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that

1 o\ C
Viy)d <— | Vv(y)dy, 1
<|B|/ ) y) =151 ), (y)dy (nH

for every ball B C R4,
We associate to the differential operator £ the vector valued Riesz Transform

R=V(-A+V) /2

6

This operator has been considered in [11], where the author shows that it is bounded

7 on LP(R?) for 1 < p < pg, with po depending on ¢ in a way that if V € RH, with
q > d, it results pg = co. Moreover, Shen shows that in that case ‘R and its adjoint

9 R* are in fact Calder6én-Zygmund operators (see [11]).

0 Asin [11], we will use the auxiliary function p defined for x € R as

2

LL
O«
O-
-
0-52
.
05
I
I_e
.

1
p(x)=supyr>0: / V<1;. 2)
< 63 rd=2 B(x,r)

:: Under the above conditions on V, we have 0 < p(x) < o0.
o6 For 6 > 0, we define the class BMOg (p) of locally integrable functions b such that
67 1 r\’

Ty Ib(y)—bBIdny(lJr ) : 3
o 1BC 0 ()

70 forall x € R and r > 0, where bg = %IB b. A norm for b € BMOy(p), denoted
7t by [blg, is given by the infimum of the constants satisfying (3), after identifying
72 functions that differ upon a constant. Notice that if we let & = 0 in (3) we obtain the
78 John-Nirenberg space BMO.

74 Now, with the above definition in mind, we define BYO(p) = |y~ o BMOs (p).
75 Clearly BMO C BMOy(p) C BMOy (p) for 0 < 6 < 6, and hence BMO C
76 BMOs(p). Moreover, it is in general a larger class. As an example, when p is
77 constant (which corresponds to V a positive constant) the functions b;(x) = |x;|,
78 1 <j<d,belong to BMO(p) but not to BMO. Also when V (x) = |x|2 and £ be-

79 comes the Hermite operator, we obtain p(x) =~ 1—— +|x| and we may take b(x) = |x; |2.

80 We denote by T either R or R*. For b € BMOo,(p) we will consider the commu-
81 tator operator

82

83 Ty f(x) =T (bf)(x) —b(x)Tf(x), xeR. “)
84

Before stating the main theorems we introduce the definition of the reverse Holder
index of V_as qo =sup{q : V € RH,}. It is known that V € RH, implies V € RH
for some € > 0 (see [5]). Therefore, under the assumption V € RH;/, we may con-
8 clude go > d /2.

85
86

8 Finally recall that V € RH, for some g > 1 implies that V satisfies the doubling
8 condition, i.e., there exist constants © > 1 and C such that

90

o / V< Ctd“/ v, 5)
92 tB B

93

holds for every ball B and ¢ > 1.
94
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Now, we are in position to state our first result.

Theorem 1 Let V € RHy/2, b € BMOoo(p) and po such that 1/po = (1/g0 — 1/d)*,
where qq is the reverse Holder index of V.

1) If1 < p < po, then
IRs fllp < Coll fllp,

forall felLP.
(i) If py < p < oo, then
IR,y < Coll fll ps

forall f elLP.
Moreover, Cyp < [blg whenever b € BMOy(p).

In order to present our result concerning the behavior of commutators for p = co
we need the following definition.

The space BMOg¢ is defined as the set of functions f in L
exists a constant C such that for every ball B = B(x, r),

1
loc

satisfying that there

/ |f — fBl = CIB|,
B

if r < p(x), and

[1ni=cin
B
if r > p(x).

This space was introduced in [4] as the appropriate substitute of BMO in the study
of the boundedness of operators associated to £.

Regarding the Riesz transforms, it was shown in [1] that R* preserves BMOg
when go > d/2, and the same occurs with R under the stronger assumption g > d.
Since L is continuously embedded in BMO g, these results imply the L — BMOg¢
continuity of R and R*, under the stated hypothesis on go. We point out that even
when R and R* are Calderén-Zygmund these results are sharper than those derived
from Calderén-Zygmund theory since BMOg C BMO.

It is a natural question to ask for the class of functions b such that R and R}
are also bounded operators from L* into BMOg¢. For this purpose we introduce the
following definition.

For 6 > 0, we denote by BMOleog(p) the set of functions b such that

0
1 b bsl<C (I+r/pKx))

|B(x, ")| JB(x,r) 1 +log™(p(x)/r)’

forallx e R4 and r > 0. Correspondingly, we define BMOL%g(p) = U9>0 BMOLOg(,o).
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0142 Our second result can be stated as follows.
143
0144 Theorem 2 Let V € RHy /2 and b € BMOx(p), then
E:iz (i) RE: L™ — BMOg if and only if b € BMOSE (p).
147 (1) If V € RHg, the above result is also true for Rp.
g :jz The contents of Theorem 1 were already known for functions b in BMO. In the

150  case go > d, since R and R* are Calder6n-Zygmund operators, the boundedness of
151 commutators follows from the general theory (see [2] and [9] for instance). The result
0152 for R}, when d/2 < qo < d was recently proved in [6]. The novelty of Theorem 1
I153 relies on the extension of the L”-boundedness for b belonging to the larger class
154  BMOx(p). Theorem 2 is completely new for this kind of Riesz transforms. However,
155 there is a result in that direction for the classical case £ = —A in [7]. There, the
:1 s6  authors show that commutators of the Hilbert transform are never bounded from L*°
157 into BMO except for the trivial case when b is constant.
158 Our approach to handle commutators is the Stromberg technique that was also
159 used in [6]. That involves to obtain a point-wise majorization of the sharp maximal
160  function of the commutators. In this article we reduce the problem to estimate a more
161 appropriate and smaller sharp maximal function which takes into account only local
162 balls, namely those contained in a critical ball. In order to do so we prove a suitable
163  Fefferman-Stein inequality (see Lemma 2).
164 The clue that allows us to enlarge the class of functions b with respect to the clas-
165  sical case, relies on the stronger decay of the kernels and their modulus of continuity
166 outside critical balls, contained in Lemmas 3 and 4.
167 The paper is organized as follows. In the next section we present some properties
168 of the space BMOy(p) and a Fefferman-Stein type inequality. In Sect. 3 we collect
169 some useful estimates of the kernels of R and R*. Section 4 is devoted to prove some
170 estimates of averages and oscillations related to commutators that will be used in the
171 last section to prove Theorem 1 as well as Theorem 2.
172

174 2 Preliminary Lemmas and Propositions
175

176 Proposition 1 [11] Let V € RHy>. For the associated function p there exist C and
177 ko > 1 such that

178 \ =y~ I — y[\ BT
150 c p(x)(l + ) <p(y) < Cp(x)(l 4 ) ©)
o1 p(x) p(x)

82 forallx,yeR4.

184
185

A ball B(x, p(x)) is called critical.

Proposition 2 [3] There exists a sequence of points {xi};2 in RY, so that the family

187 of critical balls Qi = B(xk, p(xx)), k > 1, satisfies

188
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0189 () U; Ox =R7.

0190 (ii) There exists N such that for every k € N, card{j : 40; N4Q0r #¥} < N.
191

mwz

Inequality (6) implies that if x, y € Q, and Q is a critical ball, then
193
o p(x) = Cop(y) ™

where the constant Co depends on the constants C and kg in (6).

[  Proposition3 Let 0 > 0 and 1 <5 < oo. If b € BMOy (p), then

198
0199 1 b bl /s “ | ’ o0’ .
I200 (ﬁﬂ' - Bl ) N[ ]0( + m) 5 ( )

202 forall B= B(x,r), withx € R andr > 0, where 8’ = (ko + 1)0 and ko the constant
:203 appearing in (6).
204
205  Proof From the standard John-Nirenberg inequality (see [8]), given a ball By and a
206 function g € BMO(By) we have, foreach 1 <s < o0,
207 | 1s
200 (— [ e —gBP‘) < Clglaosy. ©)
209 |Bl /B
210
211

for every ball B C By, where the constant C does not depend on the ball By.
Therefore, to prove (8) we only need to show the claim: if R > 1 and Q is a critical

212 pall, then we have b € BUO(R Q) and
213

214 1Bl Bmocr0) S [B1a (1 + R)*0FDY.
216 If this is true, an application of (9), gives that for any ball B C RQ,

217 1 1/s

218 (— / b~ bBP) S1blo(1+ RY®oHDP, (10)
219 1Bl /5

220 Now, let B = B(x,r) and Q = B(x, p(x)), with x e R and r > 0. If r < p(x),
221 we choose R = 1, and we may apply (10) to get (8). In the case r > p(x), we notice

222 that B = ﬁ Q. Then we apply (10) with R = p(’x) which yields (8).
223

oo It remains to prove the claim. Let B = B(z,r) C RQ, with z € R? and r > 0. Due
to (6), we have

225

226 px)(14+ R < p(z),
227

208 then, since r < Rp(x),

229 r < (1 +R)(k0+l)

230 ~ .
p(2)

231

232 Using that b € BMOy(p), it leads to
233

1
234 ﬁ/ Ib—bg| < [blg(1 + R)ko+TDE O
B

235
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Oese Lemma 1 Let b € BMOy(p), B = B(xo,r) and s > 1, then

237
0238 1 / b — byl 1/s<[b] 1 ok, \?
(et 2B Sy OB ) SRR G )

241 forall k € N, with 0 as in (8).

= 243 Proof Following standard arguments and Proposition 3, we have

0245 1 " /s
246 —|2kB| /sz |b—bp|
k

248 < 1 i 1/s
249 ~ W/zkg |b — bokgl +Z|b2-/'3_b21'*13|

:250 j=1

251 k

2ir \?
252 <[bly Z(l + 4 )
j=1

p(x0)

2k o
25 < [b]gk(l + ) )
~ p(x0) 0

258 Given a > 0 we define the following maximal functions for g € L] (R?) and
250 xeRY,

261 1
My q8(x) = sup F48
262 xe€BeB, o |B| B

1
264 M} ,g(x) = sup —/ lg — gal,
265 xeBeBy o |Bl JB

»s7  Where B, o ={B(y,r): y € R% and r <ap(y)}.
268 Also, given a ball Q C R4, for g e L\ (Q) and x € Q, we define

loc

270 Mpg(x)= sup !
271 xeBeF () BN Ol Jpno

lgls (1T)
and

1oy — ! / _
275 Mg (x) XEBSél]I_Z(Q) B0l Jono lg — gBnol, (12)
where F(Q) ={B(y,r): ye Q, r >0}

Let us note that if g is supported in Q, operators (11) and (12) coincide with the
standard definitions of Hardy-Littlewood and sharp maximal functions defined in Q
viewed as a space of homogeneous type with the Euclidean metric and the Lebesgue
measure restricted to Q.
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Lemma 2 (Fefferman—Stein type inequality) For 1 < p < oo, there exist B and y
such that if { Qi )72 | is a sequence of balls as in Proposition 2, then

p
M P< P :
L s s [ ol +§:|Qk|(|Q )

forall g e LI (R?).

loc
Proof The main tool to prove this lemma is the Fefferman-Stein inequality in the
setting of spaces of homogeneous type with finite measure given by Proposition 3.4
in [10]. We point out that in this case the finiteness of the L” norm of the maximal
function is not needed (in fact that assumption is only used to prove that the left
hand side of inequality (3.14) there is finite, but this follows immediately from the
finiteness of the measure of the space).
If Q is a critical ball and x € Q, it is not difficult to see that

My pg(x) < Mag(gx20)(x), (13)
with 8 = (where Cy is the constant appearing in (7)), and for x € 20,
M5, (8x20)(x) S M’ ,g(x). (14)

We give an outline of the proof of the last inequality since (13) is even easier.
In fact, given a ball B = B(y,r) € F(20Q), we divide the argument according to r

k
greater or less than 3_T21 % where C and ko are the constants appearing in (6). In
the first case B N 2Q has measure comparable to 2Q which belongs to B, ». In the
other case we just use that B € B, 1 C B,,2 and that |[BN2Q| is comparable with |B|.

Now we use the decomposition of R? given by Proposition 2, the mentioned
Proposition 3.4 in [10], and inequalities (13) and (14), to obtain

1M ()17 < / (M, ()17
/Rd p.B ; o p.B
=3[ iro (00l
r Yk
<Z/ |M2Qk<gngk)|l’+Z|2Qk|(|2Qlf |g|)
<Z/ \M* <g>|P+Z|Qk|<L/ |g|>,,
Yo Pt P [0k] J20,

p
5/ |Mﬁ4(g)IP+Z|Qk|(|Q |/ |g|> :

where in the last inequality we have used the finite overlapping property given by
Proposition 2. U
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O?SO 3 Estimates for the Kernels of R and R*

331
0332 Let IC and KC* be the vector valued kernels of R and R* respectively.

333
0-334 Lemma 3 If V € RH,>, then we have:
335 (i) Forevery N there exists a constant C such that
36
n 337 C(1+ Ix—z\)—N Vi |
s e %([ W+ ) (15)
lx —z] B(z,lx—z|/4) [ — 2| |x = z|
0339
340 Moreover, the last inequality also holds with p(x) replaced by p(z).
I341 (i) For every N and 0 <& <min{l,2 —d/qo} there exists a constant C such that
342 " .
— IIC* (6, 2) = K (v, 2)]
34 Clax — yP (1 + B2h)=N Vi 1
Lo < 5 it ) a0
a6 |x —z| B(z,lx—zl/4) U — 2 |x —z|
847 whenever |x — y| < %|x — z|. Moreover, the last inequality also holds with p(x)
348 replaced by p(2).
39 (i) If K* denotes the RY vector valued kernel of the adjoint of the classical Riesz
350
operator, then for every 0 <o <2 —d/qo,
351
352 IK*(x, 2) — K*(x, 2)|
353 C V(u 1 x—z]\?
354 fﬁ(/ ( L)ifldu—i_ <| |) )’ an
|x —z| B(z.|x—z/4) 1t — 2| lx —z|\ p(x)
355
356 whenever |x — y| < p(x).
357 (iv) When qo > d, the term involving V can be dropped from inequalities (15), (16)
358 and (17).
359

360  Proof Inequalities (15) and (17) are basically contained in [11], and (16) can be found
361 in [6]. Statement (iv) for (17) is a consequence of Lemma 1 in [1] since it gives the
362 boundedness of the first term by the second one. The remaining inequalities follow

363 from the same lemma, applying (15) and (16) with perhaps a different N. O
364
3e5 Lemmad [fV € RHy, then we have:
366 (1) Forevery N there exists a constant C such that
367
|x—zl\-N

368 o))
369 IK(x, )] < T (18)
370
a71 (ii) Forevery N and 0 <& <min{l, 1 —d/qo} there exists a constant C such that
372 ) |x—z|\—-N

Clx —yI’(1+ )
a73 K(x.2) = K(y.2)| < L) (19)
374 lx —z|
375 whenever |x — y| < %lx —z|.
376
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0377 (iii) If K denotes the R? vector valued kernel of the classical Riesz operator, for

378 every 0 <o <2 —d/qo, we have
0379 c o
= K(x,2) — K(x, )] < d("““) . 0)
0-381 lx —z| p(2)

382

Proof Estimate (18) can be found in [11, inequality (6.5)]. Estimates (19) and (20)
are also basically contained in [11]. Details for (20) are given in [1]. As for (19) in
[11] it is proved for N = 0. Nevertheless, the same argument can be applied to any
positive N. (]

Isaa Remark 1 Let us observe that when V € RH;, (18) and (19) together with (16) and
Lemma 3(iv) imply that K and I* are Calder6n-Zygmund kernels.

4 Technical Lemmas

393 As usual we denote by M the Hardy-Littlewood maximal function and, for s > 1, by
394 M, the operator defined as My f = (M(f*))'/%.

395

s96  Lemma5 Ler V € RHyp, 1/po= (1/q0— 1/d)™, and b € BMOgy(p). Then, for any
397§ > p there exists a constant C such that

398

1
a9 o [ IRifI < Clblo inf b7
400 101 Jo yeQ
:2; forall f e LfOC(Rd) and every ball Q = B(xg, p(x0)). Additionally, if qo > d, the
405 above estimate also holds for R instead of R*.
:z: Proof Let f € LP(R?) and Q = B(xo, p(xg)). We first observe
406 Ry f=(b=bo)R*f —R*(f(b—bo)). 1)
407
408 and so we have to deal with the average on Q of each term.
409 By Holder’s inequality with s > p(, and Lemma 1,
410 /
o 5 [ 16= bR << TR |S/)1/S< il |R*f|5)l/s
a2 101" T T = el )T 101 Jea
413
1 * £ s
e Sl | IR*fIP) .
415 191 Jo
o Ifwewrite f = fi+ f2 with fi = f 20 then, using that R* is bounded on L* (R?)
with s > p(’),
418
419 1 1/s 1 1/s
420 — IR*f1|S> S (—/ |f|S>
421 ( | Q| /Q | Q| 20
422 S inf M f(y). (22)
423 veQ
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0424 Now, for x € Q and using (15) in Lemma 3, we have

m427 IR*fz(x)I = ‘/ K* (x, 2)f(2)dz
[x0—2z|>2p(x0)
S hi(x) + L(x),

where

m432 | f ()]
33 Il(x)Z/ d [x—z[\N
0434 lo—z>2p(x0) [x — z|¢(1 + p(X))

and

437
:438 L(x) =/ /@) / ﬂdudz.

xo—zl>20000) |x — 2471 (14 BZDN Jpe pozjya lu = 2|

To deal with /1 (x), using that in our situation p(x) >~ p(xp) and |x — z| =~ |xo — z|,
we split into annuli to obtain

2—Nk

< -
444 L(x) S Z % pxo))? [xo—z|<2kp(xo) |f(2)ldz

445 =1

< inf Mf(y). (23)
yeQ

449 To take care of I>(x), having in mind Lemma 3(iv) we may assume d /2 < gg <d.
450  Then, since x € Q,

o2 L (x) f,f ERC] / ﬂdudz
|

— y|d—1
xo-2l=2p(x0) [x0 — 2|91 (1 4+ BEEDN o apag—apy 11 =2l

2Nk V()

S 2 odT a¢al —— gy dudz
428 ; @ p (o))~ /|xo—z<2k+1p<xo) By 23p(xp)) |4 — 217!

Z_Nk
~ [f1Z1(V x k ).
459 Z (2kp(x0))d 1 /IXO <2 p(x0) B(x0,2% p(x0))

Let p, < s <d (this is always possible because go > 1, and also sufficient since
M, f increases with s). Using first Holder’s inequality and the boundedness of the
fractional integral Z; : L* — L9 with 1/q = 1/s’ + 1/d, we obtain

466 / [F1Z1(V X B(xg.2¢ p(x0))
[xo—z|<2¥ p(x0)

468 < 1 XBxg, 24 0 o s 121V X By 2% p ey 7

S XB o, 2 pxon I 1Y X g, 24 p o) -
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Since V € RH,, from our assumptions on s, we obtain

7d /
IV Xateg 2o g < (2 00)) ™ / %
B(x0,2% p(x0))

< QK An=d/a) () =/’ / v
B(xo,p(x0))

< 2k(dM*d/q/)p(XO)*d/q”rd*{ (24)

where in the last two inequalities we have used (5) and the definition of p respectively.
Therefore,

L(x) < plxo) /471y SR ENHIAR Iy p stpenlls- (29)
k>1

Finally, observing that

d/s .
1 Xbs02ptaan s S (2000)) " inf My ()

and using that d/s — d/q’ = 1, we have

B(0) S inf M f(y) ) 2N, (26)
k>1

since N can be chosen large enough the last series converges.
To deal with the second term of (21), we split again f = fi 4+ f>. Choosing p;, <

§ < s and denoting v = 3, using the boundedness of R* on L5 (R%) (see [11]) and
applying Holder’s 1nequahty,

1/5
R*fi(b—b R*fi(b—bp)|®
|Q|f| i Q>|<<|Q|/| i Q>|>
_ 1 A\ US
— b—by)|°
N(|Q|f2Q|f< Q)|>
1 1/s 1 1/v
<(— s — b—by)l"
~<|Q|/2Q'f'> (|Q|fzg'( Q)')

S [ble inf M f(y),
yeQ

where in the last inequality we have used Proposition 3.
For the remaining term we have to deal with

} b—b
Il(x)z/ |f(Zd)( ‘XQL' N
lx—z[>2p(x0) |x —z|*(1 + ) )
and
) b—b v
. / Qb ~bo)l / Y dudz,
le—zl>2p(x) |x —z|4=1(1 + p(x) W IBGlx—l/) sl
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We start by observing that for | <§ <s and v = S‘%, using Lemma 1, we obtain

/(B —=b0)XB(xy, 2% pxon lI5
= W XBxo.2tpon s 110 =DQ) X B(xg. 2% p(xo)) I

< (@ 000)™ inf My £k b1 @7)

For 1) (x) we proceed as for /1 (x), and using (27) with § = 1, we arrive to

2—Nk

imsZW Ib(2) — boll f(2)|dz

k>1 [xo—z] <2 p(x0)
< [blg inf My f(y) Zkgk(—NM/)
yeQ =
S [blg inf M f ().
yeQ

To deal with I~2 (x) we argue as in the estimate for I;(x) with f(b — bg) instead
of f and § and § instead of s and g, where 1/§ = 1/§' + 1/d. In this way, as in (25),
using also (27), we have

h(x) S plxo)™ 7T Y " oHENFIARL=AIE) | £(b — b) X gy 24 pron s
k>1

S yigg M f(y) Y kakCNF02=ddi)
k>1

S [l ylgg M f(y), (28)

choosing N large enough.

Finally, we notice that in the proof above, we only have used the size of K* given
by (15) in Lemma 3, therefore in the case gy > d we also have the result for R in
view of Lemma 4. O

Remark 2 Itis easy to check that if the critical ball Q is replaced by 20, last lemma
also holds.

Lemma 6 Let V € RHy/2 and b € BMOx(p), then for any s > p(, and y > 1, there
exists a constant C such that

/(2 : IK*(x,2) = K*(y, 2)lIb(z) — bl f ()| dz < C[blg inf My f(u), (29)
B)¢ ue

forall fandx,y € B= B(xg,r),withr < yp(xo). Additionally, if qo > d, the above
estimate also holds for K instead of K*.
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Proof Denoting Q = B(xg, yp(x0)), by (16), and since in our situation p(x) = p(xp)
and |x — z| >~ |xg — z|, we need to bound four terms

I = r5[ wd&
O\2B

|xO_Z|d+8

Iy — 9 o) / F@IIbG ~bsl

|xo — Z|d+8+N

QC
I =r5/ | f(2)|1b(z) — bpl V(u) ddz
oves X0 =z Jpi apwo—zp lu —2]97! ’
and
| f(2)],1b(z) — bpl V(u)
I4=r5,0(x0)N/ —————dudz.
Ixo — 2|97 104N J i dpxo—zp) I — 21971
Splitting into annuli, we have
1 Jo _
ns— ZZ”(‘”‘”/A |£11b = b,
r = 2/ B

where jj is the least integer such that 2J0 > yp(x0)/r.
By Holder’s inequality and Lemma 1 we obtain for j < jjy,

f_ |£11b —bp| < j[blg|2! B| inf M f(y).
2/B yeB

Then,

S [blo inf M f()’)ZJZ 7

Jj=2
< [blo inf M ().
yeB

To deal with I, splitting into annuli, using Lemma 1 and choosing N > 6’, we
have

(xo)
LS Z 2 f“’”“v)f_ | £1Ib — bl
J

Jj=Jjo—1

< [blg me f& )(’0 (XO)) Z j2d G+N=6)

J=Jjo—1

S [blo inf M, f () Z j2r
J=jo—1

< [bls yilelg M f(y).
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0612 To deal with I3 and 14, due to Lemma 3(iv) we may assume d /2 < gg < d. Now,
613
0614 1 Jo
KL< — 2—f<d—1+5>f b(z) — bg|Zi(V xr) dz.
s 35S [ @Ib@ = b1V tas25)(2) dz

0-616 j=2

18 If pj <5 <s,v=2" and g such that 1/g = 1/5' + 1/d, then

/_ Lf116 = bBITi(V xai+28) < I f X2i plls 10 — DB) X2i v I Z1(V x25+28) I3
2/ B

oz S 12/ BI(blo inf M f DIV aivagly: GO

:625 where in the last inequality we use Lemma 1 and that j < jg.
626 Since V € RH, from our assumptions on §,

628 IV x2i+28llg S 1V xolly

o047 [y
(@]

< pxg) a2,

834 forall j < jo. Therefore, since d/S=d +1—d/qgand 2 —d/q > 0,

636 pd/5—d+1 Jo 1)
637 I3 S [blo inf My f(y)————— y j27/@-1o=dis
3 S bl inf Mo f ) Sesmr ;J

- 2—d/q Jo (da2t3)
< [blp inf M j2J /a2
o1 Sl inf sf(y)(p(x0)> ;]

-\ oo Jo .
644 < [blo inf M, f( )<—> 20@=d/a) N o=
0 M IO o) j:2]

S [blo inf M f (y).
yeB
649 Finally, for /4 we have

651 ()™ >

o5 ugm Z 9—j(d—1+8+N) g | f(@Ib(2) —bp|Z1(V xqj+2p) dz.
L JB

653 J=jo=1

Now we proceed as in (30) to obtain, for j > jo,

. (2jr)9,+d/§

657 / [f11b —bB|Z1(V xpj+25) S [blo inf My f(y)j 1V x2i+25 4>
2/B yEB

/
p(x0)?
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LL
0659 moreover,
0660

66t IV xaisgllg S (27r) 74 / v

662 2/ B

663 —d/q'+dp
o, < pidu—d/g)" f

65 1% (xO)dM 0]
= 666 . —d/q'+du

o7 < pitdu—d/q)_"

pLx) T3

668
0669 With this estimate, choosing N large enough so thatd —2+ N — 0" —du > 0, we

I670 have

671
d—24N—0'—dy 00
672 . p(x0) A (d—2N -6 —
- Jj(d=24+N—6'—dp+8)
i Msf(y)< : ) 22
674 Jj=Jjo—1
675 < [blp inf M f(y),
676 yeB

677 and we have finished the proof (29).
Now, suppose go > d. To obtain the estimate for IC we use (19) in Lemma 4 to get

/(2 : IK(x,2) = Ky, DIIb(2) = bpllf(2)dz S 11 + I,
B)¢

es3  completing the proof of the lemma. 0
686 5 Proofs of the Main Results

689 Proof of Theorem 1 We will prove part (ii) and part (i) follows by duality. We start
so0  with a function f € LP(R") with p(’) < p < 00, and we notice that due to Lemma 5
ot wehave R} f e Ll (RY).

loc
692 By using Lemma 2, Lemma 5 with p; < s < p and Remark 2, we have
693
RE A1 < 1My p (REI”
695 R4
696 1 P
697 5/ M5, (Ry )" + |Qk|<—/ |sz|)
so5 Rt 7 Xk: 10kl J20,
699 »
700 5f \M: (R f)|” + [blé’Z/ M f17.

R4 2 20k

701
702

By the finite overlapping property given by Proposition 2 and the boundedness of M

7% in LP(R?) the second term is controlled by [b15 1| £17,. Thus, we have to take care of
ZZ: the first term.
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Our goal is to find a point-wise estimate of Mg,y(RZ f).Let x e R? and B =
B(xg,r), withr < yp(xg) suchthatx € B. If f = f1 + f», with f1 = f x2p, then we
write

Ryf=(b—bp)R"f —R*(fi(b—bp)) —R*(f2(b—bp)). (3D
Therefore, we need to control the mean oscillation on B of each term that we call Oy,

O, and Os.
Let s > py, an application of Hélder’s inequality and Proposition 3 gives

o, <®/|(b bs)R* /|

} 1/s' 1 : 1/s
<|B|/'_B'> <|B|/ f')
< bl MR £ (),

H r
1n — <
SINCE Sty =7

To estimate O, let po <§<sandv=-2 Then

0, < E/W - bs) )|

1/s5
R* b—b

<|B|/| ( Bm”)
- 1 AN\ /5

— b—>b §
N(|B|/ZB|( B)f|>

1 1/v 1 1/s

< - b_b v - N
“<|B|/23' B') <|B|/23'f')

S [bloM; f (x). (32)
For O3 we observe that
|B|2//|R* fob—bp))w) — R*(fo(b —bp))(2)|dudz

and the integral is clearly bounded by the left hand side of (29). Therefore, Lemma 6
asserts

O3 S [blo M f (x). (33)
Therefore, we have proved that
M2, (R F)| < Bl (MyR* £ + M £).

Since s < p, we obtain the desired result. O
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Proof of Theorem 2 We first assume V € RH4, and we denote T either R or R* and
G either K or C*.

Let f € L®(R?) and Q = B(x, p(x0)). In view of Proposition 2, it is not hard to
see that it is enough to consider averages over critical balls (see [4]). Due to Lemma 5,

1
10|
In order to deal with the oscillations, let B = B(xg, r) with r < p(xg). Notice that

by Lemma 5 the function 7}, f belongs to Lllo . (RY).
We write as in (31)

/ Ty f1 < bl inf My £() < [b1o 1 floc.
0 yeQ

Tpf = —bp)Tf —T(fi(b—bp)) —T(f2(b—bp)),

and its mean oscillations on B as O, O, and Os.

The estimate for terms O, and O3 are already done in (32) and (33) for R*. They
also can be performed for R as long as go > d, due to the boundedness of R in
L5 (RY) for § > 1 and Lemma 6. Thus, both terms are bounded by [Dlo|l f llco-

To deal with O we fixed u € B and write,

(b—bp)Tf = (b—bp)Tfi+ b —bp)(THr—ThHw)
+T/21w)(b =bp) + T fro(u)(b—bp), (34)

where f> = f21 + f22, with 25 = f x40\28 and Q = B(xp, p(x0)). We denote each
oscillation O, Oj2, O3 and Oy4.
We observe that T f»1 (1) and T f2,(u) are finite for any u € B, since f € L° and

/ |G (u, 2)|dz < oo. (35)
(2B)¢

We will see that Oy, O12 and O3 are bounded under the condition b €
BMOx(p). For O11, choosing s so that T is bounded on L* (R?), we have

2
O = —/ (b= bi)T 1]
|B| Jp

1 ) 1/s' 1 /s
< |b—bB|S) (—/ ITf1|S>
<|B|/B |B| Jga
1 ) 1/s 1/s
S\ |b—bB|s) < f |f|s>
<|B|/1; 2B

S Il f lloo- (36)

=~

For 01, we claim

ITf2(x) = T2 S 1 f lloos

for any x and u in B.
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First, observe that when V € RH, the claim follows easily, since both kernels are
Calder6n-Zygmund. Therefore, for V € RH; and d/2 <gq <d,and T = R* due to
(16) in Lemma 3, we only need to estimate

. e V@)
= [ o T Tzt
o\2B X0 — 2 B(x0,4|x0—z]) Z

s £ Q) V)
Jz—r p(xo) /;(;W R 7_dud2

(xo.4lxo—zly | — 24!

and

Since the remaining term can be handled as in the Calderén-Zygmund case, we pro-
ceed as in Lemma 6 when estimating /3 and I4. In fact, splitting into annuli we have

”f”oo Zz ](d71+8)/ / V(u) dudz
2ip Jaivp =zl T

£l S
00 —j(d=2+8)
< [, v

j=2

d-2
p(x0) e
§||f||oo< ; > 2~ Jold=2+%)

S 1 lloos

and

e e)
%
12 S 1l 2500 SO §N ) f W gy
2iB J2i+2p |

o J=Jjo—1 M_Z|d
||f||oo% Z 2—./(d—2+8+N—du)f v
Jj=Jjo—1 Q
d—2+N—dp
S ||f||oo<p(x0)) 9—Jo(d—2+N—du—5)
S 1S lloos

thus the claim is proved.
Then,

On s / Ib(x) = bslI T f(x) — Tfa(w)] dx
< 101011/ loo.

That O13 <[l f 0o is @ consequence of (35).
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0847 Therefore, the theorem will follow if and only if there exists a constant Cp, such
0848 that for any B € B, 1 and u € B,

1
—(/ |b(2) —bBIdz)‘f Gu,z)f(z)dz
IBI\/B 40\2B

53 But, adding and subtracting K (u, z), the kernel of the classical Riesz Transform or
~ 854 its adjoint accordingly to the case, estimate (37) will hold if and only if

m856 L(/ _ )
0857 |B| B|b(Z) bsldz

50 In fact, by using (17) or (20), it is easy to check that f4Q |G(u,z) — K(u,z)|dz is
bounded independently of the critical ball Q, more precisely

1 - e 1
562 / d<|u Z') dZSp(xo)‘“/ - —dz 51
863 40 |lu—z| o(u) 40 |xo —z|47°

Due to the self-improvement of the reverse-Holder inequality, we may assume

= Coll flloo- (37)

= Coll flloo- (38)

/ Ku,2)f(z)dz
40\2B

 VeRH, ford/2<q <d.Setting 1/s = 1/d +1/g', we have
867
1 V(w

868 / —— / (731_1dw dz
a6 40 lu —z| B(z.lu—zl/4) 1w — 2|
870 dz 1/s

< — A /
- < ( A o7 —xo|s<d—l>) 11(V xa0) s
872
873 S p0) T IV xaolly S 1
874
s75  where in the last inequality we have used (24) for k = 2.
876 Note that up to this point we only have used b € BMOs(0).
877 Now, if we assume that b satisfies the stronger condition b € BMOL%g (p), since
878
879

’ / K(u,z) f(2)dz| < Cpl flloo log(p(x0)/r), (39)

880 40\2B
881

gg2  we conclude that (38) holds proving the boundedness of 7}.
883 On the other hand if we suppose that 7} is bounded with b € BMO«,(p), then (38)

gss  must hold for each component K;,i =1, ...,d, of K and for any f in L*°. Choosing
sss f =sg(u; —z;), and adding over i, inequality (38) implies
886 J
1 i lzg —u;
it —/ b(z) — bgldz Liz 2 — il - laz<c,
888 |B| /5 4028 |z —ul
889

goo  since |z —u| = |z — xp|, performing the integration, the inequality

1 C
892 —/ |b(z)—b3|dz§—b,
893 |Bl /B 1+ log(p(x0)/r)
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must hold for any B € B, 1. Since we assume that b € BMOx(p), we conclude that

1
b € BMOSE(p). O
References
1. Bongioanni, B., Harboure, E., Salinas, O.: Riesz transforms related to Schrodinger operators acting

10.

11.

on BM O type spaces. J. Math. Anal. Appl. 357(1), 115-131 (2009)

. Coifman, R.R., Rochberg, R., Weiss, G.: Factorization theorems for Hardy spaces in several variables.

Ann. Math. (2) 103(3), 611-635 (1976)

. Dziubanski, J., Zienkiewicz, J.: Hardy spaces H 1 associated to Schrodinger operators with potential

satisfying reverse Holder inequality. Rev. Mat. Iberoam. 15(2), 279-296 (1999)

. Dziubanski, J., Garrigés, G., Martinez, T., Torrea, J., Zienkiewicz, J.. BMO spaces related to

Schrodinger operators with potentials satisfying a reverse Holder inequality. Math. Z. 249(2), 329-
356 (2005)

. Gehring, EW.: The LP-integrability of the partial derivatives of a quasiconformal mapping. Acta

Math. 130, 265-277 (1973)

. Guo, Z., Li, P, Peng, L.: L? boundedness of commutators of Riesz transforms associated to

Schrodinger operator. J. Math. Anal. Appl. 341(1), 421432 (2008)

. Harboure, E., Segovia, C., Torrea, J.L.: Boundedness of commutators of fractional and singular inte-

grals for the extreme values of p. Ill. J. Math. 41(4), 676700 (1997)

. John, F., Nirenberg, L.: On functions of bounded mean oscillation. Commun. Pure Appl. Math. 14,

415-426 (1961)

. Pérez, C.: Sharp estimates for commutators of singular integrals via iterations of the Hardy-Littlewood

maximal function. J. Fourier Anal. Appl. 3(6), 743=756 (1997)

Pradolini, G., Salinas, O.: Commutators of singular integrals on spaces of homogeneous type.
Czechoslov. Math. J. 57(1), 75-93 (2007)

Shen, Z.: LP estimates for Schrodinger operators with certain potentials. Ann. Inst. Fourier (Grenoble)
45(2), 513-546 (1995)

BIRKHAUSER

Journal ID: 41, Article ID: 9133, Date: 2010-05-04, Proof No: 1, UNCORRECTED PROOF



	Commutators of Riesz Transforms Related to Schrödinger Operators
	Abstract
	Introduction
	Preliminary Lemmas and Propositions
	Estimates for the Kernels of R and R*
	Technical Lemmas
	Proofs of the Main Results
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




