

0

0.05

0.1

0.15

0.2

0.25

∆H
s (

eV
)

Experimental data
Linear fit: ∆HS = -3.2456 ∆ET - 47.276

Gd

Dy Ho
Tb

Er

Tm
Lu

Fig. 4. Linear fit of experimental values [17] for DH as a function of DET .

2.8 2.9 3 3.1 3.2

rs (a.u.)

0

0.2

0.4

0.6

0.8

1

1.2

1.4
∆H

 (
eV

)
This work
Experimental data

Fig. 5. Heat of solution DH as a function of the electronic radius rs.

Experimental values compiled by Vajda [17].
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the volume of solution for the rare earth group. Despite its
simplicity, it seems to be an adequate tool to make a first
approximation to the problem studied here.

3.2. Heat of solution DH

Another quantity of interest in the study of the system
RE-H is the heat of solution DH, that is, the variation of
the enthalpy of the system when an atom of hydrogen is
embedded in the host. Griessen and Driessen [15] proposed
an empirical linear relation for obtaining the heat of
formation of metal hydrides from a characteristic energy
DE of the electronic band structure of the metal host,

DH ¼
ns

2
aDE þ bð Þ, (6)

where ns is the number of electrons per atom in the lowest
s-like conduction band of the host. The values of the fitting
parameters given by these authors are a ¼

29:62 kJ eV�1 molH�1 and b ¼ �135 kJmolH�1. An im-
provement of this model has been developed by Griessen
[16] for transition metals, taking into account the width of
the d-band and the local environment of the hydrogen
atom in the metal host.

The heat of formation of hydrides (which can be
symbolized by MHx, with xX1) may differ markedly from
the heat of solution of the systems studied here, where the
hydrogen is infinitely diluted (x! 0). In analogy with the
work of Griessen and Driessen, we propose here a linear
relation between the heat of solution and the variation of
the total energy of the system (DET ) produced when
embedding a hydrogen atom in the host, as given by the
jellium model. This variation of the energy is assumed to be
the sum of the changes in the kinetic energy of the non-
interactive system of the electron gas, the exchange and
correlation energies and the classical electrostatic energy.

Although the experimental data available for DH

corresponding to rare earths are scarce, their behaviour
when plotted against our calculated values for DET (see
Fig. 4) allows us to propose

DH ¼ ~aDET þ
~b (7)

with ~a ¼ �2:40 and ~b ¼ �34:92 (with both quantities, DET

and DH given in eV).
In Fig. 5, calculated values for DH corresponding to

lanthanides are plotted as a function of the electron radius
rs. Also displayed in Fig. 5 are the experimental values
compiled by Vajda [17]. Although the experimental data
span a reduced range of rs, the predicted behaviour seems
to reproduce the correct trend. Nevertheless, it would be
desirable to count with newer data for comparison.

4. Conclusions

We have presented a simple and general method for
obtaining the volume and the heat of solution of hydrogen
in rare earths. Although both quantities are rather difficult
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to measure in these elements, they are very important
because they determine several properties of the hydrogen-
rare earth systems.

Since our calculations are valid for infinite solid solution
at zero temperature and pressure, we should compare only
with highly diluted RHx systems, with x tending towards
zero. Nevertheless, experimental values correspond to finite
x, and T and P different from zero, and we have to take
these features into account when we compare both results.
We also include dihydride values to have a feeling of the
validity of our approximation in such cases. From the
theoretical point of view it is still necessary to develop a
more realistic description to explain why, in the specific
case of Yttrium, hydrogen has a large partial volume
(about 3) at low x and a value three times smaller for
dihydride. Furthermore, in the CaF2 phase (YH2) there is a
small contraction, with increasing x (see Fig. 9 of Vajda’s
review paper).

However, for the studied quantities (V H and DH), the
global agreement with existing experimental data is very
reasonable. The discrepancy between any particular
element corresponds to corrections due to effects not
considered here, as for example those associated to the
strain energy or to the hydrogen-core (or semi-core)
interactions.

In summary, our method is simple, useful and can be
advantageously used as long as neither sufficiently accurate
first principle calculations nor experimental data are
available.
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