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ABSTRACT

We calculated the influence of the limb-darkened finite diskextion factor in
the theory of radiation-driven winds from massive stars. 36kwed the 1-D m-CAK
hydrodynamical equation of rotating radiation-driven #arfor all three known so-
lutions, i.e., fastQ-slow andds-slow. We found that for the fast solution, the mass
loss rate is increased by a factorl0%, while the terminal velocity is reduced about
10%, when compared with the solution using a finite disk axtioe factor from a uni-
formly bright star. For the other two slow solutions the apesmare almost negligible.
Although, we found that the limb darkening has rteets on the wind momentum
luminosity relationship, it would féect the calculation of synthetic line profiles and

the derivation of accurate wind parameters.

Subject headings. hydrodynamics — methods: analytical— stars: early-type tarss

mass-loss — stars: rotation — stars: winds, outflows
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1. Introduction

The CAK theory ((Castor et al. 1975) describes the mass losgauadiation force in
massive stars. This theory is based on a simple parameienz# the line force ¢ andk)
which represents the contribution of the spectral linesiéoraidiative acceleration by a power law
distribution function. Abbott (1982) improved this thearglculating the line force considering
the contribution of the strengths of the hundreds of thodsanf lines. He also included a third
parameterd) that takes into account the change in ionization througtieiwind. Despite this
immense #&ort to give a more realistic representation of the line fomeadent discrepancies
still remained. Further improvements to this theory donéFhgnd & Abbott (1986) and
Pauldrach et all (1936) (hereafter m-CAK model) relaxedpibiat star approximation with the
introduction of the finite disk correction factor, assumagniform bright spherical source of
radiation. From then on, this model has succeeded in désgiidoth, wind terminal velocities
(V) and mass-loss rateM{ from very massive stars. As a result of the radiation fotie,
properties of the stellar winds must somehow reflect therosities of the stars. This relationship
can be obtained from the line driven wind theary (Kudritzkak/1995, 1999) and, nowadays,
it is known as the Wind Momentum-Luminosity RelationshipMML). It predicts a strong

dependence of wind momentum rate on the stellar luminostty av(Puls et al. 1996).

The m-CAK hydrodynamical solution (hereafter the fast #oh) is characterized by an
exponential growth at the base of the wind that matches veigkly a 3-law profile when the

velocity reaches some few kilometers per second, withralex in the range 0.8 to 1.0.

However, in the last decade, Curé (2004) and Curé et aLl(Pfound two new physical
solutions from the 1-D non-linear m-CAK hydrodynamics etprathat describe the wind velocity
profile and mass loss rates from rapidly rotating stars @tkedow solution) and from slowly
rotating A- and late B-type supergiants (#hslow solution). TheQ-slow solution only exists

when the star’s rotational speed is larger tha®/4 of the breakup speed. Thisslow solution
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posses a larger mass loss rate (the higher the rotatiored sghee higher the mass loss rate) and
reaches a terminal velocity which is aboy8 bf the fast solution’s terminal speed. On the other
hand, thej-slow solution is found when the line-force parameiés slightly larger than- 0.25.
High values o5 are expected in hydrogen rich environments; for a pure tgetigas Puls et al.
(2000) demonstrated théis 1/3. This last solution, where the Abbéatfactor represents changes
in the ionization of the wind with distance, reaches a slamteal velocity, similar to the&-slow

solution, but with a much lower mass loss rate.

In the m-CAK model, the calculation of the radiation forceofen carried out assuming a
uniform bright finite-sized spherical star. The rapid ratat however, changes the shape of the star
to an oblate configuration (Cranmer & Owacki 1995; Pelupetsi. 2000) and induces gravity
darkeningl(von Zeipel 1924) as function of (co)-latitudebbth cases, a rotating and non-rotating
star, the decrease of the temperature outwards the phet@spioduces a limb darkeningect
which also modifies the finite disk correction factor. Theattetical formalism for computing
the self-consistent radiation force for non-sphericahtiag stars, including thefiects of stellar
oblateness, limb darkening and gravity darkening, wasldpee by Cranmer & Owock| (1995).
However, to disentangle thdfects of each one of these competing processes upon the wind
structure, these authors present a semi-quantitativgsisand estimated that the limb darkening
effect could increase the mass loss ratf {n an amount of- 11% to~ 13% over the uniformly
bright models. However, that larger mass loss would impldaiction in the wind terminal speed.
Owocki & ud-Doula ((2004) carried out (for the fast soluti@perturbation analysis of théfects
of the gas pressure on the mass loss rate and wind termiralityeih terms of the ratio of sound
speed to escape speeg\is). They showed that for finite-disk-corrected sphericaldyitypical
increases in mass-loss rate are 10%—20%, with compardateeelecreases in the wind terminal

speed.

Then, considering that the radiative flux does not changaifgigntly when the limb
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darkening is taken into account, an enhancement @D% in the mass loss rate might lead
not only to a lower terminal speed.() but also to a change in the theoretical WM-L. An
accurate determination of the WM-L relationship for A and upergiants (Asgs and Bsgs)
is important because it would allow the use of these starsiaagalactic distance indicators

(Bresolin & Kudritzki 2004).

In this work, we present an analytical expression for thélgarkening finite disk correction
factor and solve the 1-D hydrodynamical equation for alkééhknown solutions for radiation
driven winds; i.e., fastQ-slow ands-slow solutions. These results are compared with the wind
solutions computed with the finite disk correction factastaning a uniform bright star, finding

that the &ects of the limb darkening are only important for fast santi

In §2 we briefly describe the 1-D momentum equation of the wing3mnwe present an
analytical expression for the limb-darkened finite diskreotion factor and ir§4 we solve
numerically the hydrodynamics equations for model parameatorresponding to the fas};slow,

o-slow andQd-slow solutions. Finally, ir§5, we discuss the results, conclusions and future work.

2. The m-CAK hydrodynamic model

The m-CAK model for radiation driven winds considers one @sional component
isothermal fluid in a stationary regime with spherical synmmeNeglecting the ffects of
viscosity, heat conduction and magnetic fields (Castor,&t%15), the equations of mass

conservation and radial momentum read:

Anr’pv= M, (1)

and



dv_ 1dp GM(1-T) +V§(r)
r

- line
vdr oar 2 +g"™ (o, dv/dr, ng). (2)

Herev is the fluid velocity anddv/dr its gradient. All other variables have their standard
meaning (see Curé (2004) for a detailed derivation and itiefis of variables, constants and
functions). We adopted the standard parametrization ®titie force term, given by Abbott

(1982), Friend & Abbott (1986), Pauldrach et al. (1986):

« 0
g“ne:r% fp (r,v, dv/dr) (rzvd_v) ( Ne ) , (3)

dr W(r)
where the cofiicientC depends oM, W(r) is the dilution factor andp is the finite disk

correction factor.

Introducing the following change of variablas= —-R./r, w = v/a and w = dw/du, where
ais the isothermal sound speed am@ = Viot/a, Wherev,y is the equatorial rotation speed at the

stellar surface, the momentum equation becomes:

B 1)\ dw 2 ) s dw\t
F(u,w,w) = (1— W)Wm +A+ ot a,u—C’ fpg(u)(w) (Wm) =0. 4)
The standard method for solving this non-lineafatiential equatiorni(4) together with
the constan€’(M) (eigenvalue of this problem) is imposing that the solugi@sses through a
singular (or critical) point.

Critical points are defined at the roots of the singularitgdition, namely:

0
e F(u,w,w) = 0. (5)

At this specific point and in order to find a physical wind smnt a regularity condition must be

also imposed, i.e.,

d F(u,w,w) = oF + oF

du ou WVW =0 ©)
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In order to solve this equation we need to know the behavibtheofinite disk correction
factor fp. To disentangle limb darkening from rotationdfezts (gravity-darkening and
oblateness) we will analize them independently. A disarssn the &ects of the oblate finite
disk correction factor on the velocity profile and mass l@te was presented by Araya et al.
(2011). Therefore, in this work we mainly discuss the imance of the limb darkening on

radiation driven winds.

3. Limb-darkened finite disk correction factor

Cranmer & Owockil(1995) derived an integral expression lier limb-darkened finite disk
correction factor {,p), based in a simple linear gray atmosphere, namely:

RE(1+o) ), 2 1—pu2

*

2 1 2 _ 4,2
fio (r, v, dv/dr) = ———— f (1+<w’2)"><(1+§ u)u’dﬂ’, (7)

whereo = (dInv/dInr) -1 andu, = {1 - R2/r2.

The integration of ed.17 gives the following analytical eegsion :

1 oc+1 *
fio (v, dv/dr) = 20(a+1)><(_%+0+1) X
3 5 o
0'(a+1)2|:1(§,—a’§’_m)

+r2 (o + 1) ((O-—Jrl)a -~ 1) +o (8)

-z+o+1

where;F; is the Gauss Hypergeometric function.

Figure[l compares the run of both uniformly bright and lirdskened finite disk correction
factors as functiom, using two diferents-law velocity profiles g = 0.8 and 2.5) and a typical
value of thex line-force parameter equals 0.6. This figure clearly shdwas at the base of the
wind the factorf p (shown in gray-dashed line) is aboutl0% larger than the one obtained

for a uniform bright stellar diskfp (continuous line), increasing, the value of the mass loss
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rate. Instead, at larger distances from the stellar surfzaty correction factors have the same

behaviour as a function af

1.2 . . . . 12

11f E

Correction Factc
Correction Facto

0.5 . . L . 05 , . | . ]
-1.0 -0.8 -0.6 -0.4 -0.2 0.C 1.0 -0.8 -0.6 -0.4 -0.2 0.0

u=—R,/r u=-R,/r

Fig. 1.— Uniformly bright fp (continuous line) and limb-darkenefip (gray-dashed line) finite disk
correction factors. Calculations where performed usipegaw velocity field withg = 0.8 (left panel) and

B = 2.5 (right panel). In both cases the value fowas 0.6

Mathematically,f_p can be considered as a small perturbatiomgfas it is shown in Figure
[, even for diferents-law index. Thus, based on the standard theory of dynamysé¢m (see,
e.g.,J. Palis & de Melo 1932), we expect no largéedences when considering velocity profiles
from the equation of motion (ed. 4), for the cases where amifp bright or limb-darkened
finite disk correction factors are used. This is a consequehthe theorem of the continuous
dependence of the solutions of the ordinarffaiential equations (ODE) on their parameters

(Hirsch & Smale 1974).

Therefore, the scope of this paper is limited to the studyhefriumerical 1-D stationary
solutions of eql 4, leaving a theoretical topological asalyand also a time—dependent one) for a

future work.
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4. Results

We are now in conditions to solve the non-lineaffeliential equation (ed.] 4) considering
the factorf p given by eq[[8. The calculation of all partial derivativesfof (u, w, w) are given
in AppendixA. These derivatives are needed in order to edalthe singularity and regularity
conditions (EqslI5 ard 6, respectively). Depending on thexts parameter-space, each type of
solution explains the wind of a fierent kind of massive object, i.e., fast solution descrthes
wind of hot stars, th€-slow solution explains the wind of rapid rotators such asBes, and the
6-slow solution characterizes the wind of A-type supergairt the following subsections we will
adopt a prototype star for each one of these three known gddysilutions, in order to analyse the

effects of the limb darkening on the m—CAK hydrodynamical model

4.1. Fast Solution

For the standard fast solution we selected, as in/Curé §2@0%pical O5V star with the
following stellar and line-force parameterfe; = 45000 K, logg = 4.0,R/R, = 12, Vot = 0,
k =0.124,a = 0.64 ands = 0.07 (Lamers & Cassinelli 1999). The numerical code we used
to solve the momentum equation is described in Curé (20Bjure[2 (left panel) shows the
velocity profile for the standard case, where a uniform krggar disk (continuous line) and the
limb-darkened one (gray-dashed line) are used. FigurgBt(panel) displays the fierence in the
velocity, Av = vy, — Vip (Wherev,, is the velocity profile when the uniform finite disk correctio
factor is taken into account, whilgp is the wind solution obtained usingp). Thev p(u) profile
is always smaller than the,(u) one, with a monotonically increasingfiirence. Theféect of
the limb-darkened finite disk correction factor changedileaviour of the velocity field in the
most external layers, it reaches a smaller terminal veldyitabout 10% of the,, value of the
standard m-CAK case. There is no significant change of thexitglfield at the base of the wind.

Therefore, the location of the singular point is almost thee in both cases. Our calculations
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confirmed the predictions of Cranmer & Owacki (1995); Owokkid-Doula (2004) based on
the behaviour of thd  at the base of the wind, i.e., that the mass loss rate is isedeafactor of
about~ 10%. Concerning to the WM-L relationship, the valueDafom = (M V.. VR./R;) shows
almost no change due to a compensation of the increase inabg loss rate and the decrease of
the terminal velocity, as shown in Talhle 1. Although the eadfiD,,,,, SeEMS t0 remain unaltered,
we would expect minor dierences in the synthetic spectra when they are computediveittivo

different velocity profiles.

350
350CF f
300f

300CF [
250F

250k r
200F

N
=}
=}
=)

v(u) km/s
Vip (kmys)

=

150F

H
o
=}
S

T

Vu

100ck 100

500 ' s0f

o
-1.0 -0.8 -0.6 -0.4 -0.2 0.C -1.0 -0.8 -0.6 -0.4 -0.2 0.0
u=-R,/r u=—R./r

Fig. 2.— Left panel: velocity profile as function of the ingerradial coordinata. The standard
m-CAK model is shown in continuous line and the solution wiite limb-darkened finite disk cor-
rection factor is in gray dashed line. Th@eet of thef p in the velocity profile is very significant
reducing the terminal velocity approximately in 10% witlspect to the standard m-CAK model.
Right panel: Velocity dierence between the standard solutions with a uniformlyhbyrity, and

the limb-darkenedf, p, correction factors.

These results show that the correction to the line radidtore due to the limb darkening
effect leads to lower mass loss rates and higher wind terminatiies, both in approximately

10%, when compare with the contribution of a uniformly btigtar disk radiation source.
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Table 1:Wind parameters for the fast solution with uniformly brigiit) and limb-darkenedf(p) finite

disk correction factors

fo flo
M (108 Moyr™l) 2206 2.449
Voo (kms™1) 3384 3071
I'singular (R) 1.027 1.031
EigenValue C’) 40.89 38.53
log Dmom (cgs) 29.21 29.22

4.2. Q-Slow Solution

The Q-slow solution is present when the star is rotating at vélexinear the breakup
rotational speed. Therefore, to study thieets of the limb darkening in the radiation force we
select, the case of a typical B1V star with high rotation&@espQ2 = Viot/Vreakup= 0.9) and the
following stellar parameterste; = 25000 K, logg = 4.03,R/R, = 5.3. The corresponding line
force parameterk = 0.3, = 0.5 ands = 0.07 were taken from Abbott (1982).
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Fig. 3.— Left panel: Same as Figure ) versusu. In this case thefect of thef p in the

velocity profile is minimal. Right panel: Velocity fierence.

The resulting velocity profiles with uniform and limb-danesl correction factors and the
corresponding dierences in the velocities are shown in Figure 3. These phatw slearly that

the dfect of f_p in the velocity profile is minima. The influence of tligy, on the mass loss rate
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Table 2:Wind parameters for th@-slow solution with uniformly bright {p) and limb-darkened f( p)

finite disk correction factors

fo fio
M (108 Moyr™l) 422103 4.2210%

Voo (kms™1) 446.8 446.5
I'singular (R:) 26.14 26.14
EigenValue C’) 78.31 78.27
log Dmom (€gs) 25.44 25.44

and other wind quantities are shown in Table 2, together thighcomparison of the velocity
profile using the uniform correction factor. All the changeshese quantities are minimal or
even negligible. There is an important dominance of therfagal force term in the momentum

equation[(4).

4.3. 6-Slow Solution

For the calculation of thé,  correction factor in the parameter-space ofdkstow solution,
we select an A-type supergiant star with the following fumeatal parameterd.e; = 10000 K,
log g =2.0,R/R, = 60, Vv,o; = 0, and line-force parameters= 0.37,a = 0.49 and5 =0.3 (model
W03 from/ Curé et al. 2011).

Similar to theQ-slow wind solution, the #ect of the limb darkening is negligible in both, the

velocity profile and mass loss rate (see Fidure 4 and Table 3).

Concerning the influence of the limb darkening on the WM-latieinship, there is no

substantial ffect.
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Fig. 4.— Left panel: Same as Figure ) versusu. In this case thefeect of thef p in the

velocity profile is minimal. Right panel: Velocity fierence.

Table 3:Wind parameters for th&slow solution with uniformly bright {p) and limb-darkenedf( p) finite

disk correction factors

fo fip
M (108 Moyr™t)  7.22104 7.36 104

Voo (kms™1) 203 200

I'singular (R) 11.06 11.06
EigenValue C’) 63.78 63.54
log Dmom (cgs) 24.85 24.86

4.4. Qo-Slow Solution

Here we investigate the particular case wiieands take higher values. We selected the
same test star as §.2 but with a diferent value of thé parameterd = 0.25). The computed
hydrodynamic solutions for uniformly bright and limb-daried correction factors are almost the

same, as it shown in Figuré 5 and Table 4.

When we compare the velocity profiles between@hslow solution computed with = 0.07
(see figure ¥ left panel) antl= 0.25 (see figurel5 left panel), we find that both profiles haee th
same behaviour as a functionrofTherefore, the centrifugal term due to the high dominates o

thes-factor ing'™. Nevertheless, the influence of thdactor is not negligible, it reduces the mass
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Fig. 5.— Left panel: Same as Figure ) versusu. In this case thefect of thef p in the

velocity profile is minimal. Right panel: Velocity fierence.

Table 4:Wind parameters for th&s-slow solution with uniformly bright {p) and limb-darkenedf(p)

finite disk correction factors

fo flo
M (108 Moyr~l) 8.63104 8.64 104
Voo (kms™1) 367.8 367.5
I'singular (R:) 38.17 38.17
EigenValue C’) 113.9 113.9
log Dmom (cgs) 24.66 24.66

loss rate in~ 80% and the terminal velocity in 20%.

5. Discussion and Conclusions

In this work we improved the description of the radiationciitaking into account the
correction factor due to a limb-darkened disk. In particulge derived an analytical formula to
compute this contribution. Then, we solved the 1-D nondmaomentum equation for radiation
driven winds and analized the influencefef for all the three known solutions, namely: the fast,
theQ-slow and the-slow solutions, as well as, the case of a higandé parameter, th@ 6-slow

solution.
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Fig. 6.— Left panel: Normalized velocity gradiedtv/du versusu from the solutions of the
equation of motion using the uniform finite digk. In continuous-line is plotted the gradient of
the fast solution; dashed-line correspond tostséow solution; dotted—line to th@-slow solution
and dashed—dotted—line to th-slow solution. Right panel: id, for the cases where theus

used in the equation of motion (dd. 4)

We selected the appropriate stellar parameters of madsikgethat are representative of
each possible hydrodynamical solution and evaluated tloeiag profile as function of the radial

coordinate.

We found a significant impact df p in the radiation driven-wind of massive stars that
are described by the fast solution. Due to tifie@ of a limb-darkened disk the mass loss
rate increased in an amount-©f10% while the terminal velocity is reduced about the same
factor. Therefore, the limb darkeningect should be considered always in the calculation of the

hydrodynamics fast solution.

On the other hand, the influence fif; on theQ-slow andé-slow solutions is minimal.
The maximum dierence obtained in the velocity profile computed with umiftyr bright and
limb-darkened disk radiation sources is less th&m3 for the Q-slow solution, &kms for the
s-slow solution and 1.kms™ for the case when both parameseandQ are high (theQs-slow

solution). Therefore, the limb darkeninffect is negligible when computing the wind parameters.
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However, rotational fects like the star’s oblateness should be considered, ginoadifies the
wind in the polar direction (see Araya et al. 2011) being miastter than the spherical one.

Moreover, the slow solutions predict even slower and deft®ss than the spherical ones.

The influence off p on radiation driven winds can be interpreted in terms of gsaiiting
velocity profile. The mayor dierences between the uniformly bright and limb-darkenedtefini
disk correction factors are in the region just above thdastphotosphere, as Figuré 1 shows. In
this region the velocity from all the models described intieed4 are small, however the value
of the velocity gradient from the fast-solution is 5 to 10 ¢srlarger than the values from any
slow-solution. Figurélé shows the normalized velocity geatidw/du as function ofu for the
different types of solutions. Is this dependence on the velgcigtient, specifically in the finite
disk correction factor, that makes a significarftelience in the terminal velocity and the mass

loss rateonly for the fast solution and not for the slow ones.

Concerning the WM-L relationship, the limb-darkened cotian factor has noféects.
The increase produced by the fast solution\ris compensated by a similar decrease.of
Considering the importance of having a theoretical WM-latienship for B- and A- type
supergiants thefiect of the star’s oblateness and gravity-darkening shoelledplored, together

with the calculation of the synthetic line spectrum in orttederive accurate wind parameters.
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CONICYT, Departamento de Relaciones InternacionalesrBnog de Cooperacion Cientifica
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Agencia de Promocion Cientifica y Tecnologica (BID 1728/8R PICT 0885), from CONICET
(PIP 0300), and the Programa de Incentivos &Q2 of the Universidad Nacional de La Plata,
Argentina. DR acknowledges financial support from CONICETP(112200901000637).



- 17 -

A. Partial derivatives of f p

In order to find the location of the singular point, we needval@ate the singularity
condition given by ed.]5 and, then, impose the regularityddwmn given by eql 6. To perfom this
calculation we need to know all the partial derivatives gf (u, w,w'); i.e.,df_p/du, df p/ow
andof p/ow.

Defining the following auxiliary variables:

Z = ww (A1)

A u(u+2) (A2)

Thus, in terms oft, the finite disk correction factor for a uniformly bright spital starfy reads,

1 1
Q+a)A

fo () = [1-@- ], (A3)

while the limb-darkened finite disk correction factipp is:

L= [1-D"+a(a+1)2F1 (-0 5 ) +1-1]

fio () = s (A4)
Defining nowe (1) = df p (1)/dA, we obtain:
B 1-2)" o
e() = 1o+ D)0-D0 X [2-Ba+5A)A-2)""+
3 5 2
+21-1D(@l+1)+(@+1)A(2a1 + 3)2F1 | =, —a, =, —— (A5)
2 2°1-1
Therefore, all the partial derivatives can be calculatedgihe chain rule, getting,
2
6(/1) 1 6f|_D _ V\_/afLD __W_ 6f|_D (A6)

T20+WW AU U oW uw ow
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