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a b s t r a c t

In this work, a rigorous model describing the processes taking place in hollow fiber modules for reverse osmosis

desalination is analyzed. The Kimura–Sourirajan model is used for describing transport phenomena through the

membrane. The concentration polarization phenomenon is mathematically described using the film theory, while

the Hagen–Poiseuille and Ergun equations describe the pressure drop in the fiber bore and on the shell side of the fiber

bundle, respectively. Improving the previous model, in this work the salt concentration of the permeate accumulated

along the fiber is calculated from appropriate mass balances. Hence, the osmotic pressure and the water and salt

fluxes through the membrane that depend on this concentration change through the module; and it also influences

indirectly the calculation of other process parameters. The solutions of all the differential equations involved in the

model are accurately approximated by the finite differences method applied over an appropriate discretization. The

value of the output variables changes less than 1% when the finite difference mesh is increased from 6 to 7 grid points

in the range of each domain, axial and radial. The flow rates and salt concentrations profiles obtained by the proposed

model are analyzed. The influences of the transmembrane and osmotic pressures over the permeate flow rates and

salt concentrations are studied. The effect of incorporating the accumulated permeate salinity is showed. It is proved

that errors committed by ignoring the permeate accumulated salinity can be significant. Sensitivity analysis for the
permeate flow rate and permeate salt concentration is performed by studying the influence of different kind of data:

input variables, physical coefficients and design variables.

Published by Elsevier B.V. All rights reserved.
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whose influence had been commonly disregarded. Costa and
. Introduction

everse osmosis processes have become the separation
ethod most widely used in the production of potable
ater from brackish and seawater. This process reduces

onsiderably the energy consumption compared to thermal
eparations. In last years, important research advances have
een focused on producing new membranes, improving the
ux and rejection processes. Also, efficient energy recovery
ystems have been developed to reduce the external energy
onsumption.

The most widely employed membrane configurations for
everse osmosis are hollow fiber, spiral wound, tubular and
late and frame. Hollow fiber modules are currently preferred

y many because they have the highest surface area per unit
olume and recovery factor.
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Important efforts have been focused on modeling the per-
meation process by resorting to irreversible thermodynamics
and transport mechanisms. In particular the reverse osmo-
sis permeation within hollow fiber modules has been studied
and mathematically modeled. The Kimura–Sourirajan model
(Kimura and Sourirajan, 1967) is widely used to describe the
transport phenomena of solute and water through the mem-
brane. This model combines solution-diffusion equations for
the transport within the membrane with the film theory for
the transport outside the membrane. The model involves
two membrane parameters: pure water and salt permeabil-
ity constants. The principal contribution of this formulation is
the modeling of the concentration polarization phenomenon
pted 10 December 2009

Dickson (1991) developed two models for the design and pre-
diction of the performance of reverse osmosis systems with

rved.
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Nomenclature

Subscripts
i ith grid point along radial direction, variable R
j jth grid point along axial direction, variable z

�b brine density, kg/m3

�p pure water density, kg/m3

�b brine viscosity, kg/(m s)
�p permeate stream viscosity, kg/(m s)
(1/h) membrane area per unit volume of fiber bundle,

1/m
Qb brine flow rate inside the shell, m3/h
Qflot total feed flow rate, m3/h
Qptot total permeate flow rate, m3/h
Qbtot total rejected concentrated flow rate, m3/h
Cflot salt concentration of the total feed stream, ppm
Cptot salt concentration of the total permeate

stream, ppm
Cbtot salt concentration of the total rejected stream,

ppm
Cb salt concentration of the bulk flow rate, ppm
Cpa salt concentration of the permeate flow rate

accumulated along the fiber, ppm
Cp salt concentration of the permeate flow rate,

ppm
Cm salt concentration at the membrane wall, ppm
Jw water flux, kg/m2 h
JS solute flux, kg/m2 h
ε void fraction
Pf feed stream pressure, atm
Pp pressure in the fiber bore, atm
Pb pressure on the shell side of the fiber bundle,

atm
vw velocity of permeation flow, m/h
uS superficial velocity in the radial direction of the

bulk stream, m/s
A pure water permeability constant, kg/m2 s atm
B solute permeability constant, m/s
D diffusivity coefficient, m2/s
dp specific surface diameter, m
i number of ions for ionized solutes
k mass trasnfer coefficient, m/s
L length of fiber bundle, m
Ms solute molecular weight
R ideal gas constant, N m/(kg mol K)
Re Reynolds number (2roUS

s �b/�b)
Ri inner radius of the fiber bundle, m
ri inner fiber radius, m
Ro outer radius of the fiber bundle, m
ro outer fiber radius, m
Sc Schmidt number (�b/�bD)
Sh Sherwood number (2kro/D)
SM membrane surface area, m2

Am module membrane area, m2

T seawater temperature, K

Villafafila and Mujtaba (2003) performed several simu-
lations to study the sensitivity of operating and design
spiral wound modules: an average and a cell model. Both mod-
els employ the Kimura–Sourirajan analysis for spiral wound

modules and in both of them the concentration polarization
is taken into account.
design 8 8 ( 2 0 1 0 ) 789–802

Another important contribution corresponds to the
friction-concentration-polarization model (FCP) (Sekino,
1993). In this work, Sekino incorporates the Kimura–Sourirajan
formulation for the transport phenomena of solute and water
transport through the membrane. Furthermore, the pressure
drop in the fiber bore of a hollow fiber module is taken into
account. In a later work, Sekino (1995) compares the FCP
model with two until then commonly used models: in one
of them the pressure drop in the fiber bore is not taken into
account and in the other, the concentration polarization
phenomenon is ignored. The FCP model is solved through
the finite difference method, discretizing the radial and axial
directions. The predictions of the three models are compared
against experimental data for different feed concentrations
and operating pressures, and the FCP model results the most
appropriated one.

Hawlader et al. (1994) investigated the performance of the
DuPont B10 hollow fiber permeators. From experimental data
the authors studied the product flow rate and concentration
as functions of the feed concentration, pressure, temperature
and feed flow rate. Later, Malek et al. (1994) introduced a sim-
ple model based on a lumped transport parameter approach
for modeling the performance of DuPont B10 hollow fiber
permeators. The model performs a one-dimensional simplifi-
cation of the permeator hydrodynamics, considering a linear
relationship between the shell side concentration and the
membrane surface area.

Starov et al. (1995) presented an analytical model for the
hollow fiber membranes. The authors define the fiber perfor-
mance according to a balance between fiber productivity and
fiber selectivity. Three flow configurations modules for reverse
osmosis hollow fiber membranes are considered: concurrent,
feed outside fibers and feed inside fibers. In a second work
Smart et al. (1996), the fiber performance is studied for differ-
ent fiber geometries and operating parameters.

Al-Bastaki and Abbas (1999) formulated an average and
complete model to predict the performance of hollow fiber
membranes in reverse osmosis. The model is based on the
solution-diffusion model for the mass transport through the
membrane and calculates the pressure drop in the fiber bore
as well as the pressure drop on the shell side of the fiber bun-
dle. The solution concentration variation on the shell side of
the fiber bundle and the concentration polarization are also
considered. Later, Al-Bastaki and Abbas (2000) compared the-
oretical results with experimental data for hollow fiber and
spiral wound modules. The effects of ignoring the concentra-
tion polarization and the pressure drop are studied. Moreover,
a model where the salt and water fluxes are considered as
implicit functions of the length and radius module was incor-
porated and these functions were integrated over the whole
module, obtaining better predictions for a set of experimental
data.

Marriott and Sørensen (2003a) presented a mathematical
model for the separation of a general mixture in a hollow fiber
module in parallel flow. Later, Marriott and Sørensen (2003b),
extended the model to spiral wound modules and hollow
fiber with radial flow. The model incorporates rigorous mass,
momentum and energy balances and results are obtained by
using the gPROMS simulation software. The model is applied
for process simulation and parameter estimation with several
cases studies.
parameters in a desalination reverse osmosis process using
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ubular modules. Then, an optimization was carried out
hrough successive quadratic programming in order to deter-

ine the optimal values of operating and design parameters.
Wiley and Fletcher (2003) developed a computational

uid dynamics model of concentration polarization and fluid
ow in membrane process. Later, Fletcher and Wiley (2004)
xtended the model to include a quasi-mechanistic formu-
ation for the membrane transfer process. The model was
pplied to analyze the effect of buoyancy in salt–water sep-
ration in a flat sheet reverse osmosis system.

Chatterjee et al. (2004) extended the friction-
oncentration-polarization model (Sekino, 1993) for the
adial flow in hollow fiber permeators, replacing the solution-
iffusion model for the transport phenomenon by the
on-linear Spiegler–Kedem model. The principal differ-
nce between both models is the incorporation of a third
embrane parameter: the reflection coefficient. Numerical

olutions were obtained through the finite difference method.
Jamal et al. (2004) proposed a simulation model including

aterial balances in the feed tank, membrane module, prod-
ct tank and membrane mass transfer models. The proposed
odel considers spatial dependence of solute feed concentra-

ion and shows favorably agreement with actual data.
Paul (2004) proposed a reformulation of the classical

olution-diffusion model for reverse osmosis relaxing some
ssumptions. Potential effects of coupling between solvent
nd solute transport within the membrane and convective
ffects are considered.

Avlonitis et al. (2007) used an analytical mathematical
odel to develop software which predicts the performance

f any membrane permeator. The model and software are
erified with experimental data from a specific plant and com-
ared with other design softwares.

Recently, Kumano et al. (2008) proposed a hollow Fiber
roup Model. The purpose of the new model is to cor-

ect an anomaly of the FCP model: the simulated boundary
ayer thickness results larger than the apparent length of
he clearance among hollow fibers. By dividing the mass
ransfer mechanism that difficulty is overcome. Consequently,
he boundary layer thickness on the surface of the fiber
roup obtained by the application of the Fiber Group Model
s smaller than the length of clearance between the fiber
roups.

In this work a model for predicting the permeation perfor-
ance in reverse osmosis seawater desalination with hollow

ber module is presented. The model considers all the most
mportant factors involved in the permeation phenomenon:
ransport of solute and water through the membrane, con-
entration polarization, pressure drop in the fiber bore and
he pressure drop on the shell side of the fiber bundle, among

thers.

As other works (Sekino, 1995; Al-Bastaki and Abbas, 2000),
he flow velocities and concentrations are considered with

Fig. 1 – Hollow fi
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radial and axial distribution, as well as the mass transfer coef-
ficient.

Meanwhile the salt concentration of the permeate in each
section is obtained from a material balance as usual; in this
work the evaluation of the salt concentration of the permeate
flow rate accumulated along the fiber is proposed. This con-
centration is necessary for the direct evaluation of: osmotic
pressure and water and salt fluxes through the membrane.
Consequently, this concentration affects all the permeation
process estimation.

An appropriate finite difference mesh for a hollow fiber
module is implemented, dividing the module in its axial and
radial directions (Sekino, 1995; Chatterjee et al., 2004). The
finite differences method is applied to solve the involved
differential equations. The resulting model is completely
determined by three operating parameters: flow rate, salt con-
centration and operating pressure. By fixing these values the
model can be solved as a non-linear equations system with
unique solution. The number of grid points that keep the
approximation error for some variables within an acceptable
range is calculated. A thorough analysis of the profiles within
the permeator is presented. The effects of incorporating the
accumulated permeate salinity are studied by comparing
these results with ones achieved when this salinity is ignored.
Finally, the influence of the most important parameters on the
system performance is discussed through a sensitivity analy-
sis.

The proposed model is used to model the permeation pro-
cess within a DuPont B10 hollow fiber module. However, it can
be applied to other hollow fiber modules, only by setting the
appropriate specifications and parameters.

2. Mathematical model

2.1. Theory equations

As other works, reverse osmosis membranes arranged as
bundles of hollow fibers are here considered (Sekino, 1993;
Hawlader et al., 1994; Starov et al., 1995; Al-Bastaki and Abbas,
1999; Chatterjee et al., 2004; Kumano et al., 2008). Dimensions
and properties from the DuPont B10 modules are assumed.
Fig. 1 shows a module and the internal circulation.

As shown in Fig. 1, the fibers are arranged along the module,
in the axial direction. The feed stream enters by a central tube
and is distributed through the shell in the radial direction.
The fiber bores are sealed at one end and open at the other to
allow the permeate to flow out and be collected. The permeate
stream flows toward the open end of the fibers, where a porous
support and a spacer are located. The concentrated stream is
collected by a spacer mesh located outside the fiber bundle.
To formulate the model describing the permeation process
with this particular membrane module the following assump-
tions have been made.

ber module.
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It is assumed that the flow of the bulk stream inside the
shell is mainly radial. Thus, null axial velocity is assumed.
Indeed, axial permeate flow inside the fibers is assumed.
Under these assumptions the partial derivatives in the mate-
rial balance and the pressure drop equations are replaced by
ordinary derivatives.

The pure water and salt permeability are assumed constant
parameters within the permeator. Also, it is considered that
the permeator has been operating for enough time so station-
ary state is assumed.

Finally, constant fluid properties as density, viscosity and
diffusion coefficient are assumed within the permeator. These
assumptions will be relaxed in future works. Particularly, the
fluid viscosity dependence on the temperature will be consid-
ered.

The basic equations governing the model are established in
this section. The model is based on the friction-concentration-
polarization (FCP) (Sekino, 1993; Sekino, 1995) that uses the
Kimura–Sourirajan model (Kimura and Sourirajan, 1967) for
the transport phenomena of solute and water through the
membrane. This model has proved to be reliable for predict-
ing the actual module performance at standard conditions
and has been widely used (Al-Bastaki and Abbas, 1999, 2000;
Kumano et al., 2008).

The brine flow rate inside the shell Qb can be calculated
through the equation of continuity in the bore side, obtained
from a material balance for the solution and the solute:

dQb

dr
= −2�rLvw(1/h) (1)

The salt concentration of the bulk stream Cb is obtained
from a material balance for the salt concentration in the shell
side, considering only the convective term:

dQbCb

dr
= −2�rLvwCp(1/h) (2)

According to the solution-diffusion model (Kimura and
Sourirajan, 1967), the water and solute fluxes through the
membrane: Jw and JS, respectively are calculated as

Jw = A (�P − ��) (3)

JS = B(Cm − Cp) (4)

The osmotic pressure � is calculated with the van’t Hoff
equation: � = iCRT/Ms.

The velocity of permeation flow vw is given by

vw = (Jw + JS)
�p (5)

The salt concentration of the permeate stream Cp in each
section is calculated by

Cp = JS

vw�p (6)

An empirical relation involving the Sherwood Sh, Reynolds
Re and Schmidt Sc dimensionless numbers is used to calculate

the mass transfer coefficient k (Al-Bastaki and Abbas, 1999):

Sh = 2.725 (Re)1/3(Sc)1/3 (7)
Fig. 2 – Finite difference mesh for a hollow fiber module.

The concentration polarization can be modeled using the
solution of the boundary layer equation (Sekino, 1993, 1995;
Al-Bastaki and Abbas, 1999, 2000):

Cm − Cp

Cb − Cp
= exp

(
vw

k

)
(8)

The Hagen–Poiseuille equation is implemented to calculate
the pressure drop in bore side of hollow fiber (Sekino, 1993,
1995; Al-Bastaki and Abbas, 1999, 2000; Chatterjee et al., 2004):

dPp

dz
= 8�pQp

�ri
4

(9)

The variation in the axial direction of the permeate flow
rate Qp is calculated through the differential equation of con-
tinuity in the fiber bore side, as follows:

dQp

dz
= 2�rovw (10)

By combining the two previous differential equations, the
differential equation that calculates the pressure drop in the
fiber bore side is obtained:

d2Pp

dz2
= 16�p

ri
4

rovw (11)

The Ergun equation is used to estimate the pressure drop
on the shell side of the fiber bundle (Sekino, 1993, 1995; Al-
Bastaki and Abbas, 1999, 2000; Chatterjee et al., 2004):

dPb

dr
= 150(1 − ε)2�buS

ε3d2
p

+ 1.75(1 − ε)�b(uS)
2

ε3dp
(12)

The following section describes the finite difference mesh
implemented to solve the differential equations using the
finite differences method. Then, the equations for the numer-
ical resolution will be detailed.

2.2. Finite difference mesh for a hollow fiber module

In this section, the hollow fiber module is discretized adopting
the finite difference mesh from Sekino (1995) and Chatterjee
et al. (2004) as it is shown in Fig. 2.

According to the hypothesis established in previous sec-
tion, this mesh is the most appropriated since the process has
central symmetry in each module transversal section.

The variable z goes along the permeator: 0 ≤ z ≤ L, mean-
while the variable R covers the radial direction: Ri ≤ R ≤Ro. The
ranges of these two variables are divided in sub-intervals with

equal length, although other finite element size distributions
perform similarly. The number of intervals used for the parti-
tion of z and R ranges will be indicated by m and n, respectively.
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Fig. 3 – Discretization of the axial and radial permeator
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irections.

hen, if (n + 1) points are employed to discretize the R range
nd (m + 1) points to discretize the z range we have:

0 = 0, zm = L, zj = j�z, j = 0, . . . , m with �z = L

m

nd

0 = Ri, Rn = Ro, Ri = Ri + i�R, i = 0, . . . , n with

�R = (Ro − Ri)
n

Fig. 3 shows the discretization mesh in the z–R plane.
Each rectangle in Fig. 3: [Ri,Ri+1] × [zj,zj+1] represents a ring

f the permeator structure: the permeator fraction comprised
etween the radius Ri and Ri+1 and the lengths zj and zj+1. In the
ext section, the equations describing the permeation process
aking place in each one of the n × m rings are established. Each
ing of the proposed discretization is represented by the grid
oint: (zi,Rj), j = 1,. . .,m; i = 1,. . .,n.

.3. Mathematical model: equations for the numerical
esolution

he equations for the numerical resolution of the model
escribed in Section 2.1 are detailed in this section.

In other works, flow velocities and salt concentrations were
implified to only radial variation (Al-Bastaki and Abbas, 1999;
hatterjee et al., 2004). Here, similarly to Sekino (1995) and Al-
astaki and Abbas (2000), radial and axial dependencies are
onsidered for flow velocities and concentrations as well as
or mass transfer coefficient.

The salt concentration of the permeate stream in each
ection can be obtained from a material balance as usual.
owever, salt concentration employed for the evaluation of

he osmotic pressure and water and salt fluxes corresponds
o the permeate flow rate accumulated along the fiber. Con-
equently, the evaluation of the salt concentration along the
ber is proposed.

Eqs. (13)–(32) describe the process taking place in a reverse
smosis hollow fiber membrane module.

The water flux through the membrane is proportional to
he difference between the transmembrane pressure and the
smotic pressure of the feed solution (Kimura and Sourirajan,
967):

w = 3600 A

(
Pb − P

p −
iRT�b(Cm

i,j
− C

pa
i,j

)
)

i,j i,j i,j 106Ms101325

i = 1, ..., n; j = 1, ..., m (13)
sign 8 8 ( 2 0 1 0 ) 789–802 793

where A is the pure water permeability constant, i is the num-
ber of ions (for ionized solutes), Ms is the solute molecular
weight, R is the ideal gas constant and T is the seawater tem-
perature. Pb and Pp are the pressure on the shell side of the
fiber bundle and the pressure in the fiber bore, respectively.
Cm is the salt concentration at the membrane wall and Cpa is
the salt concentration of the permeate accumulated along the
fiber. �b is the brine density.

Due to the concentration polarization, the salt concen-
tration at the membrane wall is greater than the brine
concentration. The solute flux through the membrane is pro-
portional to the difference between the salt concentration at
the membrane wall and the salt concentration of the permeate
accumulated along the fiber:

JSi,j =
3600B (Cm

i,j
− C

pa
i,j

)�b

106
i = 1, ..., n; j = 1, ..., m (14)

where B is the solute permeability constant.
The velocity of permeation flow is given by equation (15),

where �p is the pure water density:

vw
i,j =

(Jw
i,j

+ JS
i,j

)

�p i = 1, . . . , n; j = 1, . . . , m (15)

The salt concentration of the permeate stream in each sec-
tion is calculated by Eq. (16):

C
p
i,j

=
JS
i,j

106

(Jw
i,j

+ JS
i,j

)
=

JS
i,j

106

vw
i,j

�p i = 1, . . . , n; j = 1, . . . , m (16)

Eq. (17) represents the discretization of the continuity Eq.
(1), using the forward finite differences method. Assuming
perfect mixing in each element of the discretization, the
finite differences method is the most appropriate to approxi-
mate the solutions of the differential equations describing the
material balances:

Qb
i−1,j = Qb

i,j + SM
i,jv

w
i,j = Qb

i,j + (1/h)�(R2
i − R2

i−1)�zvw
i,j

i = 1, . . . , n; j = 1, . . . , m (17)

L is the length of fiber bundle and (1/h) is the membrane area
per unit volume of fiber bundle. SM

i,j
is the membrane surface

area in each module section, thus it is calculated by multi-
plying the section volume: �(R2

i
− R2

i−1)�z by the membrane
surface area per volume unit: (1/h).

It is assumed that the bulk stream inside the shell has
positive radial velocity meanwhile the axial velocity is null.
Superficial velocity in the radial direction of the bulk stream:
uS is calculated according to Eq. (18):

uS
i,j =

Qb
i,j

36002�Ri�z
i = 0, . . . , n; j = 1, . . . , m (18)

Moreover, considering that the brine flow rate in the outer
radius of the central tube is the feed: Qftot, in the inner radius
of the fiber bundle this superficial velocity of the bulk stream
can also be calculated as

uS
0,j = Q ftot

3600 2�RiL
j = 1, . . . , m (19)
Eqs. (18) and (19) provide the boundary conditions for the con-
tinuity Eq. (17).



and
794 chemical engineering research

Eq. (20) is the discretized solution of the convective Eq.
(2), using the forward finite differences method, based on the
hypothesis of perfect mixing in each element of the discretiza-
tion:

Cb
i−1,jQ

b
i−1,j = Cb

i,jQ
b
i,j + SM

i,jC
p
i,j

vw
i,j = Cb

i,jQ
b
i,j

+ (1/h)�(R2
i − R2

i−1)�zC
p
i,j

vw
i,j

i = 1, . . . , n; j = 1, . . . , m (20)

In the inner bundle radius, the salt concentration of the
bulk stream is the one of the feed stream: Cftot. This is the
boundary condition for the convective equation:

Cb
0,j = Cftot j = 1, . . . , m (21)

The permeate flow rate in each section is obtained by mul-
tiplying the corresponding membrane area SM by the velocity
vw. Meanwhile, the salt concentration of the accumulated per-
meate flow rate is calculated along the fiber. The following
equation calculates this salt concentration considering that
SM

i,j
= (1/h)�(R2

i
− R2

i−1)�z:

C
pa
i,j

⎛
⎝ j∑

j=1

(1/h)� (R2
i − R2

i−1)�zvw
i,j

⎞
⎠

= C
pa
i,j−1

⎛
⎝ j−1∑

j=1

(1/h)�(R2
i − R2

i−1)�zvw
i,j

⎞
⎠

+ C
p
i,j

(1/h)�(R2
i − R2

i−1)�zvw
i,j i = 1, . . . , n; j = 2, . . . , m (22)

In the first longitudinal sections (z ∈ [z0,z1]), there is no accu-
mulation of permeate flow rate. Then, the boundary condition
for Eq. (22) is given by

C
pa
i,1 = C

p
i,1 i = 1, . . . , n (23)

An important phenomenon to take into account is the con-
centration polarization. The approach widely used to model
the influence of the concentration polarization is the film the-
ory (Kimura and Sourirajan, 1967; Sekino, 1993; Al-Bastaki and
Abbas, 1999; Chatterjee et al., 2004). The Sherwood, Reynolds
and Schmidt numbers are combined in the empirical relation
(7) to calculate the mass transfer coefficient:

Shi,j = ki,j2 ro

D
i = 1, ..., n; j = 1, ..., m (24)

Rei,j =
2 ro uS

i,j
�b

�b
i = 1, . . . , n; j = 1, . . . , m (25)

Sci,j = �b

�b D
i = 1, . . . , n; j = 1, . . . , m (26)

Shi,j = 2.725(Rei,j)
1/3(Sci,j)

1/3 i = 1, ..., n; j = 1, ..., m (27)

where ro is the outer fiber radius, D is the diffusivity coefficient
and �b is the brine viscosity.

Many works performed experimental studies with different

membrane modules in order to determine the coefficient and
exponent of Reynold’s number in Eq. (27). Eq. (27) is taken from
Al-Bastaki and Abbas (1999).
design 8 8 ( 2 0 1 0 ) 789–802

Eq. (28) is the discretization of Eq. (8) for modeling the con-
centration polarization:

Cm
i,j

− C
p
i,j

Cb
i,j

− C
p
i,j

= exp

(
vw

i,j

3600 ki,j

)
i = 1, . . . , n; j = 1, . . . , m (28)

Eq. (29) is the discretized solution of the differential Eq. (11)
obtained through the finite differences method. Since the per-
meate stream pressure is known at the end of the module, the
backward method is applied:

P
p
i,j

− P
p
i,j+1 = 16�pro�z2

3600ri
4101325

j∑
j=1

vw
i,j i = 1, . . . , n; j = 1, . . . , m−1

(29)

�p is the permeate stream viscosity and ri is the inner fiber
radius.

The pressure of the permeate stream at the outlet end of
the permeator is approximately the atmospheric one. This is
the boundary condition for Eq. (29).

P
p
i,m

= Patm i = 1, ..., n (30)

Eq. (31) is the discretization of the Ergun Eq. (12) by the
forward finite differences method:

Pb
i−1,j − Pb

i,j =
(

150(1 − ε)2�buS
i−1,j

ε3dp
2101325

+
1.75(1 − ε)�b(uS

i−1,j
)
2

ε3dp101325

)
�R

i = 1, ..., n; j = 1, ..., m (31)

ε is the void fraction and dp is the specific surface diameter.
The pressure value of the bulk stream at the inner radius

of fiber bundle is given by the feed stream pressure: Pf. This is
the boundary condition for the Ergun Eq. (31):

Pb
0,j = Pf j = 1, . . . , m (32)

Eqs. (13)–(32) describe the process taking place at each one
of the sections of the membrane module discretization, and
the interconnections between them. The objective of this dis-
cretized solution is to obtain accurate approximations to the
final flow rates, salt concentrations and pressures of the per-
meate and bulk streams flowing out, for given values of the
flow rate, salt concentration and pressure of the stream feed.

From the continuity equation, the flow rate of the per-
meate stream flowing of the module Qptot is determined

by: Qptot =
∫ Ro

Ri

∫ L

0
vwdS =

∫ Ro

Ri

∫ L

0
1
h

2�RvwdzdR (Al-Bastaki and
Abbas, 2000). Thus, the flow rate of the final permeate stream
can be estimated by calculating an approximation of the previ-
ous integral and using the proposed permeator discretization:

Qptot ∼=
m∑

i=1

⎛
⎝ n∑

j=1

vw
i,jS

M
i,j

⎞
⎠

=
m∑

i=1

⎛
⎝ n∑

j=1

vw
i,j(1/h)(�Ri

2 − �Ri−1
2)�z

⎞
⎠ (33)
The salt concentration of the permeate stream flowing out
of the module: Cptot is calculated through a salt material bal-

ance: CptotQptot =
∫ Ro

Ri

∫ L

0
CpvwdS =

∫ Ro

Ri

∫ L

0
1/h 2�RCpvwdzdR.



nd design 8 8 ( 2 0 1 0 ) 789–802 795

T
a
i

C

w
c

Q

C

C

h
i
p
e
l
t
p
b
t
q
a

3
d

E
m
c
t
u
i
s
w
d
t
q
p
t

i
c
l
s
r
p
m
c

(

Table 1 – Parameters for the reverse osmosis
desalination model.

Parameters for the reverse osmosis desalination model
i, number of ions for ionized solutes 2
R, ideal gas constant, N m/kg mol K 8315
Ms, molecular weight of solute 58.8
T, seawater temperature, ◦C 25
�b, average brine density, kg/m3 1060
�p, average pure water density, kg/m3 1000
�p, permeate viscosity, kg/m s 0.9 × 10−3

�b, brine viscosity, kg/m s 1.09 × 10−3

other reverse osmosis stage will be the salt concentration of
the previous stage rejected stream. It is expected that these

Table 2 – DuPont B10 hollow fiber parameters.

DuPont B10 hollow fiber parameters
A, pure water permeability constant,

kg/m2 s atm
4.3508955 × 10−5

B, salt permeability constant, m/s 4.0 × 10−9

Ri, inner radius of the fiber bundle, m 1.27 × 10−2

Ro, outer radius of the fiber bundle, m 5.334 × 10−2

L, length of fiber bundle, m 0.75
Am, membrane area, m2 152
ri, inner fiber radius, m 2.1 × 10−5

ro, outer fiber radius, m 5.0 × 10−5

ε, void fraction 0.4
dp, specific surface diameter, m 1.2 × 10−4
chemical engineering research a

hen, Eq. (34) estimates the salt concentration of the perme-
te stream by calculating an approximation of the previous
ntegral over the proposed module discretization:

ptot ∼=

⎛
⎝ m∑

i=1

⎛
⎝ n∑

j=1

C
p
i,j

vw
i,jS

M
i,j

⎞
⎠
⎞
⎠ /Qptot

=

⎛
⎝ m∑

i=1

⎛
⎝ n∑

j=1

C
p
i,j

vw
i,j(1/h)(�Ri

2 − �Ri−1
2)�z

⎞
⎠
⎞
⎠ /Qptot

(34)

Eq. (35) is the total material balance for the permeator,
here Qftot and Qbtot are the flow rates of the feed and rejected

oncentrated streams, respectively:

ftot = Qbtot + Qptot (35)

Finally, Eq. (36) is the total mass balance for the salt, where
btot is the salt concentration of the total rejected stream:

ftotQ ftot = CptotQptot + CbtotQbtot (36)

The finite differences method over an appropriated mesh
as been applied to solve the differential equations involved

n the reverse osmosis permeation process. The accumulated
ermeate salinity has been calculated and incorporated in the
quations modeling the process. The resulting model is a non-
inear equations system that can be solved provided that the
hree parameters: flow rate, salt concentration and operating
ressure are fixed. In the following section the optimal num-
er of grid points in the discretization is determined, in order
o reduce the approximation error to acceptable values. Subse-
uently, salt concentrations and flow rates inside the module
re analyzed.

. Determination of the number of
iscretization grid points

qs. (13)–(32) describe the phenomena taking place in one
embrane module, as a function of the flow rate, salt con-

entration and pressure of the feed stream. In this section,
he number of necessary grid points for the hollow fiber mod-
le discretization described in Section 2.3 will be determined,

n order to achieve errors in the final values of flow rates,
alt concentrations and pressures minor or equal that 1%
hen the number of grid points is increased in one for each
omain. In turn, the number of grid points will determine
he amount of variables and equations in the model. Conse-
uently, a very refined mesh will considerably increase the
roblem size. Then, it is important to find the minimal quan-
ity of grid points that satisfy the imposed error requirement.

With this objective, the problem describing the process
n one membrane module was solved for different operating
onditions and feed seawater characteristics. That is, the prob-
em defined by Eqs. (13)–(32) was solved fixing the pressure,
alt concentration and flow rate of the feed stream at several
epresentative values. These three parameters determine the
rocess, then the complete phenomenon occurring in the per-
eator is established, and the outlet stream characteristics
an be satisfactorily determined.
Therefore, the solutions for the system described by Eqs.

13)–(32) are analyzed for different values of the variables:
D, diffusion coefficient, m2/s 1 × 10−9

Qftot, Pf and Cftot, and for increasing numbers of grid points
in the process discretization. The characteristics of the outlet
streams are compared, in order to achieve the desirable preci-
sion. The chosen amount of grid points will be the one showing
that the trend of the outlet stream characteristics are practi-
cally stabilized, with respect to the solutions obtained through
increasing refinements. That means, it is required that the
difference between the solutions produced by the chosen dis-
cretization and the ones produced by a greater refinement be
less than 1% for the values describing the outlet streams.

Table 1 contains the constants and parameters employed
in the model resolution.

Table 2 details the specifications of the DuPont B10 hollow
fiber module taken from Al-Bastaki and Abbas (1999). These
values constitute constants and bounds for some variables of
the problem to be solved.

It is acceptable to assume that when the hollow fiber mod-
ule operates at optimal conditions its feed flow rate is about
the maximum allowed value. Then, Qftot (feed flow rate) was
fixed at its maximum allowed value: 0.917 m3/h for all the
solved cases.

The allowed pressure range for the permeator operation
is [54.48 atm, 67.90 atm]. Therefore, the three representative
values of the operating pressure: Pf = 55, 60, 65 atm were con-
sidered for the comparative analysis.

The third variable to be fixed is the salt concentration of
the feed stream: Cftot. Even though seawater salinity can take
values around 35,000–45,000 ppm approximately, higher val-
ues for Cftot must be also considered. In fact, a typical reverse
osmosis desalination network will be composed of two or
more reverse osmosis stages operating in series. Then, sea-
water salinity will correspond to the feed of the first reverse
osmosis stage. But the salinity of the stream entering to
Operating pressure range, bar 55.2–68.8
Maximum brine flow rate, m3/h 0.917
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Table 3 – Solutions for different refinements of the membrane module discretization.

Outlet variables per module for different mesh sizes

Inlet stream characteristics
Cftot (ppm) 35,000 35,000 35,000 45,000 45,000 45,000 55,000 55,000 55,000
Pf (atm) 55 60 65 55 60 65 55 60 65
Qftot (m3/h) 0.917 0.917 0.917 0.917 0.917 0.917 0.917 0.917 0.917

Qptot (m3/h)
n = m = 1 0.263 0.307 0.347 0.159 0.203 0.245 0.072 0.113 0.155
n = m = 2 0.277 0.324 0.367 0.168 0.216 0.261 0.077 0.121 0.166
n = m = 3 0.282 0.331 0.375 0.172 0.221 0.267 0.079 0.124 0.170
n = m = 4 0.285 0.334 0.380 0.173 0.223 0.270 0.079 0.125 0.172
n = m = 5 0.286 0.336 0.383 0.174 0.225 0.272 0.080 0.126 0.173
n = m = 6 0.288 0.338 0.385 0.175 0.226 0.274 0.080 0.127 0.174
n = m = 7 0.288 0.339 0.386 0.176 0.226 0.275 0.080 0.127 0.175

Cptot (ppm)
n = m = 1 429.7 395.4 374.8 783.3 652.4 576.5 1858.2 1256.3 976.8
n = m = 2 390.7 356.6 335.9 721.6 596.2 523.3 1724.1 1157.2 894.4
n = m = 3 375.5 341.2 320.1 699.3 575.2 502.8 1680.8 1122.9 864.5
n = m = 4 367.5 332.9 311.6 687.8 564.1 491.9 1659.3 1105.3 848.9
n = m = 5 362.5 327.7 306.3 680.7 557.2 485.1 1646.4 1094.6 839.3
n = m = 6 359.1 324.2 302.6 676.0 552.6 480.5 1637.9 1087.5 832.8
n = m = 7 356.7 321.6 300.0 672.6 549.2 477.2 1631.8 1082.3 828.1

Pb
n,1(atm)
n = m = 1 54.93 59.93 64.93 54.93 59.93 64.93 54.93 59.93 64.93
n = m = 2 54.95 59.95 64.95 54.95 59.95 64.95 54.95 59.95 64.95
n = m = 3 54.96 59.96 64.96 54.96 59.96 64.96 54.96 59.96 64.96
n = m = 4 54.96 59.96 64.96 54.96 59.96 64.96 54.96 59.96 64.96
n = m = 5 54.97 59.97 64.97 54.96 59.97 64.97 54.96 59.96 64.96
n = m = 6 54.97 59.97 64.97 54.97 59.97 64.97 54.96 59.97 64.96
n = m = 7 54.97 59.97 64.97 54.97 59.97 64.97 54.97 59.97 64.97
salinities reach high values around 50,000 and 60,000 ppm,
approximately. Thus, the variable Cftot was fixed at three
representative values: 35,000, 45,000 and 55,000 ppm for the
comparative analysis.

The study cases resulting from the different values
assigned to the three determinant variables are nine. The vari-
ables compared for the different mesh refinements are: the
permeate flow rate Qptot, the salt concentration of the perme-
ate stream Cptot and the pressure of the rejected brine stream
Pb. The flow rate and salt concentration of the rejected stream
are not analyzed since these values are complementary to the
permeate stream ones. On the other hand, the rejected stream
pressure is considered because it could be the operating pres-
sure of subsequent permeators stage.

The range for the radial variable R is [Ri,Ro] = [1.27 × 10−2 m,
5.334 × 10−2 m], and the range for the axial variable z is
[0,L] = [0 m, 0.75 m]. Even though the axial range is longer than
the radial one, the phenomenon in the radial direction is more
significant. Here, a mesh with equal number of grid points in
each direction was adopted. Thus, the step in z: �z will be
larger than the step in R: �R.

Different cases for increasing grid points were solved in
turn, until the convergence for the analyzed variables was
reached with errors lower than 1%.

Table 3 shows the values of the analyzed variables for all
the solved study cases. As it is showed in Table 3, the solutions
converge when the mesh is refined. Specifically, consider-
ing the solutions obtained for n = m = 7, the approximation
improvement is lower than 0.9% when they are compared to
the solutions obtained for n = m = 6. Such refinement is not nec-

essary to reach the required precision for the pressure of the
rejected brine stream, but fewer grid points are not enough to
calculate accurately the other considered variables.
The non-linear equations systems were solved with the
software GAMS (Brooke et al., 1997), by using the local solver
GAMS/CONOPT.

Therefore, 7 points in the discretization of each range,
that is n = m = 6, are enough to fit the required preci-
sion. The discretization consists on the partition of each
range into 6 sub-intervals of equal length: �z = 0.125 m and
�R = 0.6773 × 10−2 m. In consequence, the whole module is
divided in 36 sections, and all the variables describing the
process are approximated in each section.

Models previously proposed like Al-Bastaki and Abbas
(1999) and Marcovecchio et al. (2005) are based in the same
theoretic equations, but no discretization is employed to solve
the involved differential equations. These models correspond
to the case n = m = 1 in the model proposed here. That means:
the permeator is considered as a single element and aver-
age pressure drops and velocities are estimated. The error in
that simplified resolutions can be calculated by comparing the
values showed at Table 3 for n = m = 1 and n = m = 7 (the best
estimation available). For the pressure of the rejected brine
stream Pb with n = m = 1 the values estimated are very precise;
the relative error goes from 0.06 to 0.07%. However, the rela-
tive errors committed with n = m = 1 for the permeate flow rate
Qptot are significant; in this case they go from 8.7 to 11.4%. Even
worse is the approximation for the salt concentration of the
permeate stream Cptot: the relative errors are between 13.8 and
24.9%. It is important to note that the estimation provided by
considering the whole module as a single element underesti-
mate the permeator permeation performance, since it predicts
lower rejected brine stream pressure and permeate flow rate

and higher permeate stream salinity.

In order to show the feasibility of the proposed model,
it was applied to estimate the performance of a B10 (6440-
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Table 4 – Comparing model results with experimental
data.

Comparing model results with experimental data
(Hawlader et al., 1994)
Inlet stream characteristics

Qftot = 1.134 m3/h

Cftot (ppm) Pf (bar) Product recovery

Experimental Model results

0 35.5 27% 29%
0 49.5 38% 41%
0 63.1 51% 53%
0 69.9 60% 59%

Salt rejection

Experimental Model results

25,000 56.16 98.8% 98.2%
25,000 63.05 98.9% 98.4%
25,000 69.95 99.0% 98.5%
25,000 76.84 99.1% 98.6%
30,000 56.16 98.4% 98.0%
30,000 63.05 98.7% 98.3%
30,000 69.95 98.8% 98.4%
35,000 76.84 98.8% 98.4%
40,000 56.16 97.5% 97.3%
40,000 63.05 98.1% 97.8%
40,000 69.95 98.4% 98.1%
45,000 56.16 97.1% 96.7%
45,000 76.84 98.5% 98.1%
50,000 63.05 97.2% 96.9%
50,000 69.95 97.9% 97.6%
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Fig. 4 – Flow profiles along the membrane module for
increasing mesh refinements, Pf = 55 atm.

from n = m = 1 to n = m = 7. For the medium radius, only the pro-
files obtained with n = m = 3, n = m = 5 and n = m = 7 were drawn,
) hollow fiber module. Experimental data for this module
or different operating conditions are detailed in Hawlader et
l. (1994) and Marriott and Sørensen (2003b). The analysis to
eterminate the number of discretization grid points was car-
ied out as before, giving n = m = 8 to fit the required precision.
able 4 compares the results obtained by applying the model
roposed here with experimental data. The model shows sat-

sfactory agreement with the real data, specifically, the error
verage is 4% for the product recovery calculation, and 0.5%
or the salt rejection calculation.

In the following section some salt concentrations and flow
ates inside the module obtained for different refinements are
nalyzed.

. Results and discussion

.1. Profiles inside the membrane module

rom the solutions of the discretized model for different oper-
ting conditions and seawater characteristics, the flow rate
nd salt concentration profiles inside the permeator can be
rawn.

As an example, the profiles obtained for the membrane
odule operating under the following conditions will be

hown: feed flow rate at the maximum allowed value:
ftot = 0.917 m3/h, feed stream salt concentration at an inter-
ediate value: Cftot = 45,000 ppm and three representative

alues for the operating pressure: Pf = 55, 60, 65 atm.
Firstly, the curves drawn are the profiles given by the per-
eate flow at each point along the module for the radius:
nner Ri, medium (Ri + Ro)/2 and outer Ro. Figs. 4–6 show the
Fig. 5 – Flow profiles along the membrane module for
increasing mesh refinements, Pf = 60 atm.

curves obtained for 55, 60 and 65 atm of operating pressure,
respectively.

The curves correspond to the different mesh refinements,
Fig. 6 – Flow profiles along the membrane module for
increasing mesh refinements, Pf = 65 atm.
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Fig. 7 – Profiles of the permeate salinity along the module
for increasing mesh refinements, Pf = 55 atm.

Fig. 8 – Profiles of the permeate salinity along the module

greater than the inner one is considered, the salt concentra-
tion of the bulk will be higher, as a consequence of the amount
798 chemical engineering research

since they are the unique containing this radius as a grid point.
Similarly to Table 3, the convergence of the solutions when the
mesh is refined can also be appreciated in Figs. 4–6.

As can be expected, higher operating pressure, increase
permeate flows in all the points. Figs. 4–6 show the relative
increments. Moreover, considering a transversal section, that
is: for a fixed value of the axial variable z, the permeate flow
decreases from a high value in the inner radius toward a
lower value in the outer radius. This is mainly due to the val-
ues reached by the osmotic pressure and the pressure on the
shell side of the fiber bundle, since the permeate flow is pro-
portional to the difference between these two pressures. The
pressure on the shell side of the fiber bundle is higher in the
inner radius and decreases along the radial direction. The bulk
flow gains salinity through in the radial direction; it goes from
the feed salt concentration in the inner radius, until a high
value in the external radius, as a consequence of the permeate
flow rate. Even though the salinity at the membrane surface
is always higher than the salt concentration of the bulk, the
behavior is similar. Therefore, the osmotic pressure is lower in
the inner radius and it increases toward the external radius.

At the inner radius, the permeate flow takes its lowest value
at z = 0 and the highest one at z = L, due to the transmem-
brane pressure difference. In fact, the pressure in the fiber bore
takes the value of 1 atm at the open end: z = L and reaches its
maximum value at the closed end of the fiber: z = 0. Thus, the
transmembrane pressure difference is greater at z = L, produc-
ing the highest permeate flow at this point.

From the figures, it can also be appreciated that the curve
behaviors from z = 0 to z = L change from an increasing func-
tionality at the inner radius to a decreasing shape at the outer
radius; because near the extreme z = L, the influence of the
osmotic pressure is more important at the outer radius, where
the salt concentration at the membrane surface is high. In fact,
toward the outer radius, the transmembrane pressure (Pb − Pp)
falls because the pressure on the shell side of the fiber bun-
dle is falling, and the salt concentrations difference: (Cm − Cpa)
rises, as a consequence of the considerable rise of the salt
concentration at the membrane surface. This causes that the
effect of the osmotic pressure variation be more significant at
the outer radius, and thus the permeate flow decays, since it
is proportional to the difference between the transmembrane
and osmotic pressures.

Note that the estimation obtained with n = m = 1 produces
a value for the permeate flow which is intermediate between
the maximum and minimum values reached at the inner and
outer radius, respectively.

In second place, the drawn curves are the salt concentra-
tions of the permeate accumulated along the module for the
radius: inner Ri, medium (Ri + Ro)/2 and outer Ro. Figs. 7–9 show
the profiles for 55, 60 and 65 atm of operating pressure, respec-
tively.

Again, the drawn profiles are the ones obtained through
increasing refinements from n = m = 1 to n = m = 7, and only the
curves for meshes containing the medium radius as grid point
were drawn in this case.

The curves show similar global behavior for the three val-
ues of the operating pressure. It can be appreciated that the
salt concentration of the permeate is higher when the mod-
ule operates at low pressure; and as the operating pressure
increases a permeate stream with lower salt concentration is

obtained.

The permeate salt concentration is lower in the inner
radius, and it rises toward the outer radius. That is a straight
for increasing mesh refinements, Pf = 60 atm.

consequence of the permeation process. In fact, the brine
flows mainly in the radial direction, entering with the salt con-
centration of the feed stream at the inner radius. If a radius
Fig. 9 – Profiles of the permeate salinity along the module
for increasing mesh refinements, Pf = 65 atm.
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Fig. 10 – Bulk flow rate sum per radius for increasing mesh
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Fig. 11 – Bulk flow rate sum per radius for increasing mesh

operated at maximum pressure: 67.9 atm and feed brine flow
rate: 0.917 m3/h. The mesh refinement employed is n = m = 7.
efinements, Pf = 55 atm.

hat has been permeated in the section going from the inner
adius until the radius in consideration. Then, the flow per-

eated at that radius will have salt concentration higher than
he one permeated at the inner radius, since the bulk is more
oncentrated.

Furthermore, the figures show that curve shapes from z = 0
o z = L change from a slightly decreasing functionality at
he inner radius to a slightly increasing shape at the outer
adius. As it were explained previously, at the radius Ri the
ermeate rises toward z = L mainly influenced by the trans-
embrane pressure drop, since at R = Ri and z = L the difference

Pb–Pp) reaches its maximum value; and in second place, by the
smotic pressure drop which is measured by the difference

Cm − Cpa). Therefore, the permeate flow at the inner radius
nd near the extreme z = L consists principally of fresh water.
hen, the salt concentration of the accumulated permeate

alls along the inner radius from z = 0 to z = L. Moreover, as it
as mentioned, toward the outer radius and the extreme z = L,

he influence of the osmotic pressure is more important, since
he salt concentration of the membrane surface rises consid-
rably. Then, the permeate salt flow, which is proportional
o the difference (Cm − Cpa), increases. However, as Figs. 4–6
how, the total permeate flow diminishes. This explains the
light increase of the salt concentration of the accumulated
ermeated near the radius Ro and toward the extreme z = L.

Note that the discretization using n = m = 1 estimates the
alt concentration of the permeate as an intermediate value
etween the maximum and minimum concentrations reached
t the outer and inner radius, respectively.

Finally, the profiles given by the rejected stream: Qb are pre-
ented. That is, the curves show the summation performed
rom z = 0 to z = L of the bulk flow rate at each radius, for
ncreasing discretization refinements. Figs. 10–12 show curves
or 55, 60 and 65 atm of operating pressure, respectively. In this
ase, for more clarity, only the curves obtained for n and m
aving odd values are presented.

At the inner radius, the bulk stream consists of the feed
tream to the permeator. From R = Ri to R = Ro, the bulk stream
ow rate diminishes because of the stream partially perme-
ted. Considering Figs. 10–12, it can be concluded that the
ermeation process is more efficient at high operating pres-
ure. That is, the permeate flow rate will be higher at low

alt concentration and consequently, the bulk flow rate will
e lower.
refinements, Pf = 60 atm.

For the three values of the operating pressure, the curve
of the bulk stream flow rate changes its concavity at a value
close to the medium radius: (Ri + Ro)/2. This behavior agrees
with the analysis for the flow rate and salt concentration of the
permeate. The inflexion point marks the radius for which the
profiles of the permeate change from increasing to decreasing
functionality, when the radius goes from Ri to Ro (Figs. 4–6). As
it was explained, the influence of the transmembrane pres-
sure drop is major at the radius Ri, meanwhile at the radius Ro
the permeation process is dominated by the osmotic pressure.
The inflexion point is the radius where the process passes
from obeying mainly to the transmembrane pressure drop to
be influenced principally by the osmotic pressure drop.

4.2. Effects of incorporating the accumulated permeate
salinity

In the present section, the salinity of the permeate stream is
compared to the salinity of the accumulated permeate stream
along the fiber. A representative case is analyzed. Fig. 13 shows
both: the permeate and accumulated permeate salinities for
45,000 ppm of feed salt concentration, when the module is
Fig. 12 – Bulk flow rate sum per radius for increasing mesh
refinements, Pf = 65 atm.
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Table 5 – Relative marginal values for the flow rate and
salinity of the total permeate stream.

Sensitivity analysis

Inlet stream characteristics
Cftot (ppm) 45,000
Pf (atm) 67.9
Qftot (m3/h) 0.917

Relative marginal values

(∂Qptot/∂p)(p/Qptot) (∂Cptot/∂p)(p/Cptot)

Pf 2.0151 Cftot 2.0451
T −1.5690 Ro −1.5429
Cftot −1.5688 Pf −1.3051
L −1.0011 T 1.0452
Ro −0.9336 B 0.9753
Qftot 0.5607 Ri 0.8171
Ri −0.5078 Qftot −0.7296
Am 0.4403 Am 0.7277
A 0.3365 A −0.1924
ri 0.3164 ri −0.1907
r −0.0829 r 0.0526

ter more influential over the permeate flow rate. It would be
Fig. 13 – Permeate vs. accumulated permeated salinities.

As can be expected, both salinities are almost coincident
at the initial extreme of the fiber, approximately for z ∈ [0 m,
0.2 m]. The general behavior of both concentrations is similar:
The permeate salt concentration is lower in the inner radius,
and it rises toward the outer radius; and the curve shapes from
z = 0 to z = L change from a slightly decreasing functionality at
the inner radius to a slightly increasing shape at the outer
radius.

However, from Fig. 13 is evident the discrepancy between
both salinities. The difference between Cp and Cpa increases
when z goes from 0.2 m to the final extreme: 0.75 m. That dif-
ference reaches up to 16% of the Cpa value. Moreover, the
increasing/decreasing functionalities are more pronounced
for the salinity of the permeate at each section. Then, the
calculation of the salt concentration of the permeate accumu-
lated along the fiber is imperative if a precise model for the
permeation process is desired.

Nevertheless, if the final characteristics of the product are
considered, the effect of incorporating the permeated accu-
mulated salinity is not significant. In fact, for several solved
cases the maximum errors committed by ignoring that salin-
ities is 0.4% for the salt concentration of the total permeate
stream and 0.5% for the total permeate flow rate.

The proposed model has been applied to estimate the per-
meation process through reverse osmosis with the DuPont B10
hollow fiber permeator. But the model can be also applied
to estimate the permeation for other hollow fiber modules,
assuming that the specifications and parameters character-
izing the permeator are available. In that case, the errors
committed by ignoring the permeate accumulated salinity can
be significant, especially if the fiber bundle is longer. From
Fig. 13 it can be predicted that the difference between the per-
meate and accumulated permeate salinities will increase for
longer fiber, and as a consequence higher error for the final
product characteristics can be obtained.

4.3. Sensitivity analysis

In this section, the effect of increasing or decreasing some
model parameters is studied. Despite the fact that the problem
to be solved is a non-linear equations system, the software for
mathematical programming and optimization: GAMS (Brooke
et al., 1997) was implemented for the resolution, by using the

local solver GAMS/CONOPT. After the resolution, one of the
solver output is the marginal values for each variable and
o o

B 0.0191 L 0.0019

equation. That is one of the advantages of implementing that
optimization software and it will be explored here.

When an optimization problem is solved, a variable: the
objective function is minimized or maximized. Let y be the
objective function. The marginal value of a variable x, also
kwon as dual variable or Lagrangian multiplier, is defined as:
∂y/∂x evaluated at the optimal value. This partial derivative
considers all the explicit and implicit influence of the variable
x over the variable y, given by the proper objective function
definition as well as the model equations.

The marginal values for a representative example are pre-
sented. The solved case corresponds to 45,000 ppm of feed salt
concentration, 67.9 atm of operating pressure and 0.917 m3/h
of feed flow rate. The mesh refinement employed is n = m = 7.
Table 5 shows the relative marginal values for the flow rate
and salt concentration of the total permeate stream, that is:
(∂Qptot/∂p)(p/Qptot) and (∂Cptot/∂p)(p/Cptot) for the main model
parameters. The relative marginal values are more appropri-
ated to evaluate the influence of the change at each variable
over the whole process. Note that operating conditions (P, T, C,
Q) physical parameters (A, B, Am) and design parameters (L, ro,
ri, Ro, Ri) are investigated. All of these parameters are defined
as “variables” in the GAMS models, and their values are fixed
before solving the models. In this way, the solver computes the
numerical derivative for the objective function and constraint
with respect to these fixed variables and reports their values
at optimality.

The relative marginal values are arranged according their
absolute values. The positive sign of a relative marginal indi-
cates that the objective function increases its value when
the corresponding parameters are increased. On the con-
trary, a negative relative marginal indicates that increasing the
parameter decreases the objective value. The marginal value
tell as by at most how much we can benefice modifying a par-
ticular parameter. Then, if a parameter p is increased from its
current value p* by a small amount: �p, the net change for the
objective function y will be: (�p∂y/∂p) approximately.

As Table 5 shows, the operating pressure is the parame-
profitable to increase the operating pressure, in case it is pos-
sible, in order to obtain higher permeate flow rate. At the same
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ime, increasing this parameter would diminish the salt con-
entration of permeate stream. Contrarily, and even though
he feed salinity is not always a parameter feasible to manip-
late, its rise would produce lower permeate flow rate with
igher salinity.

The effect of a rise in the feed temperature is negative
o decrease the salintity of the permeate stream as well as
o increase its flow rate. Note that for the porposed model,
he feed temperature is affecting only the osmotic pressure.
xtending the fiber bundle is detrimental for the permeate
ow rate, but it would not affect the permeate salinity.

In that way, the effect of increasing or decreasing each
arameter can be evaluated and considered, according the
ersued objective. Also, information about wich parameters
o not incluence the objective can be obtained. In that way,
he implementation of sensitivity analysis as a powerfull tool
o evaluate changes in the design and operating conditions of
particular permeator has been described and exemplified.

. Conclusions

his work presents a rigorous model for the permeation pro-
ess taking place in a hollow fiber membrane module for
everse osmosis desalination.

With this aim, an appropriated discretization of the per-
eator has been implemented. By using the discretization,

he solutions of the involved differential equations have been
pproximated through the finite differences method. The
umber of grid points was proposed in order to guarantee

ncremental errors lower than 1% for each final variable. That
ed to a finite difference mesh with 7 grid points in the range of
ach discretized variable. Then the module was divided into
6 sections, and the permeation process was approximated
n each one of these sections. It was showed that the relative
rrors committed when no discretization is implemented are
ignificant. Without discretization, the relative errors reach
p to 11.4% for the permeate flow rate and 24.9% for the salt
oncentration of the permeate stream. Then, accurate calcu-
ations are necessaries in order to estimate appropriately the
ermeation module performance.

The profiles for the flow rates and salt concentrations
nside the module have been studied with the proposed

odel. An analysis of the influence of the transmembrane
nd osmotic pressures over the permeate flow rates and salt
oncentrations was carried out. The accumulated permeate
alt concentration falls along the inner radius from z = 0 to
= L whereas the accumulated permeate salt concentration
light increases near the extern radius Ro from z = 0 toward the
xtreme z = L. This behavior is caused by the salt fluxes that
epend on the values of the transmembrane pressure differ-
nce and the osmotic pressure difference. Analogue behavior
s obtained for the permeate flow rate.

In the present work the evaluation of the salt concentra-
ion of the permeate flow rate accumulated along the fiber
s proposed. This concentration affects the calculation of the
smotic pressure and the water and salt fluxes through the
embrane and its influence has been studied. If the final

xit characteristics are considered, the effect of incorporat-
ng the salinity of the permeate accumulated is not significant
or the particular adopted permeator. However, it has been

howed that the difference between the salinities of the per-
eate stream and the accumulated permeate stream along

he fiber is considerable: it reaches up to 16% in some partes
sign 8 8 ( 2 0 1 0 ) 789–802 801

of the device (see Fig. 13). Moreover, it can be predicted that
the errors commited by ignoring the salinity of the perme-
ate accumulated can be considerable if longer permeator are
studied. Then, higher error for the final product characteris-
tics can be introduced when the length and the diameter of
the permeator are varied. Therefore, the calculation of the salt
concentration of the permeate accumulated along the fiber
should not be disregarded in order to model the permeation
process accurately.

Finally, a sensitivity analysis was performed. This analysis
shows that the process is highly sensitive to certain operat-
ing variables as Pf, T, Cftot. In second place, the process is
sensitive to design variables as L and Ro. Technological coef-
ficients are also highly influential for the permeation process
like the solute permeability constant: B. Therefore, a careful
effort should be made to calculate accurately all the techno-
logical coefficients involved in the process.

Once the equations describing the process that takes place
at each membrane module have been established in a future
work this model will be incorporated into a design and syn-
thesis desalination framework, including one or two stages.
Equations relating the stages and establishing the general
plant requirements, as well as cost equations will be formu-
lated. An optimization problem will be defined in order to
obtain the design and operating conditions for the reverse
osmosis desalination network for different seawater salinities,
with a given fresh water requirement and minimizing the cost
per m3 of product water.
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