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In this paper we introduce an hp finite element method to solve a two-dimensional fluid–structure
spectral problem. This problem arises from the computation of the vibration modes of a bundle of parallel
tubes immersed in an incompressible fluid. We prove the convergence of the method and a priori error
estimates for the eigenfunctions and the eigenvalues. We define an a posteriori error estimator of the
residual type which can be computed locally from the approximate eigenpair. We show its reliability
and efficiency by proving that the estimator is equivalent to the energy norm of the error up to higher
order terms, the equivalence constant of the efficiency estimate being suboptimal in that it depends
on the polynomial degree. We present an hp adaptive algorithm and several numerical tests which show
the performance of the scheme, including some numerical evidence of exponential convergence.
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1. Introduction

The goal of this paper is to introduce and analyze an hp finite
element scheme for solving a fluid–structure interaction problem:
the two-dimensional Laplace model for fluid–solid vibrations.

In recent decades, the numerical approximation of spectral
problems arising in fluid mechanics has received increasing atten-
tion (see [1–6] and the references therein). In particular, the prob-
lem considered in this paper, which corresponds to approximating
the vibrations of a bundle of tubes immersed in a fluid contained in
a rigid cavity, has a considerable importance in nuclear engineer-
ing and has been studied by several authors (see, for example,
[4,7,8]).

It is well known that adaptive procedures based on a posteriori
error indicators play nowadays a relevant role in the numerical
solution of partial differential equations. In particular, there are
several papers concerning the development of a posteriori error
estimates and efficient adaptive schemes for the h finite element
approximation of different eigenvalue problems (see, for example,
[9–13]). There are also some recent references regarding the hp
finite element approximation of eigenvalue problems (see, for
instance, [14–16]). However, the bibliography about hp adaptive
ll rights reserved.
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schemes for this kind of problems is scarce and mainly focused
on electromagnetics (see, for instance, [17–19] for a survey on
the application of the hp finite element method to electromagne-
tism, including eigenvalue problems).

On the other hand, the a posteriori error analysis for the hp
version of the finite element method still presents several chal-
lenges even for source problems (see, for instance, [20–23] and
the references therein). One of the main difficulties in hp adaptivity
arises from the fact that the accuracy can be improved in two dif-
ferent ways, either by subdividing elements or by increasing the
polynomial degree. There are different hp adaptive strategies.
Some of them are based on the estimation of the local regularity
of the solution (see, for example, [20,21,24,25]). Others follow
the strategy developed by Demkowicz and co-workers (see [26–
29] and the references therein) which uses the projection-based
interpolation and a two-grid paradigm to design a self-adaptive
hp finite element method. On the other hand, Melenk and Wohl-
muth propose in [22] an hp strategy based on a predictor of the er-
ror in each element of the mesh.

In this paper we introduce and analyze an hp finite element
approximation of the spectral problem described above. We obtain
a priori error estimates and develop an a posteriori error estimator
of the residual type which can be computed locally from the
approximate eigenpair. We analyze the equivalence of this estima-
tor with the energy norm of the error. In particular, we prove
global reliability and local efficiency estimates, both up to higher
order terms, the latter with a constant which depends on the
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polynomial degree of the element. To the best of the authors’
knowledge, simultaneous reliability and efficiency estimates, both
with constants independent of the polynomial degree, have not
been proved yet for any a posteriori error estimator for hp finite
element methods. Nevertheless, the numerical experiments sug-
gest that the proposed error indicator points out correctly the ele-
ments with largest error. Following the hp adaptive strategy given
in [22], we propose an adaptive algorithm and apply it to different
cavities and shapes of tubes. These numerical tests allow us to
show the good performance of the error indicator and the adaptive
algorithm, including an exponential rate of convergence in terms of
the number of degrees of freedom.

The rest of the paper is organized as follows. In Section 2 we
introduce the fluid–solid vibration problem. In Section 3 we pres-
ent the hp finite element approximation and obtain a priori error
estimates. In Section 4 we introduce the a posteriori error estima-
tor and prove its equivalence with the energy norm of the error. In
Section 5 we analyze some numerical aspects concerning the solu-
tion of the discrete generalized eigenvalue problem and introduce
the adaptive refinement strategy. In Section 6 we report several
numerical examples which allow assessing the performance of
the adaptive scheme. Finally, we end the paper drawing some con-
clusions in Section 7.

2. The eigenvalue problem

We consider a coupled system composed of K elastically
mounted parallel tubes immersed in a fluid inside a rigid cylindri-
cal cavity. Our problem is to determine the vibration modes of the
system.

Under reasonable assumptions (see [5]), the problem can be
posed in a two-dimensional framework, a planar transverse section
of the cylindrical cavity being its domain. Each tube is modeled as a
harmonic oscillator with rigidity k and mass m and the fluid is
taken as perfectly incompressible with density q.

Let X � R2 be the bounded domain occupied by the fluid, which
we assume polygonal. Let C0 be its outer boundary and Ci,
i = 1, . . . ,K, the interfaces between each tube and the fluid. Let n
be the unit outer normal to the boundary of X (see Fig. 1).

The corresponding eigenvalue problem is the following one,
which is known as the Laplace Model for fluid–solid vibrations
[4,5,8]:

Find x > 0 (the vibration frequency) and u – 0 (the fluid
pressure) such that

Du ¼ 0 in X;
@u
@n ¼ 0 on C0;

@u
@n ¼

qx2

k�mx2

R
Ci

un
� �

� n on Ci; i ¼ 1; . . . ;K:

8>><
>>: ð1Þ
Fig. 1. Sketch of the two-dimensional domain.
Let k :¼ qx2/(k �mx2) and V :¼ H1ðXÞ=R endowed with the
H1-seminorm, which is a norm on V. The variational problem
associated with (1) reads as follows:

Find k 2 R and u 2 V satisfying

aðu;vÞ ¼ kbðu;vÞ 8v 2 V;
bðu;uÞ ¼ 1;

�
ð2Þ

where

aðu;vÞ :¼
Z

X
ru � rv and bðu;vÞ :¼

XK

i¼1

Z
Ci

un

 !
�
Z

Ci

vn

 !

are continuous symmetric bilinear forms on V, elliptic the former
and non-negative the latter (i.e., bðv; vÞP 0 8v 2 V).

The solution to (2) is given by a sequence of exactly 2K pairs
(kj,uj), with positive eigenvalues that we assume to be increasingly
ordered: 0 < k1 6 � � � 6 k2K (see [5, Section II.2.1]). Associated to
each one there is an eigenfunction uj 2 V, such that {u1, . . . ,u2K} is
a linearly independent set.

3. Finite element approximation and a priori error estimates

In this section we introduce an hp finite element method for the
spectral problem described in the previous section, prove its con-
vergence and obtain a priori error estimates for the eigenfunctions
and the eigenvalues.

Let fT hg be a family of triangulations of X such that any two tri-
angles in T h share at most a vertex or an edge. Let hT stand for the
diameter of the triangle T 2 T h. We assume that the family of tri-
angulations fT hg satisfies a minimum angle condition and, conse-
quently, there exists a constant r > 0 such that hT/rT 6 r, where rT

is the diameter of the largest circle contained in T.
We associate with each element T 2 T h a (maximal) polynomial

degree pT 2 N. We assume that the polynomial degrees of neigh-
boring elements are comparable, i.e., there exists a constant c > 0
such that

c�1pT 6 pT 0 6 cpT 8T; T 0 2 T h with T \ T 0 – ;: ð3Þ

We denote p :¼ fpTgT2T h
, the family of polynomial degrees.

Throughout the paper, we will denote by C a generic positive
constant, not necessarily the same at each occurrence, which
may depend on the mesh and the degree of the polynomials, only
through the parameters r and c, respectively.

We define the finite element space as follows:

Vp
h :¼ fv 2 V : vjT 2 PpT

8T 2 T hg;

where Pk denotes the space of polynomials of degree at most k. No-
tice that the definition of Vp

h allows for different maximal polyno-
mial degrees on each edge of any triangle. Therefore, the space
fvjT : v 2 Vp

hg does not necessarily coincides with PpT
. However,

there exists p0T 6 pT such that

Pp0T
� fvjT : v 2 Vp

hg � PpT
ð4Þ

and pT=p0T 6 c because of assumption (3).
The discrete eigenvalue problem associated with (2) is the

following:
Find kh 2 R and uh 2 Vp

h satisfying

aðuh;vhÞ ¼ khbðuh; vhÞ 8vh 2 Vp
h;

bðuh;uhÞ ¼ 1:

(
ð5Þ

This problem reduces to a generalized matrix eigenvalue prob-
lem. The theory in [5, Section II.2.1] holds also in this case and al-
lows proving that this discrete problem attains 2K positive
eigenvalues, which we assume increasingly ordered: 0 < kh1 6 � � �
6 kh2K. Associated with each one, there is an eigenfunction
uhj 2 Vp

h , such that {uh1 , . . . ,uh2K} is a linearly independent set.
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Our first goal is to prove that the solutions of the discrete eigen-
value problem (5) converge to those of the spectral problem (2). To
do this, we will apply the classical spectral approximation theory
from Babuška and Osborn [30]. With this purpose, we introduce
the bounded linear operators T; Tp

h : V ! V defined by

f 2 V#Tf 2 V;
aðTf ; vÞ ¼ bðf ;vÞ 8v 2 V;

�
ð6Þ

f 2 V#Tp
hf 2 Vp

h � V;
aðTp

hf ;vhÞ ¼ bðf ; vhÞ 8vh 2 Vp
h:

(
ð7Þ

The non-zero eigenvalues of T and Tp
h are the reciprocals of the

eigenvalues of (2) and (5), respectively.
On the other hand, from the standard a priori estimate for the

Neumann problem (see [31]), we know that the solution to prob-
lem (6) satisfies

Tf 2 H1þrðXÞ ð8Þ

for all r < p
h, where h is the largest reentrant angle of X and

kTfkH1þrðXÞ=R 6 Cjf jH1ðXÞ: ð9Þ

Consequently, the eigenfunctions of problem (2) also satisfy
u 2 H1+r(X) for all r < p

h. Let us remark that for a polygonal
domain X with at least one interface Ci, necessarily h > p and
consequently 1

2 <
p
h < 1.

The following lemma allows us to conclude the convergence of
Tp

h to T in norm as maxT2T h

hT
pT

goes to 0.

Lemma 3.1. For r < p
h, there exists a positive constant C such that, for

all f 2 V,

Tf � Tp
hf

�� ��
H1ðXÞ 6 C max

T2T h

hT

pT

� �r

jf jH1ðXÞ:
Proof. By using standard arguments in hp error estimates (see [32,
Theorem 2.1]; [33, Theorem 4.1]; [34, Lemma 4.5, Theorem 4.6]), it
can be proved that there exists an operator Pp

h : H1þrðXÞ ! Vp
h

satisfying

kv �Pp
hvkH1ðTÞ 6 C

hT

p0T

� �r

kvkH1þrðTÞ=R

for all T 2 T h, with a constant C independent of p0T and hT, where p0T
is as defined in (4). Now, from the definition of a and the fact that
Vp

h � V, Cea’s Lemma implies that, for all f 2 V,

Tf � Tp
hf

�� ��
H1ðXÞ 6 Tf �Pp

hðTf Þ
�� ��

H1ðXÞ:

Hence, since pT=p0T 6 c, we obtain

Tf � Tp
hf

�� ��2
H1ðXÞ 6 C max

T2T h

hT

pT

� �2r

kTfk2
H1þr ðXÞ=R:

Thus, the result follows from (9). h

As a consequence of the above lemma and the classical spectral
approximation theory (see [30]) the eigenvalues and eigenfunc-
tions of problem (5) converge to those of problem (2) as
maxT2T h

hT
pT

goes to 0. From now on, we restrict our attention to a
simple eigenvalue kj of problem (2) with corresponding eigenfunc-
tion uj. Then, the jth eigenvalue of problem (5), khj, converges to kj

and the corresponding eigenfunction uhj can be chosen so that uhj

converges to uj, too.
In what follows we will adapt the techniques introduced in [35,

Section 6.4] to obtain a priori error estimates for the approximate
eigenvalues and eigenfunctions. Let us remark that we cannot use
directly the results from this reference because the bilinear form b
is not an inner product in our case.
Since the number of eigenvalues is finite (2K), the convergence
of the discrete eigenvalues stated above immediately implies that
there exist j > 0 such that if maxT2T h

hT
pT
6 j, then khi – kj for all i – j,

1 6 i 6 2K. In such a case, we are allowed to define

qhj :¼ max
16i62K

i–j

kj

jkhi � kjj
:

Let Pp
h denote the V-elliptic projection onto Vp

h defined for any
w 2 V by

Pp
hw 2 Vp

h : aðPp
hw�w; vhÞ ¼ 0 8vh 2 Vp

h : ð10Þ

The following lemma extends to our problem the results from
Raviart and Thomas [35, Lemma 6.4-3].

Lemma 3.2. There exists j > 0 such that, if maxT2T h
hT
pT
6 j, then the

discrete eigenfunction uhj can be chosen so that

bðuj � uhj;uj � uhjÞ1=2
6 2ð1þ qhjÞbðuj � Pp

huj;uj � Pp
hujÞ1=2: ð11Þ
Proof. We do not include the whole proof, since it follows closely
the arguments used in [35] to prove Lemma 6.4-3. The main
difference is that, in our case, the set of discrete eigenfunctions
{uh1 , . . . ,uh2K} is not a basis of Vp

h . However, this linearly indepen-
dent set can be chosen such that b(uhi,uhj) = dij, 1 6 i, j 6 2K, and it
can be completed to a basis {uh1, . . . ,uhN} (N :¼ dimVp

h), with the
added basis functions satisfying

bðuhj; vhÞ ¼ 0 8vh 2 Vp
h ; j ¼ 2K þ 1; . . . ;N:

Therefore, b(uhi,uhj) = 0 if i – j, 1 6 i, j 6 N. Using this basis, the proof
of Lemma 6.4-3 from Raviart and Thomas [35] can be conveniently
adapted to obtain (11). h

Now we are in a position to prove the following a priori error
estimates assuming that kj is a simple eigenvalue.

Proposition 3.1. For all r < p
h, there exist positive constants C and j,

such that, if maxT2T h
hT
pT
< j, then

juj � uhjjH1ðXÞ 6 C max
T2T h

hT

pT

� �r

; ð12Þ

bðuj � uhj;uj � uhjÞ1=2
6 C max

T2T h

hT

pT

� �r

juj � uhjjH1ðXÞ; ð13Þ

jkj � khjj 6 Cjuj � uhjj2H1ðXÞ: ð14Þ
Proof. The estimate (12) is a direct consequence of Lemma 3.1 and
the classical spectral approximation theory (see [30]).

To prove (13), we use Lemma 3.2 and a duality argument to
estimate the right-hand side of (11). Let u 2 V be the solution to

aðw;uÞ ¼ bðw;uj � Pp
hujÞ 8w 2 V: ð15Þ

Hence, u satisfies

Du ¼ 0 in X;
@u
@n ¼ 0 on C0;
@u
@n ¼ ci � n on Ci; i ¼ 1; . . . ;K

8><
>:
with ci :¼

R
Ci
ðuj � Pp

hujÞn. The same arguments leading to (8) and (9)
allow us to conclude that u 2 H1+r(X) and

kukH1þrðXÞ=R 6 C
XK

i¼1

jcij2jCij
 !1=2

6 Cbðuj � Pp
huj;uj � Pp

hujÞ1=2
; ð16Þ
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where, for the first inequality, we have used on each straight seg-
ment c of Ci that kci � nk2

H1=2ðcÞ ¼ kci � nk2
L2ðcÞ 6 jcij2jcj, because ci � n

is constant on c.
Taking w ¼ uj � Pp

huj in (15) and using (10), we obtain

bðuj � Pp
huj;uj � Pp

hujÞ ¼ aðuj � Pp
huj;uÞ

¼ aðuj � Pp
huj;u�Pp

huÞ
6 uj � Pp

huj

�� ��
H1ðXÞ u�Pp

hu
�� ��

H1ðXÞ; ð17Þ

where Pp
h is the same operator used in the proof of Lemma 3.1,

which satisfies

u�Pp
hu

�� ��2
H1ðXÞ 6 C max

T2T h

hT

pT

� �2r

kuk2
H1þrðXÞ=R: ð18Þ

Then, (13) follows from (11), (17), (18) and (16), together with the
inequality juj � Pp

hðujÞjH1ðXÞ 6 juj � uhjjH1ðXÞ, which holds because Pp
h

is the projector onto Vp
h .

Finally (14) follows from (12), (13) and the well known identity
(see, for instance, Lemma 9.1 from [30])

khj � kj ¼ aðuhj � uj;uhj � ujÞ � kjbðuhj � uj;uhj � ujÞ:

Thus we conclude the proof. h
4. A posteriori error estimator

In this section we introduce an a posteriori estimator for the er-
ror in the energy norm of the approximate eigenfunction and prove
its reliability and efficiency. From now on we drop the subindex j in
kj, khj, uj and uhj.

We introduce some notation that we will use in the definition
and analysis of the error estimator. For any T 2 T h let ET denote
the set of edges of T and E :¼

S
T2T h
ET . We decompose E into dis-

joint sets ECi
:¼ f‘ 2 E : ‘ � Cig; 0 6 i 6 K , and EX :¼ E n

SK
i¼0ECi

.
For each ‘ 2 EX we choose a unit normal vector n‘ and denote

the two triangles sharing this edge Tin and Tout, with n‘ pointing
outwards Tin. For vh 2 Vh we set

s
@vh

@n
t‘ :¼ rðvhjTout

Þ � n‘ �rðvhjT in
Þ � n‘;

which corresponds to the jump of the normal derivative of vh across
the edge ‘. Notice that this value is independent of the chosen direc-
tion of the normal vector n‘.

From (2) and (5), we know that for any vh 2 Vp
h the error

e :¼ u � uh satisfiesZ
X
re � rvh ¼

XK

i¼1

k
Z

Ci

un� kh

Z
Ci

uhn

 !
�
Z

Ci

vhn

 !
: ð19Þ

On the other hand, for any v 2 V, using (2) and integrating by
parts we obtainZ

X
re � rv ¼

XK

i¼1

k
Z

Ci

un

 !
�
Z

Ci

vn

 !
þ
X
T2T h

Z
T

Duhv þ
X
T2T h

Z
@T

@uh

@n
v:

Hence, defining for each edge ‘ 2 E

J‘ :¼

1
2 s

@uh
@n t‘; ‘ 2 EX;

@uh
@n ; ‘ 2 EC0 ;

@uh
@n �

R
Ci

khuhn
� �

� n; ‘ 2 ECi
; i ¼ 1; . . . ;K;

8>><
>>:

straightforward computations allow us to write, for all v 2 V,Z
X
re � rv ¼

X
T2T h

Z
T

Duhv þ
X
‘2ET

Z
‘

J‘v
 !

þ
XK

i¼1

k
Z

Ci

un� kh

Z
Ci

uhn

 !
�
Z

Ci

vn

 !
: ð20Þ
For each element T 2 T h, we define the local error indicator gT

by

g2
T :¼ h2

T

p2
T

kDuhk2
L2ðTÞ þ

X
‘2ET

j‘j
p‘
kJ‘k

2
L2ð‘Þ ð21Þ

with p‘ :¼maxfpT : ‘ 2 ETg, and the global error estimator gX by

g2
X :¼

X
T2T h

g2
T :

To compare the error and the estimator we will use an hp
Clément interpolation operator Ip

h : V ! Vp
h defined in [22]. In this

reference it is shown that this operator satisfies the following error
estimates:

u� Ip
hu

�� ��
L2ðTÞ 6 C

hV

pV
jujH1ðx4

V
Þ 8T 2 T h : T � x1

V ; ð22Þ

u� Ip
hu

�� ��
L2ð‘Þ 6 C

hV

pV

� �1
2

jujH1ðx4
V Þ
8‘ 2 EV ; ð23Þ

where, for each vertex V of the triangulation T h,

x0
V :¼ fVg;

xj
V :¼

[
T 2 T h : T \xj�1

V – ;
n o

; j P 1;

hV :¼max hT : V is a vertex of Tf g;
pV :¼ max pT þ 1 : V is a vertex of Tf g;
EV :¼ ‘ 2 E : V is an endpoint of ‘f g:

We observe in the estimates above that the subdomain x4
V is larger

than the one appearing in the error estimates for the classical h
Clément interpolant. However this will only affect the size of the
constants in the estimates.

The following theorem provides an upper bound for the error,
which proves the reliability of the error estimator up to higher
order terms.

Theorem 4.1. There exists a positive constant C such that

jejH1ðXÞ 6 C gX þ max
T2T h

hT

pT

� �2r

jejH1ðXÞ

" #
:

Proof. By using the error equation (19) with vh ¼ Ip
he and (20) with

v ¼ e� Ip
he, we obtain

jej2H1ðXÞ ¼
Z

X
re � r e� Ip

he
	 


þ
Z

X
re � r Ip

he
	 


¼
X
T2T h

Z
T

Duh e� Ip
he

	 

þ
X
‘2ET

Z
‘

J‘ e� Ip
he

	 
" #

þ
XK

i¼1

k
Z

Ci

un� kh

Z
Ci

uhn

 !
�
Z

Ci

en

 !
:

Next, we estimate separately the two terms on the right-hand side
above.

For each T 2 T h, let VT be one of the vertices of T and for each
edge ‘ 2 E let V‘ be one of the endpoints of ‘. Then, by using the
Cauchy–Schwartz inequality, (22), (23), the definition of gX and
the fact that the triangulation satisfies the minimum angle
condition and (3), we obtainX
T2T h

Z
T

Duh e� Ip
he

	 

þ
X
‘2ET

Z
‘

J‘ e� Ip
he

	 
" #

6 C
X
T2T h

hVT

pVT

kDuhkL2ðTÞjejH1ðx4
VT
Þ þ
X
‘2ET

hV ‘

pV‘

 !1
2

kJ‘kL2ð‘ÞjejH1ðx4
V‘
Þ

2
4

3
5

6 CgXjejH1ðXÞ:
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On the other hand, since b(u,u) = 1 and b(uh,uh) = 1, we have

XK

i¼1

k
Z

Ci

un� kh

Z
Ci

uhn

 !
�
Z

Ci

en

 !

¼ kbðu;uÞ � kþ khð Þbðu;uhÞ þ khbðuh; uhÞ

¼ ðkþ khÞ � ðkþ khÞbðu; uhÞ ¼
kþ kh

2
bðu� uh;u� uhÞ

6 C max
T2T h

hT

pT

� �2r

jej2H1ðXÞ;

where we have used (13) for the last inequality. Thus we conclude
the proof. h

In order to guarantee that the error indicator is efficient to guide
an adaptive refinement scheme, our next goal is to prove that gT is
bounded by the H1 norm of the error on a neighborhood of T, up to
higher order terms.

For T 2 T h, let bT be the standard cubic bubble given by

bT :¼ kT
1k

T
2k

T
3 in T;

0 in X n T;

(

where kT
1; kT

2 and kT
3 denote the barycentric coordinates of T.

For ‘ 2 EX, we denote by T1 and T2 the two triangles sharing ‘

and we enumerate the vertices of T1 and T2 so that the vertices
of ‘ are numbered first. Then we consider the piecewise quadratic
edge bubble function b‘ defined by

b‘ :¼ kTi
1 kTi

2 in Ti; i ¼ 1;2;
0 in X n T1 [ T2:

(

The following lemma provides an upper estimate for the first
term in the definition of gT (cf. (21)).

Lemma 4.1. There exists a positive constant C such that
hT

pT
kDuhkL2ðTÞ 6 CpT jejH1ðTÞ: ð24Þ
Proof. Using (20) with v ¼ DuhbT 2 H1
0ðTÞ � V, we obtain

Z
T
ðDuhÞ2bT ¼

Z
T
re � rðDuhbTÞ 6 C

pT

hT
jejH1ðTÞ

Z
T
ðDuhÞ2bT

� �1=2

;

where we have applied to DuhbT 2 PpTþ1, an inverse inequality
proved in [22] (see Eq. (24) from this reference). Hence, using Eq.
(22) from Melenk and Wohlmuth [22], we obtain

kDuhkL2ðTÞ 6 CpT

Z
T
ðDuhÞ2bT

� �1=2

6 C
p2

T

hT
jejH1ðTÞ;

from which we conclude the proof. h

Next, we prove an upper estimate for the second term in the
definition of gT (cf. (21)).

Lemma 4.2. For all d > 0, there exists a positive constant Cd such that,
if ‘ 2 EX [ EC0 , then
j‘j1=2

p1=2
‘

kJ‘kL2ð‘Þ 6 Cdp1þd
‘ jejH1ðx‘Þ ð25Þ

and, if ‘ 2 ECi
; 1 6 i 6 K, then

j‘j1=2

p1=2
‘

kJ‘kL2ð‘Þ 6 Cd p1þd
‘ jejH1ðx‘Þ þ pd

‘ j‘j
Z

Ci

ðku� khuhÞn
����

����
" #

; ð26Þ

where x‘ :¼
S
fT 2 T h : ‘ 2 ETg.
Proof. We follow the arguments proposed in [22]. According to
Lemma 2.4 from this reference, for all b > 0 there exists Cb > 0, only
depending on b, such that

kJ‘kL2ð‘Þ 6 Cbpb
‘

Z
‘

bb
‘ J

2
‘

� �1=2

: ð27Þ

Moreover, using Lemma 2.6 from the same reference [22] and stan-
dard scaling arguments, we have that for all b > 1

2, there exists an-
other constant Cb > 0, again depending only on b, such that for all
� > 0, there exists v� 2 H1

0ðx‘Þ satisfying

v�j‘ ¼ bb
‘ J‘; ð28Þ

v�k k2
L2ðx‘Þ 6 Cb�j‘j

Z
‘

bb
‘ J

2
‘ ; ð29Þ

jv�j2H1ðx‘Þ 6 Cb �p
2ð2�bÞ
‘ þ ��1

h i 1
j‘j

Z
‘

bb
‘ J

2
‘ : ð30Þ

For ‘ 2 EX [ EC0 , we use (20) with v = v� to writeZ
x‘

re � rv� ¼
Z

x‘

Duhv� þ
Z
‘

J‘v�:

Hence, using (28), (30), (29) and (24), we obtainZ
‘

bb
‘ J2
‘ ¼

Z
‘

J‘v� 6 jejH1ðx‘Þjv�jH1ðx‘Þ þ kDuhkL2ðx‘Þkv�kL2ðx‘Þ

6
Cb

j‘j1=2 �p2ð2�bÞ
‘ þ ��1 þ �p4

‘

h i1=2
jejH1ðx‘Þ

Z
‘

bb
‘ J2
‘

� �1=2

:

Choosing � ¼ p�2
‘ in this estimate, we haveZ

‘

bb
‘ J2
‘

� �1=2

6 Cb
p‘
j‘j1=2 jejH1ðx‘Þ;

from which, taking b ¼ 1
2þ d and using (27), we obtain (25).

Next, for ‘ 2 ECi ; i ¼ 1; . . . ;K , we use (20) with v = v� to writeZ
x‘

re � rv� ¼
Z

x‘

Duhv� þ
Z
‘

J‘v� þ
Z

Ci

kun�
Z

Ci

khuhn

 !

�
Z
‘

v�n‘

� �
:

Proceeding as in the previous case, we obtain nowZ
‘

bb
‘ J2
‘

� �1=2

6 Cb
p‘
j‘j1=2 jejH1ðx‘Þ þ j‘j

1=2
Z

Ci

ðku� khuhÞn
����

����;
from which (26) follows. Thus we conclude the proof. h

Now we may conclude the efficiency of the error indicator.

Theorem 4.2. For all d > 0, there exists a positive constant Cd such
that for all T 2 T h, if T has only inner edges (i.e., edges ‘ 2 EX), then

gT 6 Cdp1þd
T jejH1ðxT Þ

and, if T has an edge lying on Ci, i = 1, . . . ,K, then

gT 6 Cdp1þd
T jejH1ðxT Þ þ

hT

pT

Z
Ci

ðku� khuhÞn
����

����
" #

;

where xT :¼
S

{T0: T and T0 share an edge}.
Proof. It is an immediate consequence of Lemmas 4.1 and 4.2 and
the assumption (3). h

Notice that the efficiency estimate above is suboptimal in that
the equivalence constant depends on the polynomial degree. In
contrast to the case of h refinement, it seems to be an open ques-
tion whether uniform reliability and efficiency can be achieved for
an hp a posteriori estimator. In fact, to the best of the authors’
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knowledge, proofs of upper and lower bounds both independent of
the polynomial degree have not been reported yet for any hp finite
element method. Nevertheless, according to the experiments re-
ported in Section 6, this seems to be just a theoretical issue. Indeed,
the degrees achieved in the experiments are not that large, so that
the factor p1þd

T can be considered bounded for practical purposes.

Remark 4.1. From Lemmas 4.1 and 4.2 we also obtain for all d > 0
the following global lower error estimate:

gX 6 Cdðmax pÞ1þd jej2H1ðXÞ þ h:o:t:
� �1=2

;

where

h:o:t: :¼
XK

i¼1

X
‘2ECi

j‘j2

p2
‘

Z
Ci

ðku� khuhÞn
����

����
2

2
4

3
5

6
2

min p
max
T2T h

hT

pT

� �XK

i¼1

jCij jkj2
Z

Ci

ðu� uhÞn
����

����
2

þ jk� khj2
Z

Ci

uhn
����

����
2

" #
:

Thus, from (13), (14) and the fact that b(uh,uh) = 1, we have

h:o:t: 6
2

min p
max
T2T h

hT

pT

� �XK

i¼1

jCij jkj2 max
T2T h

hT

pT

� �2r

jej2H1ðXÞ þ jej
4
H1ðXÞ

" #
;

which is clearly a higher order term as compared with jej2H1ðXÞ.
5. Numerical aspects

In this section we analyze numerical aspects concerning the
solution of the discrete problem (5) and introduce an adaptive
refinement strategy based on the indicators gT.

5.1. Solution of the generalized eigenvalue problem

The finite element space used for the discretization is
Vp

h ¼ W
p
h=R with

Wp
h :¼ v 2 H1ðXÞ : vjT 2 PpT

8T 2 T h

n o
:

We denote by N the set of nodes of Wp
h and decompose this set as

follows: N ¼ N 1 [ N 2, with N 1 being the subset of nodes lying onSK
i¼1Ci and N 2 the subset of the remaining ones (i.e., those lying

either in X or on C0). We denote by Ni the number of nodes on
N i; i ¼ 1;2.

Let

u1 :¼ ðuðPiÞÞPi2N 1
2 RN1 and u2 :¼ ðuðPiÞÞPi2N 2

2 RN2 :

To obtain a matrix form of the discrete problem (5), we write

A11 A12

A21 A22

� �
u1

u2

� �
¼ kh

B11 0
0 0

� �
u1

u2

� �
ð31Þ

with

Ars :¼ ðaðbi;bjÞÞPi2N r ;Pj2N s
; r; s ¼ 1;2;

B11 :¼ ðbðbi;bjÞÞPi ;Pj2N 1

with fbigPi2N being the nodal basis of Wp
h (i.e., bi(Pj) = dij).

The matrices on the left- and right-hand sides of (31) are sym-
metric and positive semi-definite. However, this eigenvalue prob-
lem is degenerate because the kernels of both matrices contain
the vector ð1; . . . ;1Þt 2 RN1þN2 . In fact, problems (5) and (31) are
not equivalent, since the former is posed on the quotient space
Vp

h ¼ W
p
h=R and the latter on Wp

h . To obtain a matrix form of (5),
it is enough to set to zero one arbitrary component, for instance
of u2. This is easily done by deleting in both matrices from (31)
the row and the column corresponding to the nodal component
set to zero. Then, the resulting generalized eigenvalue problem is
well posed because the matrix on the left-hand side is symmetric
and positive definite. For simplicity we keep the same notation
for the problem (31) with the corresponding row and column
deleted.

Now, with the aim of reducing the computational cost, we pro-
ceed as follows. First, since the submatrix A22 is invertible (indeed,
symmetric and positive definite), by eliminating u2 from (31) we
arrive at

A11 � A12A�1
22 A21

� �
u1 ¼ khB11u1: ð32Þ

Notice that although the matrix on the left-hand side of (32) is
not sparse, its size is N1 and, hence, significantly smaller than the
size N1 + N2 � 1 of problem (31). Moreover, in actual computations,
the matrix A�1

22 is not explicitly computed. In fact, the columns of
A�1

22 A12 are obtained by solving N1 linear systems with the same
matrix A22 2 RðN2�1Þ�ðN2�1Þ, which is sparse, symmetric and positive
definite.

As a second step, we compute a complete diagonalization of the
matrix B11. As far as the mesh have no triangles with vertices lying
on two different Ci, this matrix is block diagonal with K full diag-
onal blocks, the size of each one being the number of nodes lying
on each Ci. Thus, any standard eigensolver for symmetric matrices
(QR, for instance) can be conveniently used for each diagonal block.
Since the rank of B11 is 2K, as a result of the diagonalization we ob-
tain a diagonal matrix of the form

D :¼
D11 0
0 0

� �
2 RN1�N1 ;

where D11 :¼ diag{l1, . . . ,l2K}, with lj – 0, j = 1, . . . ,2K, and an
orthogonal matrix Q 2 RN1�N1 such that QtB11Q = D.

Let v :¼ Qtu1 and S :¼ Q tðA11 � A12A�1
22 A21ÞQ . Then, problem (32)

is equivalent to the following one:

S11 S12

S21 S22

� � v1

v2

� �
¼ kh

D11 0
0 0

� � v1

v2

� �
:

Since S22 is invertible, the last step consists in eliminating v2 from
these equations to arrive at

S11 � S12S�1
22 S21

� �
v1 ¼ khD11v1;

which is a generalized eigenvalue problem of size 2K, with both
matrices symmetric and D11 diagonal and positive definite. Thus,
this is a well posed (and small) problem that can be efficiently
solved by any standard eigensolver. Finally, the eigenvectors of
(31) are easily recovered by successively solving

S22v2 ¼ �S21v1; u1 ¼ Qv and A22u2 ¼ �A21u1:
5.2. Adaptive refinement strategy

For an h finite element adaptive scheme, there are several strat-
egies to determine which elements should be refined. A usual one
is the following: all the triangles T with gT P hgM are marked to be
refined, where

g2
M :¼ 1

#T h

X
T2T h

g2
T

and h 2 (0,1) is a parameter which can be arbitrarily chosen.
Our hp adaptive algorithm uses this maximum strategy to mark

the triangles to be refined, with the additional consideration that at
each step, for each marked triangle, it has to be decided whether to
perform a p refinement or an h refinement. In the case of p refine-
ment, the degree pT of the marked element is increased by one and



Table 1
Refinement algorithm.

If g2
T P hg2

M then

if g2
T P ðgpred

T Þ2 then
subdivide T into four triangles T 0j; 1 6 j 6 4
longest edge strategy to maintain mesh conformity
pT 0j

:¼ pT

gpred
T 0j

� �2

:¼ ch
jT 0j j
jTj

� �pTþ1
g2

T

else
pT :¼ pT + 1

gpred
T

� �2
:¼ cpg2

T

end
else

gpred
T

� �2
:¼ cn gpred

T

� �2

end

2

8
7

5

3

6

4

Fig. 2. Concentric cylindrical tubes. Domain and initial mesh.
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the triangle is kept fixed. On the other hand, in the case of h refine-
ment, the marked element T is subdivided into four triangles,
T ¼

S4
j¼1T 0j, and the degree is kept fixed in the new elements, i.e.,

pT 0j
¼ pT . Moreover, the conformity of the mesh is preserved by

means of a longest edge subdivision strategy on the unrefined
neighboring triangles (see [36]). Because of this, it happens that
some elements not marked for h refinement, are subdivided any-
way into two or three triangles. Thus, in general, we will have that
T ¼

Sk
j¼1T 0j with k = 2, 3 or 4.

In order to decide whether to apply a p or an h refinement to a
particular triangle, we follow the approach proposed in [22], which
is based on the comparison of the current local estimated error
with a prediction of this error obtained from the preceding step.
If at the preceding step there was an h refinement leading to
T ¼

Sk
j¼1T 0j; k ¼ 2;3;4, then the prediction indicator is defined as

follows:

gpred
T 0j

� �2

:¼ ch

T 0j
��� ���
jTj

0
@

1
A

pTþ1

g2
T ;

where ch is a control parameter to be determined. On the other
hand, if at the preceding step there was a p refinement on the ele-
ment T, then the prediction indicator is defined by

gpred
T

� �2
:¼ cpg

2
T ;

where cp 2 (0,1) is a reduction factor which is chosen arbitrarily.
Finally, for elements neither p nor h refined at the preceding step,

gpred
T

� �2
:¼ cn g pred

T

� �2
;

where cn is a reduction or amplification factor also arbitrarily cho-
sen. In all cases, we proceed to an h refinement of T when the error
indicator gT is larger than the prediction indicator gpred

T and to a p
refinement otherwise.

Altogether, we arrive at the algorithm shown in Table 1.
We set gpred

T :¼ 0 for all elements T on the initial triangulation,
so that the first step is a purely h refinement on all elements. No-
tice that this ensures that no triangle will have vertices lying on
two different Ci on subsequent meshes (recall that this is useful
for the procedure proposed to solve the generalized eigenvalue
problem).

6. Numerical examples

We present in this section some numerical results which allow
us to assess the performance of the proposed hp adaptive refine-
ment strategy.
In all the numerical examples the control parameters appearing
in the algorithm, have been chosen as follows: h = 0.75, ch = 16, cp =
0.3 and cn = 2.

The color palette, used in the figures, indicates the polynomial
degree of each element.

6.1. Two concentric cylindrical tubes

In this first test we have taken two concentric cylindrical tubes
with inner radio Ri and outer radius Ro (see Fig. 2). The analytical
solution written in polar coordinates (r,/) is as follows:

k1 ¼ k2 ¼
1
p

R2
o � R2

i

R2
i R2

o þ R2
i

� � ;

u1 ¼ r þ R2
o

r

 !
cos /; u2 ¼ r þ R2

o

r

 !
sin /:

We have taken Ri = 1 and Ro = 3, so that the exact eigenvalue is
k � 0.2546479.

Notice that in this test we have a double eigenvalue, so that in
principle it does not lie in the theoretical framework considered in
the previous sections where we have assumed the eigenvalues to
be simple. However, according to our experiments, the results hold
true for multiple eigenvalues, too.

The mesh shown in Fig. 2 has been used to initiate the adaptive
process with quadratic finite elements in all triangles.

Fig. 3 shows the meshes obtained with the adaptive hp algo-
rithm corresponding to steps 7 and 12 of the refinement process.
The eigenvalue obtained at this last step with 101,781 degrees of
freedom is kh = 0.2546478.

Since in this test we know the analytical solution, we have used
it to compute the so called effectivity indices:

eff :¼
jejH1ðXÞ

gX

:

We report in Table 2 these indices at all the steps. The table also in-
cludes the total number of degrees of freedom N for each step. It can
be seen from this table that the effectivity indices remain bounded
above and below throughout the refinement process.

For the theoretical results, we have assumed that the domain
occupied by the fluid is polygonal. However, in this example with
analytical solution the presence of curved boundaries causes a do-
main approximation error which we have not taken into account in
the analysis. In this case, we have modified the adaptive algorithm
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Fig. 3. Concentric cylindrical tubes. Refined meshes: steps 7 (left) and 12 (right).

Table 2
Concentric cylindrical tubes. Effectivity indices.

Step N eff

0 56 0.1115
1 133 0.1350
2 247 0.1403
3 452 0.1219
4 831 0.1419
5 1487 0.1938
6 2945 0.2155
7 5416 0.2621
8 10,444 0.2261
9 17,815 0.2320
10 32,278 0.2259
11 56,307 0.2430
12 101,781 0.2210
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as follows: when a new vertex appears on the straight edges
approximating a curved boundary, it was moved radially to the
boundary. Note that the resulting family of meshes is not nested
and, consequently, the error might increase.

6.2. Rhomboidal tube within a rectangular cavity

In this test we consider a rhomboidal tube with side length 2
ffiffiffi
2
p

centered in a quadrilateral cavity of side length 8, as shown in
Fig. 4.
2
3
4
5
6
7
8
9

Fig. 4. Rhomboidal tube. Domain and initial mesh.
In this example the fluid domain has reentrant angles at the
vertices of the tube. Because of this, the vibration modes involve
eigenfunctions which are singular at these four points.

The initial mesh, again with quadratic elements, is shown in
Fig. 4. Fig. 5 shows the mesh at step 22. Fig. 6 shows a sequence
of zooms of this mesh around one of the reentrant angles.

It has been shown in [37–39] that a proper combination of h
and p refinement allows to obtain an exponential rate of conver-
gence in terms of a fractional power of the number N of degrees
of freedom in the finite element approximation. Fig. 7 shows a plot
of loggX versus

ffiffiffiffi
N
p

, which shows that the estimated error gX be-
haves asymptotically in this test as follows: gX � C expð�a

ffiffiffiffi
N
p
Þ.

No analytical solution is available in this case to verify if the ac-
tual error also attains such an exponential rate of convergence. To
provide some numerical evidence of such a behavior, we have esti-
mated the error of the computed eigenvalues by using as ‘exact’ a
more accurate approximation obtained by an extrapolation proce-
dure. To do this, we have used the fact that the computed eigen-
values are expected to converge with a double order and we
have determined the parameters k, j and a in the model

kh ¼ kþ je�2a
ffiffiffi
N
p
;

by means of a weighted least-squares fitting. The weights have been
chosen so that the most precise computed values kh play the more
significant role in the fitting. Thus, we have obtained a value
2
3
4
5
6
7
8
9

Fig. 5. Rhomboidal tube. Refined mesh: step 22.
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Fig. 6. Rhomboidal tube. Refined mesh: step 22. Successive zooms.

Fig. 7. Rhomboidal tube. Estimated error curve.

Fig. 8. Rhomboidal tube. Error curve for the eigenvalue.
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5

Fig. 9. Bundle of quadrilateral tubes. Domain and initial mesh.
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4
5

Fig. 10. Bundle of quadrilateral tubes. Mesh at step 8.
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k = 0.07896, which we have used to plot logjkh � kj versus N1/2. This
plot is shown in Fig. 8, where a linear dependence can be clearly
seen for sufficiently large values of N. This is coherent with the ex-
pected exponential decay of the error with respect to the number of
degrees of freedom.

It should be noted that a convergence rate expð�a
ffiffiffiffi
N
p
Þ is ob-

tained in this numerical test, rather than expð�a
ffiffiffiffi
N3
p
Þ, which is typ-

ical for the hp version of the finite element method for source
elliptic problems with piecewise analytic data in the presence of
corner singularities (see [40]). Although only a few convergence re-
sults are known for eigenvalue problems (see [41], for instance), in
principle a convergence rate expð�a

ffiffiffiffi
N3
p
Þ should be expected in this
problem too. However, our numerical experiments show an
improved convergence rate. To understand the reason for this
behavior is a subject of future research.



Fig. 11. Bundle of quadrilateral tubes. Computed fluid and tubes velocities.
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6.3. A bundle of quadrilateral tubes

In this last example we have computed the main vibration
mode (i.e., the mode with smallest eigenvalue) of a system closer
to the actual applications: five square tubes immersed in a fluid
occupying a rectangular cavity as shown in Fig. 9.

Fig. 10 shows the mesh obtained after eight steps of the hp
adaptive scheme. Fig. 11 shows the fluid velocity field computed
from the pressure obtained at the last step. The arrows at the cen-
ter of each tube show the directions of the tubes motion.

7. Conclusions

An hp finite element method has been proposed to compute the
free vibrations of a bundle of tubes immersed in an incompressible
fluid contained in a rigid cavity. Convergence and a priori error
estimates have been obtained for the hp finite element approxima-
tion of this spectral problem.

An a posteriori error indicator has been proposed and its reli-
ability and efficiency have been rigorously proved. We have intro-
duced an adaptive algorithm based on this indicator, which allows
refining some of the elements and increasing the polynomial de-
gree in others at each step.

The reported numerical experiments for different cavities and
different shapes of tubes show the good performance of the er-
ror indicator and the adaptive scheme. Numerical evidence of
the theoretically expected exponential convergence is also
reported.
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Computing with hp-Finite Elements, Frontiers: Three-Dimensional Elliptic and
Maxwell Problems with Applications, vol. 2, Chapman & Hall, CRC, Boca Raton,
FL, 2008.

[29] D. Pardo, L.E. García-Castillo, L.F. Demkowicz, C. Torres-Verdín, A two-
dimensional self-adaptive hp finite element method for the characterization
of waveguide discontinuities. Part II: Goal-oriented hp-adaptivity, Comput.
Methods Appl. Mech. Engrg. 196 (2007) 4811–4822.

[30] I. Babuška, J. Osborn, Eigenvalue problems, in: P. Ciarlet, J. Lions (Eds.),
Handbook of Numerical Analysis, vol. II, North-Holland, Amsterdam, 1991, pp.
641–787.



188 M.G. Armentano et al. / Comput. Methods Appl. Mech. Engrg. 200 (2011) 178–188
[31] P. Grisvard, Elliptic Problems in Nonsmooth Domain, Pitman, Boston, 1985.
[32] J.T. Oden, L. Demkowicz, W. Rachowicz, T. Westermann, Toward a universal hp

adaptive finite element strategy. Part 2: A posteriori error estimation, Comput.
Methods Appl. Mech. Engrg. 77 (1989) 113–180.

[33] I. Babuška, M. Suri, The optimal convergence rate of the p-version of the finite
element method, SIAM J. Numer. Anal. 24 (1987) 750–776.

[34] I. Babuška, M. Suri, The h-p version of the finite element method with
quasiuniform meshes, RAIRO Modél. Math. Anal. Numér. 21 (1987) 199–238.

[35] P.A. Raviart, J.M. Thomas, Introduction à l’Analyse Numérique des Equations
aux Dérivées Partielles, Masson, Paris, 1983.

[36] R. Verfürth, A Review of A Posteriori Error Estimation and Adaptive Mesh-
Refinement Techniques, Wiley & Teubner, 1996.
[37] B.Q. Guo, I. Babuška, The h-p version of the finite element method. Part 1: The
basic approximation results, Comput. Mech. 1 (1986) 21–41.

[38] B.Q. Guo, I. Babuška, The h-p version of the finite element method. Part 2:
General results and applications, Comput. Mech. 1 (1986) 203–220.

[39] I. Babuška, B.Q. Guo, Approximation properties of the h-p version of the finite
element method, Comput. Methods Appl. Mech. Engrg. 133 (1996) 319–346.

[40] I. Babuška, B.Q. Guo, The h-p version of the finite element method for domains
with curved boundaries, SIAM J. Numer. Anal. 25 (1988) 837–861.

[41] I. Babuška, B.Q. Guo, J.E. Osborn, Regularity and numerical solution of
eigenvalue problem with piecewise analytic data, SIAM J. Numer. Anal. 26
(1989) 1534–1560.


	An hp finite element adaptive scheme to solve the Laplace model for fluid–solid vibrations
	Introduction
	The eigenvalue problem
	Finite element approximation and a priori error estimates
	A posteriori error estimator
	Numerical aspects
	Solution of the generalized eigenvalue problem
	Adaptive refinement strategy

	Numerical examples
	Two concentric cylindrical tubes
	Rhomboidal tube within a rectangular cavity
	A bundle of quadrilateral tubes

	Conclusions
	Acknowledgement
	References


