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a b s t r a c t

In this work, we propose and test a numerical continuation method (NCM) for calculating solid–fluid–fluid
(SFF) equilibrium loci for binary asymmetric systems. Such loci generally exist over a wide range of
conditions. The method is able to track SFF lines of varying shape and degree of non-linearity. When
building a curve for which, as in the case of a SFF curve, every point is defined by a non-linear system of
equations, NCMs have the ability of selecting, among the variables involved, the optimum one, i.e., the
variable that should be specified for calculating the next point on the curve. The initial guess for such next
point is, when using NCMs, more sophisticated than simply setting it equal to the previously converged
point of the curve. These features of NCMs make possible to track complete SFF lines with minimum
inary systems

igh pressure
quation of state

user intervention. Among other algorithms, we propose in this work a procedure to obtain SFF lines that
have been previously regarded as difficult to compute due to the very low concentration of the heavy
component of the binary asymmetric system in either fluid phase. We illustrate the use of the present
algorithms for a model that uses the Peng-Robinson equation of state (EOS) for the fluid phases, and an
equation that relates the fugacity of the pure heavy component with pressure and temperature. We do

the p
not consider in this work

. Introduction

The accurate description of the equilibria involving solid phases
s a problem of great interest for industry [1]. In the petroleum
nd gas industry, the precipitation of paraffins, asphaltenes, gas
ydrates and sulphur [2–4] has a great technological impact and
an produce problems during extraction, transport and processing
f petroleum. On the other hand, the increasing use of different
echniques (rapid expansion of supercritical solution, RESS; gas
nti-solvent process, GAS; supercritical anti-solvent process, SAS;
olution enhanced dispersion by supercritical fluids, SEDS, etc.) for
he formation of microparticles with special applications in phar-

aceutical, nutraceutical, cosmetic and polymer industries [5,6]
lso requires a deep enough knowledge of the phase behavior
nvolving solid phases.

A model for the solid–fluid equilibria of a multicomponent sys-
em should be able, as a necessary condition, to reproduce the

xperimental behavior of the binary sub-systems. The fluid phase
quilibria of binary systems was characterized by van Konynen-
urg and Scott [7,8] who proposed a classification of the fluid phase
ehavior of such systems. This classification is based on the location

∗ Corresponding author. Tel.: +54 291 486 1700x232; fax: +54 291 486 1600.
E-mail address: mzabaloy@plapiqui.edu.ar (M.S. Zabaloy).

896-8446/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
oi:10.1016/j.supflu.2011.02.004
recipitation of the light component.
© 2011 Elsevier B.V. All rights reserved.

of the critical loci and of the liquid–liquid–vapor (LLV) equilibrium
lines in the pressure–temperature projection of the univariant lines
of the binary system (PTUL diagram). The formation of pure solid
phases in a binary system produce the interruption of LLV lines or
of critical lines, in the PTUL diagrams of van Konynenburg and Scott
[7], through the appearance of quadruple points (where four phases
are at equilibrium) or of new critical end points (where a pure solid
phase is at equilibrium with a critical fluid phase). From such special
points, new three-phase equilibrium lines, involving at least a solid
phase, arise. The resulting phase behavior is shown in the schematic
pressure–temperature projections of Figs. 1–6, which correspond
to types A to F in the classification of Yamamoto et al. [9], enhanced
here by the incorporation of the low temperature region.

Figs. 1–6 show non-variant points and univariant lines that arise
at conditions under which the components of the binary system
can precipitate as pure solids. For instance, Fig. 4 presents, on one
hand, conventional upper critical end points (UCEPs) and lower
critical end points (LCEPs) where a critical phase is at equilib-
rium with a fluid phase. On the other hand, Fig. 4 shows a critical
end point (3rd CEP) where a critical fluid phase is at equilibrium

with a solid phase (CEPcf-s). Three different types of CEPcf-ss can
be identified [9]. A First Critical End Point (1st CEP, Fig. 6) is the
intersection point between a liquid–vapor critical line (L = G) stem-
ming from the critical point of the more-volatile component, and
a solid2–liquid–vapor (S2LV) line (solid2 corresponds to a pure

dx.doi.org/10.1016/j.supflu.2011.02.004
http://www.sciencedirect.com/science/journal/08968446
http://www.elsevier.com/locate/supflu
mailto:mzabaloy@plapiqui.edu.ar
dx.doi.org/10.1016/j.supflu.2011.02.004
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Nomenclature

1 light compound
1st CEP first critical end point
2 heavy compound
2nd CEP second critical end point
3rd CEP third critical end point
C1 critical point of the pure light compound (see Fig. 1)
C2 critical point of the pure heavy compound (see

Fig. 1)
C1, C2, C3 constants that characterize the melting curve of

pure compound 2 (i.e., of the pure heavy compo-
nent) (see Appendix B within the supplementary
material)

E equilibrium
f̂i fugacity of component “i” in a fluid phase
f S
2 fugacity of component 2 (i.e., of the heavy compo-

nent) as a pure solid
HT high temperature
L liquid phase
LCEP lower critical end point
LLV liquid–liquid–vapor
LP low pressure
LT low temperature
LV liquid–vapor
NCM numerical continuation method
P absolute pressure
Ptp pure compound triple point (absolute) pressure
Q quadruple point
R universal gas constant
S solid phase
SF solid–fluid
SFF solid–fluid–fluid
SL solid–liquid
SLL solid–liquid–liquid
SLV (Q-LT) SLV line that originates at the Q point and extends

indefinitely to low temperatures
SLV (Q-TP) SLV line connecting the Q point and the triple

point of the heavy compound
SLV (TP-LT) SLV line that originates at the triple point of the

heavy compound and extends indefinitely to low
temperatures

SLV solid–liquid–vapor
SLV-HT SLV line from the triple point of the heavy compound

to the 2nd CEP
SLV-LT SLV line from 1st CEP to low temperature
Sspec specification parameter
SV solid–vapor
T absolute temperature
TP pure compound triple point
Ttp pure compound triple point (absolute) temperature
UCEP upper critical end point
V vapor phase
�o molar volume of the pure heavy component, in (sub-

cooled) liquid state at system T and P.
��S–L solid–liquid molar volume difference for the pure

heavy compound
�y and �x molar volumes of the fluid phases at SFE condi-

tions
x1 mole fraction of component 1 (i.e., of the light com-

ponent)
y2 mole fraction of component 2 (i.e., of the heavy com-

ponent)
�hf enthalpy change on fusion
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Fig. 1. Schematic pressure (P)–temperature (T) projection of univariant lines
for TYPE A phase behavior for binary systems according to the classifica-
tion of Yamamoto et al. [9]. (—) Critical locus, (—) pure compound saturation

curve (vapor–liquid, solid–liquid or vapor–solid), (- . - . - .) three-phase curves:
solid1–solid2–liquid (S1S2L), solid1–solid2–vapor (S1S2V), solid1–liquid–vapor
(S1LV), solid2–liquid–vapor (S2LV), circle: pure compound critical point, empty tri-
angle: pure compound triple point, �: quadruple point (Q).

heavy compound solid phase). 1st CEPs are observed in type F
diagrams (Fig. 6). A Second Critical End Point (2nd CEP, Fig. 6) is
the intersection point between a liquid–vapor critical line orig-
inated at the critical point of the less-volatile compound and a
solid2–liquid–vapor curve stemming from the triple point of the
same compound. 2nd CEPs are observed also in type F diagrams
(Fig. 6). A 3rd CEP (e.g., Fig. 3) appears when a solid2–liquid–liquid
line meets a liquid–liquid critical line (L = L). 3rd CEPs are observed
in diagrams of type C, D and E (Figs. 3–5, respectively). In Figs. 1–6
we find two types of quadruple points (Q). In a SSLV Q point two

solid phases (solid1, solid2), a liquid phase and a vapor phase coex-
ist. SSLV Q points appear in the low temperature region for all types
of solid–fluid behavior, i.e., from A (Fig. 1) to F (Fig. 6). In a SLLV Q
point a solid phase (solid2), a vapor phase and two different liq-
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Fig. 2. Schematic PT projection of univariant lines for TYPE B phase behav-
ior for binary systems according to the classification of Yamamoto et al.
[9]. (—) Critical locus, (—) pure compound saturation curve (vapor–liquid,
solid–liquid or vapor–solid), (- . - . - .) three-phase curves: liquid–liquid–vapor (LLV),
solid1–solid2–liquid (S1S2L), solid1–solid2–vapor (S1S2V), solid1–liquid–vapor
(S1LV), solid2–liquid–vapor (S2LV), circle: pure compound critical point, empty tri-
angle: pure compound triple point, �: quadruple point (Q), � UCEP, upside-down
full triangle: LCEP.
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Fig. 3. Schematic PT projection of univariant lines for TYPE C phase behav-
ior for binary systems according to the classification of Yamamoto et al.
[9]. (—) Critical locus, (—) pure compound saturation curve (vapor–liquid,
solid–liquid or vapor–solid), (- . - . - .) three-phase curves: liquid–liquid–vapor (LLV),
s
(
p
(

u
D
p
i
t
d
c

h
c
h
s
e

F
i
[
s
s
(
p
(

Type E

S
1
S

2
V

S
1
S

2
L

S
2
LL

S
1
LV

S
2
LV

P
re

ss
ur

e

Temperature

3
rd

 CEP

S
2
LV

LLV

Fig. 5. Schematic PT projection of univariant lines for TYPE E phase behav-
ior for binary systems according to the classification of Yamamoto et al.
[9]. (—) Critical locus, (—) pure compound saturation curve (vapor–liquid,
solid–liquid or vapor–solid), (- . - . - .) three-phase curves: liquid–liquid–vapor (LLV),
olid1–solid2–liquid (S1S2L), solid1–solid2–vapor (S1S2V), solid1–liquid–vapor
S1LV), solid2–liquid–vapor (S2LV), solid2–liquid–liquid (S2LL), circle: pure com-
ound critical point, empty triangle: pure compound triple point,�: quadruple point
Q), � UCEP, half-full triangle: 3rd CEP.

ids coexist. A SLLV Q point is characteristic of diagrams of type C,
and E (Figs. 3–5, respectively). From a given Q point, four three-

hase equilibrium lines stem. All of them are schematically shown
n Figs. 1–6. It is worth noting that all diagrams that we show in
his work account for the recommended nomenclature for phase
iagrams [10]. Since Ref [10] makes no suggestions for the CEPcf-s
ase, we adopted our own nomenclature.

The classification of Yamamoto et al. [9] seems quite compre-
ensive. Pressure–temperature projections of the type of Figs. 1–6

an also be found in references [8,9,11–14]. Garcia and Luks [12]
ave provided examples of real systems with behaviors corre-
ponding to Figs. 1–6. It is interesting to point out that Labadie
t al. [13] have obtained, for the case of a relatively simple
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ig. 4. Schematic PT projection of univariant lines for TYPE D phase behav-
or for binary systems according to the classification of Yamamoto et al.
9]. (—) Critical locus, (—) pure compound saturation curve (vapor–liquid,
olid–liquid or vapor–solid), (- . - . - .) three-phase curves: liquid–liquid–vapor (LLV),
olid1–solid2–liquid (S1S2L), solid1–solid2–vapor (S1S2V), solid1–liquid–vapor
S1LV), solid2–liquid–vapor (S2LV), solid2–liquid–liquid (S2LL), circle: pure com-
ound critical point, empty triangle: pure compound triple point,�: quadruple point
Q), � UCEP, upside-down full triangle: LCEP, half-full triangle: 3rd CEP.
solid1–solid2–liquid (S1S2L), solid1–solid2–vapor (S1S2V), solid1–liquid–vapor
(S1LV), solid2–liquid–vapor (S2LV), solid2–liquid–liquid (S2LL), circle: pure com-
pound critical point, empty triangle: pure compound triple point,�: quadruple point
(Q), � UCEP, half-full triangle: 3rd CEP.

thermodynamic model, patterns more complex than those of
Figs. 1–6.

Much effort has been devoted to the experimental study of SFF
equilibria [9,16–23]. Yamamoto et al. [9] have studied experimen-
tally the binary systems formed by indole and different solvents, i.e.,
CO2, C2H4, C2H6 and CHF3. All these systems correspond to type
F phase behavior (Fig. 6). Also, Yamamoto et al. [9] have studied
the systems quinoxaline + C2H4 (type F, Fig. 6), quinoxaline + CHF3
(type E, Fig. 5), quinoxaline + C2H6 (type E), and quinoxaline + CO2
(type B or D, Figs. 2 and 4). Besides, Yamamoto et al. [16]
studied several binary mixtures which display type A phase behav-

ior (Fig. 1): pyrimidine + CO2 and CHF3; and pyrazine + CO2 and
CHF3. Moreover, the mentioned authors [16], presented exper-
imental data of three binary systems showing type E phase
behavior: pyrimidine + C2H4 and C2H6, and pyrazine + C2H6; and
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Fig. 6. Schematic PT projection of univariant lines for TYPE F phase behavior
for binary systems according to the classification of Yamamoto et al. [9]. (—)
Critical locus, (—) pure compound saturation curve (vapor–liquid, solid–liquid
or vapor–solid), (- . - . - .) three-phase curves: solid1–solid2–liquid (S1S2L),
solid1–solid2–vapor (S1S2V), solid1–liquid–vapor (S1LV), solid2–liquid–vapor
(S2LV), circle: pure compound critical point, empty triangle: pure compound triple
point, �: quadruple point (Q), � 1st CEP, � 2nd CEP.
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hey also showed an additional system displaying type F behavior,
.e., pyrazine + C2H4. Gregorowicz and co-workers [17] have pre-
ented SFF experimental data for the system n-eicosane + propane,
hich was identified to display type A behavior. The exper-

mental data from Huie and co-workers [20] for the system
-eicosane + CO2 correspond to type E behavior. The binary sys-
ems methane + n-eicosane [22], methane + n-tetracosane [18] and

ethane + n-triacontane [23] have been experimentally studied
nd it was determined that they present type F phase behavior
Fig. 6). Peters and co-workers [19,21] have reported experi-

ental data for the binary systems ethane + pentacosane and
thane + tetracosane which display type E phase behavior (see
ig. 5). Although most of the authors of the works mentioned in
his paragraph have presented schematic representations of the
bserved SFF behavior for the experimentally studied systems, no
ctual SFF physical-model-based equilibrium calculations under
he conditions of the experimental data are available in such con-
ributions. The absence of calculated SFF curves could be related,
n one hand, to the difficulty of proposing a model with accept-
ble quantitative performance, and, on the other, to the complexity
ssociated to the computation of SFF lines.

Binary Solid–fluid–fluid (SFF) equilibrium points are key points
f binary isothermal or isobaric or isoplethic equilibrium diagrams
15]. Such diagrams are cuts of equilibrium surfaces existing in the
ressure–temperature–composition space. Therefore, for obtain-

ng such cuts, for a chosen model and chosen values for the model
arameters, it is important to previously compute, among other

mportant univariant lines, the (SFF) equilibrium lines. Due to the
ariety of shapes for the SFF lines that Figs. 1–6 show, the algo-
ithms for calculating SFF lines should be robust.

From the phase rule, the number of degrees of freedom cor-
esponding to a SFF equilibrium point equals unity for a binary
ystem. The calculation of solid–fluid–fluid equilibrium lines has
een carried out by some authors [12,13,24,25]. Garcia and Luks
12] have computed SFF equilibrium lines by solving the SFF
sofugacity conditions at fixed values of temperature using a
ewton-Raphson driven solution technique.

Labadie et al. [13] have added calculated critical lines to the dia-
rams of Ref. [12]. For the model system ethane + n-heptacosane,
arcia and Luks ([12], p. 99) have reported difficulties for comput-

ng a S2LV line which corresponds to the one that connects the
wo quadruple points in Fig. 3, while, for the same model system,
abadie et al. ([13], p. 17) have shown a calculated segment of such
2LV, but within a very narrow temperature range, of about 1 K.

Corazza et al. [24] have solved the SFF isofugacity conditions for
uilding complete SLV equilibrium lines, limiting their calculations
o the high temperature SFF branch of type F systems (S2LV curve
ontaining the 2nd CEP in Fig. 6).

Carter and Luks [25] present a SLV equilibrium curve obtained
or a type A system. It seems that these authors have computed each
LV point by searching for the pressure value, at set temperature,
t which the solid, liquid and vapor phases have a common plane,
angent to the surface of the Gibbs energy change on mixing. The
uthors seem to have done so by looking for intersection points
etween a solid–liquid (SL) line and solid–vapor (SV) line, both at
et temperature.

In the works on calculation of SFF lines that we have quoted
bove, either the computations were limited to a single type of SFF
ine or/and every point of a given SFF line was always obtained spec-
fying the temperature. This specification choice seems adequate
or lines such as the S2LV line of Fig. 5, which is not steep. It would

ot be so for the steep S2LL line, also of Fig. 5. In this last case, speci-

ying the value for pressure is clearly a better choice. SFF lines as the
2LV line that ends at the 2nd CEP in Fig. 6, can have a temperature
inimum [14]. This implies that specifying the temperature would

ot be adequate for temperatures close enough to the minimum
rcritical Fluids 57 (2011) 9–24

temperature. Specifying the pressure for calculating a S2LV line as
that in Fig. 2 will not work in the vicinity of the point where the
pressure presents a local maximum. It is possible to release the user
from deciding which variable should be specified for computing
a given SFF point, if the SFF equilibrium lines are built by applying
a numerical continuation method (NCM). NCMs have the ability of
selecting, among the variables involved in a given system of equa-
tions with one degree of freedom, the optimum one, i.e., the variable
that should be specified for calculating the next point of the curve.
In general, different points of a SFF line are obtained by specifying
different variables in a NCM. NCMs are also named “curve tracking”
methods, or “tracing” methods or “path following” methods [26].
Conventionally, when building a phase equilibrium line, after a
converged point has been obtained, the initialization of the next
point is performed by setting the initial guess equal to the last con-
verged point. Otherwise, NCMs use a more elaborated approach,
less prone to convergence failure. The features of NCMs make, in
principle, possible to track complete SFF lines with minimum user
intervention, e.g., the user does not need to wonder whether the SFF
lines to be computed are or not highly non-linear in order to decide
how to conduct the calculations. NCMs should be able to track SFF
lines of varying shapes, as, e.g., those shown in Figs. 1–6, without
failing to converge in the vicinity of local minima or maxima.

Michelsen [27] and Michelsen and Mollerup [28] described the
use of NCMs for calculating multicomponent phase envelopes using
equations of state (EOS). More recently, NCMs have been described
and used for generating binary critical lines, liquid–liquid–vapor
lines and azeotropic lines ([15,29,30]), and also Pxy and Txy
diagrams [31]. References [15,29–31] considered equilibria not
involving solid phases. In this work, we propose, describe and test
a NCM for calculating solid–fluid–fluid equilibrium loci, of varying
shape and degree of non-linearity, for binary asymmetric systems,
over wide ranges of conditions. This NCM makes possible to track
complete SFF lines with minimum user intervention. Among other
algorithms, we propose a special procedure to obtain SFF lines
that have been previously regarded as difficult to compute ([12],
p. 99), due to the very low concentration of the heavy component
of the binary asymmetric system in either fluid phase. We illustrate
the use of the present algorithms for a model that uses the Peng-
Robinson equation of state for the fluid phases, and an equation that
makes possible to compute the fugacity of the pure heavy compo-
nent at given pressure and temperature. The model assumes that
the solid phase is formed by the pure heavy compound [32], i.e., we
account in this work neither for the precipitation of solid solutions
nor for the precipitation of the light component of the binary sys-
tem. This is a good approximation, at high enough temperature, for
asymmetric mixtures, i.e., for mixtures made of compounds with
significant differences in their chemical nature or in their molec-
ular mass. We also report in this work how we calculate binary
quadruple equilibrium points and critical end points where a crit-
ical fluid phase is at equilibrium with a solid phase. Additionally,
we describe a parameterization technique that makes possible to fit
solid–fluid equilibrium experimental data for mixtures while leav-
ing invariant, during the optimization process, the description of
the fluid phases and of the solid–liquid equilibrium curves of the
pure substances (Appendix B within the supplementary material).

The scope of this work is to provide a robust tool, that improves
on previous calculation practice, for the generation of complete
binary SFF equilibrium lines, when a choice of a model and of val-
ues for the model parameters has been made, i.e., our attention is
not focused here on the extent to which such calculated SFF lines

quantitatively compare with experimental data, but on the robust
computation of SFF lines having shapes as varied as those that have
been observed in the laboratory (Figs. 1–6). As an application exam-
ple, we use our proposed NCMs to characterize the behavior of the
system CO2 + Progesterone from the limited isoplethic fluid–fluid



f Supe

a
b

2

n
p
a
m
m
a
t
t
e
(
f
s

s
o
p
i
a
t
m
c
a

f

(
P
r
s
t
f
h
f
f
s
T

U

c
i
c
s
g
t
f

fi
w
p
v

“
f

g

S.B. Rodriguez-Reartes et al. / J. o

nd solid–fluid experimental equilibrium data recently obtained
y Favareto et al. [33].

. Thermodynamic model

To describe the fluid state of a binary mixture of a light compo-
ent (labeled “1”) and a heavy component (labeled “2”), we use a
ressure-explicit equation of state, i.e., a relationship between the
bsolute pressure (P), the absolute temperature (T), the mixture
olar volume (�) and the mixture composition z2, where z2 is the
ole fraction of component “2”. We represent such relationship

s P = hPVT(T, z2, �), where the form of function hPVT corresponds
o the adopted EOS, e.g., to the Peng-Robinson (PR) [34] EOS, i.e.,
he EOS that we used in this work. The hPVT function, imposes the
xpression for the fugacity of component “i” in the fluid mixture
f̂i). Thus, f̂i depends on the same variables than function hPVT, i.e.,

î = f̂i(T, z2, �). Indeed, this last functional relationship also corre-
ponds in this work to the PR-EOS.

Due to the high asymmetry of the binary systems that we con-
ider in this work, we assume that a given solid phase is made
f only the pure heavy component (component “2”). Thus, for
erforming equilibrium calculations, we need an equation relat-

ng the fugacity of the pure component “2” in solid state to the
bsolute pressure (P) and to the absolute temperature (T) of the sys-
em. Following Refs. [32,35] (see Appendix B in the supplementary

aterial), we define, mathematically, the fugacity of the pure heavy
omponent “2” in solid state at T and P, i.e., f S

2 (T, P, �o), (where �o

ctually depends on T and P) as follows:

S
2 (T, P, �o) = f̂2(T, 1, �o) exp(U) (1)

In Eq. (1), �o is the molar volume of the pure heavy component
component “2”), in (subcooled hypothetical) liquid state, at T and
. Such pure liquid has a fugacity f̂2(T, 1, �o) [first factor within the
ight hand side of Eq. (1)]. Notice that expression f̂2(T, 1, �o) simply
tates that the function f̂i = f̂i(T, z2, �), with subscript “i” set equal
o “2”, is evaluated at z2 = 1 and at � = �o, i.e., that the computed
ugacity corresponds to a liquid made of the pure heavy compound,
aving such pure liquid a molar volume equal to �o. Both, �o and

2̂(T, 1, �o) are given in this work by the PR-EOS. The exponential
actor in Eq. (1) relates [through Eq. (1)] the liquid state with the
olid state for a pure substance at given temperature and pressure.
he variable U, which depends on T and P, is defined as follows:

= ��S−L

RTtp

[
C1

(
1 − Ttp

T

)
+ C2

(
Ttp

T
− 1 + ln

(
T

Ttp

))

+C3

(
T

2Ttp
− 1 + Ttp

2T

)
+ Ttp

T
(P − Ptp)

]
(2)

In Eq. (2), the constants Ttp, Ptp (see Table 2), ��S–L, C1, C2 and C3
orrespond to the pure heavy component (component “2”). ��S–L

s the solid–liquid molar volume difference (�solid − �liquid). The
onstants C1, C2 and C3 characterize the pure heavy component
olid–liquid equilibrium curve (melting curve). R is the universal
as constant. We developed Eq. (1) from clear assumptions about
he temperature dependency of the solid–liquid heat capacity dif-
erence (see Appendix B in the supplementary material).

To fix ideas, for computing f S
2 (T, P, �o) at set T and P, we would

rst calculate �o from the adopted EOS [P − hPVT(T, 1, �o) = 0], next
e would compute f̂2(T, 1, �o), then U from Eq. (2), and, finally,
lug the results into de right hand side of Eq. (1), to obtain the

S S
alue of f2 (T, P, �o). We stress that the phase type for f2 (T, P, �o) is

solid” while the phase type for f̂2(T, 1, �o) is “liquid”, and that both
ugacities correspond to the same T and P values.

Notice that the pure liquid having a molar volume �o it is not, in
eneral, at equilibrium with the pure solid. Otherwise, the fugacity
rcritical Fluids 57 (2011) 9–24 13

of such pure liquid at T and P, i.e., f̂2(T, 1, �o), is a reference fugacity
that has to be affected by the exponential factor in Eq. (1) so that the
fugacity of the pure heavy component “2” in solid state at T and P
can be computed. Only when the exponential factor in Eq. (1) equals
unity, we have the pure solid at equilibrium with the pure liquid at
T and P. In such a case, T and P are the coordinates of a point of the
pure heavy compound solid–liquid equilibrium (melting) line.

The variable �o, i.e., a property of a pure liquid, appears as an
argument for the fugacity of the pure solid [on the left hand side
of Eq. (1)] because the fugacity of the pure solid is partially com-
puted from the fugacity of the pure liquid, i.e., from a liquid-state
reference fugacity, being the temperature and pressure for such ref-
erence fugacity the same than the temperature and pressure of the
solid. We stress that the difference between the reference fugac-
ity [f̂2(T, 1, �o)] and the fugacity of interest [f S

2 (T, P, �o)] does not
lie on the pressure, temperature or composition conditions, but on
the state of the pure substance, i.e., the liquid state corresponds to
f̂2(T, 1, �o) and the solid state corresponds to f S

2 (T, P, �o). In sum-
mary, while the left hand side of Eq. (1), i.e., f S

2 (T, P, �o), represents
only the pure solid, such pure solid fugacity depends on properties
of a pure hypothetical liquid. This is a well established approach
(see Appendix B in the supplementary material). An alternative
approach would be to use an equation of state applicable only to the
pure solid. In such an approach, the fugacity of the pure solid would
only depend on temperature, on the molar volume of the solid and
on parameters characteristic of the pure compound in solid state.

3. Calculation algorithms for solid–fluid–fluid equilibrium
lines

As previously stated, we have only considered the possibil-
ity of precipitation of the pure heavy compound. We calculate
solid–fluid–fluid (SFF) equilibrium lines using a numerical contin-
uation method similar in its basic nature to the one that Michelsen
[27] proposed for tracking phase envelopes in multicomponent
mixtures.

The construction of a SFF equilibrium curve starts at a point
known to belong to the SFF curve, i.e., at a S2LLV quadruple point
(Q), or at a point very close to the triple point (TP) of the pure heavy
compound, or at a low temperature–low pressure SFF point (LTLP),
in such order of preference. The TP has to be known, and the Q point
computed, before starting the construction of the SFF lines of the
binary system. A Q point might not exist (within the universe of
the model), and such lack of existence should also be known before
calculating the SFF lines. It is always possible, in principle, to com-
pute a LTLP SFF point but often not necessary. Notice that a known
point used to start the construction of a SFF line is a known solution
of the system of Eqs. (3)–(9), described below. Subsequent points
are calculated automatically through the continuation method, and
the complete SFF equilibrium curve is traced out.

The system of equations to be solved for computing a SFF equi-
librium point, for a binary system, where the solid phase is formed
by the pure heavy component, is the following:

ln(P) − ln[hPVT (T, 1, �o)] = 0 (3)

ln(P) − ln[hPVT (T, 1 − x1, �x)] = 0 (4)

ln(P) − ln[hPVT (T, y2, �y)] = 0 (5)

ln[f̂1(T, 1 − x1, �x)] − ln[f̂1(T, y2, �y)] = 0 (6)
ln[f̂2(T, 1 − x1, �x)] − ln[f̂2(T, y2, �y)] = 0 (7)

ln[f̂ S
2 (T, P, �o)] − ln[f̂2(T, y2, �y)] = 0 (8)

gspec(T, P, x1, y2, �x, �y, �o) − Sspec = 0 (9)
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Table 1
Specification functions used in this work for the calculation of solid–fluid–fluid
equilibrium lines.

Identification number (NS) Specification function gspec(T, P, x1, y2, �x , �y , �o)

1 ln(T)
2 ln(P)
3 ln(x1)
4 ln(y2)
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solving the system of Eqs. (3)–(9), only if �S is set to have a small
5 ln(�x)
6 ln(�y)
7 ln(�o)

here T and P are the system temperature and pressure, x1 is the
ole fraction of the light component (“1”) in one of the fluid phases

phase “x”), y2 is the mole fraction of the heavy component (“2”)
n the other fluid phase (phase “y”), �x is the molar volume of
hase “x” and �y is the molar volume of the phase “y”. Notice that
S
2 (T, P, �o), i.e., the fugacity of the pure heavy component in solid
tate at system T and P, is defined by Eq. (1).

Eq. (3) establishes that the molar volume �o of the pure hypo-
hetic liquid is set by the system temperature and pressure through
he adopted EOS (which is defined by the function hPVT). Similarly,
qs. (4) and (5) imply that the same adopted EOS imposes how the
ystem temperature and pressure relate to the composition (x1) and
olar volume (�x) of phase “x” [Eq. (4)] and to the composition (y2)

nd molar volume (�y) of phase “y” [Eq. (5)]. The isofugacity (phase
quilibrium) condition for component 1 (light component) in the
uid phases, is imposed by Eq. (6), while Eqs. (7) and (8) account

or the isofugacity of component 2 (heavy component) in the fluid
nd solid phases.

The left hand sides of Eqs. (3)–(9) are the elements of a vec-
or function F (e.g., F(3) = ln (P) − ln [hPVT(T, y2, �y)]). The system
f Eqs. (3)–(9), i.e., system F = 0, considers that the pressure P and
emperature T are uniform throughout the three-phase system.
he variables of system F = 0 are the elements of vector X, which
s defined as follows:

T = [ln(T), ln(P), ln(x1), ln(y2), ln(�x), ln(�y), ln(�o)] (10)

The logarithms in the above equation imply a proper scaling of
he system variables.

Eq. (9) [F(7) = 0] is the “specification equation”. We use it to make
he number of unknowns become equal to the number of equations.
spec(T, P, x1, y2, �x, �y, �o) is the “specification function”, and Sspec

s the “specification parameter”. For instance, when computing a
FF equilibrium at 700 bar, we would set gspec(T, P, x1, y2, �x, �y,
o) = ln (P) and Sspec = ln(700). Eq. (9) thus implies, in this case, that

n(P) = ln(700). In other words, when defining the gspec expression
ogether with the Sspec value we spend the single degree of freedom
vailable for calculating a SFF equilibrium point of a binary system.
able 1 presents all the possible expressions for gspec that we have
sed in this work.

After defining gspec and Sspec, the full multidimensional Newton’s
ethod is used for solving the set of Eqs. (3)–(9). Thus, the X vec-

or is updated, in a given iteration, by solving the following linear
ystem of equations:
⎛
⎜⎜⎜⎜⎜⎜⎝

� ln(T)
� ln (P)
� ln (x1)
� ln (y2)
� ln (�x)( )

⎞
⎟⎟⎟⎟⎟⎟⎠

+ F = 0 (11)
� ln �y

� ln (�o)

here J is the Jacobian matrix corresponding to the vector function
.
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The evaluation of J requires computing the partial derivatives of
the elements of the vector function F with respect to all variables
of vector X. Such derivatives are obtained analytically in this work.
After convergence is reached, we compute the sensitivity vector
dX/dSspec, which is defined as follows:[

dX

dSspec

]T

=
[

d ln(T)
dSspec

,
d ln(P)
dSspec

,
d ln(x1)
dSspec

,
d ln(y2)
dSspec

,

d ln(�x)
dSspec

,
d ln(�y)
dSspec

,
d ln(�o)
dSspec

]
(12)

The sensitivity vector dX/dSspec provides information on how
the solution of the system of Eqs. (3)–(9) changes if we change the
value of the specification parameter Sspec. This vector is calculated in
a straightforward way, analogous to the one indicated in references
[15,30,31], i.e., by solving the following linear system of equations:

J

(
dX

dSSpec

)
+

(
∂F

∂SSpec

)
= 0 (13)

In Eq. (13), J is the Jacobian matrix evaluated at the converged
solution of the system of Eqs. (3)–(9). Eq. (13) is easily obtained
from deriving both sides of the system F = 0 with respect to Sspec,
using the chain rule. Vector ∂F/∂SSpec in Eq. (13) has all its com-
ponents equal to zero, except for the last one, which equals minus
one [∂F(7)/∂Sspec = (−1)], since F(7) is the only component of F that
depends explicitly on Sspec.

Once the first point of a SFF equilibrium line has been computed,
i.e., after achieving convergence for the first time for the system of
Eqs. (3)–(9), we proceed to calculate the next point of the SFF line.
For that, we use the information that the sensitivity vector dX/dSspec

[obtained from Eq. (13)] provides. Vector dX/dSspec makes possible
to identify the best choice, among those of Table 1, for the expres-
sion of the specification function gspec(T, P, x1, y2, �x, �y, �o), for
computing the next point. The optimum expression is the one cor-
responding to the element of dX/dSspec with largest absolute value.
For instance, if the component of dX/dSspec with largest absolute
value is the third one [see Eq. (12)], then, we set gspec(T, P, x1, y2, �x,
�y, �o) = ln (x1). In this way, we identify among the variables of the
system of Eqs. (3)–(9), the optimum one, i.e., the variable whose
value should be specified to maximize the probability of achieving
convergence when intending to calculate the next point of the SFF
line. The initial estimate for the solution vector for such next point
is obtained also taking advantage from the information contained
in vector dX/dSspec [15,30,31] as follows:

X0
next point = Xconverged point +

[
dX

dSspec

]
converged point

�Sspec (14)

where superscript “0” means “initial estimate”, while the user-
imposed step length �Sspec is defined as follows:

�Sspec = Snext point − Sconverged point (15)

Once we set a value for �Sspec, then, the value of Snext point
becomes imposed by Eq. (15), i.e., the single degree of freedom
available for binary SFF equilibrium points becomes defined and it
is possible to proceed to the calculation of the next SFF point. Notice
that Eq. (14) assumes a linear behavior for the SFF line. From ele-
mentary calculus, this is always a good assumption as long as the
range of conditions within which such assumption is adopted is
sufficiently narrow. Thus, Eq. (14) will lead to convergence, when
spec

enough absolute value. The initialization scheme of Eq. (14) is more
sophisticated and less prone to divergence than simply setting, as
often done, the initial guess, for the next point of the SFF curve, as
equal to the converged point, i.e., X0

next point = Xconverged point. The use
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• Use y2 = [1 − 2.5 × 10 ] as initial estimate for y2.
• Use the Ttp as the initial estimate for T, and Ptp + 0.0001 as
S.B. Rodriguez-Reartes et al. / J. o

f the sensitivity vector to properly define the degree of freedom
or the next point of a curve to be computed, and to initialize the
ariables of such point, is the distinguishing feature of the so-called
umerical continuation methods.

The present algorithm allows any of the elements of vector X to
e the specified variable, according to Table 1, in the computation
f a SFF point. This flexibility partially contributes to minimizing
he need for user intervention when computing a SFF line.

For calculating a new SFF point, we set the value of �Sspec con-
idering the number of iterations (NIT) required to obtain the last
onverged point. If NIT ≤ 4, then, the absolute value of �Sspec is
ncreased and, if NIT ≥ 6, it is decreased. If NIT = 5, then �Sspec

emains unchanged. These criteria are overridden by an empirical
imit set, for every variable of vector X, on the maximum abso-
ute value of �Sspec. If convergence is not achieved within a pre-set

aximum number of iterations when intending to solve the system
= 0, then, the algorithm automatically goes back to the previous
oint (Xconverged point) and decreases the absolute value of �Sspec,

.e., of the step length, by a factor of two and computes a new initial
stimate through Eq. (14).

The present algorithm is a numerical continuation method, and,
s such, it should be able to track different types of SFF equilibrium
urves, as those that Figs. 1–6 show.

In sections 3.1 to 3.4 we describe how we calculate special points
f the SFF equilibrium lines.

.1. Calculation of the S2LLV quadruple point

In this work, we calculate binary Q points where three fluid
hases and a single solid phase coexist, being such solid phase made
f only the pure heavy compound (S2). To compute a Q point, we
rst obtain the liquid–liquid–vapor equilibrium line as it was pre-
iously described [30]. Next, we search, along the calculated LLV
ine, for a LLV point for which the (fluid) fugacity of component “2”
n the binary system (at LLV conditions) equals, within a preset tol-
rance, the fugacity of the pure compound “2” in solid state (at the
LV temperature and pressure). This last fugacity is calculated as
escribed in the “Thermodynamic model” section. The result of this
rocess is the computed coordinates of the Q point, i.e., the temper-
ture, the pressure, the composition of the three fluid phases and
he molar volumes of such phases. A converged quadruple point
rovides three converged SFF equilibrium points, one for each of the
hree SFF lines that originate at the Q point. Each of such converged
oints is a solution for the system of Eqs. (3)–(9).

.2. Calculation of the heavy component triple point (TP)

The only experimental information we use for the TP is the TP
emperature (Ttp). For consistency, we set the TP pressure Ptp as
qual to the pure compound vapor–liquid equilibrium pressure, at
he experimental triple point temperature Ttp, calculated using the
ressure-explicit EOS adopted for representing the fluid state, i.e.,
he PR-EOS in this work. Such calculation also provides the com-
uted values for the molar volumes of the fluid phases at the TP.
rom a practical standpoint, the computed TP of the pure heavy
omponent (“2”) is not a known point of the SFF line that origi-
ates at such TP (i.e., a known solution of the system F = 0). The
eason is that at zero mole fraction for the light component (“1”)
he fugacity f̂1 in either fluid phase is zero and, therefore, Eq. (6), as
t is written, is not directly applicable.
.3. Calculation of a low temperature–low pressure (LTLP) SFF
oint

We start by calculating, at a quite low specified temperature, the
apor–liquid equilibrium point for the pure light compound (“1”),
rcritical Fluids 57 (2011) 9–24 15

using the adopted EOS. Next, from computing the fugacity coeffi-
cients at infinity dilution of the heavy component (“2”) in the pure
component “1” as saturated vapor and liquid, we calculate a hypo-
thetical solubility of component “2” in component “1” as a saturated
vapor, and a hypothetical solubility of component “2” in component
“1” as a saturated liquid. Next, we select one of the two previously
calculated solubilities and estimate the fluid phase compositions at
SFF equilibrium at the specified temperature. This process provides
excellent initial values for the variables of vector X, which we use to
compute the SFF point at the specified temperature. This procedure
is based on assuming that the concentration of component “2” is
very low in either fluid phase, at low enough temperature, under
conditions of SFF equilibrium. Such assumption is a very good one
for asymmetric systems. Appendix A provides the detailed steps to
follow for computing a LTLP SFF point. Such point is useful to start
building a complete SFF line.

At this point it is worth to note that for some cases it could
be necessary to rewrite the set of equations F = 0 [Eqs. (3)–(9)] in
terms of the variable x2 instead of the variable x1. This modification
is necessary for highly asymmetric systems, for which the liquid
phase at SFF conditions may have just some traces of the heavy
component. In such a case, the x1 value is very close to unity, and
the logarithmic scaling of variable x1 fails, due to round-off errors.

3.4. Calculation of critical end points

Although in this work we do not start the computation of SFF
lines at CEPs (where a critical fluid phase is at equilibrium with
a solid phase, i.e., CEPcf-s), we do calculate them anyway to com-
plete the characterization of the model + parameters behavior. To
compute a 1st or a 2nd or a 3rd CEP we first calculate the critical
lines of the system as previously described [30]. Next, we search,
along a given critical line, for a point for which the (fluid) fugacity
of component “2” in the binary critical phase equals, within a pre-
set tolerance, the fugacity of the pure compound “2” in solid state
(at the critical temperature and pressure). Notice that this proce-
dure is analogous to the one described previously for calculating
quadruple points.

In the next section we describe in detail the procedures for cal-
culating different types of SFF equilibrium lines.

3.5. Calculation of solid–fluid–fluid equilibrium lines

As previously stated, first we obtain a solution of the system
of Eqs. (3)–(9), and next we build the SFF line applying the NCM
already described. The choice of the starting point for the construc-
tion of a SFF line depends on the nature of the starting point and
of the end point of the SFF curve to be traced out. We developed
procedures for calculating the following types of SFF lines:

I. SLV equilibrium curves which start at the Triple Point of the
heavy component (TP) and end at a Second Critical End Point
(2nd CEP, see Fig. 6):

At the TP, the composition of the solid, vapor and liquid phases
is the same, i.e., the mole fraction for the heavy component
equals unity in any phase. We obtain a point, on the SFF line,
located very close to the TP, as follows:
• Set x1 = 2.5 × 10−10.

−10
initial estimate for P.
• Solve the PVTx relationship to generate initial estimates for

�x, �y and �o.

P = hPVT (T, 1 − x1, �x); P = hPVT (T, y2, �y); P = hPVT (T, 1, �o)
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• Set gspec(T, P, x1, y2, �x, �y, �o) = ln (x1) as the specification
function and set Sspec = ln (2.5 × 10−10), and solve the system
of Eqs. (3)–(9).
Notice that we obtain a point, on the SFF line, located very

close to the TP by setting x1 equal to 2.5 × 10−10. This value is
relatively arbitrary and may be replaced by any other value (say
1.0 × 10−10) provided that it is low enough. The reader should
bear in mind that in our actual calculations the mole fraction is
logarithmically scaled.

Choosing, as a starting point, a SFF point located very close
to the TP is better than choosing the 2nd CEP: the 2nd
CEP is actually a fluid–solid equilibrium point rather than a
solid–fluid–fluid equilibrium point.

II. SLV equilibrium curves which start at the Triple Point of the
heavy component (TP) and extend indefinitely towards low
temperatures:

The lack of a low temperature end point is due to not hav-
ing accounted for the precipitation of the light component in
this work. Thus, the computed curve will not end at a S1S2LV
quadruple point (see Figs. 1 and 2). A point of the SLV curve,
located very close to the TP, is computed in the same way as
described in item “I”. In this case we stop the calculation of
the SFF line at some Low Pressure–Low Temperature point. A
point of the SLV curve, located very close to the TP, is the chosen
starting point here because it has quite defined temperature,
pressure and density conditions.

III. SLV equilibrium curves which begin at the First Critical End
Point (1st CEP) and extend indefinitely towards low temper-
atures (see comments in item “II”, and see Fig. 6):

The first converged point where we start building the SLV
curve is a Low Pressure–Low Temperature (LPLT) point, which
we obtain as described Appendix A. The first point of the
SLV curve, i.e., the LPLT SLV point, is more difficult to obtain
(Appendix A) than all the other points belonging to the SLV
curve. The 2nd point is more easy to obtain than the first one
thanks to the availability of the sensitivity vector computed
from the information corresponding to the converged 1st point
(LPLT point). Such vector makes possible to identify the opti-
mum variable to be specified to carry out the computation of
the 2nd point, and also to properly predict the solution vector
for such 2nd point, according to Eq. (14). Similarly, the sensitiv-
ity vector calculated from the converged 2nd point facilitates
the computation of the 3rd point of the SLV curve, an so on. The
choice of the starting point in this case is justified on the fact
that the 1st CEP is not (strictly) a three-phase equilibrium point.

V. SLV equilibrium curves that start at a SLLV Q point and end at
the TP of the pure heavy compound (see Figs. 3–5):

Once the Q point has already been obtained as explained in
section 3.1, we follow the next steps:
• Set T = TQ, where TQ is the quadruple point temperature in K.
• Set P = PQ, where PQ is the quadruple point pressure in bar.
• Let x1 and �x to be equal, respectively, to the composition

and the molar volume of the liquid phase richer in the heavy
compound at the Q point.

• Let y2 and �y to be equal, respectively, to the composition and
the molar volume of the vapor phase at the Q point.

• Let �o to be equal to the liquid molar volume of the pure
heavy compound at TQ and PQ obtained with the adopted PVTx
relationship at the time of computing the Q point.

• Use gspec(T, P, x1, y2, �x, �y, �o) = ln (T) as the specification
function and Sspec = ln(TQ) as the value for the specification

parameter.
With the previous selected Q-point information, which cor-

responds to a known solution of system F = 0 [Eqs. (3)–(9)], we
calculate the Jacobian matrix and then the sensitivity vector
dX/dSspec from Eq. (13). Next we identify the optimum variable
rcritical Fluids 57 (2011) 9–24

to be specified, set a value for it, initialize the variables of vector
X through Eq. (14), and proceed to obtain a SFF equilibrium point
located on the SLV line very close to the Q point. The choice of
the Q point as the starting point is justified on the fact that part
of the information contained in the calculated (four-phase) Q
point already constitutes a point of the (three-phase) SFF line
to be built.

V. SLV equilibrium curves that start at a SLLV Q point and extend
indefinitely to low temperatures (see Figs. 3–5):

The first converged point for curves of this kind is obtained in
a way analogous to that described in item “IV”. The difference is
that here x1 and �x are set equal, respectively, to the composi-
tion and the molar volume of the liquid phase richer in the light
component under the Q point conditions. From the values of T,
P, x1, y2, �x, �y and �o (known from the previously computed
Q point), we calculate the sensitivity vector dX/dSspec from Eq.
(13) and proceed as in item “IV”.

VI. SLL equilibrium curves that start at a SLLV Q point and end
at a Third Critical End Point (3rd CEP) at high pressure (see
Figs. 3 and 4):

Once the Q point has already been obtained we follow the
next steps:
• Set T = TQ, where TQ is the quadruple point temperature in K.
• Set P = PQ, where PQ is the quadruple point pressure in bar.
• Let x and �x to be equal, respectively, to the composition

and the molar volume of the liquid phase richer in the heavy
compound at the Q point.

• Let y and �y to be equal, respectively, to the composition
and the molar volume of the liquid phase richer in the light
compound at the Q point.

• Let �o to be equal to the liquid molar volume of the pure heavy
compound at TQ and PQ obtained with the PVTx relationship
at the time of computing the Q point.

• Use gspec(T, P, x1, y2, �x, �y, �o) = ln (T) as the specification
function and Sspec = ln(TQ) as the value for the specification
parameter, and proceed as in item “IV”.
Summarizing, the general procedure for calculating an entire

SFF line is as follows: [a] find a solution for the set of equations
F (this is the first converged point of the line), [b] calculate the
sensitivity vector dX/dSspec [Eq. (13)], [c] choose a expression
for function gspec(T, P, x1, y2, �x, �y, �o) based on the sensitivity
vector, [d] set a new value for parameter Sspec (Sspec = Snext point),
[e] predict the new solution from the new Sspec value and from
the sensitivity vector [Eq. (14)], [f] go to step [a] so as to find a
new point of the SFF line.

4. Results and discussion

To evaluate the performance of the present NCM we con-
sider a couple of base cases. The first one corresponds to the
system CO2 + n-eicosane (n-C20H42) and the second to the sys-
tem CO2 + progesterone. Each system is characterized by a base
set of values for the parameters of the model. The parameteriza-
tion strategy for the base cases is described in Appendix B (see
supplementary material). For a given system, we impose a pertur-
bation on the value of the ��S–L parameter and observe how the
SFF lines change. In this way we obtain SFF lines of widely varying
shapes and degrees of non linearity. Finally, we establish whether
the NCM is able to completely track such SFF lines of varying nature.
When we perturbate the ��S–L parameter with respect to its base
value, the model departs from the experimental data. The reader is

asked to understand that the scope of the present work is the def-
inition of robust calculation procedures rather than the evaluation
of the model quantitative performance. Only the parameter values
used for the “base cases” correlate to experimental data. In other
words, we focus in this work on the definition of calculation proce-
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Table 2
Properties of pure compounds.

Compound Ttp (K) Ptp (bar) Tcrit (K) Pcrit (bar) ω

CO2 304.21a 73.83a 0.223621a

304.1b 73.8b 0.239b

n-Eicosane 309.58a 2.10470817 × 10−7 768a 11.60a 0.906878a

Progesterone 406.11c 1.56246138 × 10−4 932.3b 19.2b 0.52b

Tcrit = Critical temperature. Pcrit = Critical pressure. ω = Acentric factor. Ptp = PR-EOS pure compound vapor–liquid equilibrium pressure at the triple point temperature Ttp (this
w
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ures able to track, with a minimum level of user intervention, the
olid–fluid–fluid equilibrium lines given by a model, once specific
umerical values have been set for the model parameters.

Table 2 reports part of the pure compound characteristic con-
tants, and Table 3 the values for the interaction parameters for the
R-EOS [34], that we used in this work. The ability of these inter-
ction parameters to properly reproduce experimental fluid–fluid
quilibrium data has already been shown in reference [36] for
O2 + n-eicosane and in reference [33] for CO2 + progesterone.
able 4 reports the values we used in this work for C1, C2, C3
nd ��S–L (base case values of ��S–L), for n-eicosane [36] and
rogesterone. Ref. [36] reports the agreement between solid–fluid
quilibrium experimental data and the model, obtained with
arameters from Tables 2–4, for the system CO2 + n-eicosane. We
btained the value of ��S–L of Table 4 for pure Progesterone, from
xperimental mixture solid–fluid equilibrium data from reference
33], and next computed C1 (see details in Appendix B within the
upplementary material). Fig. 8(f) shows, among other lines, the
alculated solid–liquid equilibrium line (melting curve) for pure n-
icosane, which is in good agreement with experimental data up to
pressure of about 900 bar, as shown in reference [36]. Similarly,

igs. 13 and 14 show, together with other information, the calcu-
ated melting curve for pure Progesterone. This curve matches the
rogesterone triple point temperature reported in Table 2.

Fig. 7 shows the calculated pressure–temperature projection of
nivariant lines corresponding to the fluid phase behavior for the
O2 + n-C20H42 system, without accounting for the interference of
olids. We see the vapor–liquid equilibrium lines for pure CO2 (see
nset) and pure n-C20H42, a binary critical line that originates at the

ure n-C20H42 critical point, a critical line stemming from the pure
O2 critical point (inset) which ends at an upper critical end point,
nd a binary liquid–liquid–vapor line (inset). Fig. 7 was obtained
ccording to Ref. [30] and corresponds to the type III fluid phase

able 3
inary interaction parameters for the PR-EOS.

System kij lij Source

CO2 + n-Eicosane 0.0933 0.0054 Rodriguez-Reartes et al. [36]
CO2 + Progesterone 0.022 −0.0617 Favareto et al. [33]

able 4
-Eicosane and progesterone constants for Eq. (2).

Parameter n-Eicosanea

��S–Lb (m3/kmol) −0.0725476936 (base case)
�hf (J/g) –
C1 (bar) −11688.9617
C2 (bar) 34047.5683
C3 (bar) −70535.1757

a Parameter values from [36].
b The ��S–L values in this table are “base values” for our parametric studies for the sys
c Obtained in this work.
d From [33].
Fig. 7. Calculated pressure–temperature projection of univariant lines correspond-
ing to the fluid phase behavior for the CO2 + n-C20H42 system. Lines: PR-EOS with
parameters from Tables 2 and 3. Circle: calculated pure compound critical point. �:
calculated UCEP. The interference of solids is not accounted for in this figure.

behavior according to the classification of Scott and van Konynen-
burg [7]. One or more of the binary lines of Fig. 7 will be affected if,
in the model, we allow the precipitation of pure n-C20H42 in solid
state.

Fig. 8 shows the evolution of the calculated phase behav-
ior for the system CO2 + n-C20H42, involving fluid and solid
phases, as parameter ��S–L changes in the range from
��S–L = −0.052547 m3/kmol to ��S–L = −0.238 m3/kmol. The base
case (��S–L = −0.072548 m3/kmol, Table 4), i.e., the one that
matches experimental information [36], is depicted in Fig. 8(b).
At ��S–L = −0.052547 m3/kmol [Fig. 8(a)], the LLV line is inter-
rupted by a quadruple point of the S2LLV type, whose temperature
is about 296 K. Three SFF lines stem from the Q-Point, all of them

calculated according to the procedure described in items IV to VI.
If we decrease the value of ��S–L to ��S–L = −0.072548 m3/kmol
[base case, Fig. 8(b)], the Q-point is shifted to a temperature of
about 300 K, which matches the experimental Q-point tempera-
ture [36]. In this case the stable segment of the LLV line is shorter

Progesterone

−0.156300841c (base case)
99.18d

−1995.3919c

0.0
0.0

tems CO2 + n-Eicosane and CO2 + Progesterone.
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Fig. 8. Evolution of the calculated Q point (�) with the change of the parameter ��S–L for the system CO2 + n-C20H42. Each calculated three-phase line that stems from
the quadruple point is also shown on each chart. (a): ��S–L = −0.052547 m3/kmol. (b): ��S–L = −0.072548 m3/kmol (base case). (c): ��S–L = −0.095255 m3/kmol. (d):
��S–L = −0.138 m3/kmol: in this chart, the PT coordinates of the Q-point and the UCEP almost coincide. (e): ��S–L = −0.238 m3/kmol: in this chart we observe a 1st CEP
a wider
S ivarian
E excep
p schem

t
P
[
o
t

nd no Q-Point. A 2nd CEP appears beyond the scale of the chart. (f): projection in a
ymbols: circle: pure compound critical point. � UCEP. � 1st CEP. �: Q-Point. All un
q. (1) for the pure solid n-C20H42. The parameter values are reported in Tables 2–4
hase behavior is available in Fig. 7. Fig. 8(a)–(d) correspond to the Type E behavior
han for Fig. 8(a). The SFF lines are shifted together with the Q-
oint. A further decrease of ��S–L to ��S–L = −0.095255 m3/kmol
Fig. 8(c)], makes such segment become even shorter. The type
f phase behavior that Fig. 8(a)–(c) shows, has been experimen-
ally observed, e.g., for the systems considered in refs [19–21]. For
PT range than for (e), for the CO2 + n-C20H42 system with ��S–L = −0.238 m3/kmol.
t lines and non-variant points correspond to the PR-EOS for the fluid phases and to
t for ��S–L , which is variable in this set of charts. The calculated background fluid
atically shown in Fig. 5, while Fig. 8(e) and (f) correspond to the Type F of Fig. 6.
an even lower value for ��S–L such that ��S–L = −0.138 m3/kmol
[Fig. 8(d)], the PT coordinates of the Q-point become almost coin-
cident with those of the UCEP. Finally, at ��S–L = −0.238 m3/kmol
[Fig. 8(e) and (f)], the SLL line and the SLV(Q-TP) line become a
single line that ends at a (not shown) 2nd CEP (SLV-HT line) and
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of solids. Fig. 11 was obtained according to Ref. [30]. In this figure,
the inset facilitates the observation of the phase behavior at low
temperature. The phase diagram of Fig. 11 corresponds to type II
phase behavior in the classification of Scott and van Konynenburg
[7].
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or the pure solid n-C20H42. The parameter values are reported in Tables 2–4 except
or ��S–L . This figure corresponds to the Type F behavior schematically shown in
ig. 6.

he SLV (Q-LT) line becomes a line that ends at a 1st CEP (SLV-
T line, see inset). Notice that the information shown in Fig. 8(e)
s also presented in Fig. 8(f), which covers a wider PT range than
ig. 8(e). In Fig. 8(f), we also see the calculated critical line that
riginates at the pure n-C20H42 critical point, and the calculated
ure n-C20H42 solid–liquid equilibrium line (melting curve). This

ine remains invariant with respect to ��S–L if we keep constant
he values for C1, C2 and C3, as we did while generating Fig. 8 (see
ppendix B for more details, in the supplementary material). Since

he calculated fluid phase equilibrium is independent from ��S–L,
he background fluid phase behavior is the same than that of Fig. 7,
or Fig. 8(a)–(f). Notice that Fig. 8(a)–(d) correspond to the Type E
ehavior schematically shown in Fig. 5, while Fig. 8(e) and (f) cor-
espond to the Type F of Fig. 6. The evolution of phase behavior
hat Fig. 8 shows is consistent with the progression that de Loos
14] has schematically shown for a system with a background fluid
hase behavior of type III (in the classification of Scott and van
onynenburg [7]) which suffers the interference of the pure heavy
omponent solid phase.

Figs. 9 and 10 show, respectively, the Temperature–
omposition projection and the Pressure–Composition projection
f the calculated SFF equilibrium curves (��S–L = −0.238 m3/kmol)
hose PT projections were shown in Fig. 8(f). The shallow min-

mum in temperature observed in Fig. 8(e) for the SLV-HT line
orresponds to the loop observed (with some effort) in a very
arrow temperature range, in Fig. 9, for the vapor phase (V-HT)
f such line. Figs. 9 and 10 show that the point where the V-HT
apor phase and the L-HT liquid phase become identical, i.e., the
nd CEP, is very closely approached by the NCM here proposed.
onvergence problems may arise in the neighborhood of critical
nd points or of loops, when conventional methods (not having a
umerical continuation nature) are used. This requires a consid-
rable amount of user intervention, for finding the three-phase

quilibrium solutions. Such problem is avoided by applying NCMs
s the one here proposed.

Notice, in Fig. 9, that the n-Eicosane mole fraction is very low
t the lowest temperature (250 K) for the vapor phase (V-LT) and
(labels as in Fig. 9). Both SFF lines correspond to the PR-EOS for the fluid phases and
to Eq. (1) for the pure solid n-C20H42. The parameter values are reported in Tables 2–4
except for ��S–L . This figure corresponds to the Type F behavior schematically
shown in Fig. 6.

for the liquid phase (L-LT) which are both at equilibrium with pure
solid n-Eicosane (S). Such mole fraction values are in the order of
10−18 for the V-LT phase and of 10−12 for the L-LT phase. Garcia
and Luks ([12], p. 99, p. 102) have reported difficulties for comput-
ing S2LV lines as the one with phases V-LT and L-LT in Fig. 9. We
attribute the successful calculation, in a fairly wide temperature
range, of such line in Fig. 9, to our use of a NCM, to the logarithmic
scaling of the system variables and to having obtained a first con-
verged point as explained in Appendix A. The lowest temperature
in Fig. 9 (250 K) corresponds to a very low reduced temperature
(Tr = 0.33) for the heavy compound (see Table 2).

Fig. 11 shows the calculated pressure–temperature projection of
univariant lines corresponding to the fluid phase behavior for the
CO2 + progesterone system, without accounting for the interference
Fig. 11. Calculated pressure–temperature projection of univariant lines corre-
sponding to the fluid phase behavior for the CO2 + progesterone system. Lines:
PR-EOS with parameters from Tables 2 and 3. Symbols: circle: calculated pure com-
pound critical point. � calculated UCEP. The interference of solids is not accounted
for in this figure.
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ming from the pure Progesterone triple point, as parameter ��S–L increases:
Calculated PT projection of phase equilibrium univariant lines. The ��S–L values
are given on the chart and have m3/kmol units. The base case is the one with
��S–L = −0.156301 (Table 4). Circle: calculated pure CO2 critical point. Model:
PR-EOS for the fluid phases and Eq. (1) for the pure solid Progesterone. Model param-
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esults obtained with the PR-EOS for the fluid phases and Eq. (1) for the pure solid
rogesterone. Model parameters from Tables 2–4. Calculated isoplethic equilib-
ium segments: (—) liquid–vapor equilibrium, (– . – . –) solid–fluid equilibrium. Star:
alculated SLV equilibrium point.

Fig. 12 presents part of the phase envelope of an isopleth
or the system CO2 + progesterone corresponding to a mole frac-
ion of progesterone (XProg) equal to 0.00014. The solid and
mpty triangles correspond, respectively, to liquid–vapor equi-
ibrium and solid–fluid equilibrium experimental data from Ref
33]. The lines are model calculations with parameters from
ables 2–4. Fig. 12 corresponds to our “base value” for ��S–L, i.e.,
o ��S–L = −0.156300841 m3/kmol (Table 4). We see an accept-
ble agreement between the model and the experiments. However,
atching experimental data is beyond the scope of this work,

hich deals with the definition and testing of robust calculation
rocedures.

Fig. 13 shows the evolution of the calculated CO2 + progesterone
LV equilibrium line stemming from the pure Progesterone triple
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ig. 13. Evolution of the calculated CO2 + progesterone SLV equilibrium line stem-
ing from the pure Progesterone triple point, as parameter ��S–L increases:

alculated PT projection of phase equilibrium univariant lines. The ��S–L values
re given on the chart and have m3/kmol units. The base case is the one with
�S–L = −0.156301 (Table 4). Circle: calculated pure CO2 critical point. Model:

R-EOS for the fluid phases and Eq. (1) for the pure solid Progesterone. Model
arameters from Tables 2–4 except for ��S–L . The calculated background fluid
hase behavior is available in Fig. 11. Depending on the value of ��S–L the behavior
orresponds in this figure either to type A (Fig. 1) or to Type F (Fig. 6).
behavior is available in Fig. 11. Depending on the value of ��S–L the behavior corre-
sponds in this figure either to type A (Fig. 1) or to Type F (Fig. 6).This figure shows the
same information than Fig. 13, but in a narrower pressure range, for visualization
purposes.

point, as parameter ��S–L increases starting from its base value
(i.e., from ��S–L = −0.156300841 m3/kmol). Fig. 14 shows the same
information than Fig. 13, but in a narrower pressure range, for visu-
alization purposes.

The behavior corresponds in Figs. 13 and 14 to Type F (Fig. 6) for
low enough values of ��S–L and to type A (Fig. 1) for high enough
values of ��S–L. The transition from Type F to type A behavior hap-
pens at a ��S–L value (��S−L

trans) such that −0.032520 m3/kmol <

�S−L
trans < −0.030006 m3/kmol. At ��S−L = ��S−L

trans, the SLV line
intersects the critical line at a point where both lines have a
common tangent line. For ��S–L values corresponding to type F
behavior, Figs. 13 and 14 show only SLV lines that end at a 2nd
CEP. Fig. 15 complements such information by showing SLV lines
stemming from a 1st CEP. Fig. 15 shows that the 1st CEP gets closer
to the pure CO2 critical point as parameter ��S–L becomes more
negative.

The calculated background fluid phase behavior is not affected
by parameter ��S–L and therefore remains invariant (i.e., equal
to that of Fig. 11) at all conditions shown in Figs. 13–15. How-
ever, the interference of solid Progesterone makes part of the
vapor–liquid critical line become unstable, if ��S–L has a value
such that the behavior is of type F (Fig. 6). For a given ��S–L

value, the unstable part of the critical line is the one that con-
nects the 1st CEP with the 2nd CEP and, also, the liquid–liquid
critical line and the liquid–liquid–vapor line are unstable. For a
better understanding we include Fig. 16 which presents the cal-
culated PT projection of phase equilibrium univariant lines for the
system CO2 + progesterone with ��S–L = −0.050006 m3/kmol. We
see two different critical loci, both lying on the same background
vapor–liquid critical line shown in Fig. 11. One of the critical loci
starts at the critical point of pure CO2 and ends at a 1st CEP (see the

inset in Fig. 16), and the other critical locus goes from the critical
point of pure progesterone to the 2nd CEP.

Notice that our ��S–L “base value”
(��S–L = −0.156300841 m3/kmol, Table 4) for the system
CO2 + progesterone, which comes from reproducing fluid–fluid



S.B. Rodriguez-Reartes et al. / J. of Supercritical Fluids 57 (2011) 9–24 21

270 280 290 300 310
30

40

50

60

70

80

90

-0.010006

P
 [

B
ar

]

T [K]

Critical Line

Vapor Press. CO
2

-0.060671

-0.030006-0.032520

-0.020006

Fig. 15. Evolution, in a narrow temperature range, of the calculated
CO2 + progesterone SLV equilibrium lines as parameter ��S–L increases: Cal-
culated PT projection of phase equilibrium univariant lines. The ��S–L values are
given on the chart and have m3/kmol units. Model: PR-EOS for the fluid phases and
Eq. (1) for the pure solid Progesterone. Circle: calculated pure CO2 critical point.
Model parameters from Tables 2–4, except for ��S–L . The calculated background
fluid phase behavior is available in Fig. 11. Depending on the value of ��S–L the
behavior corresponds in this figure either to type A (Fig. 1) or to Type F (Fig. 6).
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Fig. 17. Calculated PT projection of phase equilibrium univariant lines for the system
CO2 + Progesterone with ��S–L = −0.005006 m3/kmol. The nature of each curve is
indicated on the chart. Symbols: �Calculated UCEP. �: Calculated Q-Point. Half-
full triangle: calculated 3rd CEP. Model: PR-EOS for the fluid phases and Eq. (1) for
the pure solid Progesterone. Model parameters from Tables 2–4 except for ��S–L .
ome of the shown SLV lines stem from the pure Progesterone triple point while
thers originate at a 1st CEP. This figure shows that the 1st CEP gets closer to the
ure CO2 critical point as parameter ��S–L becomes more negative.

nd solid–fluid experimental information from Ref. [33], together
ith parameters for the PR-EOS from the same Ref. [33], leads

o the conclusion that the system CO2 + progesterone has an
xperimental behavior corresponding to type F (Fig. 6) in the
lassification of Yamamoto et al. [9], and a background fluid phase
ehavior of type II (Fig. 11) in the classification of van Konynenburg
nd Scott [7] [8]. We have achieved these conclusions thanks to

he numerical continuation methods (NCMs) proposed previously
30] for computing univariant fluid phase equilibrium lines and to
he NCM here proposed for calculating complete SFF lines.
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ig. 16. Calculated PT projection of phase equilibrium univariant lines for the system
O2 + progesterone with ��S–L = −0.050006 m3/kmol. Circle: calculated pure com-
ound critical point. �: 1st CEP. �: 2nd CEP. Model: PR-EOS for the fluid phases and
q. (1) for the pure solid Progesterone. Model parameters from Tables 2–4 except
or ��S–L . The calculated background fluid phase behavior is available in Fig. 11. The
ehavior corresponds in this figure to Type F which Fig. 6 schematically shows.
The calculated background fluid phase behavior is available in Fig. 11. The behavior
corresponds in this figure to Type C which Fig. 3 schematically shows.

It is worth noting that the authors of Refs. [18,22,23] concluded,
from the experimental data there reported, that their studied sys-
tems had a type F phase behavior, with a temperature minimum for
the SFF locus that goes from the TP of the heavy compound to the
2nd CEP. Refs. [18,22,23] do not present modeling results for the
SFF loci. Such lack of modeling results might be related to difficul-
ties in the computation of the SFF lines due to the highly non-linear
nature that SFF loci of type F systems may have, as illustrated in,
e.g., Figs. 9 and 10.

For ��S–L values sufficiently above the maximum value
of Figs. 14 and 15, i.e., if ��S–L is sufficiently greater than
−0.010006 m3/kmol, then, the LLV line of Fig. 11 becomes stable
between the UCEP and a point where the LLV line suffers the inter-
ference of solid progesterone. Similarly, the liquid–liquid critical
line becomes stable between the UCEP and the 3rd CEP. This is illus-
trated in Fig. 17 which shows the calculated PT projection of phase
equilibrium univariant lines for the system CO2 + progesterone
at ��S–L = −0.005006 m3/kmol. Such behavior corresponds to the
Type C pattern which Fig. 3 schematically shows. The interference
by solid progesterone, that Fig. 17 shows, causes the appearance of a
quadruple point (Q-point). From that point, four three-phase equi-
librium curves emerge: (1) a SLL equilibrium curve that goes to high
pressure and ends at a 3rd CEP; (2) a SLV curve connecting the Q-
point to the TP of the heavy compound; (3) a SLV curve that extends
toward low temperatures; and, (4), the LLV equilibrium line ending
at the UCEP. Fig. 18 corresponds to ��S–L = −0.003506 m3/kmol,
i.e., to a ��S–L value more positive, and closer to zero, than
that of Fig. 17. This implies a size increase for the stable part
of the LLV line, i.e., as ��S–L approaches to zero, the Q-point is
shifted (along the background LLV line of Fig. 11) to lower tem-
peratures, while the 3rd CEP goes to higher pressures (along the
background LL critical line of Fig. 11. See Figs. 17 and 18). In Fig. 18
the 3rd CEP is not shown: it appears at pressures higher than
400 bar.

Now we come back to the range of variation for ��S–L of
Fig. 13, i.e., from ��S–L = −0.156301 m3/kmol (base case, Table 4)

to ��S–L = −0.010006 m3/kmol, and present, in Fig. 19, the evo-
lution of the lines showing the mole fraction of Progesterone
in the liquid phase (XProg) vs. the mole fraction of progesterone
in the vapor phase (YProg), under SLV equilibrium conditions,
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behavior is available in Fig. 11. The behavior corresponds in this figure to Type C
which Fig. 3 schematically shows.
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Fig. 19. Mole fraction of Progesterone in the liquid phase (XProg) vs. mole fraction of Pro
for the system CO2 + progesterone. Evolution of the calculated XProg vs. YProg lines as par
��S–L = −0.032520 m3/kmol. (c): ��S–L = −0.030006 m3/kmol. (d): ��S–L = −0.010006 m
allow a better understanding. Model: PR-EOS for the fluid phases and Eq. (1) for the pu
calculated background fluid phase behavior is available in Fig. 11. Depending on the value
F (Fig. 6).
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calculated for the system CO2 + progesterone. For the base case
[��S–L = −0.156301 m3/kmol, Fig. 19(a)], we see two SFF lines
(Type F behavior, Fig. 6). One of them starts at the point with
coordinates XProg = 1 and YProg = 1, i.e., at the TP of pure pro-
gesterone, and ends at a point on the auxiliary identity line
(dashed line). Such point corresponds to the 2nd CEP where both
fluid phases have identical composition. The other line starts at
the 1st CEP which, clearly, also belongs to the identity line. As
��S–L increases [��S–L = −0.032520 m3/kmol, Fig. 19(b)], the 1st
CEP and the 2nd CEP get closer. A further increase in ��S–L

[��S–L = −0.030006 m3/kmol, Fig. 19(c)], makes both SFF lines
become a (highly non-linear) single curve. This is associated to the
disappearance of the 1st and 2nd CEPs (type A behavior, Fig. 1).
Fig. 19(b) and (c) shows, much more clearly than Figs. 13–15, that
the transition from Type F [Fig. 19(b)] to type A [Fig. 19(c)] hap-
pens at a ��S–L value (��S−L

trans) such that −0.032520 m3/kmol <

��S−L
trans < −0.030006 m3/kmol, as previously stated. A further

increase in ��S–L such that ��S–L is sufficiently greater than
S−L S–L 3
��trans [�� = −0.010006 m /kmol, Fig. 19(d)] produces a mono-

tonically increasing line with a behavior simpler than that of the
single line of Fig. 19(c).

In Appendix C (supplementary material) we present a number of
Pressure–Composition and Temperature–Composition projections

b

d
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gesterone in the vapor phase (YProg), under SLV equilibrium conditions, calculated
ameter ��S–L increases. (a): ��S–L = −0.156301 m3/kmol (base case, Table 4). (b):
3/kmol. The dashed line is the identity curve, and it was included on each chart to
re solid Progesterone. Model parameters from Tables 2–4, except for ��S–L . The
of ��S–L the behavior corresponds in this figure either to type A (Fig. 1) or to Type
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f calculated solid–liquid–vapor (SLV) equilibrium curves for the
ystem CO2 + progesterone for varying values of the ��S–L parame-
er. Some of such projections clearly illustrate the highly non-linear
ehavior that SFF hyper lines may have.

In Appendix D (supplementary material), we show for a partic-
lar SFF line, the evolution of the choice of the specified variable
s the computation of the SFF line progresses. Such sample SFF line
xtends from the TP of the heavy compound to an indefinitely low
emperature. From Fig. 22 of Appendix D, it is clear that the choice
f pressure or temperature as the specified variable, for all points of
he SFF line to be built, based on the expected shape of PT projection
f the SFF locus, may not be (and in general will not be) optimum,
n top of forcing the user to guess the shape of the SFF curve. The
FF line considered in Appendix D corresponds to a type A sys-
em. It is a difficult to compute line if we do not resort to a NCM.
ype A behavior was found in the laboratory for, e.g., the system
ropane + eicosane [17]. Fig. 23 within Appendix D (supplementary
aterial) is very important for understanding how the NCM selects

he variable to be specified as the calculation of the SFF line pro-
resses.

From the results presented, it is clear that the present NCM is
ble to track complete SFF lines of varied nature, from well-behaved
ines to highly curved ones.

. Remarks and conclusions

Numerical continuation methods (NCMs) are inherently robust
nd therefore make it possible to minimize the level of user inter-
ention when tracking highly non-linear curves. In this work,
e have proposed, described and tested a NCM for calculating

olid–fluid–fluid equilibrium loci, of varying shape and degree of
on-linearity, for binary asymmetric systems, over wide ranges of
onditions. Examples of computations that may be difficult to com-
lete, without using a NCM, are illustrated in figures such as Fig.
0(b) and (c) of the supplementary material accompanying this
rticle. The present NCM is able to solve SFF equilibria even at con-
itions quite close to those of critical end points where a critical
uid phase is at equilibrium with a solid phase. Every SFF equilib-
ium line was calculated in this work in a single run, regardless the
egree o non-linearity of the computed SFF locus.

Among other algorithms, we have proposed in this work a spe-
ial procedure (see item III of section 3.5 and Appendix A) to obtain
FF lines that have been previously regarded as difficult to com-
ute [12]. This is related to the very low concentration of the heavy
omponent of the binary asymmetric system in either fluid phase,
t SFF conditions, at low temperature.

Although we have made, for illustration purposes, particular
hoices for the equation of state that represents the properties of
he fluid phases and for the description of the solid fugacity, the
resent NCM is of general applicability.

We have considered in this work the asymmetric systems
arbon Dioxide + n-Eicosane and Carbon Dioxide + Progesterone.

n this last case, we have illustrated the usefulness of the
roposed NCM for characterizing the behavior of the system
O2 + progesterone from limited, recently obtained [33], isoplethic
uid–fluid and solid–fluid experimental equilibrium data. For
he system Carbon Dioxide + n-Eicosane, the base set of param-
ters was obtained through a technique, described in Appendix
(supplementary material), that leaves invariant the description

f the pure n-Eicosane melting curve (and also of the mixture

uid–fluid equilibria) while fitting mixture solid–fluid equilibrium
ata.

SFF equilibrium lines provide, together with other univari-
nt lines (critical, liquid–liquid–vapor, azeotropic), key points for
sothermal or isobaric or constant-composition cuts of the equi-
rcritical Fluids 57 (2011) 9–24 23

librium surfaces that relate the temperature, the pressure and the
phase compositions. Therefore, it is important to have available
robust calculation procedures for computing SFF lines, as the one
presented in this work.
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Appendix A. Algorithm for computing a low
temperature–low pressure (LTLP) SFF point

• Set T = Tc,light − 60 K, where Tc,light is the critical temperature of the
light component.

• Let P be the calculated liquid–vapor equilibrium pressure of the
pure light component, at T = Tc,light − 60 K, obtained with the PVTx
relationship adopted to describe the fluid state, by equating pure
compound fugacities in liquid and vapor state. P is used as initial
estimate for the SFF pressure.

• Set �x and �y, respectively, as the liquid molar volume and the
vapor molar volume of the liquid–vapor equilibrium point calcu-
lated previously for the pure light component.

• At T and P, compute the fugacity coefficient of the heavy compo-
nent “2” at infinite dilution in component “1” as saturated vapor,
i.e., �̂V,∞

2 , where �̂V,∞
2 is evaluated at T and at �y setting z2 = 0.

• At T and P, compute the fugacity coefficient of the heavy compo-
nent “2” at infinite dilution in component “1” as saturated liquid,
i.e., �̂L,∞

2 , where �̂L,∞
2 is evaluated at T and at �x setting z2 = 0.

• Compute the equilibrium ratio of component “2” at infinite dilu-
tion in the saturated component “1” as K∞

2 = �̂L,∞
2 /�̂V,∞

2 .
• Solve the PVTx relationship for the pure heavy compound “2” at

T and P to obtain the initial estimate for �o.
• At T and P, estimate the hypothetical solubility of the heavy com-

ponent “2” in the light component “1” as saturated vapor (y∞
2 ), as

y∞
2 = f S

2 (T, P, �o)/(ϕ̂V,∞
2 P). From y∞

2 , estimate the composition of
the liquid phase (x∞

2 ) as x∞
2 = y∞

2 /K∞
2 . In this way we obtain the

pair [x∞
2 , y∞

2 ]vapor based
.

• At T and P, estimate the hypothetical solubility of the heavy com-
ponent “2” in the light component “1” as saturated liquid (x∞

2 ),

as x∞
2 = f S

2 (T, P, �o)/(ϕ̂L,∞
2 P). From x∞

2 , estimate the composition
of the vapor phase (y∞

2 ) as y∞
2 = x∞

2 K∞
2 . In this way we obtain the

pair [x∞
2 , y∞

2 ]
liquid based

.
• Then, select between the pairs [x∞

2 , y∞
2 ]vapor based

and
[x∞

2 , y∞
2 ]

liquid based
the one with the minimum value for x∞

2 ,
since for such pair the use of infinite dilution fugacity coeffi-
cients is more valid than for the other pair, and, next, initialize
the composition of the fluid phases as x1 = 1 − x∞

2 and y2 = y∞
2 .

• Set gspec(T, P, x1, y2, �x, �y, �o) = ln (T) as the specification func-
tion and Sspec = ln(Tc,light–60 K) as the value for the specification
parameter, and solve the system of Eqs. (3)–(9) to obtain a SFF
point.
Notice that in this algorithm initial guesses for the concentra-
tion of the heavy component in the fluid phases are generated
automatically.
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ppendix B. Supplementary data

Supplementary data associated with this article can be found, in
he online version, at doi:10.1016/j.supflu.2011.02.004.
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