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Weight multiplicity formulas for bivariate representations
of classical Lie algebras
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A bivariate representation of a complex simple Lie algebra is an irreducible rep-
resentation having highest weight a combination of the first two fundamental
weights. For a complex classical Lie algebra, we establish an expression for the
weight multiplicities of bivariate representations. Published by AIP Publishing.
https://doi.org/10.1063/1.5043305

I. INTRODUCTION

This article concerns on giving weight multiplicity formulas, continuing the previous authors’
article.'® In that article, for a classical complex Lie algebra g, a closed explicit formula for the weight
multiplicities of any representation of any p-fundamental string was determined. Such a representation
is an irreducible representation of g with highest weight kw; + w), for some non-negative integer k.
Here, w; denotes the jth fundamental weight associated with the root system of g.

The primary goal of the present article is to find an expression for the weight multiplicity of
every bivariate representation of a classical complex Lie algebra g. A bivariate representation is an
irreducible representation with highest weight aw + bw; for some non-negative integers a and b (cf.
Ref. 17). See Sec. 1 in Ref. 16 for references of classical and recent previous results on this problem.

In Sec. II, we introduce the standard notation used to describe the root system associated with
a classical complex Lie algebra g. In particular, for g of type B,, C,, or D,, and h a fixed Cartan

subalgebra of g, {¢i, ..., €,} denotes the basis of h* satisfying that the set of simple roots are
{e1 — €2, ..., €4-1 — &y, &y} for type B, {1 — &2, ..., €n-1 — &, 2&,} for type C,, and
{e1—€2, ..., &n—1 — &n, €n—1 + &} for type D,,. According to this notation, bivariate representations

have highest weight of the form ke + l&; for integers k > [ > 0.

The obtained weight multiplicity formulas for types B,,, C,;, and D,, are in Theorems III.1, I11.2,
and III.3, respectively. The expressions involve a sum over partitions of the integer numbers </, so
they may not be considered “closed explicit formulas™ like in Ref. 16. An immediate and curious
consequence of the formulas is the next result.

Theorem L.1. Let g be a classical complex Lie algebra of type B, C,, or D,,. Let k > 1 > 0
integers and =3, a;g; with a; € Z for all i. The multiplicity of p in the irreducible representation
Tke,+le, Of @ with highest weight ke + lea, denoted by My ey (W), depends only on

n
Il lly ::Z la;l and Z(u)=#{i:1<i<n, |la;|=t} forall0<t<I-1. (D
i=1
In other words, if uand ' satisfy ||ully = |@'|l and Z,(u) = Z:(u’) for all 0 <t <1 — 1, then
m”kslﬂsz (ﬂ):mﬂksl+152 (#/)

This theorem is analogous to Corollary 1.1 in Ref. 16 (see also Lemma 3.3 in Ref. 15), which
states that the multiplicity of a weight u in representations in p-fundamental strings depends only
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on |[ully and Zo(u). Such representations have highest weights of the form kw; + w, for k > 0 and
1<p<n-1fortypeB,, 1 <p <nfortype C,,and 1 <p < n -2 for type D,.

In the best authors’ knowledge, the weight multiplicity formulas in Theorems III.1-II1.3 are not
in the literature. Nevertheless, Maddox!” obtained a multiplicity formula for bivariate representations
when g is of type C,,. However, her expression differs significantly from ours. In particular, Theorem
1.1 does not follow immediately from her formula. See Remark III.14 for more details.

We compare from a computational point of view, the multiplicity formulas obtained in
Theorems III.1-II1.3 with Freudenthal’s famous formula (see Subsection III C). We used the open-
source mathematical software Sage'® to do the calculations. It was evidenced in the computational
results shown in Table I that the bivariate algorithm based on Theorems III.1-III.3 is faster than

TABLE I. Computational comparison between the bivariate algorithm and Freudenthal’s formula. Each column shows, for the
corresponding algorithm and type X, the required time for returning the set of weights with multiplicities of the representation
Tke+ley Of @ of type X, according to the row. The column D, (%) refers to the version of the bivariate algorithm returning
only the dominant weights.

Time bivariate Time Freudenthal
n k l B, C, D, D, (%) B, C, D,
2 5 3 0.15 0.07 0.32 0.13
3 5 3 0.26 0.14 0.15 0.13 3.88 1.87 1.27
4 5 3 0.46 0.35 0.28 0.19 32.58 14.90 12.05
5 5 3 0.99 0.67 0.62 0.23 187.43 94.08 79.82
6 5 3 2.82 1.89 1.78 0.24 876.17 527.69 451.43
7 5 3 6.94 5.22 4.74 0.27 3436.25 1898.23 1961.54
8 5 3 17.77 14.11 12.59 0.36
9 5 3 43.23 35.47 32.11 0.51
10 5 3 97.55 87.67 78.66 0.84
2 10 3 0.29 0.13 1.92 0.48
3 10 3 0.82 0.49 0.45 0.37 23.68 10.23 7.85
4 10 3 2.09 1.16 1.22 0.58 291.63 130.93 108.61
5 10 3 8.30 5.06 4.84 0.80 2630.09 1193.45 1028.42
6 10 3 38.42 24.86 23.90 1.16
7 10 3 183.73 146.06 126.82 1.96
2 50 3 347 1.79 78.13 28.54
3 50 3 36.40 17.62 17.50 13.50 5146.69 2108.21 1578.78
4 50 3 472.14 325.76 267.25 58.00
2 6 6 2.20 1.32 0.50 0.19
3 6 6 9.28 5.35 5.23 5.21 11.90 4.74 3.53
4 6 6 19.29 11.19 11.44 11.09 157.23 67.93 54.79
5 6 6 30.81 18.05 18.04 15.78 1443.41 663.86 553.57
6 6 6 53.76 32.65 32.64 19.50
2 10 6 3.58 2.04 1.66 0.62
3 10 6 18.14 9.86 9.91 9.77 43.50 18.34 13.59
4 10 6 44.69 25.20 24.96 23.98 695.71 298.50 243.70
5 10 6 87.71 49.55 49.36 38.89 8114.00 3571.44 2966.84
6 10 6 235.76 158.26 133.51 52.88
2 20 6 8.77 4.61 8.41 3.16
3 20 6 63.71 33.25 33.16 32.61 312.83 129.92 98.02
4 20 6 216.46 115.58 117.99 109.08 7486.63 3199.29 2620.10
5 20 6 654.96 390.98 393.92 220.11
2 15 9 40.04 22.33 493 1.81
3 15 9 390.59 209.87 209.12 208.37 191.24 78.85 59.11
4 15 9 1594.63 865.10 853.83 851.50 4710.03 1908.34 1642.50
5 15 9 3794.15 2112.98 2051.99 1962.57 71389.97 32013.22 28179.33
2 50 9 231.18 116.93 96.16 35.20
3 50 9 4800.55 2423.05 2553.71 2492.15 7851.47 3117.85 2346.84
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the Freudenthal algorithm for most of the small values of k and I. Moreover, for any choice of k
and /, the same conclusion would hold for n big enough. It is probably a more significant the fact
that Theorems III.1-II1.3 return in a speedy way the multiplicity of a single weight. The situation
is very different with Freudenthal’s formula since it is defined recursively, and moreover, it has to
calculate the multiplicities of many intermediate weights in case the original weight is far away from
the highest weight. Many more related remarks are made in Subsection III C.

We have already mentioned that the expressions for the weight multiplicities in
Theorems III.1-1I1.3 and IV.2 are not closed explicit formulas since they involve a sum over parti-
tions. However, in some particular cases, one can write down the corresponding partitions obtaining
a (long) closed expression. For instance, the statements for the multiplicity of the weight y = 0 for
types B,,, C,,, and D, are included in Subsection III D. Furthermore, a formula for m,+2¢, in type
D, is also part of Subsection III D.

Although weight multiplicity formulas are interesting in themselves, the authors were motivated
by their application in spectral geometry (see Sec. 7 in Ref. 16). In Remark III.17, we mention possible
applications for the weight multiplicity formulas obtained in this article for the determination of the
spectra of some natural differential operators on spaces covered by compact symmetric spaces with
Abelian fundamental groups.

The weight multiplicity formula for g of type A, is determined in Sec. IV. Furthermore, the
corresponding expression for the case [ = 2 is stated in Corollary IV.3. This case, g of type A,, is
much simpler than the previous ones. The obtained expressions are probably already present in the
extensive literature on this area.

The article is organized as follows. Section II introduces the necessary notation to read the
statements of the primary results. Section III, which considers classical Lie algebras of type
B,, C,, and D,, is divided in five subsections. Subsection III A states the weight multiplic-
ity formulas which are proven in Subsection III B. The computational comparison is made in
Subsection III C. Subsection III D shows closed explicit formulas in particular cases. Section III
ends with some remarks. The case when g is of type A, is considered in Section IV.

Il. NOTATION

Throughout this section, g denotes a classical complex Lie algebra of type B,,, C,, and D,,
namely, so(2n + 1, C), sp(n, C), and so(2n, C), respectively. We assume n > 2 for types B, and C,,,
and n > 3 for D,,. We fix a Cartan subalgebra h of g.

Let {&y, ..., &,} be the standard basis of h*. Then, the sets of positive roots *(g, h) and the
space of integral weights P(g) are, respectively, given by

1
{eix¢gj:i<jlU{g} and {Zl a;g;.a; € ZNi, or a; — 3 EZVi} for g of type B,
{eixgj:i<jlU{2g} and {Ziaiei 1a; € ZVi} for g of type C,,

1
{ei £ ¢&j:i<j} and {Ziaisi:aieZVi, ora; — zeZVi} for g of type D,,.

Furthermore, ) ; a;e; € P(g) is dominant if and only if a; > a» > --- > a, > 0 for types B,, and C,
anda; > -+ > ay—1 =la,l for type D,.

By the highest weight theorem, irreducible representations of g are in correspondence with
integral dominant weights. We denote by P**(g) the set of integral dominant weights and by 7, the
irreducible representation of g with highest weight 2 € P**(g).

The first two fundamental weights are w| = £; and w, = €1 + &,. Hence, any non-negative integer
combination of them is of the form k& + le; for some integers k > [ > 0.

The following notation is essential to read the weight multiplicity formulas in Sec. III. We will
write Z" for the set of elements }'; a;&; € P(g) such that a; € Z for all i. For a weight u= 3" | a;e; € Z"
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and ¢ a non-negative integer, define

il = D laily - ZiGo=#liz1 <i<n, la|=1). @)
i=1

Given N > 0, let Q,(N) be the set of all partitions of N with length < n, that is,

n
QM ={a=@a . a) €2 202> . 20,20, ) =N}, 3)

Furthermore, for q € 9Q,(N) and 1 <j < N, we set

sh=#lis1<i<n, =), “)
= ((B1. B B3 BY B3 B BY) B 20, 3 B, ®)
Ag ::{(ai,a%,a%,a?,ag,ag,...,a%): OSQ?S,B{} for any B € BY. 6)

Throughout the article, we use the convention ( ) Oifa<Oorb<a.

lil. TYPES B, C,,, AND D,

In this section, we consider g a classical complex Lie algebra of types B,,, C,,, and D,,. We assume
that n > 2 for types B, and C,, and n > 3 for type D,,.

A. Main results

We now state the three theorems which establish the weight multiplicity formulas for types
B,, C,, and D,, respectively. The notation required was introduced in Sec. II. The formulas con-
sider weights in Z", since the multiplicity in 7 45, Of any weight in P(g) \ Z" vanishes (see
Remark I11.4).

Theorem III.1 (Type B,). Let g=s0(2n + 1,C) for some n > 2. Let k > [ > 0 integers and
neZ If r(u) == (k + 1 — ||ull1)/2 is negative, then My e (w) =0, and otherwise

My ey () = Bu(l, r(p0), Zo(0), - - ., Z1-1 (1)
= B,(l - 1,r(1), Zo(p), - . ., Zi-1 ()
=B,(l = 1,r(1) = L Zo(p), - ... Z1-1 ()
+By(1=2,r() = 1, Zo(w), . . .. Zi-1 (1)),

where
~ L=-N)/2]+n—-1
B,(l,r,Zo,...,2Z1-1)= Z Z Z Z ( n—1
0<N <l qeQ,(N) BeBH aeAq

(Lr—(l+N)/2J+ZN12{ 1(]+l—l)a’/+n—1)

n-1

[l élﬁ;(ﬂ’i)(”— PN ﬂ§)
@)

J
j=1 B

RN )

J l L
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107 Theorem IIL.2 (Type C,). Let g =sp(n, C) for some n > 2. Let k > | > 0 integers and pu€Z".
s If r(w) = (k+1—||ull1)/2 is not a non-negative integer, then My e, (M) = 0, and otherwise

M ey (1) = ColL (1), Zo(p). - Z11 ()
— Coll = 1, (). Zo(p), - Z1-1 (12))
~Call = 1) = L, Zo(p0). . ... Z1-1 ()
+Coll = 2,7() = 1 Zo(p0) . Zi-a (),

109  where

Coll,r, 20, ... Z1—1) = Z Z Z Z((I_N,)/E;n_l)

0<N=I, q
N*l(< n?od qeQ,(N) peB a/E.A

(V—(1+N)/2+ZNIZ{ 1(]+1—z)cz’+n—1)
n-1

lﬁl(zs""‘ ( )( - Xz~ Z’,V,+12””ﬂ§)
j=1 all ﬂ]l

(B )

sj - [ 1 i=2 i ¢,

110 Theorem IIL.3 (Type D). Let g =s0(2n, C) for some n > 3. Let k > | > 0 integers and ucZ".
i Af r(u) = (k + 11— ||ull1)/2 is not a non-negative integer, then My iy (w) =0, and otherwise

m”kgl+lsz (/’l) =Dn(l’ r(ﬂ)» ZO(/’[)’ MR Zl—l(,u))
=Dyl = 1, r(), Zo(p), - . ., Zi—1 ()

=Dyl = Lr(p) = 1, Zo(p), - . -, Z1-1 ()
+Dn(l - 2’ r(/'l) - I’ZO(/J)r .. ,Z[,](/J)),

112 where

Du(l,r. Zo, ..., Zj_1) = Z Z Z Z((I—Nl)ﬁ;n_z)

0<Ns<l.  qeQ,(N) BeBl ae.Aq

N=I( mod 2)
(r—(l+N)/2+ZNIZ]l G+ 1=Da)+n— )
n—2
N i+l F
ﬁzs]— - (,3])(”—2 Zz Z_j+12” B:)
j=1 ) B,
(ZO - g:j+l(sz - Z ﬂh ) ]j—[ ( j—i+l — __j l:i)(ﬂ]))
S]l'] - Jt:l IB; i=2 1 a{
13 Remark I11.4. For all types considered, it turns out that g, .. (1) =0 for all u€ P(g) \ Z".

114 Indeed, the subset Z" coincides with the set of G-integral weights, where G is the only compact
s linear group G whose Lie algebra is a compact real form in g. We have that G is isomorphic to
e SOQ2n + 1), Sp(n), and SO(2n) for types B,, C,, and D, respectively. Since ke| + le; € Z", the
117 representation m, +¢, descends to a representation of G, and consequently, their weights are in Z"
s (see Lemma 5.106 in Ref. 11).



=Q10

000000-6 E. A. Lauret and F. R. Bertone J. Math. Phys. 59, 000000 (2018)

B. Proofs

This subsection contains a unified proof of Theorems III.1-II1.3. We first need two lemmas. The
first one gives well-known closed explicit formulas for the weight multiplicities of representations
having highest weights of the form ke for k a non-negative integer. A proof can be found in Lemmas
3.2,4.3, and 5.3 in Ref. 16. The second lemma is the first step to prove the theorems.

Lemma II1.5. Let g be a complex Lie algebra of type B,,, C,, or D, for some n > 2. Let k > 0
integer and peZ". Then

Mg, (n)= (Lr(”n)in*l) where r(u) = k"'z““‘ ,  forgof type By, @)
r(u)+n—1 lf I"(/,l) = k=llgelly c NO,
Me, (= {(() n-l ) 0 ) 2 for g of type C,, )
otherwise,
r(u)+n-2 ifr(,u) = k=llgelly €Ny,
M, (W) = { ( " ) herwi ? for g of type D,,. 9)
otherwise,

Lemma I11.6. Let g be a classical Lie algebra of type B,,, C,,, or D,,. For integers k > 1 > 0, write
Tk = ke, ® Mg, . Then, in the virtual ring of representations of g, we have that

ke +ley = Tkl — Th+l,l-1 — Th=1,1-1 + Tk 1-2-

Proof. We have the fusion rule (see, for instance, page 510, Example 2 in Ref. 12)
I
Tt = Teey @ iy = ED) O Trijoiersiven-
j=0 i=0

As an immediate consequence, we obtain

I -1 j i
Tk — Thk+1,1-1= Z Z T (k+l—j—i)e1+(j—i)es — Z Z T (k+l—j—i)e 1 +(j—i)er = Z T(k—i)e1+(-i)e s
j=0 i=0 j=0 i=0 i=0
-1 j -2 j
Tk-1,0-1 — Tk, l-2 = Z Z T (k+l—j—i-2)e1+(j—i)ey — T (k+l—j—i—2)e1+(j—i)e2
i=0 i=0 Jj=0 i=0

l

ﬂ-(k+1—i)8]+(l—1—i)£2 = Z ﬂ(k—i)8|+(l—i)82 .
i=1

-~
i}
- o

(=}

Subtracting the previous identities, we obtain the desired formula. O

Proofs of Theorems II1. 1-111.3. Without loss of generality, we can assume that u € Z" is domi-
nant since the Weyl group preserves weight multiplicities. Recall that 14 ; = 7y, ® 7y, fork >1>0
integers. Since

Mot siey (1) = M () = My () = My () + iy (1) (10)
by Lemma II1.6, we are left with the task of showing that
By(l, r(p), Zo(p), - . ., Zi—1()) ~ for g of type By,
me, (1) = Call, r(p), Zo(p), - . ., Zi-1 ()~ for g of type C,, (11)
Dn(l» r(,l,l), ZO(/J)’ MR Zl—l(/‘l)) f()r g Of type Dn-
It is well known that (see Exercise V.14 in Ref. 11)
M, (W) = Z My, (= 1) mg, (1), 12)
n
where the sum is restricted to P(m, ), the set of weights of 7., . By Lemma III.5, the weights of m;

are those 7 such that [ — ||57]|; € Ny for type B,, and [ — ||5]|; € 2Ny for types C,, and D,,. In order to
calculate ||u — i7]|; and to determine my, (1 — 17), we make a convenient partition of P(mg, ).
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We write Z; = Z,(u) forall 0 <t <1 - 1. For 0 < N < [ integer, q=(q1, - - -,qn) € Qn(N),
B=(B.B%,....BN)eBY, and @ = (al, al,...,a%)eAg (see Sec. II for notation), we set

{#1,if (j.k) # (' k'); bjg =) forall k;

i<o<i <n—ZZ<t’ <ooe<i
N sl'.l ! 1 tOt 11 ﬁll*'ﬁé
PE"Y: Z bj,ksi/ZSn—ZZt -<n-— Z()<t], ; ---<qu . (13)
j=1 k=0 K t=0 =1 B+l S

forall 1 <j<N,

h-1 . h . .
#{k : zlﬁ§+1sks zlﬁﬁ, bix=j}=a,
= =

We now list some properties shared by all the elements in Pq Letn=3",cig € Pq . The multiset
(i.e., a set where an element can be repeated) given by the elements leql, .., el commdes with the
multiset of elements gy, ..., g,; thus, ||7]l; = N. For afixed 1 <j <N, the number of entries equal
to £j is sj(.l located as follows: we divide the integral interval [1, n] in (j + 1)-blocks as the identity
n=n- jz;(l) Z)+Zi-1+Zja+- - +Z) +Zy suggests; that is, the first block has the first (n — er:] Z)
integers, the second block has the next Z;_; elements, the third one has the next Z;_, elements, and
so on. For each 1 < 7 < j, there are f3/ entries in the 7th block equal to + j—a’, of them are positive.

In the last block, there are s]‘.] - Z’t: ,3; entries equal to +j.
As a consequence of the previous paragraph, we have partitioned the set of weights of ., as

Pae)= ) ) U U Pha (14)

N qeQ(N) peBt aEAq

where the first union is over N € Ny satisfying / — N € Ny for type B, and [ — N € 2N for types C,
and D,,. All the unions are disjoint.
Fix an integer 0 < N <1, q€ Q,(N), BeBY, a € .Ag, andn € 772 - One may check that

e =l = k+l—2r+ZZ(](,3’ @) +Qi—j- 2>o/)+ZJ<s —Zﬂ)

j=1 i=1

=k+l—2r+222(i—j—1)cx§+js;1

j=1i=1

N
=k+l+N—2(r+ZZ(j+1—i)a§)

j=1i=1

N j
=k—2(r+ZZ(j+1—i)a{f—(l+N)/2).

j=1i=1

Since My, () and My, (u — n) are given in Lemma II1.5 in terms of [ — ||n||; and k — ||i — 171,
respectively, it follows that My, (7) and My, (u — n) are constant, independent of the choice of

1€Py

From the above fact, the partition (14), and the formula (12), we conclude that

me (W= D D D My (= ) ma, (o VHEPR (15)

N qeQu(N) BeBt aGAg,

where 7} ., 1s any element in 792 and the first sum is over N € Ny satisfying [ — N € Ny for type B,
and [ — N € 2N for types C,, and D



000000-8 E. A. Lauret and F. R. Bertone J. Math. Phys. 59, 000000 (2018)

By tedious but straightforward combinatorial arguments, we have

o N-1~
#pt = oG- ’,--Iﬁb(”_ =0 Zf)(ZN—l) (lev)( % )
e N q N
pa BY B, By/\sy = 221 B;

(n—z}iazzj - By —ﬁgv)(zN_z —ﬂﬁ)_u(zl —ﬁ,’\v’)(zo ~ sy = j’ilﬂ}%)

N-1 N-1 N-1 q _ yN-1 oN-1
ﬁl SN_l =1 :Bj

2 N-1
. (n—Zo— he é_lﬁi)(Zo—Zﬁz<s;‘— leﬂf))(ﬂ})(ﬁf)_“ (ﬁ%)
! =g Moty

N( o YD NS WAL
(- |
B,

J

(Zo DGy ﬁ?)) (,3’1) lL[ (Z,-_m DI B{iﬁ) (/3’)
st =X, Bl ARE; B, o))

J =1 1

Replacing in (15) the values of My, (u— nq ) and My, (77 ) given by Lemma IIL.5 and #Pq
by the above expression, we obtain the desued welght multlphclty formula for 7 ;. Accordlng to
(10), the Proofs of Theorems III.1-II1.3 are complete. ]

C. Computational comparison

We now include a non-serious computational comparison between the weight multiplicity for-
mulas in Theorems III.1-II1.3 and Freudenthal’s formula (see, for instance, Sec. 22.3 in Ref. 10).
We use the open-source mathematical software Sage'® and its algebraic combinatorics features
developed by the Sage—-Combinat community,”’ which has implemented Freudenthal’s formulas.
The source code containing the bivariate algorithm can be found in the public project'® available in
CoCalc. (To see the corresponding hyperlink go to the electronic version of this article.)

The word “non-serious” in the previous paragraph has been added for several reasons that we now
explain. The formulas proved above have been implemented in Sage by the first named author, who
lacks computer programming skills. Thus, their implementations are done poorly and inefficiently.
On the contrary, the Sage—Combinat community programmed Freudenthal’s formula in Sage in
a very efficient way. Furthermore, the calculations have been made using an old version of Sage!”
and a slow computer.

The implementation of Freudenthal’s formula in Sage, called Freudenthal algorithm in the
sequel, returns all the weights with their corresponding multiplicities. We suspect that this tactic is
due to a matter of efficiency since Freudenthal’s formula is defined recursively. On the other hand,
Theorems III.1-III.3 compute the multiplicity of a single weight. Thus, in order to make a fair com-
parison between them, the bivariate algorithm will also determine the set of weights of mig, e, -
To this end, we first find a subset of Z" containing the set of weights of g s, namely,
{u€Z™:||\ully <k +1}. Here is a summary of the algorithm.

Algorithm II11.7 (Bivariate algorithm).

InpuT: g a classical complex Lie algebra of type B, or C, withn > 2, or D, withn > 3,and k > [
non-negative integers.

Ourtput: the sequence of pairs [pu, Mg ey (w)], where u runs over every weight of the
representation i, +1s, Of g and my, . (u) is its multiplicity.

1. Initialize S as an empty list.

Determine the set P of vectors u=(aj,...,a,)€Z" such that ||u|l;y < k + [ and
apzay=z--- =2a, >0.

Run over all elements y in P.

4. Compute my,, ., (1) by Theorems III.1-IIL3.

(O8]
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5. Incase my, ., (1)> 0, determine the orbit of u by the group W, ~ Sym(n) x {£1}", which
acts by permutations and multiplication by +1 on its entries.

6. For each v in the above orbit, add in § the entry [v,my,, ..., (11)].

7. Return S.

Remark I11.8. Notice that the set of dominant weights for mxz 41¢, is included in P introduced
in (ii) when g is of types B,, and C,,. Although this fact is not true for g of type D,,, each remaining
element has the form g:=(ay,...,a,-1,—a,) for some u = (ai, ..., a,) in P with a, > 0, and
it satisfies my,, .. (1) =Mz, ., (1) since n > 3. Consequently, step (v) obtains all the weights
of mre 41, When g is of type B, and C, for n > 2 and D, for n > 3. Likewise, the group W,
introduced in (v) coincides with the Weyl group when g is of type B, or C,. For g of type D, and
n > 3, the Weyl group is isomorphic to Sym(n) x {£1}"~1; thus, it is strictly included in W,,. This
fact is consistent with the previous comment on the set of dominant weights that is not contained
in P.

Table I displays the times (in seconds) required by both the bivariate and Freudenthal algorithms
for different choices of n, k, and /. Let us introduce the notation B(X,,, k, /) for the time required by
our implementation in Sage of the bivariate algorithm for g of type X,, (=B,, C,, or D,) and the
irreducible representation of g having highest weight ke| + le,. Similarly, write F (X, k, [) for the
corresponding required time for the implementation in Sage of Freudenthal algorithm. This abuse of
notation (the numbers are periods of time not uniquely determined) will be advantageous to express
the numerical conclusions.

We now indicate some conclusions evidenced by the numerical experiments. It is clear that
B(X,,, k, 1) is much smaller than F(X,, k, [) for coherent small values of n, k, and . Furthermore,
the function n — B(X,, k, [)/F(X,, k, [) seems to be increasing for any fixed choice of X, k, and /.
Moreover, for n big enough, one would have B(X,,, k, [) < F(X,, k, [).

On the one hand, we see that F(D,, k, ) < F(C,, k, ) < F(B,, k, [) and the gaps among
them increase when n grows. The reason is that Freudenthal’s formula depends heavily on the root
system associated with g, which is simpler for type D, and more complicated for type B,. On
the other hand, B(C,, k, [) and B(D,, k, [) look similar and B(B,, k, [) larger. In this case, the
reason is the number of weights. Roughly speaking, the set of weights of g, 4/, is almost equal
to {ueZ":||ull <k + 1 |lully =k + [ (mod 2)} for types C, and D,, and to {ueZ": ||ully <k + I}
for type B,. In fact, this is a consequence of ||@||; = 2 for every root « in types C, and D, and
llell; € {1, 2} for every root ¢ in type B,. Summing up, the bivariate algorithm is not sensible
to the number of roots in the corresponding root system, but it is sensible to the one-norm of the
roots.

Throughout this paragraph fix a type X,,. The times required by both algorithms depend on
k + 1. In fact, the set of weights of m;,, 415, does not vary considerably among the different choices of
k and [ with k + [ fixed. Likewise, Freudenthal’s formula is slightly faster when / grows since the size
of the set of weights decreases. However, the bivariate algorithm strongly depends on /. Indeed, as
this algorithm involves partitions of all non-negative integers less than or equal to /, its speed reduces
when [ increases. In conclusion, fixing the value m = k + [, the function / — B(X,,, m — I, D/F(X,,, m
— [, ) attains its minimum when / is as large as possible, that is, when / = k or [ = k — 1 according to
the parity of k + [. This situation is exemplified in Table II.

The authors believe that the weight multiplicity formulas in Theorems III.1-II1.3 could be imple-
mented on new versions of Sage. Bivariate representations are a non-trivial class of irreducible

TABLE II. Comparison among representations of g of type D4 with k + [ = 14 fixed.

l 0 1 2 3 4 5 6 7

BDy, 14-11) 1.03 1.04 1.09 1.69 3.28 7.45 17.50 39.99
F(Dy, 14 -1,1) 152.84 152.77 152.60 151.50 146.38 137.41 124.40 106.22

aQl1

aQ12
aQ13
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representations, which frequently appear on users’ calculations. Not only the time required by the
bivariate algorithm for n large enough is reduced, but there is also a great advantage in the possi-
bility of calculating the multiplicity of a single weight in a very short period of time. For example,
when g is of type Ds, k = 20, and [ = 6, its implemented program in Sage takes only between
0.40 and 0.65 s for each single weight u. Furthermore, the efficiency of the algorithm improves
significantly when it returns only the multiplicities of dominant weights [i.e., step (v) is omitted
in Algorithm IIL.7], which is in general what users really need. This can be appreciated in the
fourth column of Table I, denoted by D, (%x). There, we list the times required by this simplified
version of the bivariate algorithm for g of type D,. Of course, the fact that the bivariate algo-
rithm works only for particular simple complex Lie algebras and bivariate representations is a big
disadvantage.

D. Closed explicit weight formulas in particular cases

The weight multiplicity formulas obtained in Theorems III.1-III.3 are not closed expressions
because they involve a sum over partitions of non-negative integers. However, in some particular
cases (e.g., small values of /, particular choices of w), it is possible to write out the partitions, and
therefore, the formulas become closed expressions. For example, if / = 0, then the formulas reduce
to the closed explicit expressions in Lemma II1.5.

When [ = 1, only sums over the set of partitions of O or 1 are involved. These sets have exactly
one element, so the sums disappear. For example, when g is of type D,, we get

Moy () = Da(L (10, Z0(42)) = D0, (1)) = D0, r() = 1) (16)
_ Zl: 15:‘1 (r —l+a;+n- 2)21—B1‘ (:3%) (” - ZO(,u))(ZO(,u) )
B'=0 al=0 n-2 “ Ai LA
r(u)+n—2 r(u)—1+n-2
- ( n=2 ) B ( n-—2 )

for every u€Z" satisfying that r(u) = (k + 1 — ||u||1)/2 is a non-negative integer. Notice that this
formula is a particular case of Theorem 4.1 in Ref. 16.

Similarly, when [ = 2, there are only sums over the set of partitions of N for N =0, 1, 2. Since
2=2and 2 =1+ 1 are the only partitions of 2, the corresponding sum splits into two. We now state
the multiplicity formula for / = 2 and type D,. We pick type D, for citing purposes.

Corollary IIL9. Let g=50(2n,C) for n > 3, let k > 2 integer, and let ueZ". If r(n)
= (k +2 - ||ull1)/2 is a non-negative integer, then

0= (0 ezt - 104 (17 7))
+ ("(,U) +_n2— 3) (220(;1)(" ~ Zo(u) + Za () — n + 2(n - go(,u)))
+ (r(ﬂil * " 2) ((n - go(u)) _z, (ﬂ)),

and My, .. (1) =0 otherwise.

Furthermore, we can obtain a closed explicit multiplicity formula for the weight u = 0 in the
representation mi., s, of g. We next state the formulas for types B,,, C,,, and D,,, but we prove it only
for the case Dy, since types B,, and C,, follow in a similar way.
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Corollary II1.10 (Type D,). Let g =s0(2n, C) for some n > 3 and let k > | > O integers. We have
that my,, ., (0)=0if k +1is odd. Moreover, if k + 1 is even, then

M, ©=2 Y =DV R(n, k1, N) (W ~N)/2]+n~ 2)

0<N <l n-2
(L(k—N+1)/2J+n—2)z":(n)(N—t+n—1)
n—2 Py t n—1 ’
where
% FN=I (mod?2),

Rin, k.1, N) = k+1-N+n-2

k+1-N+2n—-4

if N=[l+1 (mod 2).

Proof. The asserted formula can be obtained by Theorem III.3. However, we will prove it in a
simplified way, by following the Proof of Theorem III.3. The reason is that the partition in (14) of
the set of weights of 7., is (unnecessarily) too fine for ¢ = 0. By (10), we have that

Mage vie, )= mTk,/(O) T My ©0) - Mo 0)+ My, ). a7

As before, for arbitrary k > [ > 0 integers, it holds

mz,,(0) = Z My (=1) Mg, (1),

n

where the sum is restricted to the weights of 7z, From Lemma IIL5, we see that i is a weight
of mg, if and only if I — ||n||; € 2Ny. For such a weight 7, Mg, (=) =0 unless 2Ny 3k — ||-7n]l;
= (k=D +I-1nllh), equivalently k — I € 2Ny. We conclude that m, ,(0) = 0if k + [ is odd. Moreover,
My e, (0)=01if k + 1 is odd by (17).

We now proceed to compute m, ,(0) for arbitrary k > [ > 0 integers satisfying that k + [ is even.
Fix N € Ny such that/— N € 2Ny. For each n € Z" with ||n||; = N, we know that My, (=1) and My, (1)
are constant, independent of the choice of 7. Hence,

[-N)/2 -2\ ((k=N)/2 -2
m,= 3, (TN ez =m.
N=i(mod 2)

= Zi=0 \; n—1
Thus, by replacing (18) in (17), one obtains the desired formula. O

It is well known (see, for instance, Sec. 2.5 in Ref. 4) that #{n € Z" : ||n|l; = N} n (") (N_””_l).

Corollary II1.11 (Type C,). Let g =sp(n, C) for some n > 2 and let k > | > 0 integers. We have
that my,, .., (0)=0if k +lis odd. Moreover, if k + 1 is even, then

(I_(l -N)/2]+n— 1)

Mgy O =2 > (D R+ 1k, 1,N) o

0<N<I

Lk—=N+D/2]+n—-1\ <~ (n\(N—-t+n-1

R0
where R(n, k, I, N) is as in Corollary II1.10.

Corollary II1.12 (Type B,). Let g =s0(2n+ 1, C) for some n > 2 and let k > | > 0 integers. Then
(|_(l -N)/2] +n- 1)

mﬂkslugz(o): Z (_1)N+ls(n,k,l,N) n-1

0<N<I

lk+1-N)/2]+n—1\~x (B\(N—t+n—1
[ D31

t=0
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where
B LI -N)/2][(k+1—-N)/2] if k+1is even
(L=-N)2] +n—-1)(L(k+1=N)/2]+n-1) ’
S(n,k,I,N)= Lk +1—N)/2] LI =N)/2]
Lk+1-N)/2J+n—1 LI-N)/2]+n—1 phr ot
E. Remarks

We end this section with a few remarks.

Remark I11.13 .The weight multiplicity formula for type D,, in Theorem III.3 also holds when
n =2 with Mg, 416, replaced by Mig, 416, © Mis, —1e, - It is important to note that so(4, C) (type Dy) is not
simple. Indeed, so(4, C) =512, C) @ sl(2,C) or D, = A| @ A;. Hence, a weight multiplicity formula
for the representations iz, 115, With k > [ > 0 of s0(4, C) can be obtained using this fact.

Remark II1.14. Maddox'” determined a weight multiplicity formula for any bivariate represen-
tation for g of type C,.. Her expression (Theorem 4.3 in Ref. 17) looks more elegant than the one in
Theorem II1.2. However, it includes a sum over ordered partitions of r(u) of length n and another sum
over the subsets of a set of 2n elements. In conclusion, her shorter formula hides in the mentioned
sums the involved terms appearing in the expression given in Theorem II1.2. Furthermore, the neat
dependence condition in Theorem 1.1 does not follow immediately from Theorem 4.3 in Ref. 17.

We now compare Maddox’s method with ours. Both employ the expression in Lemma III.6 for
an irreducible representation as a sum of tensor products in the virtual ring of representations. The
significant difference arises in the calculation of the weight multiplicity in a tensor product. Roughly
speaking, the Proofs of Theorems III.1-II1.3 use the identity (12) and then a convenient partition of
the set of weights of the small component in the tensor product. On the other hand, Maddox makes
use of 7 = mg, ® Mg, = Symk((Cz”) ® Syml (C*) for g of type C,, and counts the weight vectors in
terms of a function which has a combinatorial expression.

Remark I11.15. There are in the literature several algorithms to compute weight multiplicities.
The one based on Freudenthal’s formula is the most classical and is still used for several computer
programs (e.g., Sage'?). Nowadays, there exist faster algorithms. A possible time comparison with
any of them would require an implementation on Sage, which would be unfair because of the poor
computer programming skills of the authors.

Among the mentioned faster algorithms, it is the distinguished one by Baldoni and Vergne® (see
Refs. 1, 2, and 8 for related results), which is based on symbolic computations of Kostant partition
functions. See also Refs. 6, 7, and 21 for recent different approaches.

Remark II1.16. This interesting remark about the behavior of my,, ., () as a function on k
and [/ was pointed out by the referee. For simplicity, we take u = 0, we fix / a non-negative integer
and we consider g a classical Lie algebra of type D,, for some n > 3, although the general case
is very similar. Corollary III.10 implies that k — My e, (0) is a quasi-polynomial in the variable
k > I whose degree does not depend on /. In fact, its degree coincides with the degree of the polynomial
k— My, 0= (k;;gz) (i.e., when [ = 0), which is equal to n — 2.

An interesting problem, also suggested by the referee, is to understand the behavior of the function
[ Mz 06, (0), for some £ fixed. This does not seem to be computable from Corollary III10.

Remark I11.17. In Sec. 7 of Ref. 16, there is a detailed account of some applications of weight
multiplicity formulas in spectral geometry (see Refs. 5, 13-5). These expressions for the weight
multiplicities are used to determine explicitly the spectra of certain natural differential operators on
a manifold (or a good orbifold) of the form I'NG/K, where G is a semisimple compact Lie group, K
is a closed subgroup of G, and I' is a finite subgroup of the maximal torus T of G.
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We next specify some cases where the formulas obtained in this article could be applied. When
G = Sp(n) and K = Sp(n — 1) x Sp(1), the spherical representations associated with the Gelfand
pair (G, K) (i.e., the set of irreducible representations of G containing non-zero vectors fixed by K)
have highest weight of the form k(e + &) for k > 0. Consequently, Theorem II1.2 may be applied to
determine the spectrum of the Laplace—Beltrami operator acting on functions on spaces covered by the
n-dimensional quaternionic projective space Sp(n)/Sp(n — 1) X Sp(1) with the Abelian fundamental
group.

When G = SO(m) and K = SO(m — 2) x SO(2), the corresponding spherical representations for
(G, K) have highest weight of the form ke; + le; for kK > [ > 0. Thus, according to m is odd or
even, Theorem III.1 or IT1.3 could be applied to the same purpose as above, for spaces covered by the
2-Grassmannian space G/K with the Abelian fundamental group.

In a slightly different way, we now consider n > 3, G = SO(2n), K = SO(2n — 1), and more
general natural differential operators. An irreducible representation 7 of K induces a natural G-
homogeneous complex vector bundle E; on G/K. There is an associated natural differential operator
A acting on smooth sections of E;, which induces the differential operator A, r acting on smooth
sections of I'\E, that is, I'-invariant smooth sections of E;. We now fix 7 =13, the irreducible
representation of K with highest weight be;. The corresponding 73, -spherical representations of
(G, K, Tps,) (ie., the set of € G such that Homg (1p¢,, mlk) # 0) is equal to {myg 416, 1k > b>1>0}.
Consequently, Theorem II1.3 might be used to determine the spectrum of A, forI" afinite subgroup
of the maximal torus of G. An analogous process can be done in the case G = SO(2n — 1) and
K =S0Q2n -2).

IV. TYPE A,
Consider g =sl(n + 1, C) the Cartan subalgebra

n+l

b = {diag(6),...,0n1) :6;€CVi, Y 6;=0}.

i=1

Set g;(diag(6y,...,0,4+1)) =0; foreach 1 < i < n + 1. We will use the conventions of Lecture 15 in
Ref. 9; that is, we correspondingly write

n+l n+l

b =P Cai/(). &i=0),
i=1 i=1

and we write & for its image in h*. Consequently, the set of positive roots is given by
(g, h)={ei —&j: 1 <i<j<n+1}, and the weight lattice is P(g) := EB;’:II Z.g;i[{ :‘;ll g;=0). Two
weights p = Zf;l b;g;andv = Zf;l cig; in P(g) coincide if and only if b; — ¢; is constant, independent
of i.

A weight 1 = Zl”:} a;e; in P(g) is dominant if and only if a; > a, > - -+ > a,+1. By the highest
weight theorem, the irreducible representations of g are in correspondence with dominant weights.
We denote by m, the irreducible representation with highest weight A, which will be always written
as A= Z:’:ll a;e; with a1 = 0. Thus, the irreducible representations of G are in correspondence with
elements in the set

n
P (g) = {Zaiai:ai €eZNi,a1>ay>--->a, 20}.

i=1
The fundamental weights are given by w, = &1 + --- + &, for each 1 < p < n. Thus, any integer
combination between w; and w, has the form ke + le; for some integers k >/ > 0.

For A=3" | a;e; € P**(g), any weight u of 7 (i.e., the multiplicity of y in 7, is non-zero) can be
written as y = Z;?;l big; for some by, . .., by € Ny satisfying ijll bi =3, a;. Indeed, every weight
in 7, is a difference between A and a sum of positive roots.

Let A and u be as in the previous paragraph. It is well known that [see, for instance, (A.19) in
Ref. 9] the multiplicity of u in , is given by the Kostka number K, ,,: the number of semistandard

aQI5
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tableaux on the Young diagram associated with A (i.e., a diagram with a; boxes in the ith row, with
the rows of boxes lined up on the left) of type u. More precisely, K 5 , is the number of ways one
can fill the boxes of the Young diagram associated with A with by 1’s, by 2’s, up to b, (n + 1)’s,
in such a way that the entries in each row are non-decreasing, and those in each column are strictly
increasing.

The next lemma will be needed in the proof of the main result of this section.

Lemma IV.1. Let g be a classical Lie algebra of type A,. For integers k > | > 0, write
Tk, = ke, ® Mg, . Then, in the virtual ring of representations, we have that

Tkei+ley = Tkl — Thl,l—1-

Proof. The well-known fusion rule (see, for instance, Proposition 15.25 in Ref. 9)
!

Th] = Tkg, @ Mgy = @ T (k+p)e1+(-p)er
p=0

implies
Tk, — Th+1,0-1 = Z T (k+p)e|+(1-p)ey — Z T (k+p)e|+(I-p)ey = Tke+les s

p=0 p=1
and the lemma follows. O

We now want to calculate the weight multiplicities of the representation with highest weight a
non-negative integer combination of the first two fundamental weights. The following multiplicity
formula is probably already known, but it is included here for completeness.

Theorem IV.2 (Type A,). Let g=sl(n + 1,C) for some n > 2 and let k > [ > O integers. Let
Zf”l a;g; € P(g) with a; € Ny for all i and Z’”l a;=k+ 1 If a; <k for all i, then

mﬂk£1+152 (lu) = Z

qeQu (D) j=1

i=j+1

57
j

! (n+l—ZZ,(u)— Z S)

i=j+1

=1 (n+1—jZth(/1) Z s )
t=0

@' €Qumi(-1) j=1 sj(.l

and My, .., (1) =0 otherwise, where Z,(p) = #i:l<i<n+1,a =1t}

Qi) ={a=(q1,92, -+, gD €Z" 11 2 g2 > 2qn+120,Zqi=N},
cmds;.l =#{i:1<i<n+1, qi=j}forqe Qni(N)and 1 <j < N.

Proof. Since 1y ) = mye, ® mie,, we have that

Mo ()= D M (=) i, (), (19)

where the sum is restricted to the weights of .. For i any positive integer, the Young diagram
associated with 7, has only one row, of length 4. Thus, the set of weights of 7y, is given by elements
of the form v = Z"_*l cig; with ey, ..., cue1 € Ng and Z’”l ¢; = h, and all of them have multiplicity 1.
Consequently, m; ,(u) is equal to the number of weights 17 of 7, satisfying that y — 7 is a weight of
ke -

Let q € Q,+1(/). We want to count the number of weights r = Z’”l bie; contributing to (19) (i.e.,
n is a weight of 7., and u — 7 is a weight of ;) satisfying that sJ entries of n are equal to j for
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eachl <j <[ Clearly, u—nisa welght of mg, if and only if @; — b; > 0forall 1 <i<n+ 1. Since
foreach 1 <j <[therearen+1— Z,(y) a;’s greater than j — 1, then the required number is
(n+ -3l zt(u)) (n +1-Y22 7, - s;l) (n +1=Zo(p) - Xy ?) 0)
s/ St sy

We have shown that m;,,(u) is equal to the sum over q € Q,(]) of (20). The theorem now
follows by Lemma IV.1. O

We now state the closed explicit formulas for the particular cases [ =0, 1, and 2. When / =0, since
9Q,+1(0)={(0,...,0)}, Theorem I'V.2 immediately implies that every weight as in the hypotheses (i.e.,

Z”” big; w1th b; € Ny for all i and Z’”l b; = k) has multiplicity one. This fact is very well known
because the Young diagram associated with mz., has only one row, and consequently, the number of
semistandard tableaux on this diagram of type u is one.

We now assume / = 1. Let u be again as in the hypotheses of Theorem IV.2. The number
of partitions of 1 is obviously one, i.e., Q,41(1)={(1,0,...,0)}; thus, Mo e, (W) = ("H_f"(") -1
=n — {o(u), where €o(u) is the number of zeros coordinates of u. It is not difficult to check that the
number of semistandard tableaux of type u is n — £o(u).

We conclude the article stating the multiplicity formula for the irreducible representation of
sl(n+ 1, C) with highest weight ke + 2&,. Similar to the above, the proof follows immediately from
Theorem IV.2, since it reduces to consider the only two partitions of 2. The reader may try to obtain
this formula by counting semistandard tableaux of type u and convince his/herself that the difficulty
will increase for a higher /.

Corollary IV.3. Let g= 5[(n+ 1,C) for some n > 2 and let k > 2 integer. Let = Z” | aigi € P(g)
with a; € Ny for all i and Z” L ai=k+2.If a; < k for all i, then

1 -7
(n + ; 0(/1)) 7w

mﬂk£1+2£2 (ﬂ) =
and my, ., (1) =0 otherwise, where Zi(p) = #{i: 1 <i<n+1,a; =t}.

We end this article with an observation pointed out by the referee, in the same spirit of
Remark III.16.

Remark IV.4. We consider the “weight zero” in mig,+1s,, Which in our convention is given by
Opss = :”]l kil w1 €i- Clearly, My siey (Og+7) =0 unless n + 1 divides k + I. Theorem IV.2 does not give
an explicit expressmn for my, .., (Ok+t) like in Corollaries II1.10-111.12. However, for / > 0 fixed, it
implies that My e (Og+1) does not depend on &, for k sufficiently large satisfying that n + 1 divides

k + . Moreover, the function k — My ey (Og+1) 1s constant for every k € In +(n + 1)Ny. Indeed, for
such k, we have that £ > 1, thus ¢,(0./) =0 forevery 0 <7 < - L.
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