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a b s t r a c t

In this work, we develop a mathematical model of a RAFT copolymerization process able to predict aver-
age molecular properties as well as the full bivariate molecular weight distribution – copolymer compo-
sition distribution (MWD-CCD) of the copolymer. This model takes into account the three main kinetic
theories proposed in the literature. The bivariate MWD-CCD is obtained by means of the 2D probability
generating function (pgf) technique. This modeling technique can be used without any simplifying
assumptions or a priori knowledge of the distribution shape. The results highlight the advantages of sim-
ulation as a powerful tool to get insight in the relationship between operating conditions and molecular
structure.
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1. Introduction

Reversible addition-fragmentation chain transfer (RAFT) poly-
merization has enormous potential for scientific and industrial
developments. Although the moiety used as mediator for these
processes may cause odor and discoloration in the product [1],
the effectiveness in achieving the living/controlled behavior and
the wide range of polymerizable monomers make this controlled
radical polymerization (CRP) technique one of the most promising
approaches for the production of tailor-made materials [2].

In RAFT processes, the growth of polymer chains is controlled
through the addition of a chain transfer agent (CTA), the RAFT
agent, which distributes active radical sites among a large number
of chains [3,4]. Through bimolecular transfer processes, a small
number of living radicals undergoes chain exchange reactions.
These reactions involve the addition of a new radical to a dormant
species to form a two-arm intermediate adduct, and the subse-
quent fragmentation of this species. In this way an equilibrium
among the radicals and the dormant species is created [5]: in the
pre-equilibrium stage, the RAFT agent adds a propagating radical
to produce the two-arm intermediate, which fragments later to
liberate either that same radical or a new one, both able to continue
with the propagation or termination reactions. When the main
equilibrium is reached the two arms of the adduct possess approx-
imately the same number of monomer units, since the growth of all
chains proceeds at the same speed on average [6]. It is clear that
good control over chain growth requires the exchange reactions
to be fast compared with the propagation step [2].

There exists an ongoing debate regarding the kinetics of this
process, since some experimental findings indicate that the RAFT
moiety does not act as an ordinary chain transfer agent in some
cases [7,8]. For RAFT agents such as dithiobenzoates and some
dithiocarbamates, an induction period and a retardation of the
propagation rate are observed when the CTA concentration is
increased. In consequence, different kinetic theories were devel-
oped in an effort to properly describe the mechanism of RAFT pro-
cesses. The slow fragmentation theory (SF) proposed by Barner-
Kowollik et al. [9] assumes that the intermediate radical of two
arms is relatively stable and fragments slowly. This theory yields
good predictions of the rate retardation, but those of the overall
radical concentrations were well above the ones experimentally
found. In view of these results, Monteiro and de Brouwer [10] pro-
posed that the rate retardation was due to the cross termination of
the two-arm adduct with the active radicals instead, giving rise to
the intermediate radical termination theory (IRT). This theory
could not explain all observations either, since it predicts
concentrations of the three-arm star polymer that results from
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the cross-termination of the two-arm adduct which are much
higher than the ones actually measured. To overcome this differ-
ence between theoretical predictions and experimental data, Kon-
kolewicz et al. [11–13] proposed the intermediate radical
termination with oligomers theory (IRTO). According to this the-
ory, the two-arm adduct may cross-terminate but only with oligo-
meric radicals up to two monomers in length, adducing steric
hindrance of larger radicals to reach the active center. When these
three theories have been used to fit experimental data using the
kinetic constants as adjustable parameters, constants with a differ-
ence of up to six orders of magnitude were found [14]. Therefore,
the kinetic mechanism by which the RAFT process takes place is
not fully elucidated. Other approaches with more complex reaction
schemes have been presented, such as the so called ‘‘missing steps”
theory proposed by Buback et al. [15]. According to this theory, the
three-arm stars resulting from the cross termination reactions may
undergo secondary reactions where the third branch reacts with
propagating radicals. Since the phenomena of inhibition and retar-
dation of the polymerization rate could have important effects on
both conversion and reaction time, it may be helpful to have com-
prehensive models for at least the three main (and simpler) kinetic
theories discussed in the literature: SF, IRT, and IRTO.

Several efforts have been made to elucidate which theory is cor-
rect with the help of mathematical modeling. Feldermann et al.
[16] found that the SF theory provided the best fit to kinetic data
of the styrene polymerization mediated by cumyl dithiobenzoate.
In contrast, Monteiro [17] showed that the IRT was the appropriate
theory to model the polymerization of styrene mediated by a poly-
styryl dithiobenzoate. This was supported by Kwak et al. [18] that
obtained experimental evidence of the three-arms products of
cross termination reactions. However, Brown et al. [19] suggested
that the rate retardation is produced either by the SF or IRTOmech-
anisms. They found no evidence of three-arm polymer products in
the polymerization of styrene mediated by benzyl-9H-carbazole-9-
carbodithioate and their IRTO model fitted well the experimental
data. Ting et al. [20] also found experimental evidence in support
of the IRTO theory. Suzuki et al. [21] carried out miniemulsion
polymerization experiments that when analyzed on a theoretical
base indicated that the bimolecular termination between the
two-arms adduct and propagating radicals is the most important
reason for rate retardation. However, they did not differentiate
whether the cross-termination occurred with short radicals (IRTO)
or with all of them (IRT).

Precise modeling studies are useful not only to help gaining
insight on the fundamentals of this process but also to determine
process conditions appropriate for producing tailor-made materi-
als. However, modeling efforts are complicated by the existence
of the two-arm intermediate in any of the theories, making neces-
sary the modeling of bivariate molecular weight distributions even
for homopolymerization reactions [22].

To the best of our knowledge, theoretical studies on RAFT
copolymerization systems [23–32] do not include the prediction
of the full molecular weight distribution (MWD). Most of them rely
on the method of moments. Monteiro [32] used the method of
moments to study a RAFT copolymerization process reaching use-
ful insights regarding the formation of block copolymers. The
author assumed that the RAFT moiety acted as an ordinary chain
transfer agent. Wang et al. [23] modeled the mechanism of branch-
ing and gelation of a RAFT copolymerization system using this
approach. Zargar and Schork [24] also used the balances of
moments to assess the effect of variation of process conditions
on the size of monomer sequences. Even more complex mecha-
nisms, such as hyperbranching RAFT copolymerization, have been
studied with the use of this technique [25]. Salami-Kalajahi et al.
[26] used the method of moments to fit the experimental data of
styrene-butyl acrylate RAFT copolymerization reported by Sun
et al. [30]. They obtained an excellent agreement of average prop-
erties and radical concentration using a complex kinetic mecha-
nism with several parameters. Hlalele et al. [33] implemented a
mathematical model in PREDICI of the emulsion copolymerization
of butadiene and acrylonitrile. The system was studied both theo-
retically and experimentally. They compared different experimen-
tal protocols and identified trends, but they did not find a good
agreement in the number average molecular weight. They alleged
unconsidered ramification reactions to explain this disagreement.

Monte Carlo stochastic methods for modeling RAFT copolymer-
ization have been used less frequently than deterministic methods.
To the best of our knowledge, Monte Carlo algorithms have been
barely used to simulate the production of RAFT copolymers. For
instance, Ganjeh-Anzabi et al. [27] successfully simulated a RAFT
copolymerization system using a Monte Carlo simulation after fit-
ting of experimental data of molecular weights and conversion for
RAFT homopolymerizations.

Models based on the method of moments have been used for
the optimization of RAFT copolymerization systems. For instance,
Wang et al. [28] developed a theoretical analysis in which they
focused on finding optimal operating policies for the synthesis of
copolymers with different molecular structures. A model based
on the method of moments was employed in this work, and como-
nomers with different reactivity ratios were considered. Similarly,
Ye and Schork [29] optimized a RAFT copolymerization process
aiming at obtaining constant composition or linear gradient com-
position copolymers. In a more comprehensive study, Sun et al.
[30] developed a model based on the method of moments and bal-
ances of monomer sequences to manipulate the composition of
styrene-butyl acrylate RAFT copolymers. They continuously fed
comonomer to the reactor according to a programmed feeding rate
controlled by a computer and found that the synthesized products
had the targeted composition. In later works, the same authors [31]
used the developed model to find the feeding policies necessary to
obtain several other controlled structures. Using these policies,
they were able to synthesize copolymers with the targeted compo-
sition and molecular weight. These studies show that modeling
and optimization of RAFT polymerization systems is an important
tool for obtaining polymers with pre-specified molecular
structures.

In the case of RAFT homopolymerizations, works dealing with
the prediction of the full (univariate) MWD of the polymer have
been reported. For instance, Johnston-Hall and Monteiro [34] mod-
eled the full MWD of poly(methyl methacrylate) mediated by 2-
cyanoprop-2-yl dithiobenzoate. Whenever possible, they solved
the mass balance equations by direct integration. However, due
to the high computational cost of this method, they assumed the
shape of the distribution when systems of higher molecular
weights were modeled. Konkolewicz et al. [11] obtained a good
fit of the MWD by assuming the shape of the distribution. In
another paper [12], they validated the proposed mechanism using
assumptions such as linear growth of molecular weight with con-
version. Later, the same authors used a simpler version of their
model to successfully fit the experimental MWD of RAFT oligomers
[13].

Zapata-González et al. [22,35] performed a thorough theoretical
study of RAFT homopolymerization processes using a model able
to describe the reacting medium for the three main kinetic
schemes discussed in the literature. The full MWD was obtained
by direct integration of the mass balances applying the quasi-
steady-state approximation to eliminate the stiffness of the differ-
ential equation system. In this way, the use of computational
resources was considerably reduced. Barner-Kowollik et al. [36]
obtained the full distribution of RAFT polymers using the PREDICI
commercial software. This method proved to be capable of prop-
erly describing the SF kinetics. Reasonable agreement of the simu-
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lated MWD with experimental data was also found. Furthermore,
Chaffey-Millar et al. [37] used PREDICI to describe the reaction
kinetics of the individual arms of star polymers synthesized by
RAFT. The MWDs obtained for each branch were later processed
to obtain the full MWD of multi-arm star polymers in a simple
and much easier way than modeling straightforwardly the com-
plete distribution. This study gave rise to a series of recommenda-
tions that were found very useful by Barner-Kowollik et al. [38] in
the synthesis of RAFT star polymers. Jung and Gomes [39] devel-
oped a mathematical model assuming that the cumulative MWD
follows the normal distribution function. The model output fitted
well the real MWD obtained for RAFT miniemulsion polymeriza-
tion. However, the need of assuming the shape of the distribution
is a limitation for modeling other systems.

Monte Carlo methods have also been successfully employed to
model the MWD of RAFT homopolymers. Drache et al. [40] used a
Monte Carlo approach to obtain the full MWD of poly(methyl
methacrylate) obtained via RAFT with cumyl dithiobenzoate as
chain transfer agent after fitting the model to experimental data
of conversion and average molecular weights [40]. On the other
hand, Chaffey-Millar et al. [41] developed a parallelized Monte
Carlo method that competes very favorably with PREDICI in terms
of speed. This algorithm was not only able to obtain the full MWD
of RAFT polymers but also to provide very detailed information on
the molecular structure. Pintos et al. [42] implemented a Monte
Carlo algorithm of a RAFT homopolymerization system in the
open-source programming language called Julia. The model was
developed for the SF, IRT and IRTO theories and predicts the full
MWD of the polymer as well as average molecular properties. Very
fast simulation times were achieved.

To the extent of our knowledge no reported articles have dealt
with the obtainment of the full bivariate MWD-CCD of RAFT
copolymers.

In previous works, we have presented a mathematical model for
RAFT homopolymerizations capable of dealing with the three main
kinetic mechanisms [6,43]. This model is able to predict not only
the average properties and the full MWD of the overall polymer
but also the full bivariate distribution of the two-arm adduct, giv-
ing a significant level of detail of the reacting medium of these
complex processes. The prediction of the univariate and bivariate
MWDs, made by means of probability generating functions (pgf),
proved to be accurate and efficient [6]. In the present work, the
above model is extended to address the RAFT copolymerization.
The prediction of the bivariate MWD-CCD is included in the model.
The copolymerization of styrene (St) and methyl methacrylate
(MMA) mediated by cumyl phenyl-dithioacetate is considered as
a case study. The results highlight the potential of simulation to
help in the design of unique materials with properties specified
beforehand through the manipulation of process conditions.

2. Methods

2.1. Case study

The comprehensive model presented in this work can be
applied to different RAFT copolymerization systems by appropriate
selection of kinetic parameters. To show the model capabilities the
following case study was selected: bulk copolymerization of styr-
ene and methyl methacrylate (St = MA and MMA = MB) mediated
by cumyl phenyl-dithioacetate, using 2,2-azobis(isobutyronitrile)
(AIBN) as initiator. This copolymer has both technological and sci-
entific interest. Block copolymers of poly(St-co-MMA) have been
extensively studied for the production of nanoscale patterns
thanks to their ability to maintain the same morphological
arrangement through the entire material and the ease of removal
of the MMA block by means of UV exposure [44]. Besides, gradient
copolymers, which for most comonomer pairs can only be pre-
pared with a CRP technique, may have a better performance in
some applications thanks to their ability to form broader inter-
phase regions. Although the advantages of gradient copolymers
over conventional compatibilizer systems have not been demon-
strated up to now, it was proved that poly(St-grad-MMA) can effec-
tively act as blend stabilizer in poly(styrene)/poly(methyl-
methacrylate) and poly(vinyl-chloride)/poly(styrene-butadienes
tyrene) blends [45]. The RAFT technology is a suitable means of
synthesizing St-MMA copolymers with controlled structure. In pre-
vious works [46] we dealt with the study of copolymerization of St
and MMA by nitroxide mediated polymerization (NMP). Now we
wish to extend this analysis to the synthesis of this copolymer by
RAFT polymerization.

2.2. Mathematical modeling

Amathematical model based on population balances was devel-
oped for the RAFT copolymerization process, keeping in mind the
objective of predicting average molecular properties as well as
the full MWD-CCD of both the overall copolymer and the two-
arm adduct.

First, a proper kinetic mechanism was selected. Then, mass bal-
ances for each of the reactive species were posed for batch and
semibatch reactors. The system was transformed to reduce its size
by means of the well-known method of moments (to predict aver-
age molecular properties) and the 2D pgf transformation technique
(to deal with distributed molecular properties). For this purpose,
proper definitions for double order moments and 2D pgfs were
employed. Details on each step are given in the following
subsections.

2.3. Kinetic mechanism

The kinetic mechanism of the RAFT copolymerization that is
considered is as follows (where superscripts i, j or k = A or B):

Initiation :

I ��!f kd 2I�

I� þMA�!RA
1;0

I� þMB�!RB
0;1

ð1Þ

Thermal initiation of styrene : 3MA ��!kth RA
1;0 þ RA

2;0 ð2Þ

Propagation :
Ri
n;s þMA ��!kp;iA

RA
nþ1;s

Ri
n;s þMB ��!kp;iB RB

n;sþ1

ð3Þ

Chain termination

by combination : Ri
n;s þ R j

g;h ��!ktc;ij Pnþg;sþh ð4Þ

by disproportionation : Ri
n;s þ R j

g;h ��!ktd;ij
Pn;s þ Pg;h ð5Þ

Chain transfer to monomer :
Ri
n;s þMj ��!ktrm;ij Pn;s þ R j

a;b

with a; b ¼ 1;0 if j ¼ A

0;1 if j ¼ B

�
ð6Þ

RAFT pre-equilibrium

Addition : Ri
n;s þ TR0 ��!k0a i Ri

n;sTR0 ð7Þ
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Fragmentation :
Ri
n;sTR0 ����!ð1=2Þ k0f i TRi

n;s þ R0;0

Ri
n;sTR0 ����!ð1=2Þ k0f i TR0 þ Ri

n;s

ð8Þ

RAFT core equilibrium

Addition : Ri
n;s þ TR j

g;h ��!ka i Ri
n;sTR

j
g;h ð9Þ

Fragmentation :
Ri
n;sTR

j
g;h ����!ð1=2Þ kf i Ri

n;s þ TR j
g;h

Ri
n;sTR

j
g;h ����!ð1=2Þ kf j

TRi
n;s þ R j

g;h

ð10Þ

Chain termination of RAFT adduct

cross-termination :
Ri
n;sþR j

g;hTR
k
m;tkc;i ��!kc;i Pnþgþm;sþhþt

the length of radical chain is
IRT : nþ s¼0; . . . ;1
IRTO : nþ s¼0;1;2

�
ð11Þ

The chemical species involved are: initiator (I), monomers MA

and MB, active radicals with a monomer i in the chain end, n units

of MA, and s units of MB ðRi
n;sÞ, one-arm dormant radicals with Mi in

the chain end, n units of MA, and s units of MB ðTRi
n;sÞ, two-arm

adduct radicals with n units of MA and s units of MB in the branch
ended in Mi, and g units of MA and h units of MB in the other branch

ended in Mj ðRi
n;sTR

j
g;hÞ, RAFT chain transfer agent or CTA ðTR0Þ, and

dead polymer with n units of MA and s units of MB ðPn;sÞ. The sub-
scripts n, s, g, h, m and t in the polymeric species may take values
from 0 to 1.

The differences between the kinetic theories SF and IRT/IRTO
are taken into account by estimating different values for the rate
constants corresponding to the reactions of addition, fragmenta-
tion, and cross-termination of the two-arms adduct. The latter
reaction is active only for the IRT and IRTO theories. Besides, differ-
ences between IRT and IRTO arise in the species that take part in
the cross-termination reaction (Eq. (11)), something that leads to
different balance equations.

For the case study presented in Section 2.1, the kinetic param-
eters that do not depend on RAFT specific reactions (reactions
(1)–(6) of the kinetic mechanism) were taken from our previous
work on NMP of St and MMA [46] and are shown in Table A.1 in
Appendix A.2. The kinetic parameters that depend on the RAFT
specific reactions (reactions (7)–(11) of the kinetic mechanism)
are shown in Table 1. Auxiliary model equations such as the den-
sity, average molecular weights, average composition and conver-
sion equations are presented in Appendix A.3.

The selection of the values for the kinetic constants in Table 1
will be discussed below. There is plenty of information about the
kinetic rate constants corresponding to the conventional free rad-
ical copolymerization of styrene and methyl methacrylate. How-
ever, kinetic data for the RAFT copolymerization of these
Table 1
Values of the addition, fragmentation and cross-termination rate constants used for each

Theory

Addition (L mol�1 s�1) F

SF ka;A ¼ k0a;A ¼ 5:6� 105 [9]

ka;B ¼ k0a;B ¼ 1� 105[9]

IRT ka;A ¼ k0a;A ¼ 8:32� 106 k

ka;B ¼ k0a;B ¼ 1:62� 107 k

IRTO ka;A ¼ k0a;A ¼ 2:98� 104 k

ka;B ¼ k0a;B ¼ 6:54� 106 k
monomers is scarce and not always applicable to the kinetic mech-
anism considered in this work. For instance, Kubo et al. [47]
reported the value of a RAFT transfer reaction constant for the
copolymerization of St and MMA, but they considered a fast trans-
fer according to the following reaction:
Ri
n;s þ TR j

g;h ¢
kij

kji
TRi

n;s þ R j
g;h ð12Þ

This reaction neglects the presence of the intermediate adduct
(compare with reactions (7)–(11) of the kinetic mechanism).
Therefore, the value of the transfer reaction constant reported by
Kubo et al. [47] is not applicable to the more detailed kinetic mech-
anism considered in the present work.

In view of the lack of data about the kinetic constants for the
RAFT copolymerization of St and MMA, values taken from
homopolymerization reactions of these monomers were used in
the present work for the addition and fragmentation kinetic con-
stants. The constants reported by Barner-Kowollik et al. [9] were
used as reference. These authors presented values of the addition
and fragmentation rate constants for the RAFT homopolymeriza-
tions of St and MMA, both mediated by cumyl phenyl-
dithioacetate using AIBN as initiator. Both experiments were car-
ried out at 60 �C. They obtained the kinetic constants by fitting
against experimental data using a model that followed the SF
kinetics. Therefore, for the addition and fragmentation constants
of the SF model presented in this work the data from Barner-
Kowollik et al. [9] were used. In order to use this homopolymeriza-
tion information in the copolymerization model, it was assumed
that the reaction rates of the addition and fragmentation steps
are governed solely by the nature of the macroradicals participat-
ing in them, as if they were in a homopolymerization reaction. That

is, the kinetic constant of the addition reaction of macroradical Ri
n;s

to the one-arm dormant species TR j
g;h is ka,i, regardless the nature of

the monomer j in the chain end of the one-arm dormant species

(see Eq. (9)). Likewise, the two-arm adduct Ri
n;sTR

j
g;h fragments with

reaction rate proportional to ð1=2Þ kf i when the product is Ri
n;s and

TR j
g;h, and proportional to ð1=2Þ kf j when the product is TRi

n;s and

R j
g;h (see Eq. (10)).
As no data about the kinetic constants for the system under

study was available for the IRT and IRTO theories, the correspond-
ing addition, fragmentation and cross termination constants were
tuned so that the model yielded profiles of average molecular
weights and composition vs. conversion similar to those of the SF
theory. With this purpose, a parameter estimation problem was
posed in gPROMS (Process Systems Enterprise, Ltd.) to obtain the
required rate constants, constrained within bounds that ensured
that the results were of the same order of magnitude of constants
reported in the literature for similar copolymerization systems. For
simplicity, a single set of constants was used for both the pre-
kinetic theory.

Parameter

ragmentation (s�1) Cross-termination (L mol�1 s�1)

kf ;A ¼ k0f;A ¼ 0:27

kf ;B ¼ k0f;B ¼ 0:27
[9]

kc;A ¼ kc;B ¼ 0

f ;A ¼ k0f;A ¼ 3:82� 105 kc;A ¼ 4:12� 107

f ;B ¼ k0f ;B ¼ 2:38� 106 kc;B ¼ 8:53� 106

f ;A ¼ k0f;A ¼ 166:7 kc;A ¼ 7:1� 107

f ;B ¼ k0f ;B ¼ 1348 kc;B ¼ 4:33� 107
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equilibrium and the core equilibrium (that is,

k0a i ¼ ka i and k0f i ¼ kf i).
Modeling studies on the diffusional effects on RAFT polymeriza-

tion are scarce. Wang and Zhu [48] studied theoretically how the
diffusion-controlled reactions affect reaction kinetics and polymer
molecular properties. Peklak et al. [49] have found that diffusional
effects play an important role when conversions are over 50%.
More recently, D’hooge et al. [50] presented a review of the com-
monly used diffusion models and a large study on how diffusional
limitations affects the CRP processes in NMP, ATRP and RAFT poly-
merizations. Among other important conclusions, they determined
that termination reactions were the most affected ones. These
studies show that diffusion in controlled polymerization reactions
should not be overlooked at high conversions. Since all but one of
the simulated reactions in the present work reach conversions
lower than 50%, the mathematical model does not include diffu-
sional effects. Work is on the way to extend the present model to
include them.
2.4. Mass, moments and pgf balances

The global mass balance for a semibatch reactor is:

dðqmix VÞ
dt

¼ F ð13Þ

where qmix is the density of the reactive mixture, V is the reaction
volume and F is the feed flowrate with units of [mass/time]. This
flowrate is zero when dealing with a batch reactor.

The mass balance for each of the reactive species X is:

dð½X� VÞ
dt

¼ rX V þ F xX
PMX

ð14Þ

In this equation xX is the mass fraction of X in the feed flowrate,
PMX is its molecular weight and rX is the reaction rate. The X spe-
cies are the initiator, monomers, active radicals, one-arm dormant
radicals, two-arm adduct radicals, the RAFT chain transfer agent
and dead polymers molecules. For the sake of brevity, the expres-
sions of rX as functions of the species presented in the kinetic
mechanism, as well for their moments and pgfs, are shown in
the Appendix (see Appendix A.1, Eqs. (A.1)–(A.10)).

As the mass balances presented in Eq. (14) for the polymer spe-
cies (X standing for active radicals, one-arm dormant radicals, two-
arm adduct radicals and dead polymers) are intrinsically infinite in
number, to be able to calculate average or distributed molecular
properties some transformations are useful. The 2D (pgf) technique
is employed in this work on the mass balances of the polymer spe-
cies with two characteristic lengths, namely the number of units of
each comonomer in the chain. The technique transforms the corre-
sponding infinite mass balance equations to the 2D pgf domain,
giving as a result a finite set of equations for the 2D pgf transform
of the bivariate MWD of the copolymer [51]. Since the moments of
the macromolecular species appear in the transformation, moment
balances must be solved together with pgf balances. These
moment balances are obtained using the well-known method of
moments.

The pgf technique has several advantages that makes it of spe-
cial interest for the prediction of polymer properties. In the first
place, there is no need to use any simplifying assumptions or have
previous knowledge of the shape of the MWD. Moreover, it can
deal with complex mechanisms. In addition, the model results in
a relatively small number of equations that can be solved in a rea-
sonable time.

With the purpose of applying the 2D pgf transform, moment
and pgf definitions are needed to be able to transform the original
complete set of mass balances. These definitions are presented
below.

2.4.1. Moment definitions
Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of active rad-

icals with a final unit of monomer i (i = A, B), n units ofMA and m units
of MB:

kia;b ¼
X1
n¼0

X1
m¼0

na mb½Ri
n;m� ð15Þ

Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of one-arm
dormant radicals with a final unit of monomer i (i = A, B), n units of
MA and m units of MB:

li
a;b ¼

X1
n¼0

X1
m¼0

na mb½TRi
n;m� ð16Þ

Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of dead poly-
mer radicals with n units of MA and m units of MB:

ea;b ¼
X1
n¼0

X1
m¼0

na mb½Pn;m� ð17Þ

Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of two-arm
adduct radicals in pre-equilibrium (one branch with 0 units in length)
with a final unit of monomer i (i = A, B), n units of MA and m units of
MB:

xi
a;b ¼

X1
n¼0

X1
m¼0

na mb½Ri
n;mTR0� ð18Þ

Moment of order a,b,0,0 (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of two-
arm adduct radicals with a final unit of monomer i in the first branch
and a final unit of monomer j in the other branch (i, j = A, B):

Ci;j
a;b;0;0 ¼

X1
n¼0

X1
m¼0

na mb
X1
g¼0

X1
h¼0

½Ri
n;mTR

j
g; h� ð19Þ

Partial moment of order 0,0 of two-arm adduct radicals with a final
unit of monomer i in the first branch and a final unit of monomer j in
the other branch (i, j = A, B).

dci;jn;m ¼
X1
g¼0

X1
h¼0

½Ri
n;mTR

j
g; h� ð20Þ

This partial moment quantifies the moles of molecules of the
two-arm adduct in which one of the branches has n units of MA

and m units of MB, regardless of the composition of the other
arm. This moment allows taking into account the kinetic steps in
which the branch with length (n,m) is involved. In view of the pos-
sible combinations of monomers in each branch, it is necessary to
consider four partial moments dcAAn;m; dcBBn;m; dcABn;m; dcBAn;m.

Please note that the last two partial moments are not the same,
since the first superscript indicates the type of monomer in the
chain end of the branch being characterized by the number of units
of MA and MB.

Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of the partial
moment of order 0, 0 of two-arm adduct radicals with a final unit of
monomer i in the first branch and a final unit of monomer j in the
other branch (i, j = A, B):

ci;ja;b ¼
X1
n¼0

X1
m¼0

na mb dci;jn;m ¼
X1
n¼0

X1
m¼0

na mb
X1
g¼0

X1
h¼0

½Ri
n;mTR

j
g; h�

¼ Ci;j
a;b;0;0 ð21Þ

As it can be observed in Eq. (21), the moment ci;ja;b is equivalent

to the four index moment, Ci;j
a;b;0;0.
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Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of the two-
arm adduct radicals with a final unit of monomer i in the first branch
and a final unit of monomer j in the other branch (i, j = A, B), consid-
ering the total number of units of each comonomer in both branches:

hi;ja;b ¼
X1
n¼0

X1
m¼0

namb½ðRiTR jÞn;m� ð22Þ

It is worth noting that when one considers the final monomer
units of each branch, three species of two-arm adducts result:
two species with both active sites of the same sort, (RATRA)n,m
and (RBTRB)n,m, and the species with active sites of different sort,
(RATRB)n,m. The resulting balances of moments are also generically
represented by Eq. (14) when X represents a moment of any of the
macromolecular species present in the reaction medium.

The reaction rate expressions that must be used in the
moment balances of the polymeric species may be deduced from
the mass balances of the polymeric species (Eqs. (A.1)–(A.10) in
the Appendix) by applying the corresponding moment definitions
presented before. Although the technique for the derivation of the
moment balances is well-known, the algebraic process that is
involved becomes complex for this system, in particular for the
reaction terms involving the two-arm adduct. This species is
described by four internal coordinates (i.e. the number of units
of monomers A and B in each of the two arms), which requires

defining the four index moment Ci;j
a;b;0;0 and the two index

moments dci;jn;m, ci;ja;b and hi;ja;b. The resulting reaction rate expres-
Fig. 1. MMD-CCD of copolymer for the SF, IRT and IRTO theories. Batch operation:
[I]0 = 0.0037 mol L�1.
sions to be used in moment balances are shown in Appendix
A.1 (see Eqs. (A.11)–(A.18)).

Some of the moment values are very useful for calculating aver-
age molecular properties (molecular weights, instantaneous and
cumulative compositions, etc.), as shown in the Appendix (see
Appendix A.3).

2.4.2. Pgf definitions
In order to recover the bivariate MWD of the copolymer the fol-

lowing pgf are required:
Pgf of order 0,0 of active radicals with a final unit of monomer i

(i = A, B), n units of MA and m units of MB:

ri
0;0 ¼

X1
n¼0

X1
m¼0

zn wm½Ri
n;m� ð23Þ

The values of the dummy variables z and w of the pgf are deter-
mined by the inversion method.

Pgf of order 0,0 of one-arm dormant radicals with a final unit of
monomer i (i = A, B), n units of MA and m units of MB:

ui
0;0 ¼

X1
n¼0

X1
m¼0

zn wm½TRi
n;m� ð24Þ

Pgf of order 0,0 of dead polymer radicals with n units of MA and m
units of MB:
tfinal = 12 h, T = 60 �C, [St]0 = [MMA]0 = 4.349 mol L�1, [CTA]0 = 0.035 mol L�1 and



Fig. 2. Number-average chain length for different [I]0 predicted by the model
compared with the theoretical value calculated with Eq. (30). Batch operation:
tfinal = 12 h, T = 60 �C, [St]0 = [MMA]0 = 4.349 mol L�1, [CTA]0 = 0.035 mol L�1.
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#0;0 ¼
X1
n¼0

X1
m¼0

zn wm½Pn;m� ð25Þ

Pgf of order 0,0 of two-arm adduct radicals in pre-equilibrium (one
branch with 0 units in length) with a final unit of monomer i (i = A, B),
n units of MA and m units of MB:

Xi
0;0 ¼

X1
n¼0

X1
m¼0

zn wm½Ri
n;mTR0� ð26Þ

Pgf of order 0,0 of the partial 0,0 order moment of two-arm adduct
radicals with a final unit of monomer i in the first branch and a final
unit of monomer j in the other branch (i, j = A, B):

!i;j
0;0 ¼

X1
n¼0

X1
m¼0

zn wm dci;jn;m ð27Þ

This pgf is necessary to pose the mass balances that consider
reactions of only one of the branches of the two-arm adduct.

Pgf of order 0,0 of the two-arm adduct radicals with a final unit of
monomer i in one branch and a final unit of monomer j in the other
branch (i, j = A, B), considering the total number of units of each como-
nomer in both branches:

Hi;j
0;0 ¼

X1
n¼0

X1
m¼0

zn wm½ðRiTR jÞn;m� ð28Þ

The pgf of the overall polymer can be computed from these pgf
as follows:

s0;0ðz;wÞ¼

½kA0;0rA
0;0ðz;wÞ�þ ½kB0;0rB

0;0ðz;wÞ�þ
½lA

0;0uA
0;0ðz;wÞ�þ ½lB

0;0uB
0;0ðz;wÞ�þ

½e0;0#0;0ðz;wÞ�þ ½xA
0;0X

A
0;0ðz;wÞ�þ ½xB

0;0X
B
0;0ðz;wÞ�þ

½hAA0;0HAA
0;0ðz;wÞ�þ ½hAB0;0HAB

0;0ðz;wÞ�þ ½hBB0;0HBB
0;0ðz;wÞ�

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

kA0;0þkB0;0þlA
0;0þlB

0;0þe0;0þxA
0;0þxB

0;0þhAA0;0þhAB0;0þhBB0;0

ð29Þ
The pgf s0;0ðz;wÞ is the transform of the bivariate distribution of

the global population of polymer species, that is, the sum of active
radicals, one-arm dormant radicals, dead polymer and two-arm
adduct radicals.

The resulting pgf balances are also generically represented by
Eq. (14) when X represents a pgf of any of the macromolecular spe-
cies present in the reaction medium.

The corresponding reaction rate expressions of the pgf balances
may be derived from the mass balances of the polymeric species
(Eqs. (A.1)–(A.10) in the Appendix). The required procedure is well
described in the literature [51]. However, the reaction terms
involving the two-arm adduct introduced a significant complexity
that has not been faced in previous reports of the pgf technique.
The resulting pgf balances are shown in Appendix A.1 (see Eqs.
(A.19)–(A.25)).

2.4.3. Numerical inversion of 2D pgfs
After solving the pgf balances, the resulting pgfs are numeri-

cally inverted to recover the bivariate MWD distribution using an
appropriate inversion method. A 2D pgf inversion method based
on the Papoulis method originally proposed for the inversion of
univariate Laplace transforms was used in this paper. Further
details about this method may be found elsewhere [52].
Table 2
Polymer molecular properties for different [I]0. Batch operation: tfinal = 12 h, T = 60 �C, [St]

[I]0 (mol L�1) Composition (% St) Ln (units)

0.000925 52.7 47
0.0037 52.3 100
0.0148 51.8 146
All the simulations were performed in gPROMS in a standard
desktop computer. The resulting differential algebraic equation
system was solved using the proprietary solver DASOLV [53].
3. Results and discussion

3.1. Prediction of the full bivariate MWD-CCD

Numerical inversion of the pgf s0,0(z, w) (see Eq. (29)) yields the
bivariate MWD of the global population of polymeric species,
which is the distribution in terms of the number of units of each
comonomer in the chain. Simple post-processing of this distribu-
tion allows obtaining the bivariate MWD-CCD of the copolymer.
The mathematical model is able to compute the MWD-CCD for
any of the three main kinetic mechanisms proposed in the litera-
ture for RAFT polymerizations. This can be accomplished in spite
of the difficulties associated with the four-dimensional nature of
the copolymeric two-arm adduct.

Fig. 1 shows the MWD-CCD obtained with the three theories
described in Section 2.3 for a given set of operating conditions.
Number average chain length, PDI and cumulative composition
ðCompnÞ are reported in the figure. It can be seen that the MWD-
CCD are similar for the SF, IRT and IRTO models. This is not surpris-
ing because some of the kinetic parameters were tuned so that the
average molecular weights and conversions were similar in the
three cases. Nevertheless, it can be observed that the distribution
predicted by the SF model is slightly broader than the other two
in the chain length dimension. This is consistent with the slightly
higher PDI predicted by this model.

Note that the MWD-CCD figures have an approximate axial
symmetry with respect to a chain length axis and a composition
axis, indicated in the figure. These axes are nearly equal to the
number average chain-length and to the average composition,
respectively. This symmetry means that polymer chains with dif-
ferent chain length (vertical slices) have the same CCD shape,
and alternatively that chains with different composition (horizon-
tal slices) have the same MWD shape.
0 = [MMA]0 = 4.349 mol L�1, [CTA]0 = 0.035 mol L�1.

PDI Conversion (%) Dead chains (w/w %)

1.097 19.1 0.8
1.106 42.2 4.1
1.225 70.6 16.6



Fig. 3. Number-average chain length for different [CTA]0 (symbols) compared with
the theoretical value calculated with Eq. (30) (lines). Batch operation: tfinal = 12 h,
T = 60 �C, [St]0 = [MMA]0 = 4.349 mol L�1, [I]0 = 0.0037 mol L�1.

Table 3
Polymer molecular properties for different [CTA]0. Batch operation: tfinal = 12 h, T = 60 �C,

[CTA]0 (mol L�1) Composition (% St) Ln (units)

0.035 52.3 100
0.015 52.2 232
0.0085 52.2 376
0.0045 52.2 598

Fig. 4. MWD-CCD of copolymers with different [CTA]0. Batch operation: tfin
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A low PDI does not necessarily imply a unimodal MWD [54], so
the full distribution can aid to precisely determine the uniformity
of the material. Copolymer composition distributions add signifi-
cant knowledge about the molecular microstructure of chains
which can hardly be obtained experimentally [55]. Furthermore,
the combined MWD-CCD allows predicting the composition of
chains of every size. This information could be of great help for lab-
oratory and industrial practitioners considering the high level of
control demanded to fulfill the requirements of some advanced
materials. For instance, changes in copolymer composition and
the breadth of MWD affects the self-assembly of block copolymers
[44] which will ultimately influence the quality of the produced
patterns. Therefore, the full MWD-CCD could help to identify
defects in the polymer matrix before its production and also pro-
vide help in their quantification. In addition, the mathematical
model of the process allows obtaining helpful, detailed information
about the polymerization rate and polymer structure.
[St]0 = [MMA]0 = 4.349 mol L�1, [I]0 = 0.0037 mol L�1.

PDI Conversion (%) Dead chains (w/w %)

1.106 42.2 4.1
1.152 45.4 10.3
1.224 46.1 17.6
1.350 46.5 30.1

al = 12 h, T = 60 �C, [St]0 = [MMA]0 = 4.349 mol L�1, [I]0 = 0.0037 mol L�1.
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In the following sections, other examples of the model capabil-
ities are shown. Both batch and semibatch operation are
considered.

3.2. Variation of the initial concentration of initiator

The impact of varying the initial concentration of initiator ([I]0)
on the copolymer properties was evaluated for a batch reactor. For
this purpose, the final reaction time and the initial concentration of
chain transfer agent and monomers were kept fixed, with equimo-
lar comonomer concentrations. The results shown in this section
were obtained with the mathematical model that corresponds to
the SF kinetic theory. Similar results were obtained for the IRT
and IRTO theories.

As can be observed in Table 2, conversion increases with the ini-
tial concentration of initiator, evidencing an increase in polymer-
ization rate. However, the polydispersity index and fraction of
dead chains are also larger, indicating a lower degree of control
Fig. 5. MWD of (a) global copolymer, (b) one-arm dormant population, (c) dead chain
[MMA]0 = 4.349 mol L�1, [I]0 = 0.0037 mol L�1, batch operation. Weight fractions of spec

Table 4
Polymer molecular properties for different operating policies. tfinal = 12 h, T = 60 �C, [I]0 = 0.0
in this case it is 0 g); first and last rows correspond to the semibatch operation.

[St]0: [MMA]0 FSt (g min-1) FMMA (g min-1) Comp. (% St)

0:100 0.867 0 38.8
30:70 0 0 36.7
50:50 0 0 52.3
70:30 0 0 67.1
100:0 0 0.833 61.7
over the molecular structure of the polymeric material. This result
is reasonable, because more initiator leads to higher concentration
of free radicals, something that favors propagation and termination
reactions. Therefore, the higher conversion is achieved at the
expense of a higher fraction of dead polymer. Since polymer chains
are dead in a higher proportion throughout the entire reaction
time, this ultimately leads to material containing chains of differ-
ent molecular weights and therefore higher polydispersity.

As long as the fraction of dead polymer remains low (i.e. less
than 10%), the number average chain length for RAFT copolymers
can be approximated by the equation:

Ln � Conv ½MA�0 þ ½MB�0
� �
½CTA�0

ð30Þ

In Fig. 2 the evolution of Ln with conversion for the three [I]0
under study predicted by the model are compared with the theo-
retical chain lengths calculated with Eq. (30). It can be observed
s population, obtained with [CTA]0 = 0.0045 mol L�1, tfinal = 12 h, T = 60 �C, [St]0 =
ies reported in the figures.

037 mol L�1, [CTA]0 = 0.035 mol L�1, mMMA,0 = 600 g (except when it is constantly fed,

Ln (g mol-1) PDI Conv. (%) Dead chains (w/w %)

95 1.115 40.1 4.03
117 1.104 49.3 4.4
100 1.106 42.2 4.1
83 1.107 34.8 3.8
77 1.102 32.6 3.5
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that the average chain length differs the most from the theoretical
value for the highest initial concentration of initiator. When the
growth of polymer chains is under control, the total number of
‘‘living” chains remains approximately constant and equal to the
initial concentration of chain transfer agent. This ceases to be true
when a considerable number of chains takes part in termination
reactions. These results are consistent with the rule of thumb that
considers that the controlled radical polymerizations maintain
their ‘‘livingness” provided that the fraction of dead chains is lower
than 10%.

In conclusion, operating with higher initial concentration of ini-
tiator would allow producing a copolymer with a pre-specified
molecular weight in a shorter time, increasing the productivity of
the reaction. However, this operating policy would not be advis-
able if the application demanded a material with low polydisper-
sity or if it was required to perform polymer chain extensions.
Fig. 6. Composition for different [St]0:[MMA]0 ratios. Lines: instantaneous compo-
sition – Symbols: cumulative composition. Batch operation: tfinal = 12 h, T = 60 �C,
[I]0 = 0.0037 mol L�1, [CTA]0 = 0.035 mol L�1.
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3.3. Variation of the initial concentration of chain transfer agent

Reactions with four different initial concentration of chain
transfer agent ([CTA]0) were simulated so as to analyze its effect
on the copolymer molecular properties. Similarly to the previous
study, the final reaction time and the initial concentration of initia-
tor were kept fixed and equimolar quantities of comonomers were
considered in a batch reactor. The results correspond only to the SF
kinetic theory since they were similar to those obtained with IRT
and IRTO theories.

Fig. 3 shows the relationship between the number-average
molecular weight and conversion for the different initial concen-
trations of CTA. Dashed lines correspond to Ln calculated with Eq.
(30) and symbols represent the average chain length computed
with the complete model. It can be observed that Ln increases for
a given conversion when [CTA]0 is reduced. This behavior agrees
with the chain length increase predicted by Eq. (30).

Note that the deviation from linearity predicted by the approx-
imate expression increases considerably as the [CTA]0 is reduced,
something that is associated to the higher percentage of dead poly-
mer chains.

Table 3 presents values of some polymer properties and conver-
sion at the final time of the four simulated reactions. It can be seen
that the higher molecular weights at lower initial concentration of
CTA are achieved at the expense of increasing the termination
reactions, which results in higher polydispersity indexes (less uni-
formity of the material) and fewer ‘‘living” chains capable of fur-
ther growth or functionalization.

Figs. 4 and 5 exemplify the detailed information about the poly-
mer structure that can be obtained from the bivariate MWD-CCD,
which would not be available with just the values of PDI and aver-
age composition shown in Table 3. It can be seen in Fig. 4 that the
MWD-CCD of the copolymer exhibits a ‘‘shoulder” or low peak in
the region of short chain lengths, that enlarges as [CTA]0 becomes
smaller. This ‘‘shoulder” is due to the contribution of the dead
polymer and the one-arm dormant populations. This is exemplified
for the lowest [CTA]0, for which this behavior is most notorious
(Fig. 4d). For this case, we compare in Fig. 5 the MWD of the whole
copolymer and of the populations of dead polymer chains and the
one-arm dormant chains. It can be seen that the low-molecular
weight peak of the global copolymer distribution corresponds to
the contribution of both dead chains and one-arm dormant
populations.
Semibatch FSt

Fig. 7. Composition for constant feed of one comonomer. Lines: instantaneous
composition – Symbols: cumulative composition. Semibatch operation: tfinal = 12 h,
T = 60 �C, [I]0 = 0.0037 mol L�1, [CTA]0 = 0.035 mol L�1.
3.4. Variation of the comonomers feeding policy

The use of appropriate comonomer feeding policies in con-
trolled polymerizations allows obtaining materials with distinct
features due to the conformation of unique molecular architec-
tures. In order to evaluate this effect, two operating policies were
analyzed: batch operation with different initial concentration of
comonomers, and semibatch operation with constant feed of St
or MMA. Once again, only the results corresponding to the SF the-
ory are presented as similar outcomes were obtained for the other
kinetic theories.
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In the case of batch operation, the influence of the initial ratio of
comonomers on the molecular properties of the copolymers was
studied. The results that are presented correspond to a reaction
time of 12 h for three different ratios of St to MMA initial molar
concentrations: 30:70, 50:50, and 70:30. The initial concentrations
of initiator and CTA were kept fixed.

For the semibatch operation, a single total St to MMA feed
molar ratio of 50:50 was considered. The operating policy con-
sisted in feeding the entire mass of one of the comonomers at
Fig. 8. MWD-CCD for different feeding policies. tfinal = 12 h,
the beginning of the reaction and adding the other one at a con-
stant rate during the entire reaction time. The initial concentra-
tions of initiator and CTA were kept fixed and the reaction time
was also 12 h.

Table 4 presents the values of the average copolymer composi-
tion, number-average molecular weights, polydispersity indexes,
conversions and amount of dead chains for the five operating poli-
cies that were considered. As expected, the content of St in the
copolymer increases as the initial concentration of this comonomer
T = 60 �C, [I]0 = 0.0037 mol L�1, [CTA]0 = 0.035 mol L�1.
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is higher. In the case of the batch operation, it can be seen that the
reaction rate decreases as the initial concentration of St increases,
because this is the comonomer with smaller propagation kinetic
constants. Consequently, molecular weights are lower for higher
initial concentration of St.

Fig. 6 shows the development of cumulative and instantaneous
composition with conversion for the batch operation. Taking into
account that in a controlled polymerization all the chains grow
at the same speed on average, the instantaneous composition
allows estimating the composition along the copolymer backbone.
Then, for the simulated cases, the copolymers have a uniform com-
position along the chains that is approximately equal to the aver-
age composition. Note that the reactivity ratios of the
comonomer pair under consideration are rxSt = 0.57 and
rxMMA = 0.41. In consequence, in a spontaneous batch polymeriza-
tion the copolymer will take an approximately alternating struc-
ture. The copolymer composition values reported in Table 4 and
the copolymer composition profiles shown in Fig. 6 are the
expected ones given the reactivity ratios of the comonomers. On
the other hand, a spontaneous gradient copolymer would result
if one of the reactivity ratios were greater than one [56]. The model
presented in this work is also able to capture this behavior. Having
both reactivity ratios less than unity makes it more difficult to syn-
thesize gradient copolymers because this structure is not obtained
spontaneously. In this case, appropriate feeding policies are
required to achieve the gradient profile along the chain. Therefore,
models able to predict the copolymer composition are of great help
to determine the operating conditions for each targeted structure
[28,57,58].

A considerably different structure can be obtained in the semi-
batch operation. The evolution of cumulative and instantaneous
composition with conversion for this case is shown in Fig. 7. In
the figures that follow, the operating policy consisting in feeding
either St or MMA at constant rate (first and last rows in Table 4)
is referred to as ‘‘Semibatch FSt” or ‘‘Semibatch FMMA”, respectively.
When the whole mass of MMA is fed at the beginning of the reac-
tion, the final copolymer composition is similar to that obtained in
batch operation for [St]0:[MMA]0 = 30:70. Similarly, when St is the
monomer fed entirely at the start, the final copolymer composition
resembles that obtained in batch operation for [St]0:
[MMA]0 = 70:30. However, in both cases the achieved structure is
very different since the constant feed of one of the monomers
allows obtaining a more gradient-like structure, as illustrated in
the schematic drawing in Fig. 7.

Fig. 8 shows the MWD-CCD of the produced copolymers. As pre-
viously explained, these distributions can offer extra information
about the molecular structure of polymer chains. It can be seen
that distributions are narrow in both dimensions and have no sec-
ondary peaks, which indicates that the obtained material is
uniform.

It can also be noted that when the copolymer has an approxi-
mately equal content of both comonomers (Fig. 8b), there is sym-
metry around the average composition axes and around the
number average chain length axis, as discussed before. However,
this symmetry is not maintained when one of the comonomers is
more abundant than the other in the copolymer. In these cases,
Fig. 8a and c, longer chains (see vertical slices) are richer in the
comonomer with higher composition than shorter chains. The
MWD-CCD obtained with the semibatch operation are similar to
those of the batch operation that yield copolymers with similar
average composition.

The model presented in this work could be easily extended to
include the prediction of the sequence length distribution [54].
However, such detailed study on the copolymer structure is out
of the scope of this article.
4. Conclusions

In this work, we presented a successful model for the RAFT
copolymerization that includes the bivariate MWD-CCD of the
copolymer. The complex nature of the intermediate adduct was
taken into account, something that required considering a 4-
dimensional species. As discussed above, the model may provide
valuable information on the influence of operating conditions on
the quality of the product and the productivity of the process.
Finally, the bivariate MWD-CCD was shown to be very useful in
providing detailed information on the molecular structure of the
copolymer that would be very difficult to obtain experimentally.
This would have a practical application for establishing operating
conditions suitable for obtaining the structure required by particu-
lar end uses.
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Appendix A

A.1. Reaction rate terms, rX, in balance equations

The final expressions for the reaction terms that must be used
in the mass balances of low molecular weight species as well as
in the moment and pgf balances of polymeric species, represented
generically by Eq. (14), are:

Initiator:

rI ¼ �kd½I� ðA:1Þ
Chain transfer agent (TR0):

rTR0 ¼ �k0a;A½TR0�kA0;0 � k0a;B½TR0�kB0;0 þ
1
2

� �
k0f ;A xA

0;0

þ 1
2

� �
k0f ;B x

B
0;0 ðA:2Þ

Monomer j (j = A: styrene, j = B: methyl methacrylate):

rMj
¼ �ð2fkd½I� þ k0f ;A xA

0;0 þ k0f ;B xB
0;0Þ ½Mj �

½Mj �þ½Mi �

� 	
� 3kth½Mj�3dj;A

�ðkp;Aj þ ktrm;AjÞ½Mj�kA0;0 � ðkp;Bj þ ktrm;BjÞ½Mj�kB0;0
ðA:3Þ

Radicals with a final unit of monomer A, n units of MA and m units
of MB:

rRA
n;m

¼
ð2fkd½I� þ k0f ;A xA

0;0 þ k0f ;B xB
0;0Þ ½MA �

½MA �þ½MB �

� 	
þðktrm;AAk

A
0;0 þ ktrm;BAk

B
0;0Þ½MA�

8<
:

9=
;dn;1dm;0

þkth½MA�3ðdn;1dm;0 þ dn;2dm;0Þ þ 1
2

� �
k0f ;A ½RA

n;mTR0�
þ½MA�ð1� dn;1dm;0 � dn;0Þðkp;AA½RA

n�1;m� þ kp;BA½RB
n�1;m�Þ

�
ðkp;AA þ ktrm;AAÞ½MA� þ ðkp;AB þ ktrm;ABÞ½MB�
þðktc;AA þ ktd;AAÞkA0;0 þ ðktc;AB þ ktd;ABÞkB0;0

( )
½RA

n;m�

þ 1
2

� �
kf ;A ðdcAAn;m þ dcABn;mÞ � ka;AðxA

0;0 þxB
0;0Þ þ k0a;A½TR0�

n o
½RA

n;m�

�kc;A
cAA0;0 þ cAB0;0 þ cBB0;0
þxA

0;0 þxB
0;0

 !
½RA

n;m�
dtheory;IRTþ
dn;1dm;1 þ dn;1dm;0

þdn;2dm;0

� �
dtheory;IRTO

8><
>:

9>=
>;

ðA:4Þ
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Radicals with a final unit of monomer B, n units of MA and m units
of MB:

rRB
n;m

¼
ð2fkd½I�þ 1

2

� �
k0f;B xB

0;0þ 1
2

� �
k0f;A xA

0;0Þ ½MB �
½MA �þ½MB �

� 	
þðktrm;BBk

B
0;0þktrm;ABk

A
0;0Þ½MB�

8><
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9>=
>;dn;0dm;1

þ½MB�ð1�dn;0dm;1�dm;0Þðkp;AB½RA
n;m�1�þkp;BB½RB

n;m�2�Þ

�
ðkp;BBþktrm;BBÞ½MB�þðkp;BAþktrm;BAÞ½MA�

þðktc;BBþktd;BBÞkB0;0þðktc;ABþktd;ABÞkA0;0

8<
:

9=
;½RB

n;m�þ 1
2

� �
k0f ;B ½RB

n;mTR0�

þ 1
2

� �
kf ;B ðdcBBn;mþdcBAn;mÞ� ka;BðxB

0;0þxA
0;0Þþk0a;B½TR0�

n o
½RB

n;m�

�kc;B
cAA0;0þcAB0;0þcBB0;0

þxA
0;0þxB

0;0

0
@

1
A½RB

n;m�
dtheory;IRTþ
dn;1dm;1þdn;0dm;1

þdn;0dm;2
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One-arm dormant copolymer with a final unit of monomer j (j = A,

B), n units of MA and m units of MB:

rTR j
n;m

¼ 1
2

� �
k0f ;j½R j

n;mTR0� þ 1
2

� �
kf ;j dcj;jn;m þ 1

2

� �
kf ;i dcj;in;m

� ðka;i ki0;0 þ ka;j k
j
0;0Þ½TR j

n;m�
ðA:6Þ

Two-arm adduct radicals in pre-equilibrium (one branch with 0
units in length) with a final unit of monomer i (i = A, B), n units of
MA and m units of MB:

rRi
n;mTR0

¼k0a;i ½TR0� ½Ri
n;m��k0f ;i ½Ri

n;mTR0�

�
kc;A ðkA0;0dtheory;IRTþð½RA

1;1�þ ½RA
1;0�þ ½RA

2;0�Þdtheory;IRTOÞþ

kc;B ðkB0;0dtheory;IRTþð½RB
1;1�þ ½RB

0;1�þ ½RB
0;2�Þdtheory;IRTOÞ

0
@

1
A½Ri

n;mTR0�

ðA:7Þ
Two-arm adduct radicals in the main equilibrium: first branch with

a final unit of monomer i, n units of MA and m units of MB; second
branch with a final unit of monomer j, g units of MA and h units of
MB (i, j = A, B):

rRi
n;mTR j

g;h
¼ ka;i ½Ri

n;m�½TR j
g;h�þka;j ½TRi

n;m�½R j
g;h�

� 1
2

� �
kf ;i ½Ri

n;mTR
j
g;h��

1
2

� �
kf ;j ½Ri

n;mTR
j
g;h�

�
kc;A kA0;0dtheory;IRTþð½RA

1;1�þ ½RA
1;0�þ ½RA

2;0�Þdtheory;IRTO
� 	

þ

kc;B kB0;0dtheory;IRTþð½RB
1;1�þ ½RB

0;1�þ ½RB
0;2�Þdtheory;IRTO

� 	
0
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1
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n;mTR
j
g;h�

ðA:8Þ
Two-arm adduct radicals with a final unit of monomer i in the first

branch and a final unit of monomer j (i, j = A, B) in the other branch,
considering the total number of units of each comonomer (n units of
MA and m units of MB, adding the units in both arms):

rðRiTR jÞn;m ¼ ka;i
Xn�1

g¼0

Xm�1

h¼0

½Ri
n�g;m�h�½TR j

g;h� þka;j
Xn�1

g¼0

Xm�1

h¼0

½R j
n�g;m�h�½TRi

g;h�

� 1
2

� �
ðkf ;i þkf ;jÞ ½ðRiTR jÞn;m�

�
kc;A ðkA0;0dtheory;IRT þð½RA

1;1�þ ½RA
1;0�þ ½RA

2;0�Þdtheory;IRTOÞþ
kc;B ðkB0;0dtheory;IRT þð½RB

1;1�þ ½RB
0;1�þ ½RB

0;2�Þdtheory;IRTOÞ

 !
ðRiTR jÞn;m
h i

ðA:9Þ

Dead copolymer radicals with n units of MA and m units of MB:
rPn;m ¼ðktrm;AA½MA�þktrm;AB½MB�þktd;AAk
A
0;0þktd;ABk

B
0;0Þ½RA

n;m�
þðktrm;BA½MA�þktrm;BB½MB�þktd;BAk

A
0;0þktd;BBk

B
0;0Þ½RB

n;m�

þktc;AB
Xn�l

l¼0

Xm�r

r¼0

½RA
n�l;m�r �½RB

l;r �þ 1
2

� �
ktc;AA

Xn�l

l¼0

Xm�r

r¼0

½RA
n�l;m�r�½RA

l;r�

þ 1
2

� �
ktc;BB

Xn�l

l¼0

Xm�r

r¼0

½RB
n�l;m�r�½RB

l;r�

þkc;A

Xn�2

l¼2

Xm
r¼0

½RA
n�l;m�r �½ðRATRAÞl;r�

 !
þ

Xn�1

l¼1

Xm�1

r¼1

½RA
n�l;m�r �½ðRATRBÞl;r�

 !
þ

Xn
l¼0

Xm�2

r¼2

½RA
n�l;m�r �½ðRBTRBÞl;r�

 !
þ

Xn�1

l¼1

Xm
r¼0

½RA
n�l;m�r �½RA

l;rTR0�
 !

þ

Xn
l¼0

Xm�1

r¼1

½RA
n�l;m�r �½RB

l;rTR0�
 !
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dtheory;IRTþ
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dn;1dm;0þ
dn;2dm;0

0
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1
CAdtheory;IRTO

0
BBB@

1
CCCA

þkc;B

Xn�2

l¼2

Xm
r¼0

½RB
n�l;m�r �½ðRATRAÞl;r�
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þ

Xn�1

l¼1

Xm�1

r¼1

½RB
n�l;m�r �½ðRATRBÞl;r�
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þ

Xn
l¼0

Xm�2

r¼2

½RB
n�l;m�r �½ðRBTRBÞl;r�

 !
þ

Xn�1

l¼1

Xm
r¼0

½RB
n�l;m�r �½RA

l;rTR0�
 !

þ

Xn
l¼0

Xm�1

r¼1

½RB
n�l;m�r �½RB

l;rTR0�
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dn;1dm;1þ
dn;0dm;1þ
dn;0dm;2

0
B@

1
CAdtheory;IRTO

0
BBB@

1
CCCA

ðA:10Þ
Please note that the summations that appear in the original

reaction terms presented in this Appendix were replaced by the
corresponding moment definitions in Section 2.4.1. The same
was done in the reaction terms in the mass balances of macro-
molecular species prior to their transformation using the moment
and pgf techniques.

Reaction terms in moment balances
The reaction rate expressions that must be used in the moment

balances of the polymeric species may be deduced from Eqs. (A.1)–
(A.10) by applying the corresponding moment definitions. This
process results in the following equation for the moment reaction
rate:

Partial moment of order 0,0 of two-arm adduct radicals in the main
equilibrium: first branch with a final unit of monomer i, n units of MA

and m units of MB; second branch with a final unit of monomer j, g
units of MA and h units of MB (i, j = A, B):

rdci;jn;m ¼ ka;il j
0;0 ½Ri

n;m� þ ka;jk
j
0;0 ½TRi

n;m� � 1
2

� �
kf;idci;jn;m � 1

2

� �
kf;jdci;jn;m

� kc;A ðkA0;0dtheory;IRT þ ð½RA
1;1� þ ½RA

1;0� þ ½RA
2;0�Þdtheory;IRTOÞþ

kc;B ðkB0;0dtheory;IRT þ ð½RB
1;1� þ ½RB

0;1� þ ½RB
0;2�Þdtheory;IRTOÞ

 !
dci;jn;m

ðA:11Þ
It is clear from the kinetic scheme presented in Section 2.3 that

in the IRTO model the mass balances of short radicals (up to 2 units
in length, in all possible combinations, that is n +m = 2) must be
posed according to Eqs. (A.4) and (A.5). As the concentrations of
other short species appear in those equations, it is also necessary
to pose mass balances for them, that is: for oligomeric one-arm
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dormant radicals (Eq. (A.6)), two-arms adduct radicals in pre-
equilibrium (Eq. (A.7)) and partial moment of the two-arms adduct
radicals in the main equilibrium (Eq. (A.11)). For the other theories,
these mass balances are not required since they are replaced by the
corresponding moment and pgf equations.

Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of active rad-
icals with a final unit of monomer A, n units of MA and m units of MB:

rkAa;b ¼
2fkd½I� þ 1

2

� � k0f;A xA
0;0

þk0f ;B xB
0;0

 !( )
½MA �

½MA �þ½MB �

� 	
þ ktrm;AAk

A
0;0 þ ktrm;BAk

B
0;0

� 	
½MA�

8>>><
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9>>>=
>>>;1a0b

þkth½MA�3ð1a0b þ 2a0bÞ þ 1
2

� �
k0f ;A xA

a;b

þkp;AA½MA�
Xa
h¼0

a

h

� �
kAa�h;b þ kp;AB½MA�

Xa
h¼0

a

h

� �
kBa�h;b

�
ðkp;AA þ ktrm;AAÞ½MA� þ ðkp;AB þ ktrm;ABÞ½MB�þ
þðktc;AA þ ktd;AAÞkA0;0 þ ðktc;AB þ ktd;ABÞkB0;0

( )
kAa;b

þ 1
2

� �
kf ;A ðcAAa;b þ cABa;bÞ � ka;AðxA

0;0 þxB
0;0Þ þ k0a;A½TR0�

n o
kAa;b

�kc;A
cAA0;0 þ cAB0;0 þ cBB0;0
þxA

0;0 þxB
0;0

 ! kAa;bdtheory;IRTþ
1a1b½RA

1;1� þ 1a0b½RA
1;0�

þ2a0b½RA
2;0�

 !
dtheory;IRTO
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>>:
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Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of active rad-

icals with a final unit of monomer B, n units of MA and m units of MB:

rkBa;b ¼
2fkd½I�þ 1

2

� � k0f ;AxA
0;0

þk0f;BxB
0;0

 !( )
½MB �

½MA �þ½MB �

� 	
þ ktrm;Ajk

A
0;0þktrm;Bjk

B
0;0

� 	
½Mj�
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þkp;BA½MB�
Xb
g¼0

b

g

� �
kAa;b�g þkp;BB½MB�

Xb
g¼0

b

g

� �
kBa;b�g

�
ðkp;BBþktrm;BBÞ½MB�þðkp;BAþktrm;BAÞ½MA�þ
þðktc;BBþktd;BBÞkB0;0þðktc;BAþktd;BAÞkA0;0

( )
kBa;bþ 1

2

� �
k0f ;2xB

a;b

þ 1
2

� �
kf ;B ðcBBa;bþcBAa;bÞ� ka;BðxB

0;0þxA
0;0Þþk0a;B½TR0�

n o
kBa;b

�kc;B
cAA0;0þcAB0;0þcBB0;0
þxA

0;0þxB
0;0

 ! kBa;bdtheory;IRTþ
1a1b½RB

1;1�þ0a1b½RB
0;1�

þ0a2b½RB
0;2�

 !
dtheory;IRTO
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Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of one-arm
dormant radicals with a final unit of monomer j (j = A, B), n units of
MA and m units of MB:

rl j
a;b

¼ 1
2

� �
ðk0f ;j x j

a;b þ kf ;j cj;ja;b þ kf;i cj;ia;bÞ � ðka;i ki0;0
þ ka;j k

j
0;0Þl j

a;b ðA:14Þ
Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of two-arm

adduct radicals in pre-equilibrium (one branch with 0 units in length)
with a final unit of monomer j (j = A, B), n units of MA and m units of
MB:

rx j
a;b

¼ k0a;j ½TR0� k j
a;b � k0f ;j x

j
a;b

� kc;A ðkA0;0dtheory;IRT þ ð½RA
1;1� þ ½RA

1;0� þ ½RA
2;0�Þdtheory;IRTOÞþ

kc;B ðkB0;0dtheory;IRT þ ð½RB
1;1� þ ½RB

0;1� þ ½RB
0;2�Þdtheory;IRTOÞ

 !
x j

a;b

ðA:15Þ
Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of the partial
moment of order 0,0 of two-arm adduct radicals with a final unit of
monomer i of the first branch and a final unit of monomer j in the
other branch (i, j = A, B):

rci;j
a;b

¼ ka;i l j
0;0 k

i
a;b þ ka;j k

j
0;0 li

a;b � 1
2

� �
kf;i ci;ja;b � 1

2

� �
kf;j ci;ja;b

�
kc;A ðkA0;0dtheory;IRT þ ð½RA

1;1� þ ½RA
1;0� þ ½RA

2;0�Þdtheory;IRTOÞþ

kc;B ðkB0;0dtheory;IRT þ ð½RB
1;1� þ ½RB

0;1� þ ½RB
0;2�Þdtheory;IRTOÞ

0
@

1
Aci;ja;b

ðA:16Þ

Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of the two-
arm adduct radicals with a final unit of monomer i in the first branch
and a final unit of monomer j (i, j = A, B) in the other branch, consid-
ering the total number of units of each comonomer (n units of MA and
m units of MB, adding the units in both arms):

r
hi;j
a;b
¼ ka;i

Xa
j¼0

Xb
g¼0

a

j

 !
b

g

 !
l j

a�j;b�g k
i
a;bþka;j

Xa
j¼0

Xb
g¼0

a

j

 !
b

g

 !
k j
a�j;b�g l

i
a;b

�

1
2

� �ðkf ;iþkf;jÞþ

kc;A ðkA0;0dtheory;IRTþð½RA
1;1�þ ½RA

1;0�þ ½RA
2;0�Þdtheory;IRTOÞþ

kc;B ðkB0;0dtheory;IRTþð½RB
1;1�þ ½RB

0;1�þ ½RB
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Moment of order a,b (a,b = 0,0; 0,1; 0,2; 1,1; 1,0; 2,0) of dead poly-
mer radicals with n units of MA and m units of MB:

rea;b ¼ðktrm;AA½MA�þktrm;AB½MB�þktd;AAk
A
0;0þktd;ABk

B
0;0ÞkAa;b

þ ktrm;BA½MA�þktrm;BB½MB�þktd;BAk
A
0;0þktd;BBk

B
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� 	
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þktc;AB
Xa
j¼0

Xb
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b
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2

� �
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Xb
g¼0

a
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b

g
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A
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� �
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b

g

 !
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Xb
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b
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a�j; b�g

0
BBBB@

1
CCCCA

kAj;gdtheory;IRTþ

1 j1g ½RA
1;1�þ
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The following expressions correspond to the reaction terms to
be used in the pgf balance equations. As previously explained,
the order 0,0 pgf transform balances can be used to compute the
bivariate molecular weight distribution reported in number frac-
tion (MWDn). The molecular weight distribution reported in
weight fraction (MWDw) can be calculated from it by algebraic
manipulation. The methodology for obtaining the MWDw may be
found elsewhere [51,54].
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Pgf of order 0,0 of active radicals with a final unit of monomer A:

rkA0;0rA
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� �
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Pgf of order 0,0 of active radicals with a final unit of monomer B:

rkB0;0rB
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Pgf of order 0,0 of one-arm dormant radicals with a final unit of

monomer j (j = A, B):
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Pgf of order 0,0 of dead polymer radicals:
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Pgf of order 0,0 of two-arm adduct radicals in pre-equilibrium (one
branch with 0 units in length) with a final unit of monomer j (j = A, B):
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Pgf of order 0,0 of the partial 0,0 order moment of two-arm adduct

radicals with a final unit of monomer i in the first branch and a final
unit of monomer j in the other branch (i, j = A, B):
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Pgf of order 0,0 of the two-arm adduct radicals with a final unit of

monomer i in one branch and a final unit of monomer j in the other
branch (i, j = A, B), considering the total amount of units of each
monomer (adding the units in both arms):
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A.2. Kinetic parameters

The kinetic parameters that are not related with RAFT reactions
were considered to be equal to those of the conventional free rad-
ical copolymerization of styrene and methyl methacrylate. These
parameters are shown in Table A.1.

A.3. Density equations, average molecular properties, composition and
conversion

The density equations used to compute the reaction volume are
the following [59,60]:

qmix ¼
xSt
qSt

þ xMMA

qMMA
þ xI
qI

þ xCTA
qCTA

þ xhomoPSt

qhomoPSt
þ xhomoPMMA

qhomoPMMA

� ��1

ðA:26Þ

qSt ¼ 919:3� 0:665 � Tð�CÞ ¼ qI ¼ qCTA; qMMA ¼ 936� 0:265 � Tð�CÞ
ðA:27Þ

qhomoPSt ¼ 992:6� 0:265 � Tð�CÞ; qhomoPMMA ¼ 1190� 0:265 � Tð�CÞ
ðA:28Þ

In these expressions, qmix is the density of the mixture while qi

and xi represent the density and mass fraction of species i where
i = St, MMA, I, CTA, poly(St) and poly(MMA). The mass fractions
of species with low molecular weight are calculated according to
the following equation:

xi ¼ ½i� PMi

qmix
ðA:29Þ



Table A.1
Kinetic parameter of the initiator decomposition, styrene thermal initiation, propa-
gation, termination and transfer to monomer reactions for the free radical copoly-
merization of styrene (A) and methyl-methacrylate (B) [59].

Reaction Parameter Units

Initiation f = 0.62

kd ¼ 1:7� 1015 exp � 30;000
1:987�T

� 	
s�1

kth ¼ 2:19� 104 exp �13;810
T

� 	
L2 mol�2 s�1

Propagation kp;AA ¼ 4:27� 107 exp �7769:17
1:987�T

� � L mol�1 s�1

kp;BB ¼ 4:427� 106 exp �6000
1:987�T
� � L mol�1 s�1

rxA ¼ 0:57
rxB ¼ 0:41

kp;AB ¼ kp;AA
rxA

L mol�1 s�1

kp;BA ¼ kp;BB
rxB

L mol�1 s�1

Termination ktc;AA ¼ 3:05� 10�9ðkp;AAÞ2 exp 12452:2
1:987�T
� � L mol�1 s�1

ktc;BB ¼ 0
ktd;AA ¼ 0

ktd;BB ¼ 9:8� 107 exp �701
1:987�T
� � L mol�1 s�1

ktc;AB ¼ ð1� f dcÞf i AB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ktc;AAktd;BB

q
L mol�1 s�1

ktd;AB ¼ f dcf i AB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ktc;AAktd;BB

q
L mol�1 s�1

fdc = 0.5
fi AB = 1.616

Chain transfer to
monomer

ktrm;AA ¼ kp;AA0:22 exp �2820
T

� �
L mol�1 s�1

ktrm;BB ¼ kp;BB 5:15� 10�5 L mol�1 s�1

ktrm;AB ¼ kp;AB
ktrm;BB
kp;BB

L mol�1 s�1

ktrm;BA ¼ kp;BA
ktrm;AA
kp;AA

L mol�1 s�1
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To the best of our knowledge, no expression exists for the vari-
ation of the density of poly(St-co-AMS) with temperature. There-
fore, an assumed fraction of each homopolymer in the copolymer
chain needs to be calculated. The moments of order 1,0 account
for the moles of styrene in the copolymer chains, while the
moments of order 0,1 account for the moles of methyl methacry-
late present in the copolymer. Therefore, the assumed mass frac-
tion of poly(St) and poly(MMA) in the copolymer can be
calculated by adding all the moments of order 1,0 and 0,1, respec-
tively, as in the following equations:

xhomoPðStÞ ¼
P

hMomenth1;0
� 	

PMSt

qmix
and

xhomoPðMMAÞ ¼
P

hMomenth0;1
� 	

PMMMA

qmix
ðA:30Þ

In these expressions, the superscript h accounts for each poly-
meric species in the reaction medium, where h = active radicals,
one-arm dormant radicals, two-arms dormant adduct radicals,
and dead copolymer chains.

The average molecular properties of interest are calculated from
the calculated moments, as follows:

Number-average molecular weight:

Mn ¼
P

hMomenth1;0
� 	

PMA þ P
hMomenth0;1

� 	
PMBP

hMomenth0;0
� 	 ðA:31Þ

Weight-average molecular weight:

Mw ¼

P
hMomenth2;0

� 	
ðPMAÞ2 þ

P
hMomenth0;2

� 	
ðPMBÞ2

þ2
P

hMomenth1;1
� 	

PMA PMBP
hMomenth1;0

� 	
PMA þ P

hMomenth0;1
� 	

PMB

ðA:32Þ
where PMi is the molecular weight of the comonomer i (i = A, B),
and the superscript h accounts for each polymeric species in the
reaction medium.

When calculating an average molecular weight for a given
macromolecular species (that is, propagating radicals, dead chains,
etc.), only the specific moments for this species must be included
in the calculation instead of the sum of moments of all polymeric
species.

The polydispersity index may be obtained from the calculated
molecular weights.

Polydispersity index:

PDI ¼ Mw

Mn
ðA:33Þ

Molar fractions of a given species can also be calculated through
the moments of order 0,0, since they account for the number of
molecules of that species.

The equations to calculate different conversions are shown
below:

Global Conversion:

Convð%Þ ¼
P

hMomenth1;0 þ
P

hMomenth0;1P
hMomenth1;0 þ

P
hMomenth0;1 þ ½MA� þ ½MB�

100

ðA:34Þ
Monomer (A and B) conversions

ConvAð%Þ ¼
P

hMomenth1;0P
hMomenth1;0 þ ½MA�

100 ðA:35Þ

ConvBð%Þ ¼
P

hMomenth0;1P
hMomenth0;1 þ ½MB�

100 ðA:36Þ

Finally, the copolymer composition, expressed in terms of
monomer A, is obtained through the moment values as follows:

Number-cumulative composition for the copolymer:

Compn ¼
P

hMomenth1;0P
hMomenth1;0 þ

P
hMomenth0;1

ðA:37Þ

Number-instantaneous composition for the copolymer:

Comp InstA ¼ kp;AA½MA�kA0;0 þ kp;BA½MA�kB0;0
kp;AA½MA�kA0;0 þ kp;BA½MA�kB0;0þ
kp;AB½MB�kA0;0 þ kp;BB½MB�kB0;0

( )
ðA:38Þ
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