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Abstract. In this short note, we show the behavior in Orlicz spaces of best approxima-
tions by algebraic polynomials pairs on union of neighborhoods, when the measure of
them tends to zero.
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1 Introduction

Let ∅ 6= X ⊂R be an open and bounded set. We denote by M=M(X) the equivalence
class of all real Lebesgue measurable functions on X. Let Φ be the set of convex functions
φ :R+→R+, with φ(x)>0 for x>0 and φ(0)=0.

For each φ∈Φ, define

Lφ= Lφ(X)=
{

f ∈M :
∫

X
φ(α| f (x)|)dx<∞ for some α>0

}

.

The space Lφ is called an Orlicz space determined by φ. This space is endowed with the
Luxemburg norm defined by

‖ f‖φ = inf
{

λ>0 :
∫

X
φ
( | f (x)|

λ

)

dx≤1
}

,

and so it becomes a Banach space. Sometimes we write ‖·‖Lφ(W) instead of ‖ f χW‖φ,
where χW denotes the characteristic function on W⊂X.
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We assume that φ∈Φ satisfies the ∆2-condition, that is, there exists a constant γ> 0
such that φ(2x)≤γφ(x) for all x≥0. In this case,

∫

X
φ
( | f (x)|

‖ f‖φ

)

dx=1.

A detailed treatment about these subjects may be found in [5].

Given x1<···<xk in X, k≥1, for δ>0 small enough we define a net of pairwise disjoint
sets Vj=Vj(δ) :=xj+ε j(δ)Aj⊂X, 1≤ j≤k, where ε j = ε j(δ)ց0 as δ→0, and each interval
Aj, independent of δ, has Lebesgue measure 1.

Let a ∈R, n,m ∈ N∪{0} and let Πn be the class of algebraic polynomials with real
coefficients of degree at most n. For r∈{0,1}, let Πm(a,r)= {Q∈Πm : Q(a)= r} and we
consider the sets

S
n
m(a) :=Πn×Πm(a,1) and Πn

m(a) :=
{ P

Q
: (P,Q)∈Πn×Πm(a,0), Q 6=0

}

.

Given a function f ∈ Lφ, we say that (Pδ,Qδ)∈Sn
m(a) is a best ‖·‖φ-approximant pair of

f from Sn
m(a) respect to ‖·‖Lφ(V) if

‖ f Qδ−Pδ‖Lφ(V)≤‖ f Q−P‖Lφ(V), (P,Q)∈S
n
m(a), (1.1)

where V =
⋃k

j=1Vj. It is easy to see that (Pδ,Qδ) exists. In fact, let Q∗(x) = 1, x ∈ R.

Then Πm(a,1)=Q∗+Πm(a,0) and we see that existence of a minimizing pair for (1.1) is
equivalent to the existence of a minimum of

‖ f −R‖Lφ(V), R∈R
n
m( f ,a), (1.2)

where

R
n
m( f ,a) := f Πm(a,0)+Πn

is a finite dimensional subspace of Lφ. Clearly, (1.2) is minimized by some R0= f Q0+P0∈
Rn

m( f ,a), so that (P0,Q∗−Q0) is a best ‖·‖φ-approximant pair of f from Sn
m(a) respect to

‖·‖Lφ(V).

We observe that if f /∈ Πn
m(a), then Rm

n ( f ,a) has dimension n+m+1 and Rn
m( f ,a) =

f Πm(a,0)⊕Πn

If the net (Pδ,Qδ) has a limit in Sn
m(a) as δ → 0, this limit is called a best local ‖·‖φ-

approximation of type (n,m) of f from Sn
m(a) on {x1,··· ,xk}.

We denote by PCt(X) the class of functions with t−1 continuous derivatives and
bounded, piecewise continuous tth derivative on X. Let f ∈PCt(X), (P,Q)∈Πn×Πm, and
let 〈ij〉 be an ordered N-tuple of nonnegative integers with ij ≤ t and ∑

N
j=1 ij =n+m+1. If

( f Q−P)(i)(yj)=0, j=1,2,··· ,N, i=0,1,··· ,ij−1, (1.3)
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then (P,Q) is said to be a 〈ij〉-Padé approximant pair of f in {y1,··· ,yN}. If Q 6=0 and

(

f −
P

Q

)(i)
(yj)=0, j=1,2,··· ,N, i=0,1,··· ,ij−1,

then the rational function P/Q is called a 〈ij〉-Padé approximant of f in {y1,··· ,yN}.
Clearly, the problem (1.3) always has a nontrivial solution for (P,Q), since it is a ho-
mogeneous system of n+m+1 equations in n+m+2 unknowns.

From now on, we make an assumption on the k-tuple 〈ε j〉 :=(ε1,··· ,εk) which allows
us to compare the following expressions, as functions of δ,

vj(α) :=‖XVj
‖φεα

j =
εα

j

φ−1
(

1
ε j

) , where α is a nonnegative integer.

More precisely, for each pair of nonnegative integers α and β, and any pair j, l, 1≤ j,l≤k,
we suppose

vl(α)=O(vj(β)) or vj(β)= o(vl(α)) as δ→0. (1.4)

Let 〈ij〉 be an ordered k-tuple of nonnegative integers. We say that vl(il) is maximal if
vj(ij)=O(vl(il)) for all j, 1≤ j≤ k. We denote it by vl(il)=max{vj(ij)}. A k-tuple 〈ij〉 of
nonnegative integers is said to be ‖·‖φ-balanced if for each ir >0,

1

vl(ir−1)
max{vj(ij)}= o(1).

An integer N≥0 is called ‖·‖φ-balanced if there exists a ‖·‖φ-balanced k-tuple 〈ij〉, with

N=∑
k
j=1 ij. It easy to see that a such k-tuple is unique.

As it was seen in [2], for each N ≥ 0 there exists the smallest ‖·‖φ-balanced integer
greater than or equal to N, and the greatest ‖·‖φ-balanced integer smaller than or equal

to N, which we denote by N and N, respectively. We write ∑
k
j=1 ij = N and ∑

k
j=1 i j = N,

where 〈ij〉 and 〈ij〉 are ‖·‖φ-balanced k-tuples. If N is not a ‖·‖φ-balanced integer, then

N<N<N and there are no ‖·‖φ-balanced integers between N and N.
Generally, if 〈ij〉 is a ‖·‖φ-balanced k-tuple, let K be the set of indexes j with the prop-

erty that vj(ij) =max{vl(il)}. As a consequence of the algorithm established in [2] for
computing the ‖·‖φ-balanced integers, we deduce that the smallest ‖·‖φ-balanced inte-

ger greater than ∑
k
j=1 ij is ∑

j
j=1 i′ j, where 〈i′ j〉 is a ‖·‖φ-balanced k-tuple, i′ j= ij+1 for j∈K

and i′ j = ij for j /∈K. Therefore the cardinal of K is ∑
k
j=1 i′ j−∑

k
j=1 ij.

In this work we study the behavior in Lφ of best ‖·‖φ-approximant pairs of f from
Sn

m(a) respect to ‖·‖Lφ(V) when δ → 0, i.e., we prove the existence and characterization
of the best local ‖·‖φ-approximations of type (n,m) at f from Sn

m. This result has been
proved in (see [1, Theorem 3]) for Lp spaces, 1≤ p≤∞, and m= 0. In Orlicz spaces the
existence of best local approximation of type (n,0) can be seen in [2] in the case where
n+1 is a ‖·‖φ-balanced integer. The case where n+1 is not a ‖·‖φ-balanced integer was
investigated in [4].
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2 Main results

Let (S,T)∈Πn×Πm be such that T 6=0. We recall that S/T is normal if it is irreducible and
either degS=n or degT=m. The null rational function 0 is normal if and only if degT=0.

Lemma 2.1. Let (S,T)∈Πn×Πm be such that S
T is normal. If T(a) 6=0, then

SΠm(a,0)+TΠn =Πn+m.

Proof. Clearly SΠm(a,0)+TΠn ⊂ Πn+m. As S
T is normal, it is well known that SΠm+

TΠn =Πn+m (see for instance [3]). Let F∈Πn+m and let (P0,Q0)∈Πn×Πm be such that
F = SQ0+TP0. By hypothesis, we can define Q= Q0−Q0(a)/T(a)T ∈Πm and P= P0+
Q0(a)/T(a)S∈Πn. It is easy to see that F = SQ+TP and Q∈Πm(a,0). So, the proof is
complete.

Theorem 2.1. Let f ∈PCt(X)\Πn
m(a) and let 〈ij〉 be an ordered N-tuple of nonnegative integers

with ij ≤ t and ∑
N
j=1 ij = n+m+1. Assume that there is 〈ij〉-Padé approximant pair of f in

{y1,··· ,yN}, say (S,T)∈Πn×Πm, such that S
T is normal. If T(a) 6=0, then given an arbitrary

set of real numbers {bi,j}, there exists a unique R∈Rn
m( f ,a) such that R(i)(yj)=bi,j, j=1,2,··· ,N,

i=0,1,··· ,ij−1.

Proof. Let 1≤ j≤N, 1≤ i≤ ij−1. As

( f T−S)(i)(yj)=0 (2.1)

and S/T is irreducible, then T(yj) 6= 0. Hence ( f −S/T)(i)(yj)= 0. Let Mj ∈R
ij×ij be the

lower triangular matrix define by

(Mj)αβ=

(

α−1
β−1

)

( 1

T

)(α−β)
(yj) for α≥β, (2.2)

and let M∈R
(n+m+1)×(n+m+1) be the block diagonal matrix given by

M=







M1 0
. . .

0 MN






. (2.3)

Let {es}
n+m+1
s=1 be the canonical basis of R

1×(n+m+1). As ∑
N
j=1 ij=n+m+1, for each 0≤ s≤

n+m+1 there are unique 1≤us≤N and 0≤vs≤ij−1 such that s=∑
us−1
j=0 ij+vs, where i0=0.

Since M is nonsingular there exists a unique yus,vs=(aus,vs
0,1 ,··· ,aus,vs

i1−1,1,··· ,aus,vs
0,N ,··· ,aus,vs

iN−1,N)
t∈

R
1×(n+m+1) such that

Myus,vs = es. (2.4)
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Set Hus,vs ∈Πn+m satisfying H
(i)
us,vs(yj)= aus,vs

i,j , j=1,2,··· ,N, i=0,1,··· ,ij−1. From Lemma

2.1, there is (Pus,vs ,Qus,vs)∈Πn×Πm(a,0) such that SQus,vs−TPus,vs =Hus,vs . According to
(2.2)-(2.4), we have

( f Qus,vs−Pus,vs)
(i)(yj)=

( S

T
Qus,vs−Pus,vs

)(i)
(yj)

=
i

∑
r=0

(

i

r

)

( 1

T

)(i−r)
(yj)(SQus,vs−TPus,vs)

(r)(yj)

=
i

∑
r=0

(

i

r

)

( 1

T

)(i−r)
(yj)a

us,vs

r,j =(Myus,vs)∑
j−1
d=0 id+i

=δ(us,vs)(j,i),

where δ is the Kronecker’s delta function. Now, taking

P=
N

∑
u=1

iu−1

∑
v=0

bu,vPu,v

and

Q=
N

∑
u=1

iu−1

∑
v=0

bu,vQu,v,

we obtain R= f Q−P∈Rn
m( f ,a) satisfying R(i)(yj)= bi,j. Finally, suppose that there exist

Rl = f Ql−Pl ∈Rn
m( f ,a), l=1,2, such that R

(i)
l (yj)=bi,j, j=1,2,··· ,N, i=0,1,··· ,ij−1. Thus

( f (Q1−Q2)−(P1−P2))(i)(yj)=0. Since f ∈PCt(X)\Πn
m(a), then

|‖(P,Q)‖| :=max
{∣

∣( f Q−P)(i)(yj)
∣

∣ : 1≤ j≤N, 0≤ i≤ ij−1
}

(2.5)

is a norm on Πn×Πm(a,0). Therefore, Q1=Q2 and P1=P2. This finishes the proof.

Next, we present the first important result for the case where n+m+1 is a ‖·‖φ- bal-
anced integer.

Theorem 2.2. Let a∈X, f ∈PCt(X) and let 〈ij〉 be an ordered k-tuple ‖·‖φ-balanced with ij≤ t

and ∑
k
j=1 ij = n+m+1. Suppose that (S,T)∈Πn×Πm is a 〈ij〉-Padé approximant pair of f in

{x1,··· ,xk} with S/T normal. If T(a) 6=0, then the best local ‖·‖φ- approximation of type (n,m)
at f from Sn

m(a) on {x1,··· ,xk} is (S/T(a),T/T(a)).

Proof. Clearly f ∈ PCt(X)\Πn
m(a). Let {(Pδ,Qδ)}δ>0 be a net of best ‖·‖φ-approximant

pairs of f from Sn
m(a) respect to ‖·‖Lφ(V). As seen in Introduction f (Q∗−Qδ)+Pδ∈R

n
m( f ,a)

minimizes (1.2) from Rn
m( f ,a). So, Theorem 2.1 and Theorem 4.3 in [2] imply that the net

{ f (Q∗−Qδ)+Pδ}δ>0 converges to f Q+P in Rn
m( f ,a), as δ→ 0, defined by the n+m+1

interpolation conditions

( f (Q∗−Q)−P)(i)(xj)=0, j=1,2,··· ,k, i=0,1,··· ,ij−1. (2.6)
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Since
(

P−
S

T(a)
,Q∗−Q−

T

T(a)

)

∈Πn×Πm(a,0)

and
(

f
T

T(a)
−

S

T(a)

)(i)
(xj)=0, j=1,2,··· ,k, i=0,1,··· ,ij−1,

from (2.5) and (2.6) we have

∣

∣

∣

∥

∥

∥

(

P−
S

T(a)
,Q∗−Q−

T

T(a)

)∥

∥

∥

∣

∣

∣=0.

We conclude that P=S/T(a) and Q∗−Q=T/T(a) and finally that the net {(Pδ,Qδ)}δ>0

converges to ( S
T(a)

, T
T(a)

) as δ→0.

Corollary 2.1. Assume the same hypotheses of Theorem 2.2. Then S/T is the 〈ij〉-Padé
approximant of f in {x1,··· ,xk}. In addition, if {(Pδ,Qδ)}δ>0 is a net of best ‖·‖φ-
approximant pairs of f from Sn

m(a) respect to ‖·‖Lφ(V), then Pδ/Qδ converge to S/T,
uniformly on some neighborhood of {x1,··· ,xk,a} as δ→0.

Next, we give a results about best local ‖·‖φ-approximation of type (n,m) when n+
m+1 is not a balanced integers and φ satisfies a certain asymptotic condition. Henceforth,
we assume that there exists

lim
α→∞

φ(αx)

φ(α)

for all x≥0, and therefore this limit is xp for some p≥1.

Theorem 2.3. Let N=n+m+1 be a non ‖·‖φ-balanced integer with

k

∑
j=1

ij+d=N, 0<d<N−N.

For each j∈K suppose

lim
δ→0

vj(i j)

E
= ej >0,

where E=max{vj(ij)}. Let a∈X\{xj}
k
j=1 and let f ∈PCt(X) be such that i j ≤ t. Assume that

there is (S,T)∈Πn×Πm a (i1,··· ,ik,d)-Padé approximant pair of f in {x1,··· ,xk,a} such that
S/T is normal. Then, for δ→0, the limit of any convergent subsequence of {(Pδ,Qδ)}δ>0, a net of
best ‖·‖φ-approximant pairs of f from Sn

m(a), is a solution of the following minimization problem

in R
N−N:










min
(P,Q)∈Sn

m(a)

∥

∥

∥

〈

ej

JAj
(ij,p)

i j!
( f Q−P)(ij)(xj)

〉

j∈K

∥

∥

∥

lp

,

with the constraints ( f Q−P)(i)(xj)=0, j=1,2,··· ,k and i=0,1,··· ,i j−1,

(2.7)
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where, for j∈K, JAj
(i j,p) is the minimum Lp norm over Aj of an ij

th degree polynomial with unit

leading coefficient. In particular, if (2.7) has a unique solution (P,Q), then the net {(Pδ,Qδ)}δ>0

converges to (P,Q) and therefore this is a best local ‖·‖φ-approximation of type (n,m) at f from
Sn

m(a) on {x1,··· ,xn}.

Proof. As in the proof of Theorem 2.2, we have f ∈PCt(X)\Πn
m(a) and f (Q∗−Qδ)+Pδ ∈

Rn
m( f ,a) minimizes (1.2) from Rn

m( f ,a), By hypothesis, there exists a (i1,··· ,ik,d)-Padé ap-
proximant pair of f in {x1,··· ,xk,a}, (S,T), such that S/T is normal, so T(a) 6= 0. From
Theorem 2.1 and Theorem 3.1 in [4], we obtain that the limit of any convergent subse-
quence of { f (Q∗−Qδ)+Pδ}δ>0, is a solution of the following minimization problem in

R
N−N :











min
R∈Rn

m( f ,a)

∥

∥

∥

〈

ej

JAj
(ij,p)

i j!
( f Q∗−R)(ij)(xj)

〉

j∈K

∥

∥

∥

lp

,

with the constraints ( f Q∗−R)(i)(xj)=0, j=1,2,··· ,k and i=0,1,··· ,i j−1.

Hence, the limit of any convergent subsequence of {(Pδ,Qδ)}δ>0 satisfies (2.7). In partic-
ular, if (2.7) has a unique solution, say (P,Q), then {(Pδ,Qδ)}δ>0 converges to (P,Q), as
δ→0.

Corollary 2.2. Assume the same hypotheses of Theorem 2.3 and suppose that the prob-
lem (2.7) has a unique solution, say (P,Q). If {(Pδ,Qδ)}δ>0 is a net of best ‖·‖φ- approx-

imant pairs of f from Sn
m(a) respect to ‖·‖Lφ(V), then Pδ

Qδ
converges to P/Q, uniformly on

some neighborhood of a, as δ→0.
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