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a b s t r a c t

On large industrial scales, the cooling stage in the production process of hard candies is one of the most
critical unit operations because many quality problems such as deformation, fragility and aggregation
may appear in this stage. Therefore, the optimization of the operating conditions of the cooling tunnel
plays an essential role from a quality point of view.

The objective of this work is to develop a mathematical model to determine the optimal operating con-
ditions of the cooling tunnel in order to assure the product quality. The resulting PDAEs were converted
to a set of nonlinear algebraic equations using the centered finite difference approximation (CFDM) and
were implemented into the optimization environment GAMS (General Algebraic Modeling System). Thus,
the temperature profiles in the center and surface of the candy, air cooling temperature and velocity are
simultaneously optimized. Three objectives functions based on the product quality are proposed. A sen-
sitive analysis on the main model parameters was also made. The obtained results are discussed in detail.
It is concluded that the developed model can be used as a useful tool to improve its operating efficiency
and even to design a new cooling tunnel.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction process engineering, little work is done in order to build powerful
The design and optimization of thermal processing of foods
need accurate dynamic models through which systematically ex-
plore sets of highly nonlinear partial differential equations (PDEs),
which are difficult and costly to solve, especially in terms of com-
putation time (Balsa-Canto et al., 2002).

Current state in food science and technology databases reveals
that many efforts have been made in the simulation and optimiza-
tion of process unit operations (Barttfeld et al., 2006; Espinoza-
Pérez et al., 2007; Nowee et al., 2007; Norton et al., 2009; Kiziltas�
et al., 2010; Purlis, 2011).

Optimization using response surface modeling (RSM) has been
the most common approach (Bouraoui et al., 1998; Erbar and
Icier, 2009; Firatligil-Durmus and Evranuz, 2010) applied in food
processing sector. RSM techniques were introduced in the 1950s
associated with design of experiments methods (Box et al.,
1978; Myers and Montgomery, 2002). In these statistical tech-
niques, very simple empirical models are derived from sets of
RSM experiments.

Though a number of robust optimization techniques have been
successfully applied to solve several problems in the area of
ll rights reserved.

: +54 341 4553439.
t.gov.ar, magu_reinheimer@
mathematical tools for decision support systems and optimization
in the field of food processing sector (Banga et al., 2003).

There are several powerful solvers for NLP models (CONOPT,
IPOPT, MINOS) which can be linked to different mathematical pro-
gramming languages (GAMS, AMPL, AIMMS) in order to exploit
their advantages in the food processing area.

With regards to the production line of hard candies, one of the
most critical unit operations is the cooling of candies because
many problems affecting the final product quality may appear if
the cooling tunnel does not operate efficiently. Certainly, the main
problems affecting hard candies’ final quality are:

� Deformation due to excessive temperature at the tunnel exit.
This incident is associated with the non-uniform radial tem-
perature profiles of hard candies during cooling.

� Fragility to undergo the subsequent wrapping step because of
sharp cooling. This phenomenon is observed when the oper-
ating conditions of the tunnel are high air velocity and low
air temperature. Under these conditions, the surfaces of hard
candies are cooled too fast becoming easily broken.

� Aggregation of candies due to inadequate residence time of
candy inside the tunnel.

The samples which exhibit one of these problems are consid-
ered as non-conforming products and must be reprocessed.

http://dx.doi.org/10.1016/j.jfoodeng.2011.10.009
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Nomenclature

A heat transfer area (m2)
Cp specific heat capacity (J/kg �C)
D sample diameter (m)
G1, G1 air mass flow rate (kg/s)
h heat transfer coefficient (W/m2 �C)
H enthalpy (J/kg)
HCW enthalpy computed at TCW (J/kg)
HHW enthalpy computed at THW (J/kg)
HHE enthalpy computed at THE (J/kg)
k thermal conductivity (W/m �C)
L water mass flow rate (kg/s)
M number of radial discretization points
N number of temporal discretization points
q heat transfer rate (W)
R sample radius (m)
r variable radius (m)
Rec recycle air mass flow rate (kg/s)
RH relative humidity (%)
S air duct cross section (m2)
T(i,j) temperature in each discretization node ‘‘i, j’’ (�C)
TCW cooling water temperature (�C)
THW heating water temperature (�C)
THE air stream temperature at heat exchanger (�C)
Ta cooling air temperature (�C)
Tref reference temperature (273.15 K)
DT temperature variation (�C)
DTlm logarithmic mean temperature difference (�C)
t time (s)
Dt temporal grid with (m)
U overall heat transfer coefficient (W/m2 �C)

va cooling air velocity (m/s)
Y recycle ratio

Dimensionless numbers
Nu Nusselt
Pr Prandtl
Re Reynolds

Greek symbols
a thermal diffusivity (m2/s)
d spatial grid with (m)
q density (kg/m3)
l viscosity (N s/m2)
h residence time (s)

Subscripts
a cooling air
amb ambient air
c candy
CW cold water utility
HW hot water utility
HE heat exchanger
i spatial node index
j temporal node index
T tunnel
W water stream

Superscripts
inl inlet
out outlet

Fig. 1. Basic production process of hard candies.
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The objective of this work is to develop a dynamic mathemati-
cal model for the simultaneous optimization of operating condi-
tions of the cooling tunnel in order to preserve the product
quality. For the modeling purpose, the set of partial differential
equations (PDEs) is discretized using the central finite difference
method (CFDM), leading to a nonlinear programming model (NLP).

The paper is organized as follows. Section 2 briefly describes the
production line of hard candies. Section 3 deals with the problem
statement. Section 4 lists the assumptions and presents the math-
ematical model. Section 5 describes experimental procedure for
temperature measurements. Section 6 presents applications of
the developed NLP model and the discussion of results. Finally, Sec-
tion 7 presents the conclusions and future work.

2. Production process of hard candy

Fig. 1 schematically shows the required unit operations for hard
candy production process.

During the manufacturing process, granulated sugar, glucose
and water are heated in a steam heated vessel for the sugar to be
dissolved and then transferred to a batch vacuum cooker and
boiled to remove almost all water. Thus the syrup with 19% of
humidity is turned into a candy dough with 2.5% of humidity.
The cooker consists of flash and vacuum chambers. Here, cooking
temperatures are higher than 140 �C at atmospheric pressure. Then
the cooker pressure is modified by applying a vacuum of at least
700 mmHg during the last few minutes of the evaporation process
in order to drive off excessive water and provide the hard candy
with the desired humidity. The last cooking stage is the addition
and mix of additives (acids, flavoring and coloring agents).

The next step is the dough tempering, where the candy mass is
driven to a tempering stainless steel belt which is water refriger-
ated and then it is mixed to homogenize its temperature. After
that, the ‘‘forming’’ process is achieved. The hard candy at 85 �C
is shaped by cutting up a dough roll in a stamp-forming one-
process. The formed hard candies are then cooled in a conventional
cooling tunnel. Finally, hard candies are individually wrapped.

2.1. Description of cooling tunnel

Fig. 2 illustrates the cooling tunnel. The tunnel has two air ducts
(entrance and exit). As shown in Fig. 1, the tunnel is composed of
three conveyor belts (CB) which are mechanically driven by an en-
gine connected to an adjustable frequency drive (AFD) to vary the
residence time of candies.



Fig. 2. A schematic cross-section of the cooling tunnel.
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2.2. Air conditioning system: Operating policies

As mentioned before, the optimization model will lead the opti-
mal values of the cooling air velocity and temperature to operate
the tunnel. Also, it is necessary to air-condition the cooling stream
in order to reach the optimal internal temperature distribution of
hard candies. Air cooling velocity is easily regulated manipulating
the operating speed range of the fan. On the other hand, the air
cooling temperature is set up in a heat exchanger (HE) using aux-
iliary utilities (cooling/heating), as shown Fig. 3. The operating con-
ditions of the heat exchanger depend on the external ambient
temperature, and also this temperature depends on the season as
well as the optimal value of the cooling temperature (TaT).

Thus, the cold water stream (CW) from the cooling tower may
be used to cool the incoming air stream. Otherwise, in case that
it is necessary to heat the air flow, hot water stream (HW), which
is also used at the tempering stage to temper a stretch of the stain-
less steel belt, is available. Another available alternative for the
stream which enters to the heat exchanger is to mix (M1) both
mentioned utilities into a new stream (LW).

As shown in Fig. 3 an alternative air recycle stream at the exit’s
duct is also included in the air conditioning system, increasing in
this way, the available degrees of freedom in order to conveniently
adjust the operating variables (fluxes and temperatures).
Fig. 3. Flow sheet of the integrated process (air condi
Summarizing, it is necessary to define a operational policy to
adjust the air properties of the cooling stream (air velocity and
temperature) by manipulating the fan velocity, the recycle stream
and the stream fluxes in the heat exchanger (in case if needed).

Due to the fact that the way of operating the air conditioning
system depends on the values of the optimal cooling air tempera-
ture inside the tunnel, TaT, and the ambient air temperature, Tamb,
different alternatives are proposed, as is described below:

� If optimal TaT < Tamb, the cold water stream from the cooling
tower (CT) will be used.

� If optimal TaT = Tamb the way of operating is only using fresh
air flow. Therefore the air-conditioning circuit will not put
in operation. The model has the option to use or not the
recycle flow (Rec).

� If optimal TaT > Tamb, the model has the option to mix or not
the cold and hot water streams in the mixer M1.

3. Problem statement

The main aim of this paper is to optimize the operating condi-
tions of the cooling stage in the production process of hard candies.
More specifically, the goal is to develop a nonlinear programing
(NLP) model in order to optimize simultaneously the unsteady
tioning process coupled with the cooling tunnel).
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temperature distribution inside candies and temperature, veloci-
ties and flow-rate of air cooling to operate the cooling tunnel. In
addition, the proposed model also includes the option of coupling
the cooling stage with the air cooling conditioning process, and in
this way, it allows the optimization of the integrated process. The
variables for the air conditioning process are the flow-rates and
temperatures of cold and hot streams used for heating and/or cool-
ing (utilities).

Candy size and composition, ambient air temperature, heat
transfer area and residence time of the candy inside the cooling
tunnel are the main input data of the optimization model. Cer-
tainly, the heat transfer area of (HE), A, and the air duct section
in the cooling tunnel, S, are assumed as given and known because
these pieces of equipment already exist.

As will be more fully described in Section 4.2, several perfor-
mance criteria related to the product quality are proposed as objec-
tive functions.
4. Assumptions and mathematical model

4.1. Assumptions

The main model assumptions can be summarized as follows:

� Candies are considered as homogeneous and isotropic
spheres.

� Model 1-D. Temporal variations of the temperature in the
radial direction are contemplated.

� Choi and Okos models (Choi and Okos, 1986) were used for
thermo-physical property estimations, such as density, ther-
mal capacity and thermal conductivity.

� Thermo-physical property variations with the temperature
are neglected for the temperature range considered in this
work.

� There is no moisture loss. Due to the low water content of
hard candy (2.5%), water loss hardly occurs during candies
cooling. According to this, moisture intake from air is also
negligible, due to the fact that air humidity was monitored
and profiles could be considered as constant between the val-
ues at tunnel entrance and exit.

� Changes in air temperature and humidity are small enough to
produce a negligible effect on the thermal-physical properties
of the air. Based on this assumption, the properties of air flow
are calculated at the conditions of the dry air entering the sys-
tem. It is assumed perfect mixture in the air, due to the fact
that air has much higher rate than the candy flow and the
operation experience.

� The external surface of each sphere is supposed to be sur-
rounded by this cold air with constant properties. This
assumption is based on the [0.5–3.0 m/s] range of air velocity
(Zou et al., 2006).

� The convective heat-transfer coefficient is computed as the
area averaged value of the local heat transfer coefficient
(Becker and Fricke, 2004).

4.2. Heat transfer modeling

Based on the above assumptions, the energy balance of the un-
steady heat transfer process in hard candies can be formulated as
follows:

1
ac

@Tðr; tÞ
@t

¼ @
2T
@r2 þ

2
r
@T
@r

0 < r < R ð1Þ

where (a) refers to the thermal diffusivity which is defined as
follows:
a ¼ kc

qcCpc
ð2Þ

where kc, Cpc and qcrefer, respectively, to the candy thermal conduc-
tivity, specific heat and density which are the most relevant model
parameters for the analysis of food processes and process equipment
design. Thermal diffusivity (a) defines how fast heat propagates or
diffuses through a material (Singh, 1982), and it is generally affected
by composition of the food product (Erdoğdu, 2008).

The boundary condition at the sphere surface (r = R) which is a
third class condition is imposed by

kc
@Tðr; tÞ
@r

þ h TðR; tÞ ¼ h TaT ; r ¼ R ð3Þ

where h and TaT refer respectively to the heat transfer coefficient
and the cooling air temperature. As indicated in Eq. (3), the heat
arriving at the sphere surface by conduction is dissipated into the
medium by convection.

As regard the condition at the center r = 0, Eq. (4) refers to the
adiabatic heat transfer condition by assuming that the product is
evenly cooled

@Tðr; tÞ
@r

¼ 0 r ¼ 0 ð4Þ

Heat transfer coefficient (h) is computed by the correlation
developed by Dincer (1994), which is applicable for air cooling of
spherical and cylindrical products:

h ¼ Nu ka

DC
¼ ð1:56 Re0:426 Pr1=3Þ ka

Dc
ð5Þ

where ka and Dc refer to the cooling air thermal conductivity and
the candy diameter respectively. Nu is the Nusselt dimensionless
Number.

Re and Pr are Reynolds and Prandtl dimensionless number
respectively and are computed as follows:

Re ¼ qavaDc

la
ð6Þ

Pr ¼ Cpala

ka
ð7Þ

where qa, va, la, Cpa and ka are cooling air density, air velocity, spe-
cific heat and thermal conductivity respectively. Dc refers to the
candy diameter.

Finally, a uniform initial temperature condition is considered as
follows:

Tðr;0Þ ¼ T inl 0 6 r 6 R ð8Þ

where Tinl refers to the inlet candy temperature.

4.2.1. Discretization of the heat transfer modeling
Eqs. (1), (3), and (4) were discretized using the central finite dif-

ference method (CFDM). Fig. 4 schematically shows the boundary
and internal nodes. The number of discretization points in time
and radial direction have been chose equal to 11, defining:

d ¼ R
M

; Dt ¼ h
N

ð9Þ

for the radial and temporal variations, respectively, with M =
N = 10.

The second-order accurate in time and in space (0[(Dt)2,(Dx)2])
is the chosen method and is applied as follows:

First derivatives: the two-point formulae was used for internal
nodes, that means i and/or j – 0, 10. The three-point formulae
was applied for boundary nodes, i or j = 0 or 10. Three or four-point
formulae were useful to compute the first derivative at a node on



Fig. 4. Scheme of the discretization grid for CFDM.
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the boundary by using more than two grid points on one side of the
boundary in order to improve the accuracy of approximation (Ozis-
ik, 1994).

Second derivatives: the central finite difference approximation is
used at internal nodes (i and/or j – 0, 10), and the forward finite
difference approximation is applied at the origin node, i = 0, at
the boundary condition in the center of the sphere.

Thus, the following constraint computes the approximation of
Eq. (1) for internal nodes:

Tði; jþ 1Þ � Tði; j� 1Þ
2Dt

¼ ac
Tði� 1; jÞ � 2Tði; jÞ þ Tðiþ 1; jÞ

d2

þ 2
ði� 1Þd

Tðiþ 1; jÞ � Tði� 1; jÞ
2d

� �
;

i : 1;2; ;9; j : 1;2; ; 9 ð10Þ

The following constraint computes the temperature variation of
the internal nodes at final time:

Tði; j�2Þ �4Tði; j� 1Þþ 3Tði; jÞ
2Dt

¼ ac
Tði� 1; jÞ� 2Tði; jÞ þ Tðiþ1; jÞ

d2

þ 2
ði� 1Þd

Tðiþ 1; jÞ� Tði� 1; jÞ
2d

� �
;

i : 1;2; . . . ;9; j : 10 ð11Þ

The following are the constraints related to the discretizations
of Eq. (3) and (4) which are the boundary conditions at the surface
and center, respectively:

kc
Tði� 2; jÞ � 4Tði� 1; jÞ þ 3Tði; jÞ

2d
þ h Tði; jÞ ¼ h Ta ;

i : 10 ; j : 1; 2; :::; 10 ð12Þ

Tði; jþ 1Þ � Tði; j� 1Þ
2Dt

¼ ac
Tði� 1; jÞ � 2Tði; jÞ þ Tðiþ 1; jÞ

d2 ;

i : 0; j : 1;2; . . . ;10 ð13Þ

The initial condition is imposed by:

Tði; jÞ ¼ 80; i : 0;1;2 . . . ;10; j : 0 ð14Þ

The following constraint is imposed in order to ensure the
glassy structure as well as to prevent quality problems (stickiness
and deformation):
Tði; jÞ 6 34; i : 0; j : 10 ð15Þ
4.3. Modeling of the air aconditioning process

Mass and energy balances in mixer [M2]:

G2 ¼ G1 þ Rec ð16Þ

G2H2 ¼ G1H1 þ Rec HRec ð17Þ

Mass balance in the Splitter [S]:

Rec ¼ YG2 ð18Þ

The cooling air flow-rate is computed according to the duct sec-
tion [S], air density [qa] and air linear velocity [va]:

G2 ¼ qa � va � S ð19Þ

The heat transfer rate [q] in the heat exchanger [HE] is com-
puted as follows:

q ¼ U � A � DT lm ð20Þ

where q and DTlm refer to the transferred heat and logarithmic
mean temperature difference, respectively.

Depending on the ambient air temperature (Tamb) the following
constraints are imposed to compute both energy balance and DTlm

in the heat exchanger [HE]:

q ¼ G2 � Cpa � ðTout
HE � Tinl

HEÞ ¼ LW � CpW � ðTinl
L � Tout

L Þ; if TaT > Tamb

ð21Þ
q ¼ G2 � Cpa � ðTout
HE � Tinl

HEÞ
¼ LCW � CpW � ðTCW � Tout

L Þ; if TaT < Tamb ð22Þ

DTlm ¼
ðTinl

L � Tout
HE Þ � ðT

out
L � Tinl

HEÞ

ln ðT
inl
L �Tout

HE Þ
ðTout

L �Tinl
HEÞ

; if TaT > Tamb ð23Þ

DTlm ¼
ðTout

HE � TCWÞ � ðTinl
HE � Tout

L Þ
ln ðT

out
HE �TCW Þ
ðTinl

HE�Tiout
L Þ

; if TaT < Tamb ð24Þ

Eqs. (25) and (26) refer to the mass and energy balances in the Mix-
er M1:
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LW ¼ LHW þ LCW ð25Þ

HW � LW ¼ HHW � LHW þ HCW � LCW ð26Þ
4.4. Connectivity constraints

According to Fig. 3, the following constraints are necessary to
include in the model:

Tainl
T ¼ Taout

T ¼ TRec ¼ TaT ð27Þ
4.5. Objective functions

One of the goals of the paper is to identify which objective func-
tion could be used to determine the operating conditions which lead
to lower and more uniform temperature differences between the
center and surface of the candy along the cooling tunnel. Based in
previous and preliminary results about the influence of some vari-
ables on the cooling performance (Reinheimer, 2011; Reinheimer
et al., 2010), some of the main model variables are included in the
objective functions in order to investigate how the main model vari-
ables can be related among them in order to obtain an uniform tem-
perature distribution during the cooling process. More precisely, the
variables to be considered are: DT = the temperature difference be-
tween the center and surface of candy, TaT = air cooling temperature
and va = air cooling velocity.

The following knowledge are considered to derive the three
objective functions:

- Deformation, stickiness and rupture (fragility) are propor-
tional to DT, so product quality increases with the decreasing
of DT.

- The boundary condition at the sphere surface (r = R); Eq. (3)
takes into account the heat transfer by convection between
the surface of the candy and the medium and is strongly
influenced by TaT and va. The rate of heat transfer by convec-
tion increases with the decreasing of TaT because the driving
force between the candy and the medium increases. How-
ever, lower values of TaT lead to non-uniform temperature
differences in the candy (DT).

The same rationale could be applied to explain the influence of
the value of va on the heat transfer by convection. Higher values of
va increase the heat transfer coefficient and therefore the rate of
heat transfer. But also higher values of va cause temperature differ-
ences in the candy (DT).

According to this, there exists a trade-off of the value of TaT and
va that should guarantee the cooling with more uniform tempera-
ture differences. Eq. (16) is imposed in the model to ensure the de-
sired glassy structure.

Based on the mentioned above, the following three objective
functions are investigated.

The first objective function OF1 consists of minimizing the ratio
between DT at each time and TaT.

Min OF1 ¼ Min

P10
j¼0½Tði ¼ 0; jÞ � Tði ¼ 10; jÞ�

TaT

" #
ð28Þ

The authors believed that the minimization of the sum of DT at
each instant of time leads to an uniform temperature difference in
the candy; then it was considered in the numerator of OF1. As
mentioned earlier, higher values of TaT lead to a more uniform
DT than lower values. For this reason, TaT appears in the denomi-
nator of OF1.
Based on the same idea of OF1, the following objective function
OF2 has been proposed. As shown, DT is only computed at the final
time.

Min OF2 ¼ Min
½Tði ¼ 0; j ¼ 10Þ � Tði ¼ 10; j ¼ 10Þ�

TaT

� �
ð29Þ

OF2 was proposed to in order to compare the numerical results
and computational cost (CPU time and iteration number) with that
obtained by OF1.

Finally, OF3 only involves the main operating variables of the
cooling tunnel. The idea behind is to verify if the minimization of
the ratio between va and TaT, defined from the behaviors men-
tioned above, can guarantee a uniform temperature difference.
Thus, the following objective function is also investigated:

Min OF3 ¼ Min
va

TaT

� �
ð30Þ

The model also includes constraints to compute enthalpies and
air physical properties which are listed in Appendix A. Thus, Eqs.
(9)–(26) are basically the model constraints that approximate the
transient behavior of the cooling of the candy and the air condi-
tioning process.

Briefly, the following three optimizations problems are stated:

� min OF1 (va, TaT, G1, G2, Y, LHW if TaT > Tamb, or LCW if TaT < -
Tamb); subject to Eqs. (9)–(26)

� min OF2 (va, TaT, G1, G2, Y, LHW if TaT > Tamb, or LCW if TaT < Tamb);
subject to Eqs. (9)–(26)

� min OF3 (va, TaT, G1, G2, Y, LHW if TaT > Tamb, or LCW if TaT < -
Tamb); subject to Eqs. (9)–(26)

As shown, the optimization variables are: va, TaT, G1, G2, Y and
LHW or LCW depending on the specific study case.

The generalized reduced gradient algorithm CONOPT 2.041 was
here used as NLP solver (Drud, 1992).

The optimization model involves, respectively, 170 and 80
equality and inequality constraints. The total number of variables
is 176. It should be noticed that global optimal solutions cannot
be guaranteed due to the presence of bilinear terms and logarithms
which lead to non-convex constraints.

Intel Core i5 M480 2.67 GHz processor and 8 GB RAM has been
used to perform the simulations and optimizations.
5. Experimental

Due to the layout design of the cooling tunnel, dynamic exper-
imental data were not available for a rigorous model validation. It
was no possible to install thermocouples within the candy, which
is moving along the three cooling conveyor belts. Hence, in order to
check the validity of the model, candy samples were taken at the
end of the tunnel. Then, temperatures measured in the candy cen-
ter and surface have been compared to those obtained by simula-
tions. Experimental measurements were done by using a
thermocouple type K (�50 to 350 �C) with TESTO 905-T1 (Testo)
device with ±1 �C accuracy.

Several samples (n = 40) were taken at the outlet of the tunnel
for each cooling experiment and rapidly placed in an insulated
chamber. Temperatures on the surface and in the center of each
candy were measured. A thermocouple was inserted into samples
8 mm below the surface to measure the temperature in the center.
Then, every reading was recorded once the temperature has
reached equilibrium. Experimental temperatures were reported
as average values and standard deviation (Reinheimer et al., 2010).
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6. Results and discussion

In this section, the validation of the proposed model and opti-
mization results are presented through three case studies. The first
case study deals with the model validation. The second one dis-
cusses the optimal results obtained for different objective func-
tions. Finally, a sensitivity analysis is discussed in the case study 3.
6.1. Case study 1: Model validation

An exhaustive validation of the heat transfer model was pre-
sented in a previous work (Reinheimer et al., 2010). In that work,
comparisons of the experimental and simulated temperatures ob-
tained at the tunnel’s outlet for different operating conditions and
water contents showed slight differences on numerical values.
Same conclusions were drawn for other size and chemical compo-
sition of hard candies.

Only for validation purpose, in this work, the model imple-
mented in GAMS was used as a simulator in a predictive manner.
For this, it was necessary to fix the model degree-of-freedom. Sim-
ulation results obtained by the actual model were compared with
the experimental data used in Reinheimer et al. (2010). It is worth
noting that both implemented models showed the same perfor-
mance and results as expected.

After model validation, two study cases are presented in order
to discuss the obtained results for the optimization problem de-
scribed in Section 3.
6.2. Case study II: Optimal operating conditions of cooling tunnel for
different optimization criteria

As mentioned, several objective functions based on different
criteria have been investigated.

The model parameter values used for model optimization are
listed in Table 1.

Lower and upper bounds in some optimization variables are
listed in Table 2. For example, the air convection is directed by a
horizontal fan with a safe operating speed range of 1.2–3 m/s,
which is imposed by lower and upper bounds.
Table 1
Model parameter values.

Parameter Value

Hard candy composition [w/w%]: 0.276
Carbohydrates 97.13
Water 2.5
Ash 0.18
Hard candy thermal conductivity, kc [W/m �C] 0.276
Hard candy thermal diffusivity, ac [m2/s] 1.106E�7
Hard candy radio, R [m] 0.008
Air duct cross section, S [m2] 0.2025
Specific heat capacity of water, CpW [J/kg �C] 4180
Specific heat capacity of air, Cpa [J/kg �C] 1005
Overall heat transfer coefficient, U [W/m2 �C] 200
Heat transfer area, A [m2] 2.9
Ambient air temperature, Tamb [�C] 20
Ambient air relative humidity, RH [%] 46.5
Temperature of cold water utility, TCW [�C] 25
Temperature of hot water utility, THW [�C] 50

Table 2
Lower and upper bounds for the main optimization variables.

Variable Lower bound Upper bound

Cooling air velocity, va [m/s] 1.2 3
Recycle ratio, Y 0 1
In order to analyze the optimal solutions it is important to keep
in mind that the final temperature is critical for the wrapping
session while the temperature difference between the surface
and the center in each instant of time is crucial to avoid a sharp
cooling which leads to serious quality problems (stickiness and
deformation).

Figs. 5 and 6 compare, respectively, the corresponding tempera-
ture difference at each instance of time and the temperature profiles
at the center and surface of the candy. For each objective function
the comparison also includes results for two working modes of
the cooling tunnel: (a) the cooling tunnel coupled to the air condi-
tioning process (Examples 1, 3 and 5) and (b) the tunnel non coupled
to the conditioning process (Examples 2 and 4). Despite that a max-
imum residence time of 500 s has been used to illustrate the ob-
tained results, temperature profiles analysis for shorter residence
times can be directly done from the presented figures.

A detailed comparison of solutions obtained for the three objec-
tive functions is also presented in Table 3.

As it can be clearly seen from Fig. 5, the risk of product fragility
predicted by all objective functions is high at the beginning of the
cooling process because the temperature differences reach the
maximum values and then they decrease slowly down. As shown
in Fig. 5, OF3 is the appropriate objective function in order to min-
imize the risk of product fragility. In contrast to our expectation,
OF1 does not lead to minimize the risk of product fragility at each
time during cooling. In fact, despite that OF1 leads to the minimum
Fig. 5. Temperature difference vs. residence time.

Fig. 6. Temperature profiles vs. residence time.



Table 3
Optimal values for different objective functions.

OF1 OF2 OF3

Example
1

Example
2

Example
3

Example
4

Example
5

va [m/s] 3 * 1.2 ** 3 * 2.043 1.2 **

TaT [�C] 31.05 20.00 31.05 20.00 27.92

Tinl
HE [�C] 28.50 20.00 27.36 20.00 22.79

Tinl
L [�C] 34.44 N/A 35.80 N/A 30.64

Tout
L [�C] 31.69 N/A 32.09 N/A 25.50

DTlm [�C] 3.287 N/A 4.739 N/A 2.714
G1 [kg/s] 0.169 0.271 0.245 0.461 0.190
Rec [kg/s] 0.563 0.022 0.488 0.038 0.103
Y 0.769 0.076 0.666 0.076 0.352
G2 [kg/s] 0.732 0.293 0.732 0.499 0.293
LHW [kg/s] 0.062 N/A 0.076 N/A 0.016
LCW [kg/s] 0.102 N/A 0.100 N/A 0.054
LW [kg/s] 0.164 N/A 0.176 N/A 0.07
q [W] 1877.17 N/A 2719.98 N/A 1510.93
OF1 3.051 5.543 3.051 5.716 3.446
OF2 0.053 0.156 0.053 0.123 0.097
OF3 0.097 0.06 0.097 0.102 0.043
HMIN (Tr = 0 = 34 �C) [s] 500 360 500 310 500
Sum DT [�C] 94.754 110.854 94.754 114.326 96.228

* Upper bound.
** Lower bound.
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value of the sum of DT in each instance of time, the values of DT for
OF1 at the beginning of the cooling are higher than values predicted
by OF3. Based on this behavior, another objective function for min-
imization was investigated. It involves the sum of DT for the first
points ranged between 0 and 150 s. As expected, this new objective
function leads to the same solutions obtained by OF3.

Fig. 6 illustrates optimal temperature profiles indicating the
minimum residence time for each objective function in order to
reach the maximum admissible temperature at the end of the cool-
ing tunnel (634 �C). It can be clearly seen that all objective func-
tions predicted the same minimum residence time (500 s.) when
the cooling tunnel is coupled to air conditioning process.

In Examples 1, 3 and 5, the same minimum residence time is
predicted, that means the glassy structure is reached at 500 s in
the whole candy sample, being the temperature at its center equal
to 34 �C. As shown in Table 3, this constraint is achieved by combi-
nation of two different pair of values of TaT and va.

In the specific cases of the applications of OF1 and OF3, there
are no constraints on the value of va. Therefore, this variable adopts
its upper bound. Due to the fact that va is high, the optimal value of
TaT has to be high to minimize temperature differences, not to pro-
duce sharp cooling, and also because the ratio of these variables is
involved in the minimization of the OF1 and OF2.

On the other hand, in the case of example 5, the minimization of
the OF3 implicates the minimization of va, adopting its lower
bound as optimal value. Consequently, the optimal value of TaT

needs to be lower to contribute in the driving force for the heat
transfer operation and therefore to assure the glassy structure im-
posed by the restriction.

Here, it is important to highlight that it is assumed that the nec-
essary utilities to heat the cooling temperature and provide the
power for the horizontal fan, are enough. Both can be supplied
without restrictions.

The residence time is an important process parameter because
it is strongly connected with the candy production level, operating
costs as well as the operating mode of the cooling tunnel. For
example, for a fixed tunnel dimensions, higher residence time re-
sults in smaller production.

According to Table 3, in all cases except for Example 4, va

reached its bounds; more precisely upper bound in Examples 1
and 3 and lower bound in Examples 2 and 5.
Because the optimal value of TaT using OF3 is 27.92 �C instead of
31.05 �C and the cooling air velocity is 1.2 m/s instead of 3 m/s, the
estimated values of the heat transfer duty on the exchanger as well
as the flow-rate of the stream used for heating predicted by OF3
are smaller than those predicted by OF1 and OF2 (24.23% and
80.02% for heat duty and 134.28% and 151.42% for flow-rate of
hot stream, respectively). In addition, the quantity of air recycled
using OF3 is considerably lower than using OF1 and OF2. These re-
sults clearly show the sensitivity of the operating variables (stream
temperatures and flow rates) on the objective functions. However,
it should be mentioned that the results were obtained neglecting
the air pressure drop along the heat exchanger and the cooling tun-
nel. For a more accuracy, the dependence of the heat transfer coef-
ficients with the temperature, fluid velocities as well as the air
pressure drop should be considered.

6.3. Case study III

In order to investigate the effect of the ambient air temperature
(Tamb) on the whole cooling process (cooling tunnel plus air condi-
tioning process), the optimization model was also solved for differ-
ent ambient air temperature values. Table 4 reports the results
obtained for Tamb = 15, 20, 25 and 30 �C and considering OF3. As
shown in Table 4, same optimal values of va (1.2 m/s) and TaT

(27.92 �C) are reached for all Tamb values remarking that va reached
its lower bound. A same optimal temperature value was achieved
because it was assumed in all cases that enough hot and cold util-
ities are available. In fact, both recycle of heated air and hot stream
were used to heat the incoming air stream for Tamb < TaT(optimal) and
cold stream to cool incoming air for Tamb P TaT(optimal).

As expected, it is clearly observed that the transferred heat [q]
in the heat exchanger increases as Tamb decreases for Tamb. Also, it
is possible to conclude that the air recycled [Rec] increases its rate
with the decreasing of the Tamb value.

The fourth column in Table 4 shows the results obtained for
Tamb = 30 �C (Tamb > optimal TaT). In this case, the optimal values
corresponding for TaT and va also are 27.92 �C and 1.2 m/s, respec-
tively. Thus, 0.012 kg/s of cold stream (LCW) is used to cool the
incoming air stream using a fixed heat transfer area of 2.9 m2.

From the obtained results, a sensitivity analysis indicates that
the optimal value will improve as va decreases because it reached
its lower bound. However, it is not technologically feasible to oper-
ate the tunnel at lower air velocity than 1.2 m/s.

6.4. Sensitivity analysis with respect to radial discretization

In order to study the influence of the number of discretization
grid points used on the numerical results, a sensitivity analysis
was conducted. The obtained results showed that numerical re-
sults are not affected when the number of discretization grid
points used is higher than 10. Certainly, despite that the computing
time and the number of iterations increased slightly when the
number of grid points was higher than 10, same numerical values
were found when the number of discretization grid points was
higher than 10. However, poor results have been obtained when
the number of grid points was smaller than 10. In fact, inaccurate
temperature transients were predicted. Thus, according to the
accuracy of results, computational time and number of iterations,
10 nodes were selected for the discretization purpose.

6.5. Computational aspects

It is interesting to mention some details about the initialization
of all model variables. In order to obtain a feasible initial solution
to guarantee the convergence of the proposed optimization NLP
model the following initialization strategy has been successfully



Table 4
Optimal values obtained using OF3 for different Tamb.

Average ambient air temperature (Tamb)

15 �C 20 �C 25 �C 30 �C

va [m/s] 1.2 ** 1.2 ** 1.2 ** 1.2 **

TaT [�C] 27.29 27.29 27.29 27.29

Tinl
HE[�C] 22.31 22.79 25.25 29.91

Tinl
L [�C] 30.89 30.64 29.57 25.00

Tout
L [�C] 25.27 25.50 26.45 29.69

DTlm [�C] 2.968 2.714 1.412 1.052
G1 [kg/s] 0.127 0.190 0.267 0.281
Rec [kg/s] 0.166 0.103 0.029 0.012
Y 0.566 0.352 0.087 0.42
G2 [kg/s] 0.293 0.293 0.293 0.293
LHW [kg/s] 0.017 0.016 0.011 N/A
LCH [kg/s] 0.054 0.054 0.049 0.012
LW [kg/s] 0.071 0.07 0.060 N/A
q [W] 1652.75 1510.93 786.04 585.49

** Lower bound.
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implemented. In a first step, the optimization variables are fixed at
known values and thus the NLP model becomes into a linear pro-
graming model (LP) and is solved in a simulation mode. The main
advantage of this is that LP models are more easy to solve than NLP
models because they are not strongly dependent on the initial val-
ues. Then, in a second step, the values that were previously fixed
are now set as free values and the solution obtained by the LP mod-
el (simulation mode) is used as initialization to solve the NLP opti-
mization model. Both steps were implemented in a systematic way
and external input data are not required. Thus, initial values for all
model variables were automatically obtained in a few iterations. In
addition, several tests using different random initialization settings
have been also considered. In some cases, same solutions reported
in the paper have been obtained but in other cases, the optimiza-
tion algorithm failed.

However, despite that same solutions were obtained in some of
the cases, global solutions cannot be guaranteed due to the non-
convex constraints involved in the mathematical model.

Finally, it should be mentioned that scaling on variables and
equations has been also implemented in order to facilitate the
model convergence. Thus, the proposed problems were solved at
a relatively low computational cost. Certainly, all solutions were
obtained rapidly in at worst 0.12 CPU seconds after 12 iterations.
The model proved to be robust and flexible, achieving convergence
in all the several optimization made.
7. Conclusions

A mathematical model for predicting the temperature variation
in hard candies during cooling was presented. The proposed model
allows to determine the optimal operating conditions of the cool-
ing tunnel and the air conditioning process in order to maximize
the product quality. A centered finite difference approximation
(CFDM) was used to discretize the PDAEs into a set of non linear
algebraic equations.

Three formulations of objective functions considering quality
aspects implicitly were investigated. Same behaviors of hard candy
temperature profiles have been predicted by all objective func-
tions, indicating that the risk of product fragility is high at the
beginning of the cooling.

Contrary to our expectation, numerical results showed that OF3
predicts lower temperature differences than OF1 and OF2. From
quality aspect, this result is valuable because it indicates that it is
preferred to include the operating variables of the cooling tunnel
in the objective function instead of temperature differences.
Regardless of this, it is also interesting to observe that the minimi-
zation of the temperature difference at the beginning of the cooling
(first instances of time), leads to the same solutions predicted by
OF3. It is important to remark here, that heterogeneous temperature
distributions will always exist due to the high internal heat transfer
resistance (low value of thermal conductivity) of hard candies.

The results discussed in this paper were obtained for a cooling
tunnel composed of three conveyor belts assuming a same velocity
for each one of them. It may be possible, however, to operate the
conveyor belts at different velocities if the cooling efficiency is im-
proved. The convenience of such modifications can be analyzed by
extending the presented model in order to consider different veloc-
ities for the conveyor belts. Moreover, the production level, the total
cost and quality models must be also considered for the optimiza-
tion. Certainly, many other optimization problems can be stated if
the mentioned aspects are considered to be part of the trade-offs.
For example, the following optimization problems could be set:
(i) to minimize residence time and minimize temperature differ-
ences, (ii) to minimize residence time given a constraint of maxi-
mum temperature difference smaller than a certain value. Thus,
all trade-offs given by quality and economic aspects can be simul-
taneous optimized. These mentioned aspects will be addressed in
future studies. In this sense, the results discussed in this paper
are valuable and useful because they can be further used to explore
other optimization problems. For example, the minimum values re-
ported of the maximum temperature differences observed in the
cooling tunnel, which are related to the product quality, can be fur-
ther imposed as a model constraint. The main advantage of this is
that quality aspects can be handled by constraints and thus other
aspects can be explicitly included in the objective functions.

According to the above findings, it is easy to conclude that an
economic objective function including operating costs and invest-
ment must be considered for the design of the air conditioning pro-
cess. Operating costs for heating are given by the electricity
consumed by the air blower used for recycling of heated air [Rec]
and pumps used for the hot water [HW] stream. And the invest-
ment costs are related to the air cooling tower, blowers and pumps.
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Appendix A

The enthalpies used in the energy balances are computed as
follows:

H2 ¼ Cpa � ðTainl
HE � Tref Þ ð31Þ

H1 ¼ Cpa � ðTaamb � Tref Þ ð32Þ

HRec ¼ Cpa � ðTaout
T � Tref Þ ð33Þ

HW ¼ CpW � ðTinl
L � Tref Þ ð34Þ

HHW ¼ CpW � ðTHW � Tref Þ ð35Þ

HCW ¼ CpW � ðTCW � Tref Þ ð36Þ

Correlations for the calculation of the cooling air thermo-
physical properties (Tsilingiris, 2008):

qa ¼ 1:293393662� 5:538444326E� 3 � TaT

þ 3:860201577E� 5 � Ta2
T � 5:2536065E� 7 � Ta3

T ð37Þ
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ka ¼ 2:40073953E� 2þ 7:278410162E� 5 � TaT

� 1:788037411E� 7 � Ta2
T � 1:351703529E� 9 � Ta3

T

� 3:322412767E� 11 � Ta4
T ð38Þ

Pra ¼ 0:7215798365� 3:703124976E� 4 � TaT

þ 2:240599044E� 5 � Ta2
T � 4:162785412E� 7 � Ta3

T

þ 4:969218948E� 9 � Ta4
T ð39Þ

la ¼ 1:715747771E� 5þ 4:722402075E� 8 � TaT

� 3:663027156E� 10 � Ta2
T þ 1:873236686E� 12 � Ta3

T

� 8:050218737E� 14 � Ta4
T ð40Þ
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