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REMARKS ON AN OPTIMIZATION PROBLEM FOR THE
p—LAPLACIAN

LEANDRO M. DEL PEZZO AND JULIAN FERNANDEZ BONDER

ABSTRACT. In this note we give some remarks and improvements on a recent
paper of us [3] about an optimization problem for the p—Laplace operator that
were motivated by some discussion the authors had with Prof. Cianchi.

1. INTRODUCTION

In this note, we want to give some remarks and improvements on a recent paper
of us [3] about an optimization problem for the p—Laplace operator.

These remarks were motivated by some discussion the authors had with Prof.
Cianchi and we are grateful to him.

Let us recall the problem analyzed in [3].

Given a domain Q@ C R¥ (bounded, connected, with smooth boundary) and
some class of admissibel loads A, in [3] we studied the following problem:

J(f) = f(x)uys dHN ! = max
a0

for f € A, where H?¢ denotes the d—dimensional Hausdorff measure and u is the
(unique) solution to the nonlinear problem with load f

— P24 = i
(1) { Apu+ [uP?u=0 in Q,

|Vu|p~29% = f on 99.

Where p € (1,00), Apu = div(|Vu|P~2Vu) is the usual p—Laplacian, % is the
outer normal derivative and f € L7(9f) with ¢ > ]f,—,, .
In [3], we worked with three different classes of admissible functions A

e The class of rearrangements of a given function fy.
e The (unit) ball in some L1.
e The class of characteristic functions of sets of given measure.

For each of these classes, we proved existence of a maximizing load (in the
respective class) and analyzed properties of these maximizer.

When we worked in the unit ball of L?, we explicitly found the (unique) maxi-
mizar for J, namely, the first eigenfunction of a Steklov-like nonlinear eigenvalue
problem.
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Whereas when we worked with the class of characteristic functions of set of given
boundary measure, besides to prove that there exists a maximizer function we could
give a characterization of set where the maximizer function is supported. Moreover,
in order to analyze properties of this maximizer, we computed the first variation
with respect respect to perturbations on the set where the characteristic function
was supported. See [3] (section 5).

The aim of this work is to generalize the results obtained for the class of charac-
teristic functions of set of given boundary measure to the class of rearrangements
function of a given function fy.

Recall that if fy is a characteristic function of a set of HN~!'-measure a, then
every characteristic function of a set of H~ ~!-measure « is a rearrangement of fy.

2. CHARACTERIZATION OF MAXIMIZER FUNCTION

In this section we give characterization of the maximizer function relative to the
class of rearrangements of a given function fy.

We begin by observe that (1.1) has a unique weak solution wy, for which the
following equations hold

(2.2) fupdHN P = sup  Z(u),
X9) weW:p(9)

where
Z(u) := L{p/ fudHN ! —/ [Vul? + |ul? d’HN}.
p—1 a0 Q

Let fo € LI(0N), with ¢ = p/(p—1), and let Ry, be the class of rearrangements
of fo. We was interested in finding

(2.3) sup fupdHN L
feRy, Jon

In [3], Theorem 3.1, we could proof that there exists f € Ry, such that

fadHN "' = sup fupdHN L
o0 fER s, JON

where 1 = (s

We begin by giving a characterization of this maximizer f in the spirit of [2].

Theorem 2.1. f is the unique mazimizer of linear functional L(f) :=
faﬂ fadHN=L, relative to f € Ry,. Therefore, there is an increasing function ¢

such that f =¢ot HN " 1—a.e.

Proof. We proceed in three steps.

Step 1. First we show that f is a maximizer of L(f) relative to f € Ry, .
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In fact, let h € Ry,, since [, faduN-1 = SUPfem,, Joq fug dHN"1, we have
that

faduN-! z/ huy, dHN 1

a0 20
1
= sup —— {p/ hudHN ! — / [VulP + |ul? d’H,N}
wewir() P —1 o0 a0
1
> p/ ht dHN 1 —/ |Vﬂ|P+|ﬂ|deN},
p—1 a9 a9
and, since
. 1 .
fadHN' = —— {p fadHNt —/ |ValP + |al? dHN} ,
a9 p—1 a9 a0
we have
fadHN > / hadHN L.
a0 90
Therefore,

fadHN"' = sup L(f).
b3le} FE€R o

Step 2. Now, we show that f is the unique maximizer of L(f) relative to f € Ry,-
We suppose that g is another maximizer of L(f) relative to f € Ry . Then

fadHN 1 :/ gudHN L,

o0 o0

Thus
/ gudHN "t = [ fadHN?
o0 o0

2/ gugd’HN_l
o0

1
= sup —— {p/ gqudHN T — / [Vul|P + |ul? dHN} .
wewtr() P — 1 a0 o0

On the other hand,

/gadHN—lz/ fadHN !
o0 o0

1 ~
- {p fadHN1 —/ |ValP + |afP dHN}
p—1 o9 o9
1

=—— {p/ gudHN ! —/ |ValP + |ﬁ|deN}.
p—1 a0 99

1
/ gudHN "t = sup —{p/ gudHNfl—/ |Vu|p+|u|pd7-[N}.
o0 wewtr() P — 1 a0 o0

Therefore & = ug4. Then 4 is the unique weak solution to
Api+ |62 =0 in Q,
|Vap—29t = ¢ on 99.

Then
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Furthermore, we now that u is the unique weak solution to
Ayt + |62 =0 in Q,
|Vap—29t = f on 9.

Therefor f: g HYN 1-ae.

Step 3. Finally, we have that there is an increasing function ¢ such that f = ¢ou
HN 1 —ae.

This is a direct consequence of Steps 1, 2 and Theorem 2.3 below.

This completes the proof of Theorem 2.1. (I

In order to state Theorem 2.3, we need the following definition

Definition 2.2. The measure space (X, M, ) is called nonatomic if for U € M
with w(U) > 0, there exists V€ M withV C U and 0 < u(V) < u(U). The measure
space (X, M, u) is called separable if there is a sequence {Uy}32  of measurable sets
such that for every V.e M and ¢ > 0 there exists n such that

p(VAUn) + p(Un \ V) <e.

Theorem 2.3 (See [1]). Let (X, M, u) be a finite separable nonatomic measure
space, let 1 < p < oo, let ¢ be the conjugate exponent of p, let fo € LP(X,p)
and g € LY(X, u) and let Ry, be the set of rearrangements of fo on X. If L(f) =

fX fgdu has a unique mazimizer f relative to Ry, there is an increasing function
¢ such that f* = ¢og u—a.e.

3. DERIVATE WITH RESPECT TO THE LOAD

Now we compute the derivate of the functional J(f) with respect to perturba-

tions in f . We will consider regular perturbations and asume that the function f
has bounded variation in 0.

We begin by describing the kind of variations that we are considering. Let V be
a regular (smooth) vector field, globally Lipschitz, with support in a neighborhood
of 9§ such that (V,v) = 0 and let ¢, : RY — R¥ be defined as the unique solution
to

Svi(z) =V((z) t>0,
. {wocr) 2 s RV,
We have
V() =z +tV(z) +o(t) Vo eRV.

Thus, if f € Ry,, we define f; = fo ;. Now, let
I(t) == J(fe) = / ug frdHN

o0

where u; € WHP(Q) is the unique solution to

{—Aput + |ut|p_2 =0 in Q,

3.5
(3:5) |Vu[P22% = f, on 9.
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Lemma 3.1. Given f € L9(09Q) then

fi=fou;t — fin LY0N), ast — 0.
Proof. Let € > 0, and let g € C2°(09) fixed such that [|f — g[|La90) < €. By the
usual change of variables formula, we have,

Hft - gt”%q(ag) = /89 |f - 9|qu¢thN71,

where g: = go v, Land J is the tangential Jacobian of . We also know that
Jrp =14+t div,.V + o(t).
Here div,V is the tangential divergence of V' over 0£2. Then

1 = 9illa oy = /BQ |f — g|9(1 4+t div,V + o(t)) dHN 1.
Then, there exist t; > 0 and such that if 0 < ¢ < t; then

I.fe — gtllLacoqy < Ce.
where C' is a constant independent of ¢. Moreover, since v, ' Id in the C*
topology when ¢ — 0 then g; = gov; " — g in the C* topology and therefore there
exists to > 0 such that if 0 < ¢t < t9 then

llge — gllLacon) < e
Finally, we have for all 0 < ¢ < tg = min{t1,?2} then
Ilfe = fllLaany < |1fe = g¢llLaan) + lge — 9llzaan) + 19 = fllLean)
< Ce

where C' is a constant independent of ¢. O
Lemma 3.2. Let ug and uy be the solution of (3.5) witht =0 and t > 0, respec-

tively. Then
ug — ug in WHP(Q), ast — 0",

Proof. The proof follows exactly as the one in Lemma 4.2 in [2]. The only difference

being that we use the trace inequality instead of the Poincaré inequality. O

Remark 3.3. It is easy to see that, as 1y — Id in the C* topology, then from
Lemma 3.2 it follows that
wy 1= Uy 0Py —> ug  Strongly in Wl’p(Q).
With these preliminaries, the following theorem follows exactly as Theorem 5.5
of [3].

Theorem 3.4. With the previous notation, we have that I1(t) is differentiable at
t=0 and

dI(t) 1
dt ‘t:O Cop—1

—/(|Vuo|p+|uo|p) divV dHN}.
Q

{p/ uof div,V aHN ! +p/ [Vuo P~ (Vuo,” V'Vug) di™
(o9} Q

where ug is the solution of (3.5) with t = 0.
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Proof. For the details see the proof of Theorem 5.5 of [3]. O

Now we try to find a more explicit formula for I’(0). For This, we consider f €
L1(992) N BV (0R2), where BV (09) is the space of functions of bounded variation.
For details and properties of BV functions we refer to the book [4].

Theorem 3.5. If f € L1(9Q) N BV (9Q), we have that
p

oIty _
el M BQuOVd[Df].

where ug is the solution of (3.5) with t = 0.

Proof. In the course of the computations, we require the solution ugy to

—Aug + [uo|P"2up =0 in £,
|Vug[P~29%0 = f on 99,

to be C2. However, this is not true. As it is well known (see, for instance, [7]), ug
belongs to the class C+° for some 0 < § < 1.

In order to overcome this difficulty, we proceed as follows. We consider the
regularized problems

(3.6) {_‘“V(ﬂvual2 +2)P22VuG) + JugPPug =0 in €,

(|VU5|2+52)(1)_2)/2%—1§ =f on 99.

It is well known that the solution u§ to (3.6) is of class C?* for some 0 < p < 1
(see [6]).

Then, we can perform all of our computations with the functions u§ and pass to
the limit as € — 0+ at the end.

We have chosen to work formally with the function ug in order to make our
arguments more transparent and leave the details to the reader. For a similar
approach, see [5].

Now, by Theorem 3.4 and since

div(|uo|PV) = plug|P*uo(Vug, V) + |uo|? divV,
div(|Vue|PV) = p|VuolP~*(VugD?*ug, V) + |Vug|P divV,
we obtain
1
I'(0) _—{p/ uof div,VdHN ! +p/ |Vug|P~2(Vug,” V'Vul) dHN
p—1 N Q
- / (Vo] + [uo|?) divV dHN
Q
1
_—{p/ uof div, VAHY "t 4 p | [VuolP~2(Vue,” V'Vul) dHN
p—1 19} Q

—/div((|Vuo|p+|uo|p)V) dHN—i-p/ Vg |P~2(Vug D?ug, V) dHY
Q Q

+p [ uolP 2uo(Vug, V) dHN }
0
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Hence, using that (V,v) = 0 in the right hand side of the above equality we find

r'o) = %{/ uof div,VdHN—!
p o0

+/ [VuolP~2(Vuo,” V'Vug + D?*uV™") dH™
Q
+/ |uol”~*uo(Vuo, V) dHN}
Q
= 2 {/ uo f div, VN ! "‘/ Vo [P~ (Vuo, V((Vuo, V))) dHY
p—11Jaq Q

+/ |u0|p72u0<Vu0, V> dHN}
Q

Since ug is a week solution of (3.5) with ¢ = 0 we have

I'(0) %{/ uof divTVdHN’l—F/ (VuO,V>fd’HN1}
p 1Y) 1Y)

L div,(uV) f dHN
p—1 Jaq

Finally, since f € BV(9Q) and V € C(9;RY),

roy = -2 [ dive(uV)fdxN!
P—1Jag
_ p
= L2 [ wvdDy.
P—1Jag
The proof is now complete. O
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