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Approximation of solutions of fractional diffusions in compact
metric measure spaces

MARCELO ACTIS AND HUGO AIMAR

Abstract. In this note we prove that the solutions to diffusions associated with fractional powers of the
Laplacian in compact metric measure spaces can be obtained as limits of the solutions to particular rescalings
of some non-local diffusions with integrable kernels. The abstract approach considered here has several
particular and interesting instances. As an illustration of our results, we present the case of dyadic metric
measure spaces where the existence of solutions was already been proven in Actis and Aimar (Fract Calc
Appl Anal 18(3):762-788, 2015).

1. Introduction

The Cauchy problem for the heat equation in R”, i.e., u; = Au in R’jf], with
u(x,0) = ug in R"?, admits an immediate generalization to the case of non-local
diffusions. In this case, the Laplacian in the space variables is replaced by the fractional
Laplacian operator of order s with 0 < s < 2, which is given by

SO =FO) 4

s/2 —
— (A7 f(x) =cnsv.p. [x — y|rts

v, (1.1)
and is a representation of the generalized Dirichlet to Neumann operator (see [7]).
For the semigroup approach to the theory see also [16]. The standard linear evolution
equation u; = —(—A)*/?u involving the fractional Laplacian has been widely studied
and usually used in modeling processes like anomalous diffusion (see [17] and the
references therein).

The aim of this paper is to approach the study of fractional diffusions in metric mea-
sure spaces where despite of the lack of differential structure in these contexts, some
problems associated with non-local operators can be considered. As it is explicitly
observed in [5], usually the solutions to non-local evolution equations with integrable
kernels approximate solutions of some classical local evolution problems such as the
heat equation (see [10]). What we do here is to extend this basic principle both to
non-local and to non-Euclidean settings. For a related approach in the Euclidean case,
see [11,12].
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Let us observe that there are several settings where the application of our main result,
contained in Theorem 9, can provide good approximation of solutions: Euclidean
domains, the n-dimensional torus, classical fractals, etc. These seemingly diverse
settings can be unified in their approach by noticing that all of them have the same
structural form in Ahlfors regular spaces. We say that a metric measure space (X, d, )
is an Ahlfors «-regular space if there exists two positive constants, say c¢; and ¢z, such
that

crr® < uw(B(x,r)) = cor,

for all x € X and for all real number r < 2diam(X), where B(x, r) denotes the
d-ball centered in x of radius r and diam(X) = sup{d(x, y) : x, y € X} denotes the
diameter of the whole space X.

In this generalized context, the fractional diffusion problem takes the form

{u,(x, t)=—D%u(x,t), xe€ X,te(0,T),
(1.2)

u(x,0) =up(x), xeX,

where D? is the natural extension given by (1.1) of the fractional Laplacian to Ahlfors
a-regular spaces, i.e.,

f) = fO)

D= | T

m().
The basic difficulty in this problem is the (local) non-integrability of the kernel ks =
d(x, y)~*7*, so that the methods in [9] are not directly applicable. Nevertheless, in this
note we prove that problem (1.2) can be regarded as the limit of a family of problems,
each of them built on a adequate rescaling of an integrable kernel J.

As a first elementary step, in order to approximate (1.2), we use the Banach fixed
point method to solve the problems of the type

u,(x, t) Z/ J(.X, )’)[M()’J) - u(x, t)]d/“L(y)v X € le € (09 T)a
X (1.3)

u(x,0) = up(x), xeX.

where the kernels J : X x X — R™T are integrable and Lipschitz continuous on each
variable uniformly in the other. Some previous work in this direction can be found
in [6,15], nevertheless we shall deal with different function spaces. Then we obtain
approximations of kg by a family {J : € > 0} of kernels with the above described
properties. We prove that the solution u of (1.2), provided its existence, is the uniform
limit of the solutions u€ of (1.3) associated with the kernels J.

The paper is organized in six sections. In the second one we give the description
of the setting, we prove existence of solutions of (1.3) and we state a comparison
principle. In Sect. 3 we consider the approximation of D® by non-local operators with
integrable kernels. In Sect. 4 we state and prove our main result, where we show how
the solutions of the scaled problems with integrable kernels approximates solutions
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of the fractional diffusion. In the Sect. 5 we provide an application of our result to a
non-classic context: dyadic metric measure spaces. Finally in Sect. 6 we present some
conclusion and remarks.

2. Setup and preliminary results

The results of this section are quite general and do not depend on any doubling
or homogeneity property of the underlying metric measure space (X, d, ). Let us
start by introducing some basic notation and definitions. The homogeneous Lipschitz
continuous space of order r > 0, denoted by A, (X, d, 1), is the space of functions in
L (X, d, ) such that for some positive constant C

|f() = fOD)] = Cd(x, y)', 2.1

for all x, y € X. Actually, A, (X, d, t) can be equipped with the norm

Iflla, =1 flloo + [f]1aA,»

where [ f]4, is the seminorm given by

[f]A,. = sup sup M

xeXyex\@ry  d(x, y)”

Let J : X x X — RT be a nonnegative measurable function with respect to the
product o -algebra in X x X satisfying the following properties

1 Jx,y)=J(y,x), forallx,y € X;
(i1) J is integrable in each variable uniformly in the other, i.e.

/ J(x, y)du(y) < B, foreveryx € X.
X

(iii) J (-, y) is Lipschitz continuous of order » > 0O uniformly in y € X, i.e.,
[J(, ], <A, foreveryy e X.

Note that in our case X is compact, so the L°°-norm is controlled by the Lipschitz
seminorm. Then property (iii) implies (ii).
Given T € R™ fixed and ug € A, (X, d, u) we consider the non-local problem

:uz(x, 0 =[x J, uly, 1) —ulx,Nldu(y), xeX,1e€l0,T], @2

u(x, 0) = uo(x), x € X.
We say that a function u is a solution of (2.2) if u belongs to mixed space

Ba, = CH((0, T); Ar(X,d, ;1)) N C(([0, TT; Ar(X, d, )
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and satisfies

t
u(x, ) =bto(x)+f0 /XJ(x,y)(u(y,S)—u(x,S))dM(y)ds,

where the integral in the right hand side is formally understood as a Bochner integral.
Existence and uniqueness of solutions of problem (2.2) are consequences of the Banach
fixed point theorem and will be proved in Theorem 3. Before, let us state two auxiliary
lemmas.

Giventy > 0,letX,, be the space of continuous functions from [0, o] to A, (X, d, ),
ie.,

Xy = C(0, 10l; Ar(X, d, ),
which is a Banach space equipped with the norm
= -t .
Ml il (max lwC, Dlla,

For any wo € A, (X, d, ), let T, be the operator defined on X;, by

t
Ty (w)(x, 1) = wo(x) +/O /XJ(x,y)(w(y,S) —w(x,s))du(y)ds.  (23)

LEMMA 1. The operator T,,, maps Xy, into X,.

Proof. Note that for any t € R" and any x, z € X we have that

[T (w) (x, 7) = Ty (w)(2, )] <

t
/0 fx (. y) — TG y)lw(y. s) du(y) ds

t
i Vo /X[J(x’ y) = J(z, y)lw(z, s)du(y) ds

t
i ‘fo /;( J (e MIwx, s) —w(z, $)1du(y) ds

<2tpu(X) sup[J (-, m]a, sup [w(, 1)lleed(x, 2)"

yeX te[0,19]
+ IM(X)/ J(x, y)du(y) sup [w(, )]s, d(x,2)"
X tel0,10]

Hence, from properties (ii) and (iii) of the kernel J, we obtain
| Two () (x, 1) = Ty (w)(z, )] < Ct[[lwlll, d(x, 2)". 2.4

Then [T, (w)(:, 1) — wola, < Ct, which proves the continuity at = 0. In a similar
way, if 11, 1o € RT such that 0 < #; < #, < 0 we see that

[Two(w) (-, 11) — Ty (W), 2)]a, < C(t1 — 12).

Hence Ty, (w) € Xy,. O
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LEMMA 2. Let w, v € X, then
|70 (w) — Ty |||, < Cro llw — vl -

Proof. Let0 <t < fgand u := w —v. Note that [Ty, (w) — Tyy (V) 1A, = [Ty ()]a, .
Since by (2.4)

| T () (x, 1) = Ty (u)(z, D] = Ct llulll, d(x, 2)",

then [Ty, ()]s, = Ct|llulll,. Therefore [Ty, (w) — Tw,(v)1a, = Ctolllw — vlll, as

desired. O

THEOREM 3. (Existence and uniqueness) Let ug € A, (X, d, i) and J satisfy-
ing (i), (ii) and (iii). Then there exists a unique solution u € By, of (2.2).

Proof. Taking o in Lemma 2 satisfying C#y < 1 we obtain that 7,,, is a contractive
operator on X; . Then the existence and uniqueness of a solution satisfying (2.2)
follows from the Banach fixed point theorem on the interval [0, 7g].

To extend the solution to [0, T'], we take as initial data u(x, 79) € A,(X,d, n)
to obtain a solution up to [0, 27p]. Iterating this process we get a solution defined
on [0, T]. ]

Finally, we present our last preliminary result before dealing with the approximation
of D*. It is a comparison principle which shall be useful at proving our main result.

We say that a function u € B¢ = Cl(0, T7),Cc(X)NC(0,T], C(X))isa super-
solution of (2.2) if

up(x, 1) > / J, u@y, 1) —ulx,Hldu(y), xeX,te(0,7),
X
u(x,0) > up(x), x e X.

LEMMA 4. (Comparison principle) Let u € B¢ be a supersolution of (2.2) with
initial datum ug € C(X) and such that ug > 0. Then u > 0.

Proof. Suppose that u is negative somewhere. Let v(x, 1) = u(x, t) 4+ €t, with € small
enough to make v negative at some point. So, if (x, fp) is the point where v reaches
its minimum, then 79 > 0 (since v(x, 0) = u(x, 0) > 0). Further

v (X0, o) = us(xo, to) + € > ./x J (e, Yuy, o) — ulx, to)]du(y)

/XJ(x, Wy, o) — v(x, f)]du(y) = 0.

Therefore, v;(xg, tp) > 0 which contradicts the fact that (xg, fp) is a point where v
reaches its minimum. Then, u > 0. O
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3. Approximation of D* by rescaling kernels

In this section (X, d, ) is Ahlfors a-regular space. Precisely, (X, d) is a metric
space and measure and metric are related by

cir® < w(B(x,r)) < cor®, (3.1

for some positive constants ¢; and ¢z and for every x € X and r < 2diam(X). This
situation, although restrictive, is natural in several classic geometric contexts such as
Riemannian manifolds and even fractals coming from iterated function systems like
the Cantor set or the Sierpinski gasket (see [14]).

The first result in this section is an elementary lemma which reflects the o dimen-
sional character of X under the assumption (3.1). The result is well known (see for
example [1]), but we include it for the sake of completeness. For notational simplicity
we shall write A >~ B when the quotient A/ B is bounded above and below by positive
and finite constants. In a similar way, we write A < B when A/B is bounded above.

LEMMA 5. Let (X, d, ) be an Ahlfors a-regular space. Then for any § > 0 and

any € > 0 we have that
/ du(y) o
B(x.e) d(x, y)@? '

/ an(y) s
Ty =€
X\B(x,e) d(x, )

where the hidden constants only depend on a and §.

and

Proof. In order to prove the first estimate, let us rewrite B(x, €) as the union of annuli
of the form A; = B(x, 2=U=De)\B(x,2 7€), with j € N. Hence

du(y) du(y)
v/l;’()c €) d(x y)"‘ d(x, y)2 =8 Z/ d(x )’)“ d(x, y)2 =8
ad _j —a+8/
<> (2 6) .\ du(y)
<y (2—-/6)7'”(S w(B(x, 20 Ve)).

Therefore, from the upper bound in (3.1) we obtain

d > o\ —ats , 2
f IL—(y)S <y Z (2_'I€) * (2—(j—1)6)0£ < - 68.
B(x,€) d(x, y)*— il 20 —1

In an analogous way, it can be proved the lower bound and also the second estimate
over X\B(x, €). ]
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LEMMA 6. For f € A (X, d, n) withs <r <1, the integral

/f(x)—f(y)
X

0. )+ dpu(y)

is absolutely convergent and bounded by the A, norm of f.

Proof. Setting B := B(x, 1), then

F&x) = f() S = f() S = f)
EE A S | = I 79 — - -7d .
¢ a0 e M= [ e e MO L T e $O)
(3.2)
Since f satisfies (2.1) then
S = f() du(y)
G W0 U [ G
Then from Lemma 5 we obtain
f&x)—f(y)
———=d < . 3.3
A, ) w(y) S Lf1a, (3.3)

To estimate the integral over X\ B of (3.2) we use the fact that f is bounded and again
the Lemma 5,

f&x) = fO) du(y)
x\g d(x, y)*ts \g d(x, y)*ts

Therefore, from (3.2), (3.3) and (3.4) we get that

fx) = )
x d(x, y)ets

so the proof is completed. O

du(y) < 2||f||Loo/X SWflee. Ga)

du(y)’ S I lla,

The operator that assigns to every f € A, (X, d, u) the function

f&x) = fy)
D* = | ———==-d ,
Jx) Ayt w(y)
is called the fractional derivative operator of order s. Note that D* has a (local) non-
integrable kernel k; = d(x, y)~“~*. However, ky can be regarded as the limit of a
family of integrable kernels. In order to build this kernels, take ¥ : RT — ]R(J)r defined

by

1, sit <1,

v = {z"‘s, sit > 1.
For each 0 < € < 1 we define the kernels J, in the following way,

d(x, y))

€

1
Jelx,y) = v ( (3.5
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LEMMA 7. The kernels J. defined by (3.5) are symmetric and positive. Moreover,

/ Je(x, y)du(y) = C, (3.6)
X
where C is a constant independent of €, and for any r € (0, 1] we have

[JeCo 0, Se @, (3.7)

Proof. The symmetry and the positivity are inherited from the distance d and the
function v, respectively. Besides,

1 d(x,
[ ey == [ v (M> dpu(y)
X € X €

1 / du(y)
=— du(y)+6°‘“/ — .
€ |: B(x,¢) X\B(x,e) d(x, y)ots

Hence, by (3.1) and Lemma 5 we obtain (3.6).
On the other hand, since || < a + s we have

1 d(x, y) d(z, y)
e, y) = Je(z )l = — |v (—y) —y (—y)‘

€ € €

_ Wi, [d@y)  dGoy)|

I € €
o+s

< o de ),

which implies (3.7), so the proof is completed. O

Finally let L, be an operator given by

1
Lef(r) =~ fx T VL) = FO)]dr(y).

GS
The next statement shows that L, converge weakly to D® as € — 0.

THEOREM 8. (Weak approximation) Let f € A, (X, d, n) then

sup |Le f(x) = D f ()] S [f]a, €

xeX

Proof. Since f € A, (X,d, ) then D® f and L, f are well defined. Furthermore note
that

1 X{d(x,y)<e}
E—SJe(x, y) = ks(x, y)| < d(x, y)ots’
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Hence we obtain that

1
ILe f(x) = D° f(x)| = ‘/X L—sfg(x, y) — kg (x, Y)} Lf () = f(O)Tdu(y)

[f(x)— fDI
— = d
= /B(x,e) d(x, y)”‘“ ()

du(y)
< [f1, fB ot

Thus, by Lemma 5 we get that

|Le f(x) = D* f()| S [f1a, "

and so the result is immediate. O

4. Main result

Since by Lemma 7 for each € € (0, 1) the kernel J, defined in (3.5) satisfies (i), (ii)
and (iii), then from Theorem 3 the problem

u;(x,t) = —Leu(x,t), xe€X,te(0,7T) @D
u(x,0) =ugx), x e X. -

has a unique solution u€ € By, .
The next theorem shows that, provided the existence of a solution u of problem 1.2
then the solutions u€ of the problems (4.1) converge to u as € — 0.

THEOREM 9. Letug € Ay (X, d, ) andlets,r € R be suchthat0) <s <r < 1.
Suppose there exists a solution u(x,t) € B, of the problem (1.2). Then the solutions
u€ of the problems (4.1) satisfy

r—s

sup sup lu(x, 1) —u(x,1)| < Te
tel0,T]xeX

Proof. Let w® = u — u€. Observe that

wi(x, 1) =—=Lew(x,t) + Fe(x,1), xeX,te(0,7),
wé(x,0) =0, x €X,

where Fc(x,t) = Leu(x,t) — Du(x, t).
Define 7 = ke” ~5t — w€, where k is a arbitrary constant. Observe that

Zi(x, 1) = k"™ —wi(x,1) = ke — (Fe(x, 1) — Lew(x, 1)).
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We already know by Theorem 8 that | F¢ (x, t)| < € ~°. Thus, choosing k large enough
we have that ke? — F.(x, ) > 0. Then

Zi(x, 1) = Lew®(x, 1) = —Lcz(x, 1).

Therefore 7 is a supersolution of the problem (4.1). Since Z(x, 0) = 0 then by Lemma 4
it turns out that Z(x, r) > 0. Hence w€(x, 1) < ke"~*t. In a similar way, if we define
z(x,t) = ke"™°t + we(x, 1) we can prove that z(x, r) > 0 and so w®(x, t) > ke" 1.
Thereby

lvGx, ) —uf(x, )] = [w(x, )] <ke" 't
which implies that

sup sup |v(x, 1) —u(x,1)| S Te°.
t€[0,T]xeX

O

One main disadvantage of the abstract approach considered here is that we required
the a priori existence of solution of problem (1.2), which is not known in plenty of
contexts. However, in the next section, we will exemplify how this theorem works
in a context where we already know the existence and, even more, the structure of a
solution for (1.2).

5. Application to dyadic operators

Let us provide a non-classic context in which our main result applies and where the
approximation process can be appreciated. Our example deals with a dyadic version
of the operator D* considered in [1] in the case of spaces of homogeneous type. Let
us briefly introduce the setting. For a more detailed approach, see [1].

Let (X, d, ) be a compact space of homogeneous type (see [13]). Let Z be a
dyadic family in X as constructed by Christ in [8]. Let .7 be a Haar system for
LP(X,p) = {f € LP(X, ) : [y fdu = 0} associated with & as built in [4]. The
system .77 is an unconditional basis for L? (X, u), for 1 < p < oo (see [4]). By
Q(h) we denote the dyadic cube on which £ is based, i.e., the smallest member of &
containing the set {x € X : h(x) # 0}.

A distance in X associated with Z can be defined by §(x, y) = min{u(Q) : Q €
2 such that x, y € Q} whenx # yandé(x, x) = 0. The space X equipped with § and
W turns out to be a 1-Ahlfors regular space. In this context, the fractional differential
operator of order s, with 0 < s < 1, is given by

J) = f)

D‘Yf(x) = 5()6’ y)1+s

du(y).
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Since the Haar functions are Lipschitz functions of order 1 with respect to §, the opera-
tor D* is well defined on the Haar system. Moreover, each & € .77 is an eigenfunction
of D*, indeed

D h(x) = mppu(Q(h)) " h(x),

where my, are real numbers bounded above and below by positive constants (see
Theorem 3.1 in [1]). Hence, in this context D* also takes the form

D' f(x) = Z mpu(Q () f, h)h(x).
heA

The solution of problem (1.2) is given by

w(r,t) =y e OOy, hyh(x) (5.1)
he
(see Theorem 4.2 in [1]). If the initial datum u( belongs to A, (X, §, w) it can easily
be prove that u also belongs to A, (X, §, u) for every t > 0 (see Theorem 1.2 in [3]).
Therefore, all the hypothesis of Theorem 9 are fulfilled, and it can be applied in this
case. However, following the same techniques developed in [1] it can also be shown
that the operator L, would take the form

Lef(x) = Z mupu(Q(h) " (f, h)h(x) + Z my u(Q€ (M) ~*( f, h)h(x),
he IO\, he .

where 7 = {h € 7 : u(Q(h)) < €}, Q°(h) is the biggest cube containing Q (/)
such 11(Q€(h)) < € and mj are real numbers bounded above and below by positive
constants. Even more the solution of problem (4.1) is given by

u€(x, 1) = Z e—mhM(Q(h))*StOAO’ hYh(x)
he IO\,
+ Y eI g myh(x). (5.2)
he A,

Knowing the explicit form of the solutions € and u, we can estimate |u(x, t)—u€(x, t)|
directly as follows.

e, ) —us (e, )] < Y e QU ommiut (T gy [ ()|
he

<2 ) o, M)Ih(x)]
he

< 2lluolla, Y m(Qm)Y n(Qh)Y
heH,

2 Xom (X)
w(Qh)1/2’
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where the last inequality is consequence of Theorem 1.1 in [3]. Set 27" = {h € J% :
x € Q(h)}, then

utx, 1) — u (e, ) < 2lluolla, Y, w(QMh)
he A
<2luolla, € Y (€N
keN
<€

Note that the last estimate gives a better order of convergence than our main theorem.
This is because we have the exact solutions of problems (4.1) and (1.2) in this case,
allowing us to compute explicitly the estimate. In the general context the better we

have is order €" 5.

6. Conclusions and remarks

We have presented a new approach to approximate the solution of diffusions as-
sociated with fractional powers of the Laplacian as limits of the solutions to partic-
ular rescalings of some non-local diffusions with integrable kernels. The theory is
valid in a general setting of compact metric measure spaces, which include fractal-
s, manifolds and domains of R" as particular cases. We proved error estimates in
L*([0, T]; L*°(X, 1)) whenever the initial datum belongs to a Lipschitz spaces with
regularity greater than the order of the fractional derivative.

We also have studied some existence theorems for non-local diffusions associated
with integrable and Lipschitz kernels and a comparison principle.

The abstract approach considered here has several particular and interesting in-
stances. One main disadvantage is that we required the a priori existence of solution
of problem (1.2). However, we believe that is possible to prove the Cauchy character
of the approximant sequence even when no assumption on the existence of solution
for the fractional diffusion is made. To make this possible, we must prove some sta-
bility of the Lipschitz norm of the solutions of (4.1) in terms of the Lipschitz norm of
the initial data independently of the norm of the kernel. Some numerical experiments
made in [2] support empirically this conjecture. However we did not dwell on this
matter in this article, but rather on the proposal of a first approximation method for
fractional diffusions on Ahlfors regular spaces, and the proof of error estimates. We
think this work can be approach in a future paper.

REFERENCES

[1]  Marcelo Actis and Hugo Aimar, Dyadic nonlocal diffusions in metricmeasure spaces, Fract. Calc.
Appl. Anal. 18 (2015), no. 3, 762-788. MR 3351499

[2]  Marcelo Actis, Marilina Carena, and Morin Pedro, Nonlocal diffusions on fractals. qualita-
tive properties and numerical approximations, J. Preprints del IMAL (2015), http://www.imal.
santafe-conicet.gov.ar/publicaciones/preprints/2015-0027.


http://www.imal.santafe-conicet.gov.ar/publicaciones/preprints/2015-0027
http://www.imal.santafe-conicet.gov.ar/publicaciones/preprints/2015-0027

(3]

[4]

(5]

(6]
(71
(81
(91

[10]

[11]

[12]

[13]
[14]
[15]

[16]

[17]

Approximation of solution of fractional diffusions

Hugo Aimar, Ana Bernardis, and Luis Nowak, Haarlet analysis of Lipschitz regularity in metric
measure spaces, Sci. China Math. 55 (2012), no. 5, 967-975. MR 2912488

Hugo A. Aimar, Ana Bernardis, and Bibiana Iaffei, Multiresolutionapproximations and uncondi-
tional bases on weigthed Lebesgue spaces onspaces of homogeneous type, Journal of Approximation
Theory 148(2007), 12-34.

Fuensanta Andreu-Vaillo, José M. Mazén, Julio D. Rossi, and J. Julidn Toledo-Melero, Nonlocal
diffusion problems, Mathematical Surveys and Monographs, vol. 165, American Mathematical
Society, Providence, RI, 2010. MR 2722295 (2011i:35002)

Catherine Bandle, Maria del Mar Gonzalez, Marco A. Fontelos, and Noemi Wolanski, A nonlocal
diffusion problem on manifolds, (2015), Preprint (2015), arXiv:1510.09190.

Luis Caftarelli and Luis Silvestre, An extension problem related to the fractional Laplacian, Comm.
Partial Differential Equations 32(2007), no. 7-9, 1245-1260. MR 2354493 (2009k:35096)
Michael Christ, A T'(b) theorem with remarks on analytic capacity and the Cauchy integral, Colloq.
Math. 60/61 (1990), no. 2, 601-628. MR MR1096400 (92k:42020)

Carmen Cortazar, Manuel Elgueta, Julio D. Rossi, and Noemi Wolanski, Boundary fluxes for non-
local diffusion, J. Differential Equations 234 (2007), no. 2, 360-390. MR 2300660 (2008c:35141)
Carmen Cortazar, Manuel Elgueta, Julio D. Rossi, and Noemi Wolanski, How to approximate the
heat equation with Neumann boundary conditions by nonlocal diffusion problems, Arch. Ration.
Mech. Anal. 187 (2008), no. 1, 137-156. MR 2358337 (2008k:35261)

Marta D’Elia and Max Gunzburger, The fractional Laplacian operator on bounded domains as a
special case of the nonlocal diffusion operator, Comput. Math. Appl. 66 (2013), no. 7, 1245-1260.
MR 3096457

Patricio Felmer and Erwin Topp, Uniform Equicontinuity for a Family of Zero Order Operators
Approaching the Fractional Laplacian, Comm. Partial Differential Equations 40 (2015), no. 9,
1591-1618. MR 3359158.

Roberto A. Macias and Carlos Segovia, Lipschitz functions on spaces of homogeneous type, Adv.
in Math. 33 (1979), no. 3, 257-270. MR MR546295 (81¢:32017a)

Umberto Mosco, Variational fractals, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 25 (1997), no. 3-4,
683-712 (1998), Dedicated to Ennio De Giorgi. MR 1655537 (99m:28023)

bal Rodriguez-Bernal and Silvia Sastre-Gémez, Linear nonlocal diffusion problems in metric mea-
sure spaces, (2014), Preprint (2014), arXiv:1412.5438.

Pablo Raul Stinga and José Luis Torrea, Extension problem and Harnack’s inequality for some
fractional operators, Comm. Partial Differential Equations 35 (2010), no. 11, 2092-2122. MR
2754080 (2012¢:35456)

Juan Luis Vazquez, Recent progress in the theory of nonlinear diffusion with fractional Laplacian
operators, Discrete Contin. Dyn. Syst. Ser. S 7 (2014), no. 4, 857-885. MR 3177769

Marcelo Actis and Hugo Aimar

Instituto de Matemdtica Aplicada del
Litoral (UNL,CONICET)
IMAL-CCT-CONICET

Santa Fe S3007ABA

Argentina

E-mail: mactis @santafe-conicet.gov.ar
URL: http://www.imal.santefe-conicet.gov.ar

Hugo Aimar
E-mail: haimar@santafe-conicet.gov.ar


http://arxiv.org/abs/1510.09190
http://arxiv.org/abs/1412.5438

	Approximation of solutions of fractional diffusions in compact metric measure spaces
	Abstract
	1. Introduction
	2. Setup and preliminary results
	3. Approximation of Ds by rescaling kernels
	4. Main result
	5. Application to dyadic operators
	6. Conclusions and remarks
	REFERENCES




