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Statistical mechanical modeling of the transition Stage II ! Stage I of
Li-ion storage in graphite. A priori vs induced heterogeneity
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A B S T R A C T

An improved model to analyze the partial molar entropy step between stage II and stage I for lithium
intercalation in graphite, based in statistical mechanics, is presented. At difference with our previous
formulation, which assumed a priori heterogeneities, the present model considers the more realistic case
of induced heterogeneities. The present work shows that, similarly to considerations made in the
literature with intercalation cathode materials, most of the partial molar entropy changes for Li insertion
into graphite may be explained on a configurational basis.
The interaction between ions intercalated in a same layer of graphite can be inferred to be strongly

attractive, as was assumed in the literature for the simulation of voltammetric profiles.
© 2017 Elsevier Ltd. All rights reserved.
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1. Introduction

Current lithium-ion batteries are largely based on graphite
anodes and lithium metal oxide cathodes [1]. These materials
allow a relatively fast ion insertion and extraction and therefore
allow the fabrication of high power density cells, which have found
ubiquitous applications. One of the important issues concerning
the safety of these devices is heat generation, which may produce
high temperature excursions of the cell and a premature aging of it
or even hazardous events. Among the different types of heat, we
can mention ohmic heat, heat exchange with the environment,
heat of electrolyte precipitation and reversible heat [2], which can
be estimated from the thermodynamics of the reactions involved.
Thus, understanding thermodynamics aspects of the intercalation
reactions allows to shed light onto one of the sources of heat in
batteries, where the reversible heat generation rate may be found
to be a significant portion of the total heat generation rate [3].
Moreover, partial molar entropy and enthalpy profiles have been
found to show relevant changes with ageing of coin-cells batteries,
which can be understood in terms of degradation of the crystal
structure of electrode materials [4–6], thus providing a nonde-
structive tool for battery degradation analysis.
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While thermodynamic properties on cathodic materials have
been the subject of extensive experimental research [7–16] and
modeling [17–22], the study of graphite anodes has been much
more restricted. Experimental determination of enthalpy and
entropy for this type of anodes has been achieved by Reynier et al.
[23,24] and Yazami and Reynier [25]. In the case of Li-ion insertion
into graphite, the experimental curve for entropy as a function of
composition shows a step in the transition from stage II to stage I
that could not be explained in the initial articles. In the third article
[25], two of the previous authors stated that a possible mechanism
of the stage I phase formation may involve a ‘dilute lithium layer’
(noted dil-Li) that would have alternating ‘normal’ Li layer (Li) with
the hexagonal structure and a dilute lithium layer following the
sequence (Li)–G–(dil–Li)–G. Pioneering modeling of Li insertion in
graphite was undertaken by Derosa et al. [26] in terms of a lattice
gas model. These authors simulated voltammograms, but did not
consider partial molar properties. Computer simulation of partial
molar enthalpy and partial molar entropy for this system were
performed by Perassi et al. [27] showing that the transition from
state II to state I involved the transition from an ordered state (II) to
an initially disordered state. It is worth mentioning that Filhol et al.
[28] constructed phase diagrams from first-principles calculations
for this system, and focused on the absolute entropy rather than on
the partial molar entropy. In a recent work [29], some of us
proposed a simple two-levels lattice gas model that was able to
account for the step in the partial molar entropy and concluded
that attractive interactions must be assumed between adsorbates
in a same lattice, to explain the half-width height of the
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voltammetric peaks. In this former model, the occurrence of two
energetic states involved an “a priori” heterogeneity, which is an
oversimplification that may be easily modified within the same
statistical mechanical approach. In the present work we explore an
interaction model that introduces “induced” heterogeneity, which
is found to be more adequate to describe the experimental features
of the partial molar entropy.

2. Model and Statistical Mechanical background

Voltammetric experiments have shown that the occurrence of
Stages I and II is related to two well defined energy states, which
become evident as voltammetric peaks. In our previous work, we
assumed the occurrence of two non-interacting lattices, where the
lithium ions were hosted with different energies (“a priori”
heterogeneity). In the present work, we consider a two layers
supercell, made of two lattices, say I and II, as Fig. 1 shows. We will
assume that these lattices may be occupied by particles (the Li+

ions) with occupation numbers N1 and N2 respectively. The
interaction energies of the particles within each one of the lattices
will be assumed to be attractive, with the interaction parameter g.
As mentioned in our previous work [29], there are both theoretical
[28] and experimental [30] arguments supporting the hypothesis
that this should be the case. Furthermore, the fitting of the
voltammetric profiles corresponding to the formation of the
different stages [30] suggests that they keep a similar interaction
parameter for the particles being inserted in the same layer. On the
other hand, the particles in the different layers will be allowed to
interact with an effective pair repulsive energy D. This is also
supported by the experimental fact that different diluted phases
appear at low occupations of the system [31]. This model defines
an induced heterogeneity. As in our previous formulation, particles
within a same layer will be allowed to interact attractively. It will
be assumed that each of the lattices has M sites where the
incoming ions may be located, thus giving a total of 2M sites that
may be occupied.

In statistical mechanics, all the thermodynamic properties of a
system can be obtained from its partition function Q once it is
known. In the canonical ensemble this is given by:

QðN; 2MÞ ¼
X

iðstatesÞ
e�Ei=kT ¼

X

jðlevelsÞ
Vje

�Ej=kT ð1Þ

where Vj labels the degeneracy of the jth energy level Ej and N the
number of inserted ions. The term 2M indicates the total number of
sites where the ions may be inserted,kT is the Bolzmann constant
Fig. 1. Schematic representation of the present model for Li intercalation in
graphite. The central part shows two partially filled slabs, say lattice I and lattice II,
which may be progressively occupied by Li ions and are repeated periodically in
space. The images are represented in light gray. The ions in the same slab interact
with a pairwise attractive interaction g and the ions in the neighboring slabs with an
effective interaction D. The interactions are averaged according to Eq. (2), as
described in the text.
multiplied by the absolute temperature and the sum run over all
possible states that may be arranged with N particles. The
degeneracy Vj may be straightforwardly computed counting the
ways of distributing N = N1 + N2 particles among 2M sites with
energy Ej.

According to the previous assumptions, for the present model
we have:

Ej ¼ N1E0 þ N2E0 þ gNn
N2

1

M
1
2
þ gNn

N2
2

M
1
2
þ D

N1N2

M
þ D

N2N1

M
ð2Þ

where E0 is the interaction energy with the graphite lattice (taken
here as zero) and Nn ¼ 6 is the number of neighbors in each of the
lattices. From equation (2), it becomes clear that there is no a priori
assumption of two different energy states, as it was supposed in
our previous work.

We use a numerical procedure to evaluate the partition function
Q for different situations, with the finding that results with M = 100
are converged with respect to the size of the system. Once Q was
obtained for different values of N, different properties were
obtained using the usual relationships between partition function
and different thermodynamic properties [29]. We have analyzed
voltammetric profiles, entropy, partial molar entropy and partial
molar energy. We perform in all cases comparison with the results
of our previous work.

3. Results and Discussion

Instead of using the number of particles as independent
variable we define the fractional occupation X of the lattices as:

X ¼ N=ð2MÞ ð3Þ
so that all thermodynamic properties will be discussed in terms

of this quantity.
Fig. 2 shows the entropy of the present system as a function of

the occupation, for g = 0 and for different values of the parameter
D/kT, which are indicated there. Comparison with Fig. 2 of our
previous work shows that although increasing values of the
repulsive factor D lead to two maxima in the entropy, as it was the
case for increasing DE = E2� E1, the curves look different. Each of
the two maxima become now more asymmetric, with the maxima
values shifted to lower (higher) values when X < 0.5 (X > 0.5).
Fig. 2. Configurational entropy according to the model shown in Fig. 1, as a function
of the fraction of occupied sites X. The entropy has been divided by the total number
of lattice sites 2M. The energetics of the system was described by Eq. (2), with
g = 0. The D/kT values used are shown close to the plots. D/kT values where 0 (——),
1 (— —), 2 (����), 2.5 (– – –), 3 (— � — �) 3.5 (– � – �) and 4 (– �� – ��)respectively. The
arrow indicates the behavior for increasing values of D/kT.



Fig. 4. (a)Partial molar energy according to our previous model, reference [29]
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These changes can also be noted more remarkably in the behavior
in the partial molar entropy (PMS), Fig. 3. Here, it can also be
noticed that all the curves for PMS merge for X values around 0.1.
This behavior also departs from that observed in the previous
model (Fig. 3 of ref. [29]). There, the PMS curves for different DE
diverged from each other even for X ! 0. The physical reason for
this is the following: when DE became large as compared with kT
in the previous model, only M states (of a total of 2M) became
available for hosting particles. Thus, the PMS became smaller than
that expected for a system of non-interacting particles. This fact
may provide a way of determining the type of heterogeneity
occurring in a system (a priori or induced). In systems with induced
heterogeneity, the PMS experimental curve should smoothly
merge with the prediction for an ideal gas below some critical X
value, as Fig. 3 shows. This would not occur in a system with a
priori heterogeneities, and the effect would be the stronger, the
larger the variety of energy states occurring in the system.

Partial molar energy (PME) plots are shown in Fig. 4 for the
previous (not discussed in ref. [29]) and the present model. For the
previous model the PME increases monotonically, denoting
the sequential filling of the two lattices. On the other hand, for
the induced heterogeneity model, although the PME roughly
shows a two-states behavior, the PME presents a number of
oscillations that may be interpreted in terms of the occupation of
the system, according to the next considerations. Gao et al. [17]
have used a model similar to the present one to analyze the
behavior of Li1+xMn2-xO4, though using a different mathematical
approach and representing a different physical problem. They
found that the system undergoes an order-disorder transition at
low and high occupations. Thus, the behavior observed in Fig. 4b
may be understood as follows: At low occupations, the two slabs in
Fig. 1 are occupied simultaneously forming a disordered phase, so
the PME increases smoothly (Region labeled I). When the disorder-
order transition occurs, the configurations where one of the layers
is occupied selectively prevail. The occupation of one of the layers
decreases and the PME drops down because of the loss of repulsive
interactions, until reaching a minimum (Labelled II). At X = 0.5 one
of the layers becomes completely filled, and the PME suddenly
grows up because the filling of the other layer increases the
number of repulsive interactions. The maximum (III) and subse-
quent minimum (IV) in the PME take place because the empty
Fig. 3. Partial molar entropy according to the model presented in Fig.1, and with the
interactions described in Eq. (2) as a function of the fraction of occupied sites X. The
curve for D = 0 is shown in a full line. The curves for increasing D/kT values are
indicated by the arrows, and correspond to D/kT 0 (——), 1 (— —), 2 (����), 2.5 (– – –),
3 (— � — �), 3.5 (– � – �) and 4 (– �� – ��) respectively. The arrows indicate the behavior
for increasing values of D/kT.

and (b) according to the present one. In (a) g ¼ 0 and D/kT values are 0 (——), 1
(— —), 2 (����), 2.5 (– – –), 3 (— � — �), 3.5 (– � – �) and 4 (– �� – ��). In (b)
g = 0 and D/kT values are 0 (——), 1 (— —), 2 (����), 2.5(–– �), 3 (— � — �), 3.5
(– � – �) and 4 (– �� – ��) respectively.

Fig. 5. Voltammograms simulated with g = 0 and different D/kT values in Eq. (2).
These corresponds to: D/(kT) = 1 (——), D/(kT) = 2 (— —), D/(kT) = 3 (����), D/(kT) =
3.5 (– � – �) and D/(kT) = 4 (– �� – ��). The arrow indicates the behavior for increasing
values of D/kT.



Fig. 6. Voltammograms simulated with D/(kT) = 2 and different g/kT in Eq. (2).
These corresponds to: g/(kT) = 0(——), g/(kT) = � 0.1 (— —),g/(kT) = � 0.2 (����), g/
(kT) = � 0.3 (– � – �) and g/(kT) = � 0.4(– �� – ��). The arrows indicate the behavior for
increasing values of g/kT.
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places undergo again an order-disorder transition, where the
situation of “holes” change from a state where they are located at
one of the layers, to another situation where they are evenly
Fig. 7. Thermodynamic information obtained with D/(kT) = 1.12 and g/(kT) = � 0.45. a)Eq
energy.
situated in both layers, where the repulsion is again decreased. The
experimental curves for the partial molar enthalpy actually show
multiple maxima, see Fig. 5 of reference [24], the origin of this will
be discussed below.

In our previous model, we have seen that the separation
between energy levels was given by the parameter DE/kT, whose
role is played in the present model by the parameter D/kT, which is
the responsible for energy splitting. This becomes manifest now in
the voltammograms for different D/kT values, as shown in Fig. 5 for
g = 0. As it was the case with the a priori model, when the distance
between the peaks is close to experimental values (37 mV, or its
equivalent in thermal energy at room temperature 1.44 kT), the
peaks look merged together and very different from those
experimentally obtained. Introduction of a negative g produces
important changes in the voltammetric features, as can be found in
Fig. 6. A systematic optimization of the parameters to yield the
proper separation of the voltammetric peaks (37 mV) and half
width of the peaks (18 mV) lead to the set of values [D/(kT) = 1.12, g/
(kT) = � 0.45]. Fig. 7 shows different thermodynamic information
that may be obtained with this set of parameters. Comparison of
the voltammetric profiles of Fig. 7a with the experimental results
of reference [30] shows that the latter look sharper than the
simulated ones. We go back to this point below. Fig. 7b shows that
the entropy profiles look rather symmetric, so that the asymmetry
expected for induced interactions is not evident from these
profiles. On the other hand, it is interesting to compare the value
uilibrium voltammetric profiles, b)entropy, c)partial molar entropy, d)partial molar



Fig. 8. Thermodynamic information obtained with a four-layers model. The energy equation is similar to Eq. (2) but contains an additional term to second-neighbor slabs of

the type D2
NiNiþ2

M . The interaction parameters are D/(kT) = 2.24, and g/(kT) = � 0.45. The different values of D2/kT are reported in the Figure. a)Equilibrium
voltammetric profiles, b)entropy, c)partial molar entropy, d)partial molar energy.
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predicted for the entropy increase around X = 0.5 with the
experimental value. From Fig. 7c we get a value of 18.5 J/mol K,
which may be compared with the value of 14 J/(mol K) found in
references [23] and [24]. The present value represents a consider-
able improvement with respect to the previous model, where we
had assumed a priori heterogeneity for the inserted ions. The step
in the partial molar energy of Fig. 7d amounts 3.45 kT, which
translates into 8.5 kJ/mol. The partial molar enthalpy step shown in
Fig. 5 of reference [24] amounts 7.7 kJ/mol, also showing a
consistent agreement between theory and experiment.

Finally, we present here some preliminary results for a four
layers model, where we assume not only repulsive interactions
between first-neighbor but also between second neighbor slabs.
We denote the interaction parameter describing the interaction
between second-neighborslabs with D2. Fig. 8 shows the effect of
D2/kT on the different thermodynamic properties analyzed here.
As can be found in Fig. 8a, the interaction between second-
neighbors reduces the splitting of the voltammetric peaks, and
generates a double structure for each of the peaks. In the case of the
entropy of the system, Fig. 8b, a hump becomes evident at
intermediate occupations, and the consequences for the partial
molar entropy, Fig. 8c are the occurrence of multiple oscillations.
These oscillations are also observed in the partial molar energy,
which resemble the experimental results found in Fig. 5 of
reference [24]. In the case of the occurrence of multiple
components in the voltammetric peaks, like those observed in
Fig. 8a for D2/kT = 0.8, a deeper analysis of the occupation of
different layers shows that besides the stages I and II, other
structures occur. These consist of three subsequent layers filled
with Li and one empty, and its complement, three empty layers and
one filled with Li ions. The first of these structures, denominated 4/
3, has been proposed by Yazami et al. [25] to explain anomalous
behaviors during lithium electrochemical intercalation. These
preliminary studies with a several-layers model open the way to
explain other fine features of the voltammograms and partial
molar thermodynamic properties. Different types of improve-
ments may be already suggested here. First, many-layers systems
could be studied to analyze the occurrence of high-order staging.
Second, stress effects could be included, as modeled by Levi et al.
[32]. Third, 3-D modeling could allow the analysis of complex
phenomena like the occurrence of domains, as modeled by
Krishnan et al. [33]. We hope that the present results will promote
further research on this fascinating system.

4. Conclusions

In the present work we have improved a previous model, based
in statistical mechanics, to analyze the partial molar entropy step
between stage II and stage I for lithium intercalation in graphite. At
difference with our previous formulation, which assumed a priori
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heterogeneities, the present model considers the more realistic
induced interaction model. The present work shows that, similarly
to consideration made in the literature with intercalation cathode
materials, most of partial molar entropy changes for Li insertion
into graphite may be explained on a configurational basis.

The interaction between ions intercalated in a same layer of
graphite can be inferred to be strongly attractive, as was assumed
by Levi et al. [30] to simulate voltammetric profiles.
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