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a b s t r a c t

A generalized disjunctive programming (GDP) model for the optimal design of multiproduct batch plants is presented.

This general model manages the duplication of units in series to perform a given operation in the process, which is an

alternative that has not been considered in previous general approaches. Unlike duplication in parallel, duplication in

series is only applicable to some operations which present trade-offs between duplication and other cost-impacting

elements in the batch process. In order to use a fixed time and size factor model some assumptions had to be made in
the operations that allow the duplication in series. To show the effectiveness of this approach, a plant that produces

multiple recombinant proteins is presented and solved.

© 2009 The Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.
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. Introduction

hroughout the last years, the design and the structural opti-
ization of multiproduct batch plants have been extensively

nvestigated. Nevertheless, the structural decision of duplicat-
ng units in series in a given operation has not been included
n the general models for batch plant design published. In gen-
ral, all works on this area had been based on a set of stages
hat was predetermined and fixed. Thus, the only structural
ecision that remains is the one related to unit duplication in
arallel at each previously determined stage.

In this study, efforts are focused on multiproduct batch
lants where several products with similar recipes are pro-
uced sequentially. Each product is manufactured at a time,

n a sequence of operations. The plant operates in single prod-
ct campaign (SPC) mode under a zero wait (ZW) policy. With
he single product campaign approach, all the batches of a
roduct are processed without overlapping with other prod-
cts. In the ZW policy for scheduling a batch is transferred to
he next unit as soon as the processing is completed in the

urrent unit.

The batch plant design problem has the aim of deter-
ining the plant configuration, the equipment sizes and the

∗ Corresponding author. Tel.: +54 342 4534451; fax: +54 342 4553439.
E-mail address: smoreno@santafe-conicet.gov.ar (M.S. Moreno).
Received 19 August 2008; Received in revised form 26 April 2009; Acce

263-8762/$ – see front matter © 2009 The Institution of Chemical Engi
oi:10.1016/j.cherd.2009.04.014
number of equipment units in each stage that minimize the
total investment cost (Voudouris and Grossmann, 1992, 1993;
Ravemark and Rippin, 1998; Montagna et al., 2000). The habit-
ual strategy for solving this problem is to consider constant
values for size and time factors of each operation, informa-
tion obtained from either laboratory or pilot plant. Following
this approach, in this work a model using fixed size and time
factors is developed in order to obtain a general systematic
formulation.

Traditionally, in the batch process literature every process-
ing task or operation of the production recipe of a product
has been assigned to a processing unit named stage of the
process. On the other hand, some works in bibliography have
presented the option of merging tasks of the recipe in the
same processing unit in the process (Birewar and Grossmann,
1990; Ravemark, 1995). Nevertheless, the option of dividing an
operation or processing task of the recipe in several units con-
nected in series has not been incorporated in general models
for the design of multiproduct batch plants.

According to the literature analyzed, previous works
pted 29 April 2009

regarding duplication in series in the design of batch plants
were published by Corsano et al. (2004, 2006). These authors
proposed to solve the design problem for the biomass/ethanol

neers. Published by Elsevier B.V. All rights reserved.

http://www.sciencedirect.com/science/journal/02638762
mailto:smoreno@santafe-conicet.gov.ar
dx.doi.org/10.1016/j.cherd.2009.04.014
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Nomenclature

Subscripts
h units in series
i product
m units in parallel
p operation

Superscripts
L lower bound
U upper bound

Parameters
Cinoc
i

inoculum cost per kg for producing product i
CCF capital charge factor
CINi total inoculum cost for producing product i in

the time horizon H
H time horizon
qi production requirement of product i
Sijph size factor of product i in operation p using con-

figuration in series h
T0
ijph

processing time of product i at stage j of opera-
tion p with h units in series

T1
ijph

size factor of product i for semicontinuous unit
in operation p with h units in series

Tijph cycle time of product i at stage j in operation p
with h units in series

X biomass concentration
˛p cost coefficient for units in operation p
ˇp cost exponent for units in operation p

Binary variables
yjphm it is 1 if batch stage j in operation p with config-

uration h has m units in parallel out of phase
zph it is 1 if configuration in series h is selected in

operation p

Continuous variables
Bi batch size of product i
bi logarithmic batch size of product i
Cjp investment cost of stage j in operation p
CBjp investment cost of stage j in operation p
CRp investment cost of retentate unit in operation p
CSp investment cost of semicontinuous unit in

operation p
ni number of batches of product i
Rp size of semicontinuous unit in operation p
rp logarithmic size of semicontinuous unit in

operation p
Ti total time for producing product i
TLi limiting cycle time of product i
tli logarithmic limiting cycle time of product i
ujp logarithmic size of a batch unit j in operation p
Vjp size of a batch unit j in operation p
VRp size of retentate unit in operation p

by a numerical example and a study of different structural
fermentation stages including explicitly a superstructure that
contemplates all the possible alternatives with regard the
duplication of units in series or in parallel. Due to the elim-
ination of binary variables, the resulting model is a nonlinear

program (NLP). However, although this work represents the
process with a high level of detail, is not a general model
esign 8 7 ( 2 0 0 9 ) 1497–1508

and is applied to the specific case of a fermentors net-
work.

Previously published formulations of batch plant design
generally involve mathematical programming methods, such
as MILP (mixed-integer linear programming) and MINLP
(mixed-integer nonlinear programming). In recent years, gen-
eralized disjunctive programming (GDP) has been employed
as an alternative representation of mixed integer program-
ming problems (Van den Heever and Grossmann, 1999; Lee
and Grossmann, 2000; Vecchietti et al., 2003; Montagna
et al., 2004; Sawaya and Grossmann, 2005). An attractive
feature of GDP is that it allows a symbolic/quantitative
representation of discrete and continuous optimization prob-
lems.

This work is motivated by the need of taking into account
the duplication in series in general and systematic formu-
lations of multiproduct batch plants design problems. A
generalized disjunctive programming (GDP) model is pro-
posed that is reformulated as a mixed-integer nonlinear
program (MINLP) by the big-M relaxation. In this approach,
every operation used to elaborate a product can be carried
out in a single equipment unit or in several units working
in series constituting, each of them, a stage in the process.
In this way, the number of stages in the plant is a vari-
able in the model. Moreover, each of these stages can have
units with different sizes and be duplicated in parallel, each
stage being independent from the remaining stages in the
series.

It is important to mention that the trade-offs introduced in
the process by the use of this new structural decision depend
on the specific operation. Therefore, the effect is different from
the traditional duplication in parallel out-of-phase that, inde-
pendently of the operation considered, allows to reduce the
limiting cycle time. Also, it is different from the duplication
in parallel in-phase, whose effect for any stage is to process
a bigger batch size and is generally used when the available
upper bound for a piece of equipment is reached.

On the other hand, it is interesting to note that there are
several processes whose operations present alternatives as
regards the number of stages in series to be used. In a previous
work (Moreno and Montagna, 2007), the vegetable extrac-
tion process was studied to include equipments in series to
increase the efficiency of the operation of extraction, decreas-
ing times and sizes of the equipment. Another particular
example is the fermentation batch processes where, depend-
ing on the inoculum cost and the equipment cost, the optimal
solution can vary the number of equipment units to be used
and the way in which they should operate, i.e., in series and/or
in parallel.

In order to evaluate the proposed approach, the process
for the production of recombinant proteins is presented as
example, where the operations of fermentation and homog-
enization present the structural option of duplication in
series.

The remainder of this paper is organized as follows. In the
next section, the definition of the problem under considera-
tion is presented. In Section 3, the formulation of the model
employing GDP is detailed while in Section 4 a summary of the
formulation is given. A representative example corresponding
to a plant of recombinant proteins is described. The appli-
cability of the proposed approach is illustrated in Section 5
alternatives. Finally, concluding remarks are made in Section
6.
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Fig. 1 – Configuration in series h for operation p.

. Problem definition

he problem addressed in this work can be stated as follows.
multiproduct batch plant processes i = 1, 2, . . . , I products

hrough p = 1, 2, . . . , P operations. For each operation p there
ay be different configurations h of units in series to per-

orm it. Let Hp be the set of configurations in series available
o perform operation p.

When a particular configuration h is selected for an oper-
tion p, this settles a sequence of stages j corresponding to
ach unit in series included in the operation. Let Jph be the set
f stages j included in the configuration h for the operation
. Fig. 1 illustrates the options for an operation, where three
ossible configurations in series are available, each of them
omposed of one, two, and three stages, respectively. It is con-
enient to emphasize that units belonging to a configuration
n series can take equal or different sizes, which depends on
he unit operation performed.

Furthermore, each stage j in operation p can be duplicated
n parallel operating out-of-phase. Thus, each stage j may con-
ist of m units working out-of-phase, with all the units of the
ame size. Let Mp be the maximum number of units that can
e duplicated in each operation p. For each product i, there is a
nown production target qi to be produced over a time horizon
.

. Problem formulation

n order to get a better comprehension of the formulation, a
atch plant for the production of proteins is taken as case of
tudy. However, the presented model is general and can be
pplied to any multiproduct batch plant.

Consider a plant for producing multiple recombinant pro-
eins (Montagna et al., 2000). Fig. 2 shows the flowsheet of the

ultiproduct batch plant. This process includes some opera-
ions which allow duplication in series of the units employed
o perform them. All the products are synthesized during
he operation of biomass fermentation, which can be per-
ormed in just one unit or in a series of units. In addition, the
peration of homogenization can be performed with different
onfigurations of units, as is described in more detail in later
aragraphs. The products involved in the plant are human
nsulin, vaccine for hepatitis B, chymosin, and a cryophilic
rotease. A more detailed description of this process can be
ound in Montagna et al. (2000).
gn 8 7 ( 2 0 0 9 ) 1497–1508 1499

The problem formulation using general disjunctive pro-
gramming (GDP) (Lee and Grossmann, 2000) is modeled
through the following embedded disjunctions:

∨
h∈Hp

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Zph

Vjp ≥ Sijph Bi ∀i, j∈ Jph
VRp ≥ SRiph Bi ∀i

∨
m∈Mp

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Yjphm

TLi ≥
T0
ijph

+ T1
ijph

Bi/Rp

m
∀i

CBjp = m˛p Vˇpjp

CSp = Nh m˛sp R
ˇsp
p

CRp = m˛rp VRˇrpp

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

∀j∈ Jph

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)

Disjunctions have been defined for each operation p
included in the process. Each disjunction has a term for each
possible configuration h of units in series that can be used to
perform operation p. A unique configuration of units in series
must be chosen for each operation. Boolean variable Zph is true
when configuration h is chosen for operation p and is false in
the opposite case.

Once the configuration in series is selected, the duplication
in parallel at each stage j in every operation p can be selected.
Another set of disjunctions is posed for this purpose, embed-
ded in the previous set where the configuration is selected.
Boolean variable Yjphm is true when m parallel units operat-
ing out-of-phase are used at the stage j in operation p with
configuration in series h.

The design of batch plants is described through two kinds
of equations included in disjunction (1). The first, known as
size equations (Eq. (2)), enforces that the size of the units must
permit the processing of the incoming batch at each stage of
every operation.

Vjp ≥ SijphBi (2)

The variable Vjp is the unit volume at stage j performing
operation p and Bi is the batch size of product i. The param-
eter Sijph is the size factor corresponding to product i at stage
j in operation p using configuration h. This value is obtained
from the recipe for product i and corresponds to the minimum
capacity required in that piece of equipment, for producing
one unit mass of product i.

Furthermore, the protein process involves some opera-
tions which are performed by a set of units that includes
holding vessels and semicontinuous units, which process the
material that is recirculated into the holding vessels. This
occurs in the micro and ultrafilters operating between reten-
tate and permeate vessels, and also in the homogenizer. In
this case, Eq. (2) is applied not only to determine the unit
size in general batch operations but to each of the items that
compose aggregate units. So, in the case of microfilters, Eq.
(2) applies to both the retentate and the permeate vessels.
The parameter SRiph is introduced to represent the size fac-
tor of the retentate vessel, while Siph is left for the permeate
vessel.

In order to obtain the fixed size factors for every stage of
the series in an operation, it is necessary to compute them
such that the batches entering and exiting the operation do

not change with the configuration h. In other words, inde-
pendently of the number of stages in series adopted, each
operation delivers and receives the same batch size in all the
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Fig. 2 – Flowsheet of the plan

options h considered, such that the size and time factors up
and downstream of this stage remain unchanged.

The second equations for the design of batch plants are
known as time equations. In this case, the operating time Tijph

for product i at stage j in operation p adopting a configuration
h of units in series is given by:

Tijph = T0
ijph + T1

ijphBi ∀i, j, p, h (3)

This expression is composed of two terms: the first one,
T0
ijph

, corresponds to a constant time, independent of the batch
size to be processed; the second term is proportional to the
batch size through a constant T1

ijph
. In the case of aggregated

units, the processing time depends on the batch size and the
capacity of the semicontinuous items as follows:

Tijhp = T0
ijhp + T1

ijhp

Bi
Rp

∀i, j, p, h (4)

where Rp refers to the size of the semicontinuous item that
operates with the batch size Bi in operation p. The follow-
ing equation determines the capacity of the semicontinuous
units, as was proposed by Knopf et al. (1982)

Rp ≥ Dip Bi

�ip
∀i, p (5)

where Dip is the duty factor, i.e., the size necessary in opera-
tion p to process 1 kg of product i and �ip is the operating time
that semicontinuous operation p needs to process a batch of
product i.

Comparing Eq. (5) with the second term of Eq. (4) it can be
concluded that it corresponds to the time of the semicontin-
uous unit and then T1

ijph
is the duty factor of that unit.

Multiproduct plants that work in overlapping mode oper-
ate cyclically producing consecutive batches of product i every
cycle time, TLi. It is given by the longest processing time among
all the stages involved in the processing of product i. In order
to reduce the cycle time of a product i, out-of-phase duplicated
units at stage j can be introduced. This also decreases the idle
time for up and downstream stages in case that stage j is the
bottleneck for the production train, thus reducing the size of
these stages.

Then, the constraint to determine the cycle time of product
i in disjunction (1) is computed from the expression:

TLi ≥
T0
ijph

+ T1
ijph

Bi/Rp

m
∀i, j, p, h (6)

Here a duplication of m out-of-phase parallel units at stage
j of the configuration h in the operation p is considered.
The last constraints in the embedded disjunction in Eq. (1)
represent the equipment costs of this alternative, which are a
function of the capacity of the stages (Ravemark and Rippin,
r the production of proteins.

1998). These costs include all components in operation p, i.e.,
batch units costs (CBjp), semicontinuous units costs (CSp), and
retentate vessel costs (CRp). Parameters ˛p and ˇp are cost coef-
ficients used in the correlations for estimating the cost of unit
volume Vjp. These coefficients are common for all stages that
perform the same operation. Here, ˛sp and ˇsp are the cost
coefficients and cost exponents for the semicontinuous items,
used to compute their cost CSp, and Nh is the number of semi-
continuous units in series in option h. In this formulation and
according to the solved examples, it is assumed that they all
have the same size, although the model can be generalized
allowing each semicontinuous unit to have a different capac-
ity. In the operations of microfiltration the retentate vessel cost
CRp, is computed with the coefficients ˛rp y ˇrp. The cost of
the permeate holding vessel CBjp is obtained using the cost
coefficient ˛pp and the cost exponent ˇpp.

The following condition establishes that the production
targets of all products must be satisfied within the time hori-
zon H.

∑
i

TLi qi
Bi

≤ H (7)

Thus, by this condition the summation of the processing
times for producing I products is required not to be higher
than the available time horizon.

The general objective of the model is to minimize the total
cost of the plant  , satisfying the production targets qi of
I products considered in the time horizon. So, the objective
function can be stated as follows:

min =
∑
p

∑
j

CBjp +
∑
p

CSp +
∑
p

CRp (8)

In the previous equation, all stages j are taken into account
according to the structural options (units in series and in par-
allel) selected for operation p. Similarly, semicontinuous and
holding equipments included in those operations are also con-
sidered.

Considering that size and time factors must be determined
and the special characteristics of the new structural option
presented, the procedures to assess them are described in
detail. Below, the fermentation and homogenization opera-
tions are selected taking into account both of them admit
duplication in series.

3.1. Fermentors in series

In this process the first operation is biomass production, i.e.,
cell multiplication of genetically engineered Saccharomyces

cerevisiae host, where the recombinant proteins are expressed
during the cell growth. The option of duplicating in series the
operation of fermentation is considered. Cell growth does not
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tart immediately after the inoculation (lag phase), and con-
equently it is recommended to employ an inoculum (3–10%)
f a culture in exponential phase.

Before beginning each fermentation, the fermentor is fed
ith an appropriate substrate and then, sterilized. If there are
ore than one fermentor in series, the first biomass fermen-

or is inoculated with a broth containing biomass prepared in
aboratory while the next ones are fed by the outlet stream of
he preceding unit.

The initial biomass concentration in all fermentors in the
eries, Xi

j,fer
, is the same. According to Pinto et al. (2001) max-

mum biomass concentration in this fermentation is Xi,max =
5 kg/m3 for all products and they considered inoculum that
mounts to 5% of the fermentor capacity, so the initial biomass
oncentration is Xi

j,fer
= 2.75 kg/m3.

A final concentration, Xf
j,fer

, of 50 kg dry biomass/m3 is
ssumed, where 40% of this biomass is proteins. Defining ki

s the ratio kg of product/kg of total proteins, it is estimated
hat ki = 0.05, 0.1, 0.15, and 0.2 for insulin, vaccine, chymosin,
nd protease, respectively. Also, an overall yield of the process
f 0.8 was estimated, i.e., 0.8 of the product obtained in the
ermentation operation exits the chromatographic column.

Then, the size factor for the operation of fermentation for
roducing each product can be calculated as (Montagna et al.,
000)

i,fer(kg/m3) = 1
50 × 0.4 × ki × 0.8

(9)

As was previously mentioned, the concentration of the ini-
ial inoculum in every fermentor of the series must be kept
onstant, so it is possible to relate the initial concentration
f the fermentor j to the final concentration of the unit that
recedes it in the series j − 1, with the following expression:

f

j−1,fer = ωXij,fer (10)

Eq. (10) defines the dilution ratio between a fermentor and
ts predecessor in the series. In this case, for the data men-
ioned, it is a constant value equal to 18.18. This value is
he relation between consecutive fermentor capacities in the
eries and allows estimating the size factors of units in series,
elated to the value in Eq. (9) that corresponds to the operation
ith a unique fermentor. Then,

= Sj,fer

Sj−1,fer
(11)

Since the final concentrations are the same in all the equip-
ents in the series, the same relation can be posed for the

olumes

= Vj,fer

Vj−1,fer
(12)

In other words, the size of each fermentor in the series is
bout 18 times smaller than the size of the next fermentor
hile the last fermentor in the series has always the same

ize factor, independent from the number of fermentors.
Table 1 summarizes the size factors for the operation of

ermentation for each product i in every configuration h con-
idering up to 3 stages in series.
The description of the fermentation is completed by esti-
ating the processing time for product i. For this operation it

s assumed a cell growth described by a logistic equation (Pinto
gn 8 7 ( 2 0 0 9 ) 1497–1508 1501

et al., 2001):

dXi,fer

dt
= �iXi,fer

(
1 − Xi,fer

Xi,max

)
∀i (13)

Integrating Eq. (13) between the initial and the final
biomass concentration in the fermentor and adding a time
for discharging, sterilizing, and charging, the processing time
for each stage j when producing product i in the operation of
fermentation is Tijph = 24 h. Since the final biomass concentra-
tion is the same in each fermentor in the series, the time is
the same in all the stages j that belong to each configuration
in series h.

On the other hand, the inoculum seeded in the first fermen-
tor in the series has also a large impact on total costs, and is
included in the objective function of the problem. Basically,
this variable trade-offs the structural optimization to deter-
mine the number of fermentors connected in series: more
units in series requires less inoculum in the first fermentor in
the series since each fermentor is 18 times smaller than the
immediately posterior one in the series. Additionally, in this
formulation the duplication of units in parallel out of phase is
also considered.

Therefore, there exists a trade-offs between the inoculum
volume and the investment in the fermentation units. Consid-
ering this, in the disjunction for the operation of fermentation
the following equation must be added:

CINi = Cinoci Xi,1,ferV1,fer
qi
ωBi

∀i (14)

In the previous expression, Cinoc
i

is the inoculum cost per
kg and CINi is the total inoculum cost necessary in the plan-
ning horizon for product i in operation p = fermentation which
is seeded in the first unit in the series j = 1.

According to this, the inoculum cost in the overall objec-
tive function must be included together with the investment
cost for equipment. In this way, the economical function to be
minimized is the total cost (CT) of the process over the time
horizon considered.

min CT = CCF

⎛
⎝∑

p

∑
j

CBjp +
∑
p

CSp +
∑
p

CRp

⎞
⎠ +

∑
i

CINi

(15)

Here, the capital charge factor CCF is a parameter which
adjusts the investment cost to the operation horizon. Its value
considers an amortization time of 5 years and a maintenance
annual cost of 12.5% of investment cost.

3.2. Homogenizers in series

When the target protein is intracellular, cell wall must be dis-
rupted to liberate it. This disruption must be appropriate, not
excessive, to avoid denaturalization of the already liberated
protein, and the useless liberation of pollutant material.

In this plant, the operation of homogenization performs
cell disruption to liberate intracellular proteins vaccine and
protease. An important design variable to achieve satisfac-

tory cell disruption is the number of passes (NP) through the
homogenizer valve. Although the amount of disruption can be
increased substantially by using multiple passes through the
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Table 1 – Operation of fermentation. Size factors Sijh.

Series h Sijh (m3/kg)

Insulin Vaccine Chymosin Protease

j = 1 j = 2 j = 3 j = 1 j = 2 j = 3 j = 1 j = 2 j = 3 j = 1 j = 2 j = 3

1 1.250 – – 0.625 – – 0.415 – – 0.3125 – –
2 0.069 1.250 – 0.034 0.625 – 0.023 0.415 – 0.0172 0.3125 –

.625
3 0.004 0.069 1.250 0.002 0.034 0

homogenizer, each additional pass reduces the size of the cell
debris, making its subsequent separation more difficult.

Because of this and according to Montagna et al. (2000)
three passes through the homogenizer are adopted for all
products in this process. This value is used to compute the
duty factor of the semicontinuous item. In this operation, Rp

in Eq. (5) is the capacity in cubic meters of suspension per hour.
The size factor of the holding vessel corresponds to the final
volume of the retentate vessel in the first microfiltration.

In the homogenization there exists the possibility of choos-
ing between two configurations of the equipments with
different number of units in series and three passes which
are illustrated in Fig. 3. The first one uses only one semicon-
tinuous unit whereas the second one uses a train of three
semicontinuous units.

The first configuration in Fig. 3 corresponds to a unique
semicontinuous unit where the material held in the batch item
is passed three times. For example, for production of cryophilic
protease, it was estimated that the fermentor broth is con-
centrated 4 times up to 200 kg/m3 at microfilter 1. Because
the intracellular protease is fully retained at the microfilter,
the yield is 1. Then, the size factor of the homogenizer vessel
is 4 times smaller than in the operation of fermentation, i.e.,
S = 0.08 m3/kg protease.

Hence, for this case, the duty factor of the homoge-
nizer, as three passes are adopted, is the vessel size factor
0.08 m3/kg × 3, i.e., D = 0.24 m3/kg protease.

On the other hand, the second option to effect the same
operation consists in performing it through three semicon-
tinuous units in series, each of them constituting a pass to
carry out the cell disruption. Therefore, these units constitute
a semicontinuous subtrain operating simultaneously.

For the latter case, it is necessary to place two storage tanks:
one before and the other after the semicontinuous train. In

this study, it is assumed that these storage tanks can contain
the material coming from the previous operation. The cost of
these storage tanks is negligible compared with the cost of

Fig. 3 – Configurations in series h for operation of
homogenization.
0.001 0.023 0.415 0.0009 0.0172 0.3125

the process equipment so they are not included in the invest-
ment cost. For this reason, both storage tanks are shown in
dotted lines in Fig. 3. For the example, the size factor of each
homogenizer in the series is directly D = 0.08 m3/kg protease.

In general, the configuration for this operation depends
on the recipes of each product, i.e., if intracellular product A
needs 3 passes and intracellular product B needs 5 passes,
the option in series uses 5 homogenizers. Then, when prod-
uct A is processed 2 units are bypassed. On the other hand,
in the first option, with only one homogenizer the production
is carried out re-circulating to the tank the number of passes
corresponding to each product.

In order to include the options illustrated in Fig. 3, gen-
eral disjunction (1) for the general process must be modified
for the operation of homogenization since equations for each
alternative are different. In this case, the parameter Nh takes
the value 1 for h = 1 and the value 3 for h = 2.

In Table 2 the size factors are summarized for the semi-
continuous unit in the operation of homogenization, for each
product, in the options above presented.

4. Model summary and reformulation

In summary, the final model minimizes the total cost CT rep-
resented by Eq. (15) subject to disjunction (1) adding Eq. (14)
in the disjunction for the operation of fermentation and con-
straint (7) over the time horizon plus bounds on the model
variables. The constraints in the formulation present a posyn-
omial form and therefore can be convexified through an
exponential transformation as suggested by Grossmann and
Sargent (1979). Therefore, the resulting model presents only
one global optimum. In our implementation average values
between the bounds of the variables were used as starting
point.

According to Lee and Grossmann (2000), the GDP model
allows a combination of algebraic and logical equations, which
facilitates the representation of discrete decisions. Further-
more, for the GDP problem solution, two major methodologies
are employed to transform disjunctions into a mixed-integer
nonlinear program (MINLP): big-M and convex hull refor-
mulations (Vecchietti et al., 2003). These transformations
are required taking into account that the models must be
formulated in a format compatible with the optimization pro-
gram solvers. In this work, the big-M reformulation has been
employed to solve the proposed model, which is detailed in
Appendix.

5. Numerical example

The model was implemented and solved in the GAMS pack-

age (Brooke et al., 1998) on a Pentium (R) IV, 3.00 GHz. The
code DICOPT was employed for solving the reformulated big-M
MINLP problem.
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Table 2 – Operation of Homogenization. Size factors T1
ijhp

[Bi (kg)].

Configuration in series h T1
ijhp

(h)

Insulin Vaccine Chymosin Protease

1 No 0.465 Cap−1 B No 0.24 Cap−1 B
2 No 0.

Table 3 – Product demands.

Product Name Production (kg/year)

1 Insulin 1500
2 Vaccine 1000
3 Chymosin 3000
4 Protease 6000

Table 4 – Size factors [r: retentate; p: permeate].

Operation Sip (m3/kg)

Insulin Vaccine Chymosin Protease

Microfiltration I r: 1.25 r: 0.625 r: 0.415 r: 0.3125
p: 2.5 p: No p: 0.830 p: No

Homogenization No 0.155 No 0,08
Microfiltration II No r: 0.155 No r: 0.08

p: 0.31 p: 0.16
Ultrafiltration I 2.50 0.31 0.830 0.16
Extraction 0.40 0.20 0.135 0.10
Ultrafiltration II 0.40 0.20 0.135 0.10
Chromatography 0.05 0.05 0.05 0.05

Table 5 – Time factors T0
ijhp

.

Operation T0
ijhp

(h)

Insulin Vaccine Chymosin Protease

Fermentation 24 24 24 24
Microfiltration I 1.75 1.25 1.75 1.25
Homogenization No 1.25 No 1.25
Microfiltration II No 1.75 No 1.75
Ultrafiltration I 1 1 1 1
Extraction 1.8 1.8 1.8 1.8
Ultrafiltration II 0.3 0.3 0.3 0.3

s
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t
i
p

e
f

with the possible structural options, the posed model has
Chromatography 0.5 0.5 0.5 0.5

The example presented here was solved using the data
ummarized in Tables 1–7 and a planning horizon of 1 year
6000 h) was considered. Tables 4–6 present the size factors
nd processing times for each product in every operation in
he production of recombinant proteins. The data correspond-
ng to both fermentation and homogenization operations are
resented in Sections 3.1 and 3.2 (see Tables 1 and 2).

In Table 7, ˛ and ˇ are cost coefficients according to Petrides

t al. (1995). The inoculum cost Cinoc

i
is assumed to be 100 $/kg

or all products i. The maximum number of stages assigned to

Table 6 – Time factors T1
ip

[Bi (kg)].

Operation

Insulin Vacc

Microfiltration I 12.5 A−1 Bi 2.5 A
Microfiltration II No 3.1 A
Ultrafiltration I 105 A−1 Bi 5.5 A
Ultrafiltration II 18 A−1 Bi 8 A−1
i i

155 Cap−1 Bi No 0.08 Cap−1 Bi

the operation of fermentation is 3; therefore, there are 3 possi-
ble configurations of units in series for this operation (H1 = 3).
Each stage in the operations of this process can be duplicated
up to 5 units in parallel. A lower bound of 0.1 m3 is adopted for
the unit sizes in the operation of fermentation.

The mathematical formulation involves 464 equations and
139 variables, 91 of which are binary variables. An optimal
objective function value of $498642.25 with a CCF = 0.325 was
obtained after a CPU time of 508.79 s.

Fig. 4 illustrates the optimal structure of the plant. Here,
two stages in series with four units in parallel in each one
have been selected for the operation of fermentation. Also,
three units in series have been selected in the operation of
homogenization, while only one unit was adopted for the rest
of the operations.

With two units in series in the operation of fermentation,
the inoculum cost can be reduced significantly because it is
proportional to the size of the first fermentor. Furthermore, the
duplication of units in parallel out-of-phase in this operation
occurs because the fermentation has the highest cycle time for
all products. The limiting cycle time for this case was reduced
from 24 to 6 h.

It is worth noting that the selection of the second configu-
ration of units in series in the operation of homogenization
allows reducing the unit sizes, i.e., three units with a size
of 0.240 m3/h each one instead of a unique unit with a size
of 0.909 m3/h if the first configuration was selected. It is
important to note that the cost of semicontinuous units in
the optimal solution for the operation of homogenization is
$4042.58. This value is larger than the cost of the first configu-
ration, i.e., $3659.92 (only one homogenizer). However, the cost
of the associate batch unit ($2324.54) must be added. Thus, the
total cost for operation of homogenization with the first con-
figuration is larger, i.e., $5984.46. Because of this, in the optimal
solution 3 homogenizers in series are selected.

Table 8 reports the optimal unit sizes obtained for each
operation. It also indicates the number of out-of-phase dupli-
cated units and the number of units operating in series.

5.1. Study of different structural alternatives

In order to analyze the sensitivity of the optimal plant design
been solved for different structural alternatives of the batch
plant.

T1
ip

(h)

ine Chymosin Protease

−1 Bi 4.15 A−1 Bi 1.25 A−1 Bi
−1 Bi No 1.6 A−1 Bi
−1 Bi 35 A−1 Bi 3 A−1 Bi

Bi 4.75 A−1 Bi 3 A−1 Bi
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Fig. 4 – Optimal design for the r

Table 7 – Cost of equipment.

Unit Size Cost

Fermentor Vj (m3) 63400 V0.6

Micro and ultrafilters Vretentate (m3) 5750 Vr
0.6

Vpermeate (m3) 5750 Vp
0.6

Afilter (m2) 2900 A0.85

Homogenizer Vholding (m3) 5750 V0.6

Cap (m3/h) 12100 Cap0.75

Extractor Vextr (m3) 23100 V0.65
Chromatography Vchrom (m3) 360000 V 0.995

5.1.1. Case (a)
In this case, the previous problem is considered without the
option of adding units in parallel. Here, the optimal solution
selected two stages in series for the fermentation and the
homogenization is performed using 3 homogenizers in series,
which corresponds to the second configuration mentioned in
Section 3.2. Optimal unit sizes considering only duplication
in series are summarized in Table 9. The value of the objec-
tive function for this problem is $693056.93, a 39% larger than
the previous one, and the limiting cycle time is 24 h. As the
duplication in parallel was not allowed, the limiting time for
all the products, determined by the operation of fermenta-
tion, could not be decreased. Therefore, others stages in the
process present larger idle times which leads to employ larger
units and thus higher costs for the plant.
The choice of two fermentation stages happens, as in the
original solution, to reduce the amount of inoculum seeded in
the first unit in the series.

Table 8 – Optimal solution for the design problem [r: retentate;

O

1 2 3 4

Vjp V1: 0.309 p: 11.240 – p: 2.87
V2: 5.620 r: 5.620 r: 1.43

Rp – A: 13.224 Cap: 0.240 A: 6.7
m 4 1 1 1
h 2 1 3 1
ecombinant protein plant.

Regarding the duplication in series in the homogeniza-
tion, the choice of 3 semicontinuous units presents the same
advantages that the optimal solution analyzed previously.

5.1.2. Case (b)
Previous published models do not consider the option of dupli-
cating stages in series to perform an operation. In order to
compare the approach proposed in this work with the tradi-
tional ones, the original problem was solved here without the
option of duplicating in series. The optimal solution for this
case duplicated out-of-phase the unique stage in the opera-
tion of fermentation. A detail of the optimal sizes and number
of units in parallel is reported in Table 10. The resulting total
annual cost in this case is $538853.66, approximately an 8%
higher than the value of the original optimal solution due to
the bigger unit sizes that must be fed with inoculum in the
operation of fermentation. Also, it can be seen in the opera-
tion of fermentation that 5 parallel units out-of-phase have
been selected allowing the reduction of the cycle time to 4.8 h.

The number of units in parallel in the fermentor is larger
than the obtained in the original solution, which reduces idle
times in several operations.

It must be noted that the optimal plant structure found is
the same as that obtained by Montagna et al. (2000) where the
inoculum cost is not taken into account.
5.1.3. Case (c)
Finally, in this case no duplication was allowed, i.e., the
operations of the plant can be duplicated neither in

p: permeate].

peration

5 6 7 8

7 11.240 2.708 1.828 0.899
9
70 A: 94.795 – A: 14.198 –

1 1 1 1
1 1 1 1
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Table 9 – Case a. Optimal solution for the problem without duplication in parallel [r: retentate; p: permeate].

Operation

1 2 3 4 5 6 7 8

Vjp V1: 1.375 p: 50.00 – p: 12.40 50.00 12.00 8.100 3.00
V2: 25.00 r: 25.00 r: 6.20

Rp – A: 11.236 Cap: 0.258 A: 5.573 A: 91.304 – A: 15.190 –
m 1 1 1 1 1 1 1 1
h 2 1 3 1 1 1 1 1

Table 10 – Case b. Optimal solution for the problem without duplication in series [r: retentate; p: permeate].

Operation

1 2 3 4 5 6 7 8

Vjp V1: 4.496 p: 8.992 1.151 p: 2.302 8.992 2.167 1.463 0.719
r: 11.392 r: 2.825

Rp – A: 14.741 Cap: 0.973 A: 7.547 A: 99.784 – A: 14.387 –
m 5 1 1 1 1 1 1 1
h 1 1 1 1 1 1 1 1

Table 11 – Case c. Optimal solution for the problem with no duplication [r: retentate; p: permeate].

Operation

1 2 3 4 5 6 7 8

Vjp V1: 25.00 p: 50.00 6.20 p: 12.40 50.00 12.00 8.100 3.00
r: 25.00 r: 6.20

Rp – A: 11.236 Cap: 0.818 A: 5.573 A: 91.304 – A: 15.190 –
m 1 1 1 1 1 1 1 1
h 1 1 1 1 1 1 1 1

Table 12 – Summary of costs associated with each case solved.

Description Optimal value

Original problem Case (a) Case (b) Case (c)

Inoculum cost 4676.07 5200.26 85011.00 94540.70
Cost of fermentors 272955.62 167091.46 253885.79 142146.65
Cost of other operations 221010.56 520765.21 199956.87 525456.00
Investment cost 493966.18 687856.67 453842.66 667602.65

s
t
$
o
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a
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w
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m

CTA ($) 498642.25

eries nor in parallel. The unit sizes in the optimal solu-
ion are shown in Table 11. The total annualized cost is
762143.37 approximately a 53% higher than the original
ne.

Comparing Table 9 with Table 11, it can be concluded that
ll the equipment sizes are equal except for the fermentation
nd homogenization operations. First of all, the difference in
osts occurs because the large amount of inoculum employed
n this case since there is only one fermentor with a big size

hich has to be fed.
Table 12 presents a detail of inoculum total cost for produc-
ng all products for each studied case. In addition, it shows
he investment cost, separating the cost of operation of fer-

entation from the other operations in the plant. The total

Table 13 – Fermentation—hypothetical study case.

Series h T0
ijh1 (h)

j = 1 j = 2 j = 3

1 24 – –
2 15 24 –
3 8 15 24
693056.93 538853.66 762143.37

investment cost and the annual cost obtained in the solution
of each solved case are included in this table.

Comparing the results obtained, it can be clearly concluded
that the approach proposed considering the new structural
option of duplicating stages in series in the operations, besides
the traditional option of duplicating units in parallel out-of-
phase, allows to obtain a plant design with a considerably
lower total cost.

It is necessary to highlight that in case (a) the inoculum
cost is slightly larger than the optimal solution (first column),
since the size of first fermentor in the series is bigger. More-
over, the total annual cost of the plant is a 39% larger than

the original problem. Although the fermentor cost is lower,
the equipment cost in other operations presents larger values
because of their bigger sizes (see Table 9). As was mentioned

Table 14 – Hypothetical case. Optimal solution.

Stage j Fermentation

Unit size (m3) Units in parallel

1 0.309 3
2 5.620 4
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Table 15 – Optimal solutions for different inoculum costs.

Inoculum cost ($/kg) Stages in
series

Units in
parallel

Unit sizes
(m3)

Inoculum total
cost ($)

Cost of
fermentors ($)

Total annual
cost ($)

10 1 5 V1: 4.496 8501.10 232206.51 460501.52
100 2 4 V1: 0.309 4676.07 272955.62 498642.25

V2: 5.620
1000 3 4 V1: 0.100 2572.10 293658.59 529795.66

V2: 0.309
.620
V3: 5

above, the prohibition of duplicating units in parallel for this
case, does not allow the reduction of both idle times and unit
sizes in the stages of the process.

In case (b), the inoculum cost is considerably larger than
in the first two solved cases since there is only one fermentor
with bigger size. The fermentor in case (c) is, actually, larger
than in the other three previous cases because there is only
one unit with bigger size in the operation of fermentation
increasing the amount of inoculum seeded and thus, its cost is
higher. Evidently, the selection of bigger sizes in all the units
in case (c) occurs because both duplication options are not
allowed.

Finally, for illustrating the capacity of the proposed
approach in duplicating in series each stage independently,
a hypothetical study case is posed, in which the times of each
stage in the operation of fermentation are shown in Table 13,
equal for all the products.

The optimal solution corresponds to a total annual cost
of $488454.98. Table 14 presents the optimal configuration in
the operation of fermentation. Other operations in the plant
maintain the same configuration as in the original solution
(see Table 8). Note that in stage 2, there are 4 units in parallel
out-of-phase resulting in a limiting cycle time of 6 h. Moreover,
it can be seen that in stages 1 the number units in parallel
is 3. Thus, the approach proposed in this work allows differ-
ent duplications in parallel for each stage in the series of the
operation.

5.2. Analysis of sensitivity of the results

In this section, the dependence of the optimal solutions
obtained with the process input data is analyzed.

The influence of the inoculum cost in the optimal plant
configuration is analyzed. If the inoculum cost is small, the
optimal solution tends to use a smaller number of units in
series since the exponent 0.6 for the equipments cost penal-
izes the increase in the number of units due to economy of
scale. On the other hand, if the inoculum cost increases, the
ideal solution tends to use more units in series, with the unit
size in the first stage as small as possible reducing the amount
of inoculum to be feed. Then, the product (the final biomass) of
each fermentor is the inoculum of the next unit in the series.
Table 15 shows the unit sizes and configuration, with the total
annual cost for different inoculum costs.

As can be seen in Table 15, in the first case the number of
units in parallel selected is 5. Thus, the limiting cycle time
given by the operation of fermentation is 4.8 h. In the last
two cases, the number of units in parallel is 4 determining
a limiting cycle time of 6 h.
However, in the last case the optimal configuration cor-
responds to 3 stages in series where the first fermentor in
the series is in the lower bound. This leads to a consider-
able decrease in the inoculum total cost. It should be noted
that this new first stage in the operation of fermentation (unit
sizes of 0.1 m3) would be actually carried out in the plant lab-
oratory since the unit sizes correspond to a laboratory scale.
Moreover, it should be noted that the first units of 0.1 m3 (the
lower bound) in the series are only using 0.017 m3, due to the
imposed relation of dilution between stages. Despite the sub-
utilization of these units, it is convenient to incorporate them
since it leads to an important decrease in the inoculum cost
as can be observed in Table 15.

Summarizing, it is important considering the duplication
of units in series because it poses alternatives and trade-offs
with other cost-impacting elements of the model, which have
not been analyzed in previous works.

6. Conclusions

In this paper, a general optimization model for the design
of multiproduct batch plants using general disjunctive pro-
gramming (GDP) has been developed. This model adds the
duplication of stages in series as a new structural decision to
perform a given operation of the process. Also, the traditional
decision of duplicating units in parallel working out of phase
is considered. Regarding the decision of duplicating units in
series, the model presented allows that unit sizes in every
stage of the series take different values. Moreover, it allows
independent duplication of units in parallel in every stage of
the series.

The GDP formulation of this problem allows a more com-
pact representation and a better visualization of the proposed
discrete decisions. This disjunctive problem was reformulated
into a MINLP model by means of the big-M relaxation for its
resolution. The optimization criterion consists in minimizing
the total cost of the plant and, as a final convex formulation
problem is obtained, the global optimality of the solution is
guaranteed.

A biotechnological batch plant that elaborates recombinant
proteins was presented as example to assess the proposed
model. A particular feature of this process is the use of aggre-
gated units in some operations, where semicontinuous units
operate on the material contained in batch units. This particu-
lar characteristic of this process required to adapt the general
disjunctive model. Furthermore, different configurations in
series for the operations of fermentation and homogenization
were described. The cost of the amount of inoculum added to
the first fermentor in the series was also taken into account
in the total costs.

Numerical results were obtained for a plant that produces
four recombinant proteins in eight operations. The optimal
solution resorts to the duplication of stages in series in the fer-

mentation and homogenization operations. A trade-off exists
between the number of stages in series in the fermentation,
and the inoculum cost that is fed in the first of them.
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Diverse structural alternatives were studied analyzing the
mpact of the duplication in series on the costs. It is possi-
le to conclude that the duplication in series is an important
tructural option in multiproduct batch plants and that there
re significant trade-offs with other decision variables on the
lant, e.g., the number of units in parallel and the inoculum
ost. All these elements must be considered simultaneously
o study their effect on the total cost to be minimized.
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ppendix A. Big-M reformulation of the model

n order to obtain the big-M reformulation, the GDP model
resented in Section 3 is reformulated as an MINLP model
y transforming the disjunctive constraints into big-M con-
traints and replacing Boolean variables by binary variables
Vecchietti et al., 2003). First, taking into account the for-

ulation presents a posynomial form, logarithmic variable
ransformations are introduced in order to convexify the

odel as suggested by Grossmann and Sargent (1979) and
avemark and Rippin (1998):

jp = ln Vjp ∀j, p (A.1)

i = ln Bi ∀i (A.2)

li = ln TLi ∀i (A.3)

p = ln Rp ∀p (A.4)

rp = ln VRp ∀p (A.5)

Thus, after this logarithmic transformation of variables, the
onstraints presented in disjunction (1) can be transformed
nto the following MINLP problem:

h

zph = 1 ∀p (A.6)

jp ≥ ln(Sijph) + bi − BM1jp (1 − zph) ∀i, p, h∈Hp, j∈ Jph (A.7)

rp ≥ ln(Siph) + bi − BM2p (1 − zph) ∀i, p, h∈Hp (A.8)

m

yjphm = zph ∀p, h∈Hp, j∈ Jph (A.9)

1 ≥
T0
ijph

exp(−tli) + T1
ijph

exp(bi − rp − tli)

m
− BM3i (1 − yjphm)

∀i, p, h∈Hp, j∈ Jph,m∈Mp (A.10)

CBjp ≥ m˛p exp(ˇp ujp) − BM4jp (1 − yjphm)

∀p, h∈Hp, j∈ Jph,m∈Mp (A.11)
CSp ≥ Nhm˛sp exp(ˇsprp) − BM5p(1 − yjphm)

∀p, h∈Hp, j∈ Jph,m∈Mp (A.12)
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CRp ≥ m˛rp exp(ˇrpurp) − BM6p(1 − yjphm)

∀p, h∈Hp, j∈ Jph,m∈Mp (A.13)

CINi ≥ mCinoci Xi,1,fer exp(u1,fer − bi)
qi
ω

− BM7i(1 − y1,fer,h,m)

∀i,m∈Mp, h∈Hp (A.14)

A big-M constraint as Eq. (A.7) is satisfied if variable zph = 1.
Otherwise, if zph is zero the corresponding constraint becomes
redundant, taking into account that BM1jp is scalar large
enough. Similar interpretations can be made for big-M con-
straints (A.8)–(A.14). The tightest values for the big-M scalars
are used in above constraints in order to assure a good perfor-
mance. They are calculated by the following expressions:

BM1jp = uUjp ∀j, p (A.15)

BM2i = urUp ∀i (A.16)

BM3i = max
p

(T0
ip + T1

ip exp(bUi − rLp)) ∀i (A.17)

BM4jp = Mp˛p exp(ˇp uUjp) ∀j, p (A.18)

BM5p = N2Mp˛sp exp(ˇsprUp ) ∀p (A.19)

BM6p = Mp˛rp exp(ˇrpurUp ) ∀p (A.20)

BM7i = MferC
inoc
i Xi,1,fer exp(uU1,fer − bLi )

qi
ω

∀i (A.21)

The big-M reformulation to the original problem consists
of the objective function (15) subject to the convexified Eq. (7)
and constraints (A.6)–(A.14).
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