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THREE DIMENSIONAL REAL LIE BIALGEBRAS

MARCO A. FARINATI AND A. PATRICIA JANCSA

ABSTRACT. By different methods, we classify the real three dimensional Lie
bialgebras and give their automorphism groups; in case of coboundary Lie
bialgebras, the corresponding coboundaries r € A?g are listed.

INTRODUCTION

Our goal is to classify the real three dimensional Lie bialgebras. Recall that a
Lie bialgebra over a field K is a triple (g, [—, —|, d) where (g,[—, —]) is a Lie algebra
over K and § : g — A%g is such that

o 0% : A%g* C (A%g)* — g* is a Lie algebra structure on g*,
e §:g— A%gis a l-cocycle in the Chevalley-Eilenberg complex of the Lie
algebra (g, [—, —]) with coefficients in A%g.

The Jacobi condition for ¢* is called co-Jacobi condition. We will usually denote
a Lie bialgebra, with underlying Lie algebra g = (g,[—,—]), by (g,6). A Lie
bialgebra (g, d) is said a coboundary Lie bialgebra, if there exists r € A?g such that
d(z) = ad,(r) Yo € g; i.e. § = Or is a 1-coboundary in the Chevalley-Eilenberg
complex with coefficients in A%2g. Coboundary Lie bialgebras are denoted by (g, ),
although r is in general not unique. Recall that r € g ® g satisfies the classical
Yang-Bazter equation, CYBE for short, if

[7,,1277,13] + [7”1277"23] 4 [TlS,’l"Qg] _ 0’

where the Lie bracket is taken in the repeated index; for example, if r =" 7 ® rt
then r'2 :=r®1, r'3:=Y r,®1@r, and r?3 := 1 ®@r € 4U(g)®3, so [r'2,r13] =
> jrisrs) @rier € grg®eg— U(g)®3, and so on for the other terms of CYBE.
We denote the left hand-side of CYBE by CYB(r).

If r € A%g then 6§ = Or satisfies the co-Jacobi identity if and only if CYB(r) € Ag
is g-invariant. If (g,r) is a coboundary Lie bialgebra and r satisfies CYBE, (g, )
is said triangular. A Lie bialgebra is quasi-triangular if there exists r € g ® g, not
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28 MARCO A. FARINATI AND A. PATRICIA JANCSA

necessarily skewsymmetric, such that §(z) = ad,(r) Vz € g and r satisfies CYBE;
if, moreover, the symmetric component of r induces a nondegenerate inner product
on g*, then (g, d) is said factorizable. Any quasi-triangular Lie bialgebra (g, r) is, in
particular, coboundary, with coboundary given as the skewsymmetric component
of r.

Classification of three dimensional Lie bialgebras was considered in [2] (for
k = R,C), and more recently in [4] for k arbitrary, in geometric terms, involv-
ing bilinear forms and Lagrangian varieties. However, there are slight differences
between them, and we also find differences between their classifications and ours.
In the s[(2, R) case, there are, apart from coabelian, two 1-parameter families which
are factorizable, and the triangular case. In [2], both 1-parameter families appear
as an arbitrary nonzero multiple of a given Lie cobracket, and in [4] they consider
only arbitrary positive multiples. We found that in one family, (g,d) % (g,—9),
while in the second (g,d) = (g, —¢), so in order to list isomorphism classes, one
needs to consider arbitrary multiples in the first family and positive multiples in
the second one. For the triangular case, both [2] and [4] exhibit only one represen-
tative (g,0), while we found two nonisomorphic: (g,+4). Here we give a table with
structure constants and correspondences between these works and ours. Denote

oy Ty o)
Comparative results for sl(2,R)
sl(2,R) 2] 4] Theorem [0.1]
Structure leo, e1] = —e2 [e1,e2] = —e3 [u,v] = w
constants leo, e2] = €1 [e2, e3] = €1, v, w] = —u,
le1,ea] = ep [es,e1] = —eq [w,u] = —v
Factorizable r = Aei A eg, (=a,0,0),R = —aea A ey 0, m=PvAw
A#0 a>0 £8>0
Almost r=Xeg A (e1 + e2) (0,0,a), R = ae; Aes 0oy, T=QUADV
factorizable A#0 a>0 a#0
Triangular r=egNep (0,1,1),R=—esANe1+e1 Aey | 201, r=uAv+vAw

The work [6] computes all the r-matrices for real 3-dimensional Lie algebras; but
for 3-dimensional solvable Lie algebras, H!(g, A%g) is not trivial. We compute in all
cases (A%g)? and all 1-cocycles, which imply the computation of H'(g, A%g), since
the space of coboundaries is isomorphic to A%2g/(A2%g)¢. Besides, in our work, we
distinguish the isomorphism classes of Lie bialgebras and show the r-matrices, in
the cases of coboundary Lie bialgebras. The dimension of dim H*'(g, A%g) is given
in the following table; see theorem [3.1] for notations. An Appendix containing
comparative tables of the presentation of the Lie algebras is given at the end of the
paper.
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THREE DIMENSIONAL REAL LIE BIALGEBRAS 29

Dimension of H'(g, A%g) for the real 3-dimensional Lie algebras

g b3 [ta| tax | tax |t | t3y | T3y | S5w(2) | sl(2,R)
M£EL | A=—1 | A=1 | A0 | A=0
dim(A2g)9 210 o 1 oo 1] o 0
dim(l—coboundaries) 1 3 3 2 3 3 2 3 3
dim(l—cocycles) 6 4 4 4 6 4 4 3 3
dim(H'(g,A%g)) | 5 | 1| 1 2 |3 ] 1|21 o0 0

Our method is different: we fix a Lie algebra structure, find all possible 1-
cocycles, solve the co-Jacobi condition and let the Lie algebra automorphism group
act on the set of solutions; in this way we find simultaneously the isoclasses of Lie
bialgebras and its automorphism group as Lie bialgebras.

1. GENERAL RESULTS

The center. Given a Lie bialgebra (g, [—, —], ), if one fixes the Lie algebra struc-
ture and varies §, the 1-cocycle condition can be viewed as a set of linear equations
in the matrix coefficients of . The following simplifies computations:

Proposition 1.1. If g is a Lie algebra and 6 : g — A%g a 1-cocycle, then §(Zg) C
(A%g)e.

Proof. Let z € Zg and « € g. The 1-cocycle condition reads d[z,z] = [0z, 2] +
[#,62]. But z € Zg implies [g,z] = 0 = [2,A%g] = 0, and we conclude that
[g,02] = 0. O

The above proposition will be useful when Zg is “big” and (A2?g)? “small”. So,
it will be useful to start computing the center and the invariant part or A2g.

The derived ideal [g, g]. Recall that a coideal in a Lie bialgebra g is a subspace
V' C g such that 6V C V A g. Such a subspace occurs as kernel of a Lie coalgebra
map. The 1-cocycle condition for ¢ implies the following:

Proposition 1.2. If (g,0) is a Lie bialgebra then [g,g] is a coideal. In particu-
lar g/[g, 9] admits a unique Lie bialgebra structure such that the canonical projec-
tion is a Lie bialgebra map. Moreover, if (g,61) = (g,92) as Lie bialgebras, then

(9/]9,9],01) = (g/[g, 9], 02).

Notice that the Lie algebra structure on g/[g, g] is trivial, so a Lie bialgebra
structure on g/[g, g] is equivalent to an usual Lie algebra structure on (g/[g, g])*.

Lemma 1.3. Let g be a Lie algebra and ¢ : g — g a Lie algebra automorphism,
then v induces Lie algebra morphisms ¥|igq : [g,0] — [9.9] and ¥ : g/[g. 9] —
9/l9,9]. The applications Aut(g) — Aut([g, g]) and Aut(g) — Aut(g/[g,g]) defined
respectively by v +— (g4 and 1 — 2 are group homomorphisms.
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30 MARCO A. FARINATI AND A. PATRICIA JANCSA

Remark 1.4. Proposition [I.2] says that by trivializing the bracket one gets a
quotient Lie bialgebra. The dual statement of Proposition [1.2|is about a subobject
of g instead of a quotient: Ker ¢ is a Lie subalgebra (due to the 1-cocycle condition)
and it is maximal with respect to the ones with trivial cobracket. If g = go are
two isomorphic Lie bialgebras, then Ker §; = Ker 05 as Lie algebras and also as
bialgebras with trivial cobracket.

The characteristic bi-derivation. Let (g,[—,—],d) be a Lie bialgebra. The
characteristic endomorphism D : g — g given by g L A%g i g is clearly
D:=[—,—]od
preserved by Lie bialgebra isomorphisms. Namely, if ¢ : g — g’ is a Lie bialgebra
isomorphism and Dy and Dy denote the endomorphism associated to g and g’
respectively, then Dy = gb’l)g(b—l. As a consecuence, any function in D which
is invariant under conjugation provides an invariant of the isomorphism class of
the Lie bialgebra. For example, det(D) and tr(D) are (real) numerical invariants.
The characteristic polynomial of D and its Jordan form are also invariants. Lie
bialgebras g such that Dy = 0 are called involutive, but in many cases D is far
from being zero. The following is standard.

Proposition 1.5. If g is a Lie bialgebra and D = [—, —] o then D is a derivation
with respect to the bracket and a coderivation with respect to the cobracket.

Proof. We prove that D is a derivation, and the second claim follows by dualization.
In Sweedler-type notation the 1-cocycle condition reads d[x, y] = [£1Aza, y]+[x, y1 A
yo| = [z1, Y] A z2 + 21 A [z2, y] + [T, 11] A y2 + y1 A [z, y2]. Tt follows that Dz, y] =
[[z1,y], x2] + |71, [x2, y]] + [[#,v1], y2] + [v1, [z, y2]]. Using the Jacobi identity and
the definition of D, we get D[z, y] = [[z1, z2], y] + [z, [y1, y2]] = [Pz, y]+ [z, Dy]. O

2. TWO DIMENSIONAL LIE BIALGEBRAS

In a similar way that one proves that there are only two isoclasses of Lie algebras
of dimension 2, an easy manipulation of basis shows that the following list exhausts
the isoclases of two dimensional Lie bialgebras. The structure is given in a basis
{h,z} of g. The first four lines are clearly non isomorphic among them, and non
isomorphic to any of the last line. Finally, thanks to the invariant tr(D), one sees
that they are not isomorphic to each other for different . Denote by aff(K) the
non-abelian 2-dimensional Lie algebra over K. The same table is valid for any
field K, replacing aff(R) by aff(K). A similar table appears in [5], but without the
parameter i, which can not be eliminated, because tr(D) is an invariant of the Lie
bialgebra.
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2-dimensional Lie bialgebras isomorphism classes

g g [—, -] 1) Invariants Name | tr(D)
abelian | abelian 0 0 0
abelian | non abel 0 dh=xzAh;éx=0 0

= 0 0

aff(R) | abelian | [h,
h

aff(R) | non abel | [ Sh=hAz;6x=0| Kerd=I[g,g]; | affap

0=0r,r=hAx 0
aﬁ(R) non abel [h, x] = oh=0;u#0 Ker § # [g,g] afoVM )
ox = ph A x;
Simply by inspection, notice the following:
Proposition 2.1. If (g,[—,—],d) is a Lie bialgebra with dim g = 2, then, whithin

the non abelian and non coabelian cases, tr(D) is a total invariant; affy , = affs
if and only if p= p'.

Corollary 2.2. Let a,b,c,d € K such that (a,b) # (0,0) and (c,d) # (0,0);
consider gaped the Lie bialgebra given by [h,x] = ah+bx, Sh = chAzx, dx = dhAx;
then gaped = affy ,(K), with p = ac + bd.

Proof. Since (a,b) # (0,0) and (c,d) # (0,0), we are not in the abelian or coabelian
case. It suffices to compute the trace of D, which is equal to ac + db. O

Automorphism groups in the non abelian and non co-abelian cases. Con-

sider D = [—, —]o¢ as above and the ordered basis {h, z} of g, then the Lie bialgebra

automorphism groups in the non abelian and non co-abelian cases are as follows:
e Case g = aff(R) with [h,z] = z and 0h = h Az, dx = 0:

Aut(g)z{(ll) ?) beR}.

In particular, any of these maps is the exponential of a multiple of D = (

o Case g = aff(R) with [h,z] =z and §,h =0, §,z = ph A x:

Aut(g):{((l) 2): O;AdeR}.

Any of these maps with d > 0 is the exponential of a multiple of D, = ( 8 2 )

The fact that the exponential of (a multiple of) the endomorphism D gives an
automorphism of the Lie bialgebra is not surprising, since we already knew that D
is a derivation and a coderivation.

0
1

o O
N——
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32 MARCO A. FARINATI AND A. PATRICIA JANCSA

3. THREE DIMENSIONAL REAL LIE ALGEBRAS

Theorem 3.1. [3] Let {ey,ea,e3} be an ordered basis of g. The following list
erhausts the 3-dimensional solvable real Lie algebras:

R3 :  the three dimensional abelian;

bz : [e1,e2] = es, the three dimensional Heisenbery;
t3: [er,ea] =ea, [e1,e3] =€z + e3;
t3a: [e1,e2] =eg, [e1,e3] = Aes, [A[ <1
tg)\ : [61,62] :)\62—63, [61,63] :€2+)\63, )\20
Denote u = %, v=5 w = i(x;y) ; the semisimple 3-dimensional real Lie

algebras are
sl(2,R): [hy ) = 2z, [h,y] = =2y, [x,y] = h;
su(2): [u,v] =w, [v,w] =u, [w,u] =w.

Three dimensional real Lie bialgebras: general strategy. In order to classify
all real three dimensional Lie bialgebras we will proceed as follows:

(1) Given a Lie algebra g, we find the general 1-cocycle § : g — AZ%g.

(2) Determine when § satisfies the co-Jacobi identity.

(3) Study the action of Aut(g,[—,—]) on the set of cobrackets 4.

(4) Find a set of representatives, hence, the list of isomorphism classes of Lie
bialgebras with underlying Lie algebra g.

To give a Lie bialgebra structure on the abelian Lie algebra R3 is the same as
giving a Lie algebra structure on (R3)*, so the list of all three dimensional Lie
bialgebras with underlying Lie algebra R? is in bijection with the list of three
dimensional Lie algebras. Next, we proceed with the other cases: first b3, the
only 3-dimensional nilpotent, non abelian Lie algebra; secondly the solvable non
nilpotent tg, 3\ and t§7>\, and finally the simple su(2) and s[(2,R).

The general co-Jacobi condition. If g is any three dimensional Lie algebra, we
write the structure in terms of basis {z,y,h} of g and {z Ay, y A h, h Az} for
A2(g). Write, with a;, b;, ¢; € R, i = 1,2,3, dx = ayx Ay + asy A h + azh A x;
dy=bix ANy+bosy ANh+bshANx; h=cixANy+coyNh+cshAzx.
For a linear map d : g — A2g, the co-Jacobi condition is equivalent to:

—a1by + ag(bl — 83) + agco =0,

biaz — bacz + bs(—a1 + c2) =0,

Cc1 (a3 — bg) + coby — c3aq1 = 0.

4. LIE BIALGEBRA STRUCTURES ON b3

Recall that the Lie algebra b3 has a basis {z,y, h}, with the relations [h,z] = 0,
[h,y] =0, [x,y] = h. We list general properties of h3:

e [h3,bh3] = Rh, [b3, [h3, h3]] = 0; b3 is nilpontent.
o Z(h3) = Rh, (A%h3)" =Ry Ah & Rh Az, (A3h3)" =Rz Ay Ah.
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e Since Z(h3) = Rh, if ¢ : h3 — b3 is an automorphism, it must satisfy
¢(h) = Ah for some 0 # X\ € R, and if ¢(z) = px + oy + ah and ¢(y) =
vx + py + bh, then

A= ¢(h) = [¢(x), ¢(y)] = (nv — po)[z, y].

So, the automorphism group of b is the following subgroup of GL(3,R):

pop 0
Aut(hS) = d),u,p,a,v,a,b = c v O DpY — po = A 7é 0
a b A
0 0 0
1-coboundaries: Let r = ax Ay + by A h + ch A x; then Or = 0 a 0 |,
—a 0 0

a,b,c € R; CYB(r) = a®x Ay A h is always hs-invariant.

1-cocycle condition. Consider the basis {x Ay,y Ah,hAx} of A%(h3) and write &
as in section[3] Proposition [I.1] implies 6k = coy A h+ csh A x, namely ¢; = 0. The
1-cocycle condition for [k, z] and [k, y] is the content of the proof of this proposition,
so it gives no further information in this case. Besides, the 1-cocycle for [z,y] = h
reads 0h = d[x,y] = [0z, y] + [z, dy], then

dh=coyANh+cshAhzx
=[arz ANy +ay ANh+ash Az, y]+ [z,b12 Ay + bay A h+ bsh A 2]
=arthANy+bixAh,

al bl O
80 co = —ay and c3 = —by. Hence, a general 1-cocycleis d = | as bs —a
as b3 —bl

The co-Jacobi condition (see section , restricted to a 1-cocycle in b3, reduces to
2a261 — al(ag + bg) = 0,
bras + b1by — 2a1b3 = 0.

These equations are not so easy to solve, so we use a dimensional reduction proce-
dure, thanks to the results of section [I]

Lemma 4.1. For g = b3, the natural application of Lemma
Aut(g) — Aut(g/[g,9]), ¥ — ¥,

s a split epimorphism.

Proof. Consider the basis {x,y, h}. The splitting may be defined as

Aut(g/[g, g]) — Aut(g)

N wop 0
¢>=<“’°)H¢>= o v 0 . O
ag vV
0 0‘/11/—[)0'
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34 MARCO A. FARINATI AND A. PATRICIA JANCSA

We know that dim(hs/[bs, bs]) = 2 and (h3/[bs, bs]) is abelian. According to
section[2] there are only two classes of isomorphisms of 2-dimensional Lie bialgebras
with abelian bracket: the co-abelian one and the one with §(Z) = 0 and (7)) = ZAY.
Observe that, in virtue of the form of the Lie algebra automorphims, there is no
loss of generality in assuming that the basis {Z,7} is the one which allows us
to write § in this form, since any automorphism of (h3/[h3,h3]) may be lifted to
an automorphism of h3. Explicitly, we may assume a; = 0, then there are two
possibilities for by1: by =0 or by = 1. We get

0 0 O 0O 1 0
6b1 -0 = as b2 O and 5171 =1 = ag b2 0
as bg O as bg -1

With the assumption a; = 0, the co-Jacobi condition is automatically satisfied in
the case by = 0, and it reduces to by + ag = 0 = 2ay if by = 1.

0 1 0
Case by = 1. In this case, § = 0 —az 0 |. Conjugating by ¢ = ¢,.0p.0,a.b
as b3 -1
one gets
(6~ A~ )op =: ¢
o v 0
1 byo? av—agpurv—bo+bsrvo+taspo
= nv—po Hv—po g
pv — po —av+tazpurv+bo+bsvo—azpo bav? _
nv—po Hv—po v

If one wants to preserve aj = 0 one needs o = 0, so

0 1 0
—a
6/ — 0 M2;’>Uf O
—atazp b3 _1
u2v w2

The condition b} =1 forces u =1, so, with 0 =0 and p =1,

0 1 0
§ = 0  ezas
*(a;as») bs 1

Taking an automorphism with ¢ = ag we get a5 = 0, namely ¢ changes into

1 0
0 0
s —1

6/ :5173 =

O O O
>

An automorphim preserving also a5 = 0 must have a = 0, and in this case ¢’ = 4.
We conclude that the list of isoclasses of Lie bialgebras with a; = 0 and b; = 1
is given by the cobrackets {0y, : bs € R} given above. Also, for each of these, the
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automorphism group of Lie bialgebras is

1 p O
G=<¢dpp=10 v O v#0,b, peR
0 b v
Case by = 0: In this situation, co-Jacobi is automatically satisfied. Let § =

0 0 O
as by 0 | and let us compute &' := (¢ A ¢)"1d¢ with ¢ = ¢,1.p.0.ab; then
as b3 0

0 0 0

1
§ = T —po)? asp® + op(az + be) + b3o?  bouv + asup + bzvo + azpo 0
sy = po agpip + bapo + bsvo + asvp bsv? + (az + be)py + azp® 0

az 02
as bs
form, it changes according to the following rule:

ay by ) _ 1 poo az b nop
aly bl (pv —po)2 \ p Vv az b3 c v )

Namely, it changes as a bilinear form, divided by the square of the determinant
uv — po. We conclude that this block may be written as the sum of its symmetric
plus its antisymmetric parts, and the group of automorphisms of h3 preserves this
decomposition. We know that its symmetric part can be diagonalized; hence,
we may assume that the symmetric part is diagonal, so, up to isomorphism, one

Although the matrix does not correspond to a symmetric bilinear

may assume that b = —a3. One possibility is when as = b3 = 0, namely § =
0 0 0
0 —az 0 |. Under general automorphism, ¢ transforms as ¢ +— §' = £L7,
as 0 0
so up to isomorphism there are two cases, a3 = 0 (namely the coabelian case), and
0 0 O
a3z = 1; in this latter case a representative of the isoclassisd =| 0 —1 0 | and
1 0 0

the automorphism group is the Lie algebra isomorphisms satisfying uv — po = 1.
For general as and ag, this block transforms as

as —as
(i)
1 azp® 4 bzo® vobs + aspp + (—pv + po)as

(uv — po)2 \ azpp + (—po +vp)az + bsvo bsv? + agp?
So, the fact of being a diagonal matrix plus an antisymmetric one is not preserved,
unless

azpip + bsvo = 0.

We notice that if ay = b3 # 0, this equation means that the vector (u,v) is
orthogonal to (p, o), while if ay = —bs # 0 then the vector (u, ) is orthogonal to
(p, o) with respect to the bilinear form with 1 and —1 on the diagonal.
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Considering the particular case when p = o = 0, this block changes respectively

into
a2 —ag % _%
(ag b3 >'_><Zf, % >7

so we see that as and bz may be chosen up to positive scalar. We distinguish then
the cases (+1,+£1), (0,41) and (+1,0). But also, considering the automorphism
with g = v =0, p =1 and 0 = —1, then a}, = bs,b5 = a2, and af = ag, so
the choices (ag,bs3) = (1,—1) or (—1,1) are isomorphic; ditto (0,1) with (1,0) and
(0, —1) with (—=1,0). We conclude that the symmetric part may be chosen equal to

(o) (0 5) (o h) o) (3a)

and since they all can be distinguished by the rank and signature, they correspond
to non-isomorphic cases.
Now in each of these cases, we have to see how much freedom we have for as.
We begin with the case (ag,bs) = (1,0):
In this case, the block changes with the rule

1 —as 1 p? pip + (—pv + po)as
= 2 2 9
az 0 (v — po)? \ pp+ (—po +vp)as p

so if we want to preserve the condition b4 = 0 we need p = 0, so

Lo—ay ), 1 W o—pvay N _ (2 i)
as 0 (uv)? \ vuasz 0 w0

If in addition we force to preserve ah, = 1, then v = +1; but we see that choosing
properly p we can change as up to an arbitrary scalar, so the cases are covered by
a3 =1oraz =0.

We conclude that the group of Lie bialgebra isomorphisms is, in the a3 = 1 and
a3z = 0 cases, respectively

1 0 0
c v 0 ro,a,be R, v==1
a b v
and
nw 0 0
c v 0 |:oabeR v==1, u#0
a b v

The case (az,b3) = (—1,0) is completely analogous. Let us see the case (ag, b3) =
(1,1). In this case, this 2 x 2 block changes with the rule

1 —as . 1
azg 1 (nw — po)?
" ( p? + o vo + pp + (—pv + po)ag )
/,L )

p+vo+ (—po+vpas v? + p?
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so this 2 x 2 block is unchanged if and only if the matrix 'Z 5 is orthogonal,
and if ag # 0, then the determinant must be equal to one, because otherwise
as — af = (uv — po); so, in particular, one can choose the sign of as. We conclude
that in this case we have a 1-parameter family, with as € R>; the Lie bialgebra

automorphisms consist of matrices

pop 0
o v 0 ra,be R A=puv—po
a b A

where, in addition, the matrix ( 'Z 5 ) belongs to O(2,R) in the case a3 = 0,

and to SO(2,R) if a3 > 0.
The case (ag,b3) = (—1,—1) is completely analogous to this one. It remains to
consider the case (az2,bs) = (1, —1); in this case the commutations are almost the

same, the difference being that in this case the equations for ( g 5 ) correspond
to the group O(1,1) when a3 = 0, and to SO(1,1) if a3 > 0.

We conclude that the list of isomorphism classes is given by d4, 55,4, Obtained
by choosing the parameters (as,b3) = (0,0) and a3 = 0 or 1, and (as,b3) = (1, 1),
(-1,-1), (1,-1), (1,0), (—1,0) and ag > 0. This completes the proof of the next
theorem.

Theorem 4.2. For the Lie algebra b3, the exhaustive list of the isomorphism
classes of Lie bialgebra structures is given by the following set of cobrackets:

0 1 0 0 0 0
Opy = 0 O 0 :b3 €R, and gy bg,05 = as —az 0 |,
0 b3 -1 as b3 0

with (az,bs) = £(1,1), (£1,0), (1,—1), and ag > 0, or (az,bs) = (0,0) and a3 =0
or 1.

Among them, the only isoclass of non trivial coboundary Lie bialgebras is the
one with (ag,b3z) = (0,0) and az = 1; in particular, for § = Or, r = —x Ay € A%b3,
CYB(r) =x Ay Ah #0, so it is not triangular. The automorphism group of the
Lie bialgebra with cobracket dq, by,a5—0 5 the following:

w0 wop
Gagbs = bpop=| 0 v 0 ta,beRand < o ) € Oasb5 ¢ >
a b uv-—po

where O, p, denotes the orthogonal group O(2,R) for (as,b3) = £(1,1), O(1,1) for
(az,b3) = (1,—-1), GL(2,R) for (az,b3) = (0,0) and upper triangular with v = £1
for (as,bs) = (£1,0). The automorphism group for da, by as0 i SGay by, namely
Gay s NSL(3,R). The automorphism group for &, is

1 p 0
0 v 0 |:pbeR v#0
0 b v
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5. LIE BIALGEBRA STRUCTURES ON t3

Recall v3 is the real Lie algebra with brackets [h, 2] = z, [h,y] = z+y, [z,y] = 0.
It is straightforward to check that Z(r3) = 0, (A%t3)* = 0, and (A3r3)™ = 0.

Proposition 5.1. 1-cocycles on t3 are of the form

a1 b1 C1
0= 0 0 ap ) Cl]_,b]_,b?,,C]_ €R7
0 b3 b1 — 2&1

among them, those which verify the co-Jacobi identity are of the form

0 b1 C1
6=10 0 0
0 b3 b
Besides, the 1-coboundaries are
b b+c 2a
or=1 0 0 b , a,b,ceR,
0 0 c—b

withr = ax ANy +by ANh+ch Az, and CYB(r) = —2b%x Ay A h is t3-invariant if
and only if b = 0.

Proof. Let us write, as in section |3, d(z) = a1z Ay + asy A h+ ash Az, 0(y) =
bix ANy +boy Ah+bsh Az, §(h) =crx Ay + cay A h+ csh A x, with a;, b;, ¢; € R.
The 1-cocycle condition for [z,y] = 0 and o[z, y] = [0z, y] + [z, dy] gives

O0=[axz Ay+ayANh+ash Az, y]+ [z,b12 Ay +boy Ah+ bsh A x]
=ay Nx+asy ANz —bey Aw,
s0 as + ag — ba = 0. Now, [h,z] = z and d[h, 2] = [6h, z] + [h, 0x] imply
sz ANy+asyANh+ashAzx
=[x Ay +cay ANh+csh Ax,x] + [hyarx Ay + agy A h+ agh A x]
=cy ANz +2azAy+a(z+y) ANh+ash Az,

SO0 a1 = —co + 2a1 and ag = —as + az. This is equivalent to a3 = ¢ and as = 0.
Finally, [h,y] = x +y and 6[h, y] = [6h, y| + [h, dy] imply

(a1 + b))z Ay + (az+b2)y Ah+ (a3 +b3)h Az
=[x ANy + cay ANh+csh Ax,y] + [h,brz Ay + bay A h + bsh A z]
:CQy/\x+63y/\:c+2b1x/\y+b2(x+y)/\h+b3h/\x

So, a1 +b1 = —cg — 3+ 2by, as +by = by, az + b3 = —by + b3. Solving all the linear
equations, we obtain as = a3 = by = 0, ¢ = a1, c3 = by — 2a;. Hence, a general
1-cocycle § is given by

o0(x) = a1z Ny,
0(y) =brz Ay +bsh Az,
§(h) =c1z Ay +ary Ah+ (by —2a1)h A x.

Rev. Un. Mat. Argentina, Vol. 56, No. 1 (2015)



THREE DIMENSIONAL REAL LIE BIALGEBRAS 39

The co-Jacobi condition for a general 1-cocycle is simply 2a? = 0. Hence, a 1-
cocycle satisfying also co-Jacobi is of the same form but with a; = 0. O

The Lie algebras automorphism group of t3 is the following subgroup of GL(3, R):

Kop a
¢}L,p,a,b = 0 u b s pya,b €R, M#O
0 0 1
Proof. Since [r3,t3] = Rz @ Ry and any automorphism preserves the subspace

[t3,t3] we have that a general automorphism ¢ must be of the form
o(x) = px + oy
oy) = pr+ vy
o(h) = ax + by + ch,
with ¢ # 0. And from the equation [¢h, ¢px] = px we get
px + oy = ¢(z) = [¢h, ¢z]
= [ax + by + ch, px + oy
=c(u+ o)z + coy.
So, 0 = 0 and ¢ = 1. Now, from the equation [ph, ¢y] = ¢z + ¢y we get
px + pr + vy = ¢(x) + ¢y = [oh, ¢y
= [az + by + h, pr + VY]
= pr+via+y),
So 1+ p = p+ o and hence p = v. O
Under the action of the automorphism group, a 1-cocycle § maps into

O Ditbbs  20b +b%b34-c1

, u u?
=10 0 0
by +bb
0 b3 1 o 3
Notice that b3 is an invariant.
Case by # 0. Taking b = —by/bs we get b} = 0, so we may assume b; = 0.
The condition b} = 0 is preserved only if b = 0, and in this case § changes into
0 0 %
0 = 0 0 O . So, ¢1 can be chosen up to positive scalar and we may take
0 b3 O

the numbers ¢ = 0,41 as representatives. Hence, the isomorphism classes of Lie
bialgebras consists of three 1-parameter families with cobrackets

0 0 C1
by = 0 0 0 |:e1=0,1,—1, bg #0.
0 b3 O
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Kopoa
For ¢; = 0, the automorphism group is 0 pw O ):ma€eR, u#0,, and
0 0 1
for ¢; = 41, we have ¢} = c3/u?, then 2 must be equal to 1 and the automorphism
Kopoa
group is 0 u O ra €R, p==+£1
0 0 1
Case bs = 0. We have then
0 bl C1 0 b1 //L (2[)61 + Cl)//JJQ
=10 0 O —&=10 0 0 ;
0 0 bl 0 0 bl /,u

hence, by is determined up to a multiple; we consider the cases b; # 0 and b; = 0.

0 1/p (2b+c)/p?
Case by # 0. We may assume by = 1 then §' = 0 0 0
0 0 1/p
If we whish to preserve by = 1, we need to impose u = 1; we obtain §' =
O 1 2b+01
0 0 0 . We may choose b = —%, so the new ¢; = 0 and take as
0 0 1
01 0
a representative of the class of isomorphism d=| 0 0 0
0 0 1
The automorphism group of this Lie bialgebra is
1 p a
Gp 20 = 0 1 0 |:paeR
0 0 1
Case by = 0. We have then
0 0 ¢ 0 0 c1/p?
o= 0 0 O —=d&=10 0 0
0 0 O 0 0 0

Hence, we obtain that ¢; = 0,+£1 are all the possibilities for ¢;. The automorphism
group of such Lie bialgebra with ¢; = 0 is

wopoa
Gb1:C1:0 = 0 u b D, pya,b €R, ,U,#O
0 0 1

On the other hand, the automorphism group of the Lie bialgebras classes with
c1 = £1 consists of the Lie algebra maps satisfying u? = 1; hence

Gbi=0,c120 = 0 w b ):ippabeR p==+1
0 0 1
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This discussion leads to the following result.

Theorem 5.2. The isomorphism classes of Lie bialgebra structures on ts are given
by the following list of cobrackets:

01 0 0 0
5bﬁ£0,b3:0 = 0 0 0 and 5011173 = 0 0 O :b3 €R, ¢; =0,+1.
0 0 1 0 b 0

The first cobracket corresponds to a coboundary structure with r = h A x, as well
as the second one in the case b3 = 0, with r = Sz A y; both are triangular. The
corresponding Lie bialgebras automorphisms are given in the previous paragraph.

6. LIE BIALGEBRA STRUCTURES ON t3 ), WITH |A| <1

Recall that t3 » is the Lie algebra with bases {x,y,h}, and brackets [h,z] = z,
[h,y] = Ay, [z,y] = 0. We list general properties for t3 y:
o If A # 0 then Z(g) = 0; if A =0 then Z(g) = (y).
o If A # —1 then A%(g)% = 0; if A = —1 then A?(g)® = (x A y).
o If X % —1 then (A3g)? = 0; if A = —1 then (A3g)® = Ag = (x Ay A h).

Proposition 6.1. All the 1-cocycles on the Lie algebra ts x with |A| <1 are

al )\63 C1 a1 C3 C1
6= 0 )\(Lg )\al ZfA 7& 1, 0= as as ap ZfA = 1,
as 0 c3 as bs c3

in the basis {x Ny, y A h, h Ax} of A% (g) and notations as in section @ On the
other hand, all the coboundaries are, with r = ax Ay + by AN h+ ch Az,

b ch a(l+A)
or=10 0 bA ta,b,c € R, with CYB(r) = be(l — Nz Ay Ah.
0 0 c

Proof. Let 6 : g — A%(g) be a 1-cocyle, then §[h, 2] = [6h, 2] + [h, 6x] and [h,z] =
imply
sz ANy+asyANh+ashAzx
=[x ANy +coy ANh+csh Az, z] + [h,a1x ANy + asy A h+ azh A x]
=cyANz+a(l+ XNz Ay+ Aagy Ah+ ash A z.
We conclude that Aa; = cg, ag = Aag, so ag = 0 if XA # 1, and no condition in ay for
A = 1. In an analogous way, using the cocycle condition é[h,y] = [6h,y] + [h, 0y]
for [h,y] = Ay, we get
)\(blx/\y+b2y/\h+b3h/\x)
=[x ANy + coy ANh+csh Ax,y] + [h,biz Ay + bay A h + bsh A z]
=Aesy Ax+ (1 4+ Nbiz Ay + Abay A h+bsh Az,
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so by = Acg and bg = Abs, so again b3 = 0 if A # 1 and no restriction on b3 for
A = 1. The third condition is 6[z,y] = [dz,y] + [z, Jy]; since [z,y] = 0, we get
0 = [arzAy+asyAh+ashAz,y|+ [z, bix Ay+boy Ah+bshAz| = dasy Az —bsy A,
80 by = Aas. As a consequence, the general form of a 1-cocycle is, for A # 1:
0(z)=a1x Ny +ash ANz
0(y) =Aesz Ay + dagy A h
d(h)=crxz ANy +AaryANh+csh Az,

and for A = 1:
6(x) =arx Ny +ay Ah+azh A
0(y) =csz Ay +asy ANh—+bsh Az
0(h)=crz ANy+aryANh+csh Az
The statement for the coboundaries is shown similarly. O

6.1. Lie bialgebra structures on t3 ), with A # +1. Since the cases A = +1
are different, we will consider them later, and concentrate on the generic case
Ae(—1,1).

Proposition 6.2. The automorphism group of the Lie algebra vs y with A # £1 is
the following subgroup of GL(3,R):

Aut(g) = Cuv #0

o ox
o R O
— o Q

Proof. Let us see that if ¢ : g — g is an automorphism of Lie algebra, then

o(x) = px, dy) =vy, ¢(h)=h+az+by,
for some p,v,a,b € R, p,v # 0. Actually, the elements  and y may be charac-
terized, up to scalar multiple, as the generators of [g, g] and eigenvectors of ad,,
for all z € g\ [g,g]. Moreover, given such z, the element z distinguishes from y as
being the eigenvector corresponding to the eigenvalue with smaller absolute value.
Explicitly, if z ¢ [g,9], z = ch + ax + by with ¢ # 0,
ad,(z) = [ch+ ax + by, z] = cx, ad.(y) = [ch+ ax + by,y] = cAy

(recall [A| < 1). This implies ¢(z) = px and ¢(y) = vy for some p, v # 0. If
¢~(:c) =71 = px, ¢(y) = § = vy, and ¢(h) = h = ch + az + by, then the equation
[h, Z] = & implies ¢ = 1. O

Consider A # #1, let ¢ be an automorphism as above, and &' := (¢ A ¢)~15¢;
explicitly

aitagb  ycztaag cita(ai+azb)(14+A)+beg(14))
v “w pv

1 a1+azb
J 0 Aas A1t
as 0 cztaag
I
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Co-Jacobi for ¢’ is (1—\)(azc1 —aics(1+A)) = 0; equivalently, agey —aicz(14+A) = 0.
If a3 = 0, the condition reduces to ajcg = 0. Note that, up to isomorphism, we
may independently change a; and ¢3 by @} = a1/v and ¢ = c3/pu, respectively.
Moreover, since one of them is zero, we get the possibilities:
e (aj,c3) =(0,0), ¢; =0 or 1 because ¢; is determined (up to isomorphism)
up to scalar multiple.
e (ay,c3) = (1,0), and ¢; changes into ¢} = (¢1 +a(1+ X))/ (we need v =1
in order to preserve aj = 1); we see that we can choose a such that ¢; = 0.
e (a1,c3) = (0,1), and ¢; changes into ¢ = (¢1 + b(1 + A))/v, so we can
choose ¢ = 0.

Notice that, if az # 0, by means of an automorphism with b = —a; /a3 and
a = —cs/ag, we get ¢’ with a] = 0 = cf; explicitly
0 O a3017a103(1+)\) 0 O Cll
%
=1 0 Xa 0 = 0 Xag O
as 0 0 as 0 0

So, if ag # 0, we may assume a; = 0 = c3, then co-Jacobi implies ¢; = 0. Hence,
every cocycle with ag # 0 satisfying co-Jacobi is equivalent to

0 0 O
Oay = 0 asA 0 |:0#a3€R
as 0 0

The parameter a3z can not be modified using a Lie algebra automorphism, it is an
invariant; we get a 1-parameter family of isoclasses, parametrized by as.

uw 0 0
The bialgebra automorphisms are of the foom ¢ =| 0 v 0 | :pu, v# 0. This
0 0 1

discussion leads to the following result.

Theorem 6.3. The set of representatives of all isomorphisms classes of Lie bial-
gebras on vz 1 A # £1 is given by the following cobrackets:

0 0 1 1 0 0 0 XN 0 0 0 0
0 0 0 |; 00 X |; 0 0 0 |; d4y = 0 Xaz O sa3z € R.
0 0 O 0 0 0 0 0 1 az 0 0

The first three cobrackets are coboundaries with r = H%\x ANy, r=yAh and

r = h A\ x respectively, which result in triangular Lie bialgebras.

6.2. Case g = t3 with A = —1. Recall that v3x—_; is the Lie algebra with
bracket [h,z] =z, [h,y] = —vy, [r,y] = 0. The automorphism group of t3 x=_1, in
the ordered basis {xz,y, h}, identifies with the following subgroup of GL(3,R):

01 0 w0 a
Aut(vz r=—1) = <q§0 =11 0 O , Puiab = 0 b Dopy £ 0> .
0 0 -1 0 1
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@u,v.ab is an automorphism by the same reasons as in generic A, but in this case,
the absolute value of the eigenvalues of x and y are the same. Actually,

r—y, y—x, h— —h

is an automorphism, which we denote by ¢y. Moreover, any automorphism is
obtained by compositions of the above ones. The set of 1-cocycles was com-

puted for any A but for convenience in the case A = —1 we write them by § =
a1 b1 C1 a1 )\03 C1
0 —a3 —ai instead of § = 0 MXas Aap |. For these cocycles, co-
as 0 —bl as 0 C3

Jacobi reads 2azc; = 0. The action of the automorphism group is

+asb  bi— -
ar b c1 s a e s
6= 0 —aszs —a ¢ = 0 —as —Cl,%—llgb s
a3 0  —b as 0 %
ai b1 C1 " _bl —a1
6= 0 —a3 —ai Ié- 0 = 0 as b1
as 0 —b; —as 0 a
Case az # 0: Co-Jacobi implies ¢; = 0. But also, taking an automorphism ¢ with
parameters a = by/as and b = —ay /a3, we get ¢’ with a} = b} = 0. Besides,
using ¢g, ag — aj = —as, so we may choose az > 0. We conclude that inside this
isomorphism class, we have the representative
0 0 0
0= 0 —az O cag > 0.
as 0 0

Case az = 0: In this case, co-Jacobi condition is automatically satisfied. For each

3-uple (a1,b1,c1) we have dq; byc; = Jar by e, 1€
’ w v
ag b
ap b1 voou
—a
6a1,b1,61 = 0 0 —a = 5‘4 b1 e = 0 0 1,1
RN _
0 0 —b mor 0 0 =x

By means of the isomorphism ¢, we obtain aditionally dq, b,.c; = 6—b,,—ay,e:1-
Choosing conveniently p and v, we arrive at the following result.

Theorem 6.4. The set of representatives of all isomorphisms classes of Lie bial-

gebras on v3 y : A = —1 is given by the following cobrackets: dp 00 =0, and
0 0 1 1 0 O
30,01 = 0 0 O , 01,00 = 0 0 -1 ,
0 0 0 0 0 O
1 0 1 11
do1=[0 0 =1 ], djpe=(00 -1 |:c€R,
00 O 0 0 -1
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where 01,00 = d0,1,0, 01,0,1 = 60,1,1. Among them, the coboundary ones are those
with 10,0 (withr = yAh), which is triangular, and 61 1,c,=0 (withr =yAh—hAz),
which is not triangular.

6.3. Lie bialgebra structures on t3 ), with A = 1. Recall that t3; is the Lie
algebra bracket defined by [h,z] = z, [h,y] =y, [z,y] = 0. It can be easily verified
that the automorphism group is the subgroup of GL(3,R) expressed as matrices
as:

pop oa
Aut(tsq) = Z:Z,pﬂ =| o v b |:uw—po#0
0 0 1
ap b1
Recall that 1-cocycles are given by § = ( as az a1 |, ai,as,as3,by,b3,c1 €R;
az by b

the co-Jacobi identity is always satisfied.

Theorem 6.5. The exhaustive list of representatives of the isomorphism classes
of Lie bialgebras with underlying Lie algebra g = t3 =1 is given by the following
Lie cobrackets:

100 001 100
s=0,{0oo0o1],{ooo0o], o0 1],
000 000 010
0,c1=0,%1 0.0 a =0,£1 0 0 a
sotg? =00 0 |,50"=a 0 0 |,
01 0 0 1 0
0001
5ot =1[ a2 0 0
0 1 0

Among them, the two first cobrackets give coboundary Lie bialgebras with r =y A h
and r = %x Ay, respectively, which are, moreover, triangular.

We dedicate the rest of the section to the proof of this result, which proceeds in
the cases ordered as in the statement of the theorem. We begin with the general
formula for the action of the automorphism group.

Action of the automorphism group. If 6’ = (¢ A ¢) " 15¢, ¢ = ¢Z’,Iz’/,p,m then &’
equals

p(ait+aaz+asb)+o(aaz+bi+bbs) v(aaz+bi+bbs)+p(aitaaz+tasb) a(aas+2a;1+2a3b)+2bb; +b%b3+c1

uv—po nv—po uv—po
asp’+o(2azu+bso) azpv+asupt+bzvotazpo plai+aaz+aszb)+o(aaz+bi+bbs)
uv—po nv—po uv—po
azpuv+tazpp+bsvotaszpo 1131/2+p(2a31/+n,2p) v(aaz+b1+bbs)+p(a1+aaz+asb)
uv—po nv—po uv—po
. . . az 3
By inspection, one can see that the submatrix o b transforms as
3 3

az as aly, aj 1 W o as as w oo\
— / / = .
a3 b3 ay by uy —po \ p vV as b3 p v
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So, up to a scalar factor, it transforms as the matrix of a (symmetric) bilinear form.
As a consequence, it can be diagonalized; in other words, we may assume that, up
to isomorphism, ag = 0. So we may take § with ag = 0 from the beginning. Let us
consider separately (as,bs) = (0,0) or (az,b3) # (0,0).

ay bl C1
Case (ag,b3) = (0,0), namely § = 0 0 a3 |. After applying a general
0 0 b

isomorphism it is mapped into

1 a1pt+bio aip+biv 2aa1 + 2bby 4 1
f=— 0 0 ap+bio
py = po 0 0 a1p+ by

v
with determinant 1, such that (a1p + bio,a1p + biv) = (1,0). This says that the
cobracket ¢ belongs to the same isoclass that one with a; = 1 and b; = 0. If we

If the pair (a1,b1) # (0,0) then there exists a linear transformation Z g )

1 0 C1
make such a choice, namely § = [ 0 0 1 |, then it transforms under a general
0 0 0
pop 2ata
automorphism into §’ = Wipa 00 I . If b} =0 we need p =0, and
0 0 p
% 0 2a+uc1
so 0’ equals &' = 0 0 M% . In order to preserve also a} = 1 we need
0 0 0
1 0 2ata
v=1;thend’ = 0 0 lf and we may choose ¢; = 0. Hence, in this case
0 0 0
1 0 0
we get only one representative given by d,,—0 = | 0 0 1 |. Its automorphism
0 0 O
nw 0 a
group consists of c 1 b cp,0,a,b e R #0 .
0 0 1
If the pair (a1,b1) = (0,0) then
0 0 ¢ 0 0 Wc_lpg
o= 0 0 O —d =10 0 0
0 0 O 0 0 0

(Ig:O -

0
sty =1 0
0
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If ¢; = 0, the automorphism group is the same as for the Lie algebra. If ¢; # 0,

w0 a
the automorphism group consists of o 1 b |ipw—po=1
0 01

Case (az,b3) # (0,0). Under an automorphism ¢ witha=b=0,u=v=0,0=1
and p = —1, the cobracket changes following the rule

a1 bl C1 bl —ax C1
0= as 0 ay — 5/ = bd 0 bl
0 b3 b 0 az —a1

So we may assume b3 # 0. Under an automorphism ¢ with a = b =0, v = 1,
o = 0 = p, the cobracket changes following the rule

aq b1 C1 aq % a
=1 a 0 a1 |—=d&=[ ap 0 a
0 b3 b 0 %’» by
ap b1
So we can set b3 = 1 and start with § = as 0 a; |. By means of an
0 1 b
automorphism c =p=0and p =v =1,
ap b1 a; +aas by +b ¢+ a(2a1 + aag) + b(b+ 2by)
=1 a 0 a |—d§= a9 0 a1 + aas
0 1 b 0 1 by +0b
al 0 C1
Then, taking b = —by, we get b] = 0, so we may assume 6 = [ az 0 ag
0 1 b

Case as = 0. Let 6 be as above but with as = 0, under a general automorphism

1 app+bo bv+ap 2aa; +0*+c;
dr—d' = ——r o? vo ajp + bo
sy =po vo v? bv+aip

In order to get ab = 0 we need o = 0; so

1 arp bv+aip 2aa, +02 41

¥y =— 0 0 aip
mv 0 v? bu + arp
To preserve b3 = 1 and b; = 0, we need, respectively, p = v and b = —*2; then
a; 0 2aa1+(%)2+cl
, 3 p?
& = 0 0 ay
m
0 1 0
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We distinguish cases a1 # 0 and a; = 0. If a1 # 0, set u = a1 to get a}j = 1; then

1 0 (2a+p2+cl)
=10 0 1 ,
0 1 0

then a may be chosen such that ¢j = 0, so the isoclass has only one representative

100
day=0=| 0 0 1 |]. The automorphism group consists of

01 0
1 p _52
01 —p peER
00 1

0 0 c/p?
In case a; = 0 we have §' = 0 0 0 , S0 ¢; may be chosen up to

0 1 0

positive scalar. The automorphism group in case ¢; = 0 consists of

U

S OoOx
OE D
_= O Q

while if ¢; # 0, the automorphism group consists of

p==x1

o ox
oE D
— O Q

Hence, if as = 0, b3 # 0, the set of isoclasses is

1 00 0 0
Sazmo=| 0 0 1 |;60% =100 0 |:c;=0,=£1
0 1 0 01 0
ar 0
Case ag # 0. Recall a3 =0, b3 =1 and by =0, i.e. § = as 0 a; |. Using
0 1 0

the action of an automorphism with c = p=0, u=v=1and b =0:

a1 +aas 0 2aa; + a?as +
§— 4§ = as 0 a1 + aas ,
0 1 0
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so with a = —aj/as we get a} = 0, so in this case, since as # 0, we may assume
0 0 C1

that a; =0, namely § = [ a2 0 0 |]. Under a general automorphism,
0 1 0

1 aaspt +bo b +aasp ¢+ a’ag + b2
§— 8 =— | au®+0? asup+vo aagpt + bo
PV =P\ aopp+ve V2 + plas bv + aasp

Now we look for automorphisms preserving the conditions a; = 0 = b; = a3 and
b3 = 1. From the entries of the matrix we see that we need to solve

0 = p(aaz) + ob, (1)

0 = p(aaz) + v, (2)

0 = azpp + vo, (3)
2 2

AT (4)
v — po

Since the 2 x 2 matrix with entries u, o, p, v is invertible, the first two equations
have general solution aas = b =0, so @ = 0 = b. In order to solve and we
consider first the special case o = 0. Remember that uv — po # 0, so ¢ = 0 implies
w # 0, and together with we get p = 0. Now, gives v/p=1,s0 u=v.
Going back to the action of the automorphism group, if the parameters are

0 0 &%
"
a=b=0=0=p, p=v, weget d = a 0 0 , and, in particular, we see
0 1 o0

that ¢; may be taken up to positive scalar.
If we try to solve equations and with ¢ # 0, from we can solve
v = —agup/o, and gives —agp/o = 1, so 0 = —agp; hence v = p. Using an

automorphism with y = v and 0 = —agp, we get
C
, 0 0 ey
0 = as 0
0 1 0
Notice that under the assumption y = v and ¢ = —asgp, we have uv — po =

12 4 azp?, so u and p must be such that this quantity is not zero.

If az > 0, ¢1 is multiplied by a positive number and we obtain the same possi-
bilities for ¢; as before. If az < 0, we can choose u and p such that u? + agp? is
any nonzero real number, so ¢; can be chosen up to any nonzero multiple. Hence,
the Lie bialgebra isomorphism classes when ag # 0 is

0 0 C1
(52;7&0: aa 0 O sag > 0;¢1 =0,%1; oras <0;¢1 =0,1
0 1 O
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The automorphism group of Lie bialgebra, when ¢; = 0, regardless of the sign of

poop O
as, is given by o= —azp p 0 s p? 4 agp? #£0 p; while if ¢; # 0, it
0 0 1
_ pop O
consists of ¢ ¢;2, = | —azp p 0 |: 2 +agp® =1
0 0 1

7. LIE BIALGEBRA STRUCTURES ON t}

In basis {h, z,y}, the Lie algebra v; ) has the following brackets: [h, z] = Az —y,
[h,y] = 2+ Ay, [x,y] = 0. Remark that, in the basis {z,y}, the linear transforma-
—1
1 A
to multiplication by the complex number A\ —i. A straightforward computation
shows for g =t} y:
e Case A\ # 0: (A%g)? =0 and (A3g)? = 0.
o Case A =0: (A%g)® =Rz Ay and (A3g)®* =Rz Ay Ah.
Ab—c b+  2Xa
1-coboundaries: For r = azAy+byAh~+chAx, Or = 0 0 Ab+c |,
0 0 Ac—b
a,b,c € R, CYB(r) = —4(b> + c®)x Ay A h is g-invariant if and only if
e A£0,b=c=0,s0r =ax Ay;or
e A=0,r=axrAy+byAh+chAz, forany a,b,c € R;if b=¢=0, Or =0.

tion ady has matrix . Notice the similarity with the matrix associated

1-cocycle condition. Let § : g — A2g be a 1-cocycle, from 0 = 6[z,y] = [6x,y] +
[x, 0y] we get
O=[az Ay+ayANh+ash Az, y|+ [z,b12 Ay +boy Ah+ bsh A x]
= (ag + asA — ba A + b3)y A x;
hence, as + agA — Aby + b3 = 0. The 1-cocycle condition for [h,x] = Az — y gives
Aoz — oy = [6h, 2] + [h, 0x]
=iz Ay +coy ANh+csh Az x]+ [hya1x Ay + asy A h+ agh A x]
= (=Acg + ¢34+ 2 a1)x Ay + (a2A + az)y A h+ (—az + Aag)h A z).
So, Aa; — by = —Aco +c3+2Xa1, Aag — by = as A+ a3, Aaz — b3 = —ag + Aag; then
Aai + by = Aeg — ¢z, —by = ag, b3 = as. Similarly, [h,y] = x + Ay gives
5z + Aoy = [0h, y] + [h, dy]
= (ca+ 3Ny Az 422012 Ay + (be A + b3)y A h+ (=ba + Abs)h A x,
then ay + Aby = —co — Acg + 2Aby, as + Abs = Abgy + b3, az + Abs = —by + Abs.

Summarizing, we have
az =bs, az = —by,

)\bz—bg;:)\ag-’-ag, )\bl—al :CQ+)\03, b1+)\a1 :)\02—63.
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a1 (A2—1)4+2Xb; c3 = b1 (A2—1)—2Xa,

The last two equations are equivalent to co = Tz , e ,
while the first three ones are equivalent to as = —MXasz, by = —az, b3 = —Mas.
Hence, the general 1-cocycle, in basis {z,y, h}, {x Ay,y A h,h Az}, is given by

a b1 C1
. _ a1(A2—1)+2Xby
Aas a3 T 1maz
bi(A\2—=1)—2Xa
a3 —Aay BOARW

(a24+b2) M azcr (142?) -0

For a 1-cocycle, the co-Jacobi condition is 2 T2

Proposition 7.1. The automorphism group of the Lie algebra té,w expressed as
matrices in basis {x,y,h}, is the following subgroup of GL(3,R):

nw —o a
o p b |:poabeR, p4+o%#0
0 0 1

Proof. Using that [g, g] is generated by z and y and it is invariant under auto-
morphism, we conclude that any automorphism ¢ restricted to [g, g] must be of
the form ¢(z) = px + py and ¢y = ox + vy, with pv — po # 0. Also, writing
@(h) = ax + by + ch, since ¢ is an automorphism of the Lie algebra, we have

clh, ¢z] = [oh, pz] = Apx — ¢y,  clh, ¢y] = [Oh, dy] = dx + Ady;

. . . W o A -1\ (X -1 uw oo .
In matrix notation, c( o v ) ( 1 ) = < 1 o v ) Taking

determinant we get ¢ = 1, and if ’l; Z commutes with i\ _)\1 then it
must be of the form < po—e > O
o p

Action of the automorphism group on 1-cocycles. The effect of an arbitrary
automorphism on a general 1-cocycle is the following

ap+bio—az(p(ar—b)+o(a+bN)) bip—aio—asz(b(Apu+o)+a(p—Ao)) /

2 +o? pito? “
§ = —as\ —as x |,
as 7@3)\ *
with
o’ c1(1+2A%) — M(=2a(by + a1 \) + a®az(1 + A?) + b(2a1 — 261X + aszb(1 + A\?)))
b (1 +0%)(1+ 1) '
Recall that the co-Jacobi condition reads 2 (af+bf))‘1fr‘i\3'zcl(1+>‘2) = 0, or, equivalently,

(a2 +b3)A+azer(1+22) = 0. We will make simplifications using the automorphism
group.

Case a3 # 0. If we choose an automorphism with 4 = 1, 0 = 0, then ¢’ has
ay = a1 + az(b— Aa) and b} = by — az(A\b+ a), so we can choose a and b such that
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aj = 0 = b); hence, we may suppose from the beginning that a; = 0 and b = 0.
But now a; = b; = 0 together with co-Jacobi imply asci (1 + A?) = 0, so aze; = 0;
since ag # 0, ¢; = 0, hence

0 0 0
5{13 A= —)\ag —as 0
as —>\CL3 0

To compute the automorphism group, notice that ¢, , o4 transforms dq,—p, —c,=0
into ¢ with ¢] = —x\%%, so in case A # 0 the only possibility to preserve
c¢1 = 01is a = b = 0. Hence, the automorphism group in case az # 0, A # 0 is

uw —o 0
o u 0 |:poeR, p2+02#0
0 0 1

But if A =0, d4,=p,—¢,=0 transforms by ¢, . 4,5 into

bpu—aoc  _  botau
a3 7752 sz 52 0
I _ _,_bu—ac
4 0 as a3 252
bo+ap
as 0 a3 752

Since [ ¥ 77 ) is invertible, the only way to preserve a; = by = 0 is with

a = b = 0. Hence, the automorphism group in case az # 0, A = 0 is the same as in
case A # 0.

Case az = 0. If A # 0, co-Jacobi implies a; = by = 0; conjugation by ¢, .45 gives

0 0 C1 0 0 ﬁ
s=l00 0 |=d&d=[00 o0 ,
0 0 O 0 0 0

so ¢1 can be chosen up to positive scalar. We may take 0, +1 as representatives. In
case az = 0 but A\ = 0, co-Jacobi identity gives no further information. We study
the action of the automorphism group in this case. dq,—0,1=0 transforms by ¢, .. a5
into

aiptbio —a10+bip c1
nIto? wZto? W2 to2
' = _aiptbio
1 0 0 R
ajo—bip
0 0 1oty

The pair (a1, b1) transforms as a; + by — % in the complex plane. We know
that there are two orbits: (a1,b;) = (0,0), which has trivial action and gives the
same cobrackets as for A # 0, and {(a1,b1) # (0,0)}, which has free C*-action. For

the second case, one can take (a1,b1) = (1,0) as a representative. Hence, a set of
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representatives of Lie cobrackets in case az = 0, A = 0 follows:

0 0 C1 1 0 C1
=100 0 |:aa=0%1, 63=|00 -1 |:c1€R
0 0 O 0 0 O
1 0 a
The Lie bialgebra automorphism group with 551’0) is 0 1 b ca,beR
0 0 1

This discussion leads to the following result.

Theorem 7.2. The set of isomorphism classes of Lie bialgebra with underlying
Lie algebra tg,)\ in the case A # 0 is given by the following list of cobrackets:

0 0 0 00 ¢
Sugn=| —Xaz —az 0 |:az€R and 609 =0 0 0 |:c; ==L
as —)\ag 0 0 0 0

The Lie bialgebra with 5£?’0) is a coboundary with r = kx Ay, and it is triangular.
In case A = 0, we have the previous set specialized in A = 0, together with the

1 0 C1

following 1-parameter family (5&’0) =0 0 -1 :c; € R. In this case, only
0 0 O

(52& is a coboundary, with r = —h A x, but it is not a triangular structure.

8. LIE BIALGEBRA STRUCTURES ON su(2)

1-cocycles. Consider su(2) as the R-span of the following matrices:

1/ 0 1f0 i 1(0 -1
=580 =) =3 i o) “=3\1 0o )

Then the Lie brackets verify [u,v] = w, [v,w] =, [w,u] = v. This is a simple Lie
algebra, then every 1-cocycle is a 1-coboundary. If r = auAv+BvAw+ywAu €
A?su(2), with a, B, v € R, the 1-cocycle associated to it is d(x) = ad,(r) = [x,7]
for any z € su(2). The co-Jacobi condition for § is equivalent to [r,r] € (A3g)®
with [r,7] = 2(a? + 52 +~7?)u Aw A v, so it is satisfied for any 7 since (A3g)? = A3g
for g = su(2). We get

O(u) =yu Av — aw A u,
0(v) = —BuAv+avAw,
o(w) = —yv Aw + fw A,

v =8 0
or, in matrix notation, § = 0 a =y
—a 0 15}
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Automorphisms and isomorphism classes. If U € SU(2), then conjugation

by U gives an automorphism of the Lie algebra su(2).
matrix by U = (

a+ib
—c+1id

c+id

a—1b

If we parametrize such a

)7 with a,b,¢c,d € R, a2 +b%> + % + d? = 1,

we have the automorphism ¢y (M) = UMU ™!, where M € su(2). Straightforward
computation shows the following:

oy (u) = (a* + b* — & — d*)u + 2(—ac + bd)v — 2(bc + ad)w,
oy (v) = 2(ac + bd)u + (a® — b* — & + d*)v + 2(ab — cd)w,

ou(w) =

and &' := (¢ A ¢)"16¢ is given by 16" =

alab — cd) + B(ac + bd)
+iv(a® = b* — 2+ d?)

a(ad 4 be) + vy(ac — bd)
+30(—a® = b + 2 + d?)

—2(bc — ad)u — 2(ab + cd)v + (a* — b* + & — d*)w,

0

ta(a® = b + 2 — d?)
B(ad — be) — y(ab + cd)

+3v(=a® + b + 2 — d?)

a(cd — ab) — B(bd + ac)

So,ifc=a (/3+ W)

sa(—a® +b* — 2+ d?)
+8(bc — ad) + v(ab + cd)

0

Suppose v # 0, and take b = d = 0; then

v(a? — ) +2Bac  2yac+ B(c? — a?)

8 = 0

—a(a® + c?)

get

a(a® + c?)

0

—a(ad + be) + y(bd — ac)

_’_%5(&2_'_})2 _02 _dZ)

0

—2Bac + y(c* — a?)
—2vac+ B(a? — ¢?)

then ' = 0. Assuming v = 0 and letting a = d = 0, we

0 2abc + B(—b% + ¢?) 0
§ = 0 —a(b? — c?) —28be 0
a(b? — ¢?) + 28bc 0 —2abe + B(b? — ¢?)
So if 8 # 0, we can use ¢y with a =d =0, c = b W), then &’ has
~"=0and ' = 0. So we may assume from the beginning v = 8 = 0. We get
2(ab — cd) 2(ad + bc) 0
§=a 0 (a®> = b2 +c*—d?)  2(cd— ab)
(—a? +b* — %+ d?) 0 —2(ad + bc)
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In case @ = 0, we have the trivial cobracket. If o # 0, the condition on the
automorphism preserving the condition 8 = v = 0 is given by the equations:

ab=cd, ad= —bc.

These equations imply a2b = —bc?, so if b # 0, then a = ¢ = 0 and ¢’ is given by

0 0 0
§ = 0 —a(b®+d?) 0 |,
a(b? 4 d2) 0 0

but b + d?> = 1, s0 6o = J_o. Next we consider the case b = 0. We have
cd=0=uad. If d=0,

0 0 0
§ = 0 a(@®+c*) 0 | =0
—a(a® + c?) 0 0
0 0 0
Ifd#0thena=c=0,d=+1and § = 0 —ad®> 0 | =-6.
ad? 0 0

This discussion leads to the following result.

Theorem 8.1. The set of isomorphism classes of Lie bialgebras with underlying
Lie algebra su(2) is given by the 1-parameter family

0 0 0
0 = 0 o O ta> 0.
0 0

—a
For each o # 0, the automorphism group is

a® —c —2ac 0
oy = 2ac a>—c® 0 |:a,ceR, a’?+c2=1, =8
0 0 1

Remark 8.2. For any r = au A v + fv Aw +yw A u € A%su(2),
[r,r] =2(® + B2+ ¥ uAwAv € (A35u(2))5u(2)'

We have the following two possibilities:

e [r,7] = 0, this happens if and only if » = 0, and so if and only if § = 0.
Hence, the only triangular structure is the trivial one.

e 0 # [r,7], and so (su(2),0), with 6(—) = ad(_y(r), is almost factorizable
(i.e. it is not factorizable, but its complexification is).

It was known (see [I]) that su(2) admites a unique almost factorizable structure
up to scalar multiple. This is in perfect agreement with the results of this section.
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9. LIE BIALGEBRA STRUCTURES ON sl(2,R)

1-Cocycles in sl(2,R). The Lie algebra sl(2,R) is usually presented as gen-
erated by {z,y,h} with brackets [h,z] = 2z, [h,y] = —2y, [z,y] = h. But
it is convenient to consider instead the ordered basis {u,v,w} of sl(2,R) and
{uAv,v Aw, wAu} of A%s1(2,R), where u = h/2, v = (x+%)/2 and w = (z —y)/2:

1/(1 0 1/0 1 1/ 0 1
“=5\ o 1) 731 0) Y73\ 10 )

In this basis, the brackets are given by [u,v] = w, [v,w] = —u, [w,u] = —wv.
As in the case su(2), the Lie algebra s[(2,R) is simple, then every l-cocycle is
a l-coboundary and the general considerations made for that case hold here. If
r = auAv+ Bv Aw+yw Au, the 1-cocycle associated to it is §(z) = ad,(r) = [z, 7]
for any z € sl(2,R). Hence

0(u) = —yuAhv—awAu, O6W)=PLuAv+avAw, §w)=vAw-—pPFwAu;

-y B 0
in matrix form, § = 0 a v . Co-Jacobi is automatically satisfied.
—a 0 -8

Automorphisms. In a similar way to the su(2) case, the automorphisms of the
Lie algebra s[(2,IR) consist of conjugations by elements S € SL(2,R). If § =
a b
c d
¢s(M) = SMS~! for any M € sl(2); ¢s maps u, v, w to

>, with a,b,c,d € R, ad — bc = 1, then the automorphism ¢g given by

ds(u) = (ad +bc)u  + (ed — ab)v — (ed + ab)w
2_b2_2 d2 2_b2 2_d2
ps(v) = (bd — ac)u +2 20 + vt 2 ;C w
2 b2 a2 d2 2 b2 2 d2
¢5(w):—(bd+ac)u+a + 26 vt 2 * —;—c—!— w
In matrix notation,
ad + be bd — ac —(bd + ac)
d)S — cd — ab az—bzgcz—‘rd2 (12+b2§c2—d2

2 32, 2 52 2,32, 2, 52
—(cd—l—ab) afb;c —d a+bJ2rc+d

Let us denote by x = a?+b%+c?+d?, K1,3 = —a?4+b?—c2+d?, K3,4 = a?+b%—c2—d?,
K14 = —a®+b%+c*—d?, etc.; i.e., the subindices point out the places of the negative
signs. If § := (¢ A ¢)~1d¢ then it is given by

akyz + 26(ac —bd) + vr1,4  2(—afab+ cd) + B(be + ad) + y(—ab + cd)) 0
2 0 ar — 28(ac+ bd) + yk3.4 —aky3 — 2B(ac — bd) — yk14
—ak +2B(ac+ bd) — yrg4 0 2(a(ab + cd) — B(ad + be) + v(ab — cd))
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If a = d and ¢ = —b, with ad — bc = a? + b = 1, we get

—2Bab — y(a? —b?)  B(a® — b?) — 2vyab 0
§ = 0 a 2Bab + v(a? — b?)
- 0 —B(a? — b%) + 2vab

Since a? + b% = 1, we can write a = cos(f) and b = sin(f) for some 6 € R, so
B = B(a* — b*) — 2yab = [ cos(26) — ysin(26)
v = 2Bab+ v(a® — b?) = Bsin(26) + 7 cos(26).

Namely, the pair (5,7) transform as a rotation, so we can change it, for example,
into (/B2 +42,0). In other words, we can assume that v =0 and 8 > 0.

0 B 0
Now if § = 0 a O with 8 > 0, we can take an automorphism ¢ p. ¢ q
-a 0 -8

with d = a, b = c and ad — bc = a® — b? = 1. Such a, b may be written in the form
a = coshf, b =sinh 6, for some # € R. Under such ¢ q, 0 changes into

0 B(a? + b?) — 2aab 0
§ = 0 —2Bab + aa® + b?) 0
2Bab — a(a? + b?) 0 —B(a® 4+ b?) + 2aab

This says, for the coefficients of §’, that
v =0
B = B(a* + b*) — 2aab = B cosh(26) — asinh(26)
o = —2Bab + a(a® + b*) = —Fsinh(26) + a cosh(26).

There are three possibilities:

— a® > 0. In this case, we can choose ¢ such that o’ = 0.

1) B2 2> 0. In thi h 0 such th =0

(2) 8% —a? < 0. In this case, we can choose  such that 3’ = 0.

(3) B? —a? = 0. In this case @ = 4. But the automorphism with a = d = 0,
b=1= —c changes o/ = a and 8/ = —f. So, we can assume 3 = a.

Case a« = 0, f # 0. In this situation, under a general automorphism, § changes
into

Blac—bd)  B(ad+ be) 0
§ = 0 —B(ac+bd) —pB(ac— bd)
B(ac + bd) 0 —B(ad + be)

An automorphism preserving o’ = 0 = 7/ must satisfy ac = 0 = bd. If a # 0 then
c=0;butad —bc=1,s0d#0,b=0and d =a"'; in this case § = 6.

If @ = 0, then b # 0 since ad —bc = 1; so d = 0 and ¢ = —b~!. In this case
d" = —6. We conclude that 8 may be chosen up to a sign, so a list of representatives
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of the isomorphism classes is given by

0 8 0
bg=1 0 0 O :5>0
0 0 —p
For each of these, the automorphism group is {¢5 1S = 8 a91 ) ;0#a € R}.

Notice that ¢g = ¢_g, so this group is connected, and it is isomorphic to (R, +).

0o 0 0
Case aw # 0, § = 0. Under an automorphism ¢g, § = 0 a O changes
—a 0 0
into
o[ -+ —2(ab+ cd) 0
5':5 0 a2+ +c+d> a?—v?+ - d?)
—(a®> + b2 =2+ d?) 0 2(ab + cd)
If 5/ =+" =0 then
*a2+b2*02+d2:0
ab+cd=0 (5)

ad — bec = 1.

Ifc=0,then —a®2 +b?+d>=0,ab=0,ad=1thena#0,b=0,d=a""!, so
a* =1, hence a = £1. In both cases, the automorphism acts trivially.
If ¢ # 0 we solve d = —ab/c from and the other equations transform into

(a® + c?)(c® — b?) ~0 ba2+62
2 -0

=1

& Cc

Since ¢ # 0, ¢ = b? then b = +c. But if b = ¢, the last equation gives —(a?+c?) = 1,
which is absurd. Hence b = —¢, a®> + ¢ = 1, d = a and & = §. The set of
isomorphism classes of this type is parametrized by

0
0
-1

0 0
00 = @ 1 0 |:a€eR, a#0
0 0

For each of these classes, the automorphism group consists of

0 —c a>—c2 —2ac 0
{¢S;S(c a ),a2+021} 2ac a?—-c® 0 a4+t =1
0 0 1
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0 o O
Case a=p: If 6 = 0 a O then under an isomorphism ¢g we get
—-a 0 -«
7a2+b2+2a0270272bd+d2 72(01 o C)(b o d) 0
§ = a 0 a?4+b®—2actc?—2bd+d>  a?—b*—2actc®+2bd—d>
2 2
_a2—b2+2ac2—62+2bd—d2 0 2(& _ C)(b _ d)

In order to preserve o' = 3, v/ = 0 we have two possibilities: o = 0, or
—a? +b% +2ac—c* —2bd+d* =0,
a® +b% —2ac+ c® —2bd + d* = —2(a — ¢)(b — d),

which are equivalent to (b—d)? = —(a—¢)(b—d) and (a—c)? = (c—a)(b—d), then
1
c—a=>b—d,so,setting d =a — c+b, we get & = a(a — c)? 0 1
0

The condition on a, b, c,d is ad — bc = 1, then
1=uad-bc =ala—c+b)—be
=ala+b)—cla+b)=(a+b)(a—rc).
So, there is no restriction on a — ¢, except being different from zero. In its isomor-

phism class, « is determined up to positive scalar and it is enough to take o = +1.
Hence, the isoclasses of triangular Lie bialgebras are

0 1 0 0 -1 0
S5o=0, oi=( 0 1 0 |, soi=[0 =1 0
10 -1 1 0 1

This discussion leads to the following result.

Theorem 9.1. The set of isomorphism classes of Lie bialgebras on sl(2,R) is given
by the following representatives:

0 8 0
Factorizable: g = 0 0 O , B> 0;
00 —p
0 0 0
Almost factorizable: 6, = 0 a 0 |, a#0;
—a 0 0
0 1 0 0 -1 0
Triangular: 6 =0, 01 = 0 1 0 , 6_1=1 0 -1 0
-1 0 -1 1 0 1
Besides, the Lie bialgebra corresponding to dg verifies g = g°P. On the other hand,
although d_1 = —61, the corresponding Lie bialgebras are non isomorphic.
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Remark 9.2. For any r = au Av + Bv Aw + yw Au € A?sl(2,R),
[r,7] = 2(a? — B2 =y u A v Aw € A%sl(2,R) = (A3s[(2,R))* ),
We have the following possibilities:
e [r,r] =0 if and only if a® — 32 —4% = 0. So, unlike the su(2) case, there are
non trivial triangular structures, explicitly given by 041 with a = g = +1.
e 0 # [r,r]. The case (sl(2,R),d3) is factorizable, with dg(—) = ad(_y(r), r =
BuvAw, since r+ 50 satisfies CYBE. In fact, consider Q2 = uQu+vQ@u—w@w
the Casimir element of the adjoint representation, then CYB(Q) = uAvAw

is a generator of the 1-dimensional space (A%s[(lR))ﬁr(z’R) and

CYB(r + 8Q) = CYB(r) + B2CYB(Q) = (-% + B)u Av Aw = 0.
Notice that dr = 9(r £ Q) since  is invariant. Analogously, the case
(sI(2,R),04) is only almost factorizable, with 0,(—) = ad(_y(r), 7 = auAw,
since r+iaf satisfies CYBE, and this element does not belong to s[(2, R) ®
s[(2,R) but only to its complexification. In fact,
CYB(r +iaQ) = CYB(r) + i*a?CYB(Q) = (o — a*)u Av Aw = 0.
The factorizable and almost factorizable structures for sl(2,R), up to a scalar mul-

tiple, are well known (see [I]). This is in perfect agreement with the results of this
section.
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APPENDIX: TABLES COMPARING STRUCTURE CONSTANTS

Structure constants of the Bianchi type Lie algebras: It is well known
that in terms of the Bianchi classification the brackets of any three dimensional
real Lie bialgebra can be described in the form

le1, e2] = —aen + n’es, le2, €3] = n'es, les, e1] = nes + aes,

where the values of the parameters n’, i = 1,2,3, and « are listed in the following
table, together with the corresponding name used in this paper:

H Name H Bianchi H @ ‘ nt ‘ n? ‘ n3 H A ‘ Kt H

abelian 1 00 0 0 0
b3 Heisenberg I 0|1 0 diag(1,0,0) 0
%o vii o1 0 diag(1,1,0) 0
T3 A=—1 VI 0 1]-1]0 diag(1,-1,0) 0
su(2) x fol1]1]1 diag(1,1,1) 0
s[(2,R) virr o 1|1 |-1 diag(1,1,—1) 0

t3 =1 Vv 110|010 0 (0,0,1)

T3 v 1101]0 diag(1,0,0) (0,0,1)

ey 11, al 0] 1| 1 | diag(d,d,0):a" >0 |(0,0,1)

Ty A= atl VI, al 0| 1 |-1|diag(a,—a’,0),a’>01](0,0,1)

t3 =0 = affo(R) x R 1 1101 |-1 diag(1,—1,0) (0,0,1)

Comments: VI, = VI_,, VI,—1 = III. For a # £1, v5,_at1 = t31_a1, then
’ a—1 DY a+1

one can always choose [A| < 1. In IT, and VI, one must take o’ = 1/a.

Structure constants used in [4]: The authors decompose the bracket of a
three dimensional Lie algebra g as a sum [z,y] = [z,y]x + [z, y]a, where k € g*,
A gt — g verifies A = A%, [x,y]x = in(x Ay) = k(z)y — k(y)z and [x,y]la =
A(igny(e' A €® A€®)). They show that under change of basis, these data change
very likely as bilinear forms, so they can be diagonalized. In basis {e1, ea, e3}
with k' = (0,0,v) and A = diag(a', a?,a?), one gets [e1, 2], = 0, [e2, €3], = —vea,
[es,e1]x = ver, [e1,e2]a = Ales) = ades, [ea,e3]a = A(e1) = aley, [es,e1]a =
A(ez) = a’ea. So we see that, choosing (a',a?,a®) = (n!,n?,n3) and v = «, we
get very similar structure constants as in the Bianchi classification, but in order
to get exactly the same, one must perform the cyclic permutation 1 — 2 — 3.
Nevertheless, in [4] the authors choose v = 0,1 and leave the continuous parameter
to (a',a?,a®). The table above also compares the structure constants given in the
first item of Theorem 2.5 of [4] and the others. Remark that, for a > 0, A = }_T_—Z
runs over all possible values in (—1,1); the limit @ — 0 corresponds to A = 1 and
the limit a — 400 corresponds to A = —1, in agreement with the table.
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