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Abstract

This paper introduces the pedagogy of research and questioning the world within the Math
classrooms at secondary schools in Argentina by using Research and Study Paths (RSP). The
RSP have been proposed by Chevallard in the Anthropologic Theory of Didactic (ATD) to
face the mechanistic model of teaching mathematics in secondary school (Chevallard, 2004).
The RSP has been previously conceived as part of this research and could enable to cover the
syllabus of the three last years of the secondary level (students aged 14 to 18 years old). The
RSP has been carried out in courses intentionally selected by the researcher. We have
performed two implementations once a year during three years; 163 students have
participated in the whole research. The results of introducing RSP into the classroom, the
characteristics of the Mathematical Organization (MO) and the advantages and
disadvantages of teaching mathematics based on the pedagogy of research and questioning
the world are described in the present work.
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Introduction

The present research tries to propose alternatives to the problems that characterize the
teaching of mathematics at secondary school in Argentina. The dominant didactic model is
"reproductive”, mechanistic and proposes a fragmented study of the mathematical knowledge.

The Research and Study Paths (RSP) (Chevallard, 2004) allow to develop the Pedagogy of
research and questioning the world in the classroom. This research introduces an RSP in
typical lessons at secondary school in Argentina in a local and experimentally controlled way.

In order to introduce it to the reader, the general characteristics of RSP are briefly described,
being the generative question Qo: How to operate with any curves, knowing only its graphical
representation and the unit in the axes? (Otero, Llanos, 2011). The production of a response
to Qo generates some derivative questions relative to the different lessons that would to some
extent cover the curriculum of last three years of Secondary School in Argentina (14 to 18-
year-olds). Therefore, the results are described from one of the derivative questions, enabling
the reconstruction of the MO of the polynomial functions of the second degree.

Theoretical Frame and Research Questions
The Anthropological Theory of Didactics (ATD) (Chevallard, 1999) and more specifically the

notion of Research and Study Path (RSP) (Chevallard, 2007, 2009) are adopted in this
research.
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In any RSP there is a generative question Qu which originates and inspires the process of
study. This question Qo should allow the enunciation of another derivatives(Q,) The

1<i<n '
different MOs are generated from every Q;, as response to the questions that have aroused
from their construction. The scheme that Chevallard (2009) called developed herbartian

[S(X;Y;Q) = {Rf,Rg,....,Rf,OM,....,Om}]H RY, enables to interpret the following: the RSP
must be organized around a generative question (Qg), must produce the constitution of a
didactic means M = {Rf,R§,....,R,?,OM,....,Om}, where the R’ correspond to the ready-made

answers, which have not been originated in the same class; and the works O, the available

theories and MOs, from which it is a possible to deconstruct the R®. From the ready-made
answers and those which are generated in the didactic medium; the elaboration, validation and
institutionalization of a response RY as result of the process of study are expected to be
obtained.

The research questions are: What are the characteristics of the proposed RSP? What
mathematical organizations in the secondary school curriculum in Argentina does it allow to
meet?

Methodology of Research

The research corresponds to a longitudinal, exploratory, qualitative and ethnographic study.
We analyze the results of the putting into action of one RSP in courses where the
implementations are performed. The RSPs implemented are described, as we analyze the
putting into action in typical lessons at secondary school.

The investigation begins when students start the 4" year of high school and continue on the
following year, i.e. in the 5" year. The study was conducted in three cohorts, with two parallel
courses each at the same institution. In total N = 163 students participated in the research. In
all cohorts the course teachers took part of the investigation.

In each class, all written protocols for every student are obtained. The lessons have been
recorded in audios and field notes have been taken. The researchers carried out participant and
non-participant observation.

RSP characteristics: possible paths and its insertion in the classroom

RSP begins with the study of the following question Qo: How to operate with any curves,
knowing only its graphical representation and the unit in the axes? (Llanos, Otero, 2012,
2013a; Otero, Llanos, 2011). From the Qo it is possible to reconstruct the RMO in algebraic
functions. In order to study the MO in the transcendent functions that cannot be reconstructed
from operations with curves, the geometric techniques generated for the algebraic functions
can be adapted, as proposed in the investigation by Ferrari and Farfan (2008), for example,
regarding the study of logarithmic functions.

So as to know the curves and operations presented by the students to develop the RSP, the
initial problem is therefore reduced to their selection. This will establish the possible paths
that could be generated with Qo in the implementation context, resulting from the available
knowledge in the students. Picture 1 shows a description of the different MOs that can be
studied and a detail of the derived questions arising from each lesson in the selected courses.



Initially, the students suggest doing operations with straight lines. Addition and subtraction
are given by the availability of their knowledge; therefore the investigation begins by the
multiplication of two straight lines.

Qo: How to operate with any curves, knowing only its graphical
representation and the unit in the axes?
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Figure 1: Description of the derived questions developed in the lessons, and
identification of the possible MOs to be reconstructed.



This article only presents some of the results of the problem of multiplication of two straight
lines. Moreover, a demonstration of other protocols is presented in which the students
generalize the previously constructed techniques to multiply more than two straight lines,
straight lines and parabolas or several parabolas; also the quotient between polynomial
functions.

Therefore, we will describe briefly the results of introducing the RSP from the Qi: How to
multiply two straight lines, knowing only its graphical representation and the unit in the
axes? The teacher initially suggests constructing a graphic representation of polynomial
functions of second degree, considering the different pairs of straight lines. The questions
suggested at this first stage are of the following type:

The f and g functions are presented in the graphic representation in Figure 2. All straight lines
A/IBIICIID, are perpendicular to the axis x. Functionh=f - g.
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Figure 2: Graphics corresponding to functions f and g in situation 1.

(a) Which is the most reasonable graphic for h? What characteristics from graphic h could
you justify?

(b) For every X, y Xp equidistant from the zeros in each function, CA=BD . Is it correct to
say thath(x,) = h(x,) ? Could you justify it?

From this provided situation, the students have constructed a graphic representation h. The
mathematical techniques that allow justifying the characteristics of the curves (Llanos, Otero,
2012, 2013b) are obtained from the information provided in the problem itself: the
representation of the straight lines and the units. The outcome allows justifying that the main
difficulties for students are relative to the generation of geometrical techniques. The
identification of the signs, the outstanding points constructed from one and zeros, do not
present an obstacle. However, the test for the symmetry of the curve corresponding to item (b)
needs a more advanced reconstruction process. As a means of describing the results obtained
in the path generated by Qi, we have selected the protocol corresponding to student A153, as
shown in Figure 3.

According to this protocol, we can observe the way in which A153 analyses the signs of the
curve, constructs the zeros and other outstanding points, analyses that h(x, )= h(x,) for the
equidistant points of the zeros in the straight lines; and obtains a representation for h. In order
to analyze that the test of symmetry is valid to any pair of points that equidistant from the
zeros, this student has reproduced the construction in the X,y x; points that he has selected.




Consequently, symmetric points are obtained. The vertex is constructed from the student’s
inference process. The representation shows that the curve has a maximum in the ordinate,
which corresponds to the symmetric axes, being this problem analyzed in the following
situations, also by means of the recurrence to geometry.
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Figure 3: protocol corresponding to student A153.

Then, the task of constructing a curve for h is also presented. It consists of obtaining the
vertex by construction while some properties of the zeros in the polynomial functions of the
second degree are analyzed. Apart from changing the straight lines that are multiplied, two
questions are included:

(c) Which triangles need to be constructed in order to calculate the multiplication between f
and g in the symmetry axis, providing the unit is the side of one of the triangles?

(d) Providing g function is moved so as to coincide with f in the intersection of the axis x:
Which would be the curve for h and which characteristics would it present?

Thus, the student obtains an approximate representation for h, when the two straight lines
display a negative gradient and different zeros. So as to graphic h, he constructs outstanding
points, analyzes the signs, demonstrates that the curve is symmetric and attempts to construct
the vertex; as presented in item c. Other points in the representation corresponding to item d
are also obtained (where the straight lines have coinciding zeros) from an adaptation of the
technique generated for the vertex. The student also carries out the test by the symmetry for
both representations and justifies the characteristics of the curve by the construction of the
outstanding points. Then, the properties of the zeros in the polynomial functions of the
second degree are analyzed. The results obtained by student A153 are represented in Figure
4.
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Figure 4: protocol corresponding to student AL53]

A similar situation, where the information about the coordinates of some points has been
stated, allows the students can construct the characteristics of the equivalent analytic
representations for the polynomial functions of the second degree, as shown in Figure 5.
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Figure 5: protocol corresponding to student A153.

In order to represent h, the characteristics constructed in the previous situations are retained.
Then, the protocol corresponding to student A113 is selected as it facilitates the description of
how the vertex technique was constructed not only analytically, but also from the construction
of similar triangles.

The MO of polynomial functions

The study also focuses on how the MO in the polynomial functions arises from the RSP
(Llanos, Otero, Bilbao, 2011) resulting from the derivative question Q,: How to multiply more
than two straight lines, or straight lines and parabolas, or parabolas; knowing only its
graphic representation and the unit in the axes? The curve p which the students can



reconstruct becomes justified by the techniques obtained within the paths generated in Q.
According to protocols in A77 and A128, the students have constructed a graphic for
p=f-g-j from the multiplication of three straight lines (Figure 6) and between a straight

line and a parabola p = f -h(Figure 7).
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Figure 7: protocol corresponding to student A128.

The MO of rational functions

The path generated by the quotient of polynomials is studied as well, facilitating the
reconstruction of the MO of the rational functions q (Otero, Llanos, Gazzola, 2013), from the
derivative question Qs: How to obtain the quotient between polynomial functions, knowing
only its graphical representation and the unit in the axes? By means of an adaptation in the



techniques constructed to multiply the curves, students can advance in relation to the quotient
problem. The protocols corresponding to A132 (Figure 8) and A79 (Figure 9) are selected.

Then, the students construct q :i and q =% the graphic from the quotient of the two
g

straight lines and between a straight line and a parabola respectively.
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Figure 8: protocol corresponding to student A132.
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Figure 9: protocol corresponding to student A79.

Protocols allow us to interpret that it is possible to adapt those techniques which have been
constructed in one part of the path, into another part. Each derivative question Q1, Q2 ¥ Qs
made possible the construction of other characteristics apart from graphic representation of
the functions due to the switching into an analytic framework. It is from a RSP as posed in the



current investigation, that it is possible to recapture the raisons d’étre of the MOs
corresponding to the curriculum at secondary school in Argentina.

Conclusions

To proceed along the path of introducing the pedagogy of research and questioning the world
based on the RSPs in the classrooms in secondary school, it is necessary to carry out
important modifications. The change towards a teaching based on the study of questions
rather than answers, has been one of the major difficulties.

The proposed RSP enables the study of algebraic functions at secondary school level. At the
beginning of the path, the generation of geometric techniques has been a drawback. The study
of the geometric notions has been part of the research in the RSP. The results achieved both in
the construction of the curves and from the analytic representations are encouraging. Thus,
knowledge has become the object of study and of construction by the course group. Protocols
have shown the quality and relevance of the mathematical work carried out.

The RSPs have proved to be an important tool to face changes in the teaching at secondary
school. Therefore, the current investigation seeks to:

Promote paths based on the feasibility of the instruments, which not necessarily
initiate by the multiplication of two straight lines, where the geometric techniques may not be
essential;

Attempt to find answers which produce different paths and constructions of other MOs
in another order;

Deepen the study of the difficulties and the ways in which those obstacles might be
overcome, given the depth displayed by the devise to introduce a significant change in the
secondary school.
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