TWO-WEIGHT NORM INEQUALITIES FOR THE LOCAL
MAXIMAL FUNCTION

M. RAMSEYER, O. SALINAS AND B. VIVIANI

ABSTRACT. For a local maximal function defined on a certain family of cubes
lying “well inside” of 2, a proper open subset of R™, we characterize the couple
of weights (u,v) for which it is bounded from LP(v) on L%(u).

1. INTRODUCTION

Let Q be a proper open and non empty subset of R™. Let Q = Q(z,l) be a cube
with sides parallel to the axes. Here x and [ denotes its center and half its side
length respectively. For 0 < 8 < 1 we consider the family of cubes well-inside of 2
defined by

Fs={Q(z,l): z€Q, | <Bd(z,Q9},
where, as in all of this work, d denotes the d,, metric. Related to this family we
have the following local maximal function on Q:

1
(L1) Mpf@)= sw o /Q 1F()ldy,

TCEQEFg

1
loc

for every f € Li () and every x € .

In 2014 E. Harboure and the two last authors ([3]) considered this operator in
the more general setting of a metric spaces X instead of R™ with the Lebesgue
measure replaced by a Borel measure p defined only on 2 and doubling on the
balls of F (i.e.: p(B(z,2r)) < cu(B(z,r)), whenever B(z,2r) € Fg). The main
result of [3] was a characterization of the weights w such that Mg is bounded from
LP(Q,wp) to LP(2, wu), 1 < p < oo, that is there exists a constant C' such that

/ My Pwdp < c/ P dp,
Q Q

for every function f € LP(2,wdu). The classes of weights related to this bound-
edness are a local version of the well known Ap,-Muckenhoupt classes, associated to
the Hardy-Littlewood maximal operator ([5]), more precisely non negative functions
w € L{, (9, wdp) such that

G [, ) G [, ) = s

for every ball B in Fg.
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After seeing this result, it is natural to ask ourselves about the problem for a
couple of weights (v, w). In connection with it, we should recall that the situation
in the case 2 = R"™ do not have an easy answer. In fact, E. Sawyer ([7]) proved
that the necessary and sufficient condition is

/|M(v’ﬁxQ)|pwdx§C/U*ﬁdw’
@ Q

for every cube Q C R™. The problem becomes a little worse if we want to consider
the boundedness from LP to L? with 1 < p < ¢ < oo. In this case, Sawyer again, but
this time as a particular case of his solution of the problem for fractional maximal
(8]), showed that the condition turns out to be

(1.2) (/QM(WMXQ)WMQ:Y <C (/va%dx)’l’.

Our setting is even a bit more complicated since the family 73 does not include
all the balls needed to consider 2 as a metric space itself. At this point, if we
restrict the problem to the case p = ¢, a simple application of a result due to B.
Jawerth (Theorem 3.1, p. 382 [4]) allows us to get

Theorem 1.3. Given 1 < p < o0, 0< < 1. Let (u,v) be a pair of weights. Then
assuming that o = V1P s a weight, the following statement are equivalent:

(1.4) Mg : LP(v) — LP(u),
if and only if there is a constant ¢ such that
(1.5) / Mg(oxrp)Pu<C / o< o0,
F F
for all finite unions F' of cubes in Fg, F' = UpniteQi, Qi € Fp; provided
(1.6) Mg : LP(0) = LP(0).
where )
Mg, f(z) = sup 7/ FWlo(y)dy.
B.of () e 5(0) Q| W)l a(y)

Leaving aside that we are not getting an answer to the whole problem, the
hypothesis on (u,v) have two drawbacks. In the first place, integrals over finite
unions of cubes must be calculated instead of only integrals over cubes like in .
In the second place the conditions involve the operator itself, which looks worse.
The first disadvantage can be overcome by assuming an extra hypothesis on the
weight v: a doubling condition related to v~ 7T over balls of Fs3. We say that
a weight u satisfies a doubling condition on cubes of Fg, denoted by u € Dg,
whenever there exists a constant C = C(8) such that

u(2Q) < Cpu(Q) < oo,
for every cube in Fg such that 2Q) € Fg, where 2Q) means the concentric cube with
side length two times the side length of @, and u(Q) = fQ udz.

By assuming a Dg condition on viﬁ, an application of results in [3] shows that
our context fulfill the hypothesis about the boundedness of Mg, in Theorem
But taking into account the additional geometric information we get about the sets
on which the maximal is defined (notice that the Theorem of Jawerth is related to
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general basis of open sets in R™), a better result can be obtained. Indeed we can
prove the following Theorem.

Theorem 1.7. Given 1 < p < g < o0, 0< f < 1. Let (u,v) be a pair of weights
such that o = v'=? € Dg, then

(18) < / (Mafwu)l/qgc ( / Ifl”v)l/p,

for every function f € LP(v) if and only if

(1.9) (/Q Mﬁ(axg)qu)l/q <C (/Q a)l/p < o0,

for every cube Q € Fp.

Note that the hypothesis (1.9)) looks like (1.2]). However the appearance of the
operator, the second problem we have mentioned, makes it difficult to check the
condition. In the case @ = R™ C. Pérez (Theorem 1.1, [6]) gave a solution by

adding an A..-condition on v~ »-1. We recall that a weight v belongs to the A
class of Muckenhoupt if there are positive constants ¢ and 0 such that

u(E) |B1\’
(1.10) v = (al)

for every measurable set £ C @ and every cube (. With this extra assumption,
the necessary and sufficient condition for the boundedness of the maximal is the
existence of a constant C such that

w(@)% (v 7T (Q))
QP

for every cube ); which sometimes is referred to as A, , condition. It is important
to note that we cannot apply the solution given by C. Pérez because, as it was said
before, our setting is not even a metric space. However, it served as a source of
inspiration for our second result. In order to formulate it we introduce a couple of
definitions.

(1.11) <C,

Definition 1.12. Given 0 < 8 < 1, we say that a weight u belongs to A2 if it
there are positive constants ¢ and & such that (L1.10)) holds for every Q € Fg.

Definition 1.13. Let 1 <p < g < oo and 0 < g < 1. We say that the weights u
and v lies in the class AP if and only if

Pyq
(1.14) u(Q)?/ (a(@))”‘l s

Q| Q| -
for every cube Q € Fg, where o = v 7T, In this cases we write (u,v) € Azfiq.

Now we are in position to enunciate our second theorem where the reference to
the operator in the hypothesis on the weights is completely avoided.
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Theorem 1.15. Let p, q, B and the weights u and v as in the Theorem above. In
addition if u € Dg and o = v~V @=1) pelongs to AB | then

(1.16) Mg : LP(v) — Li(u);
if and only if
(1.17) (u,v) €A, .

We note that, under the hypothesis of Theorem the classes qu coincides
for different values of 5. So, as is the one-weight case, we can refer to those weights
as local weights (see Lemma [£.1]in section 4.)

As an important tool to prove the theorem above we consider the centered local
maximal function on €2, namely Mg given by

1
1.18 MSf(z) = sup — dy,
(1.18) = s o /Q £l dy
QEFps

for every f € Li _(Q) and every x € Q. For this operator we show that the following

theorem holds. We enunciate it here because it is important itself.

Theorem 1.19. Let 1 <p<qg< oo, 0< B <1 and let u and v be two weights
such that o = v~ ®=1) belongs to A% . Then

(1.20) Mg : LP(v) — L (u);

if and only if

(1.21) (u,v) €A, .

Remark 1.22. Although the statements of our theorems are in terms of the maximal
operator we want to remark that minor modifications in the proofs lead us to
corresponding results for a fractional maximal function defined over Fjg.

The structure of the paper is as follows. Section 2 contains some useful geo-
metrical lemmas. The proofs of Theorem is in section 3. Finally the proofs of
Theorems [[.15] and [[.19 are in section 4.

2. TECHNICAL LEMMAS

In this section we present a covering theorem and several covering results neces-
sary for the proof of results below. We will write the following well-known theorem
adapted to the context in our work and without proof.

Theorem 2.1 (Besicovitch Covering Theorem). Let E € R™. For each x € E, let
Qx be a cube centered at x. Assume that E is bounded or that sup,cplg, < 1.
Then, there exists a countable set By C E and a constant C(n) € N such that

(2.2) Bc | @

zeFEy

(2.3) > xq. <C(n).

ST
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Now, we need to explain the notion of “cloud” of a given cube. That is, given
0 < B <1 and a cube @ € Fg, we shall denote the set

(2.4) Ns@ = | R,

RNQ#D
ReFp

and we say that these are the “cloud” of Q. This idea was introduced in [3] and
the proof of the following lemmas can be found there in the context of the metric
spaces.

Lemma 2.5. Let Q = Q(x,1) € Fg such that 10Q & Fg. We consider ko € Z such
that 2Fo—1 < d(x,Q°) < 2F0. Then there exists natural numbers hy, ho independent
of Q such that

gko=hi=1 < g(y Q) < Qkothz for every y € N3(Q).

Proof. The proof is a consequence of the claim 1 and 2 contained in the proof of
the lemma 2.3 in [3]. O

Now, denoting by D the usual family of dyadic cubes belonging to Fg we have
the following lemma.

Lemma 2.6. Let Q) be an open proper subset of R™. Given 0 < 8 < 1, for each
t € N such that 27 < B/5, there exists a covering Wy of Q by dyadic cubes belonging
to Fz and satisfying the following properties

i) If R = R(xg,lr) € W, then 10R € Fp and
273 4z, Q%) < I < 277 Md(zg,Q°).

1) There is a number M, only depending on 8 and t, such that for any cube
Qo = Q(xo,lo) € Fp with 10Qo & Fga, the cardinal of the set

Wt(Qo) = {RE Wi RQNB(Q()) ?é @} s

is at most M. We will call the union of this cubes as

Wego= |J R
RGWt(Qo)

Proof. We will follow the ideas of Lemma 2.3 in [3]. So, we only show how we take
the covering W;. For k € Z, we consider the bands defined by

Q={zeQ: 2" <d(z,0° < 2"} .

If ©, is non empty, let us consider the collection G}, of all usual dyadic cubes
Q; = Q(z;,1;) such that

Iy =2k172 QN #0,

where t is given as in the hypothesis. It is clear that Q C Gi. Moreover, taking
y € Q; and z € Q; Ny, we get

d(y, ) < d(z,02%) +d(y,2) < 28 +21; = 2 4 211 < bt
and

(2.7) d(y, Q) > d(z,Q°) —d(y, 2) > 2~ —[; = 2k=1 _gh=t=2 5 oh=2
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so the inclusion
(28) Qj C Q1 UQU Qk+1 s

holds. However there are not cubes intersecting three bands simultaneously. In
fact, suppose that there exists z,w € @); such that z € Q,_; and w € Q4. Then

okl =9k _9kF=1 < q(w, Q%) — d(2,Q°%) < d(w,2) < 21; = 287171,

This implies that ¢ is less than or equal to 0 which is a contradiction. In conclu-
sion, we can say that, for a fixed k there exists in G, three classes of cubes

QjﬂQk_17é®, 6 QjCQk, o QjﬂQ]H_l?é@.

Next, for each k£ we define the new collection E} as follows: if either Q; C €
or @Q; N Qi1 # 0 we put the cube Q; in Ei. If Q; N Qi1 # 0 we consider the 2"
dyadic sub-cubes and put them in E;_;. So, we note that E} contains some cubes
from Fj41 that have been subdivided into 2™ sub-cubes. Thus, the collections Ej,
are pairwise disjoint and for each Q;(z;,l;) € Ej we have that [; = 2k=t=2 and

2kl < d(x;,Q°) < 281,
Now, we are able to define a disjoint collection of dyadic cubes by

(2.9) W, = JEk.
k

This is the family of cubes that we will consider. Then, the properties of the
lemma follows by analogous arguments of [3]. O

Lemma 2.10. Let 0 < f < 1, 2 C R™ and p be a measure doubling on Fg. We
consider t € Z such that 27% < /20 and the covering W; of the Lemma above.
Then, for any cube Q) such that 10Q) € Fp there exists a constant K depending only
on B and the constant of the doubling property of p such that

W) < Kv(Q),

where Wy q is as in Lemma above.

Proof. The proof follows the same lines as in Remark 3.2 in [3] in the general setting
of metric spaces. O

Remark 2.11. Since N3(Q) C W g for every cube in Fg, by the Lemma above we
can deduce that

(2.12) p(Ns(Q)) < C u(@).

We observe by the construction (2.9) that for each cube Q;(z;,l;) € Ex C W,
we get

1 l;
- 2—t—2 < J 2 2—t—2 .
2% S d(,0) ©

In general, we will say that a collection of cubes {Q;} is of Whitney’s type if
there exists constants 0 < ¢; < ¢y < 1 such that

c1 < le/d(IQ“QC) < cCy.
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Lemma 2.13. Let {Q;} be a pairwise disjoint collection of Whitney’s type cubes.
Then their clouds have bounded overlapping. More precisely, there exists a natural
number M > 0 such that

ZXN[—}(Q'L)(J;) S M7
4

for every x in €.

Proof. Let {Q;} be a such collection, x; and [; their centers and length sides re-
spectively. Take again the bands Q) as in Lemma [2.60 We consider = € Q; and
assume that

ze [ Ns(Qi),

i€l

for some family of index F'. Let us prove that there is a constant M such that the
cardinal of this family is controlled by M for every point z € Q. By lemma[2.7] if
the center x; € Qy,, we can say that

ki+ho
Ns@)c |J 9.

j=ki—h1

Thus, the range of j is independent of @); and equal to h = hs + hy. Now, since
ki — hy < k <k; 4+ ho for every i € F it is easy to see that

k+h
(2.14) UM@)c U 9.
i€F j=k—h

that is, the range of values that may be the union of the clouds is 2h.

Now, suppose that there exists y, z € N3(Q;) UN(Qs) with i,s € F and [; < I,.
Let Py, P,, P; and P, be cubes such that

y € Py, P,NQ; #0, zeP,, P.NQs#0,

QiNP; #0, QsNPs #£0 and xEPNP;.

Now, we take as in the figure the points

yiEPyﬁin zs € P.NQs, x; € Qi NP and Ts €QsNPF;.
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Qp_1

Qs

x Tole Q41

Q] P

Then, since all the cubes belongs to 3 and considering (2.14) we have the
following estimation

d(y,2) < d(y, yi) + d(yi, @) + d(zg, 2) + d(2, 25) + d(2s, 25) + d(zs, 2)
< 6p2kth,

On the other hand
l; > Cld(.%'i, QC) > ok—h=1

Thus, there exists at most

63 20" < 68 okth—k+th+l _ o
l; T B>
disjoint cubes of the family {Q;}. This fact and (2.14]) say that the family F is

finite and then there exists a fixed natural number M, depending only on 8 such
that

D xwseo(@) < M,

as we wanted to prove. ([l

Lemma 2.15. Let f be a non-negative, locally integrable function and p be a dou-
bling measure on R™. Suppose that for some h > 0 and some cube Q = Q(zq,lg) €

F
1
— h.
|Q|/Qf>

(i) If 10Q € Fp then there exists a dyadic cube P = P(xp,lp) such that
@ C 5P € F3 and a positive constant c1, independent of @), such that

1
(2.16) |P|/Pf>c1 h.
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(i1) If 10Q ¢ Fp then there exists a dyadic cube R = R(zg,lr) such that
Q C W, r and a positive constant ca, independent of @), such that

1
(217) @/Rf>02 h,

where W, is as in the Lemma [2.0.

Proof. Let Q = Q(zq,lg) be a such cube of the hypothesis. For we consider
k € Z such that 28=1 < [ < 2*. Considering dyadic cubes with side length equal to
2k—1 there exists a finite collection of dyadic cubes P, ..., Py, with 1 < N < 37,
which intersect the interior of (). Calling P any of these and taking z € Q N P, we
have

1 1
d(zq,zp) < d(xq,z) +d(z,7p) < B lg + 3 Ip <2F 1 ok=2 = glp-

Now, if w € Q we get
1
d(w,zp) < d(w,zq) + d(zq, zp) < 51
which implies that @ C 5P. Moreover, for each z € 5P

5
Sp <2
Q+2P_2P7

d(z,zq) < d(z,zp) + d(zg,zp) < glp + ;lp =4lp.

Thus, we can deduce that () C 5P C 8Q. Now, a simpler estimation show that
5P € Fz whenever 10Q) do it. In fact

p B s g
<= Q) < — Q) == — Q°
Ip <l < 15d(0g, %) < 15 (d(wg,ap) +dl@p, ) = Flp + Tod(@p, 2°).
then, recalling that 0 < 8 < 1 we get
1 B B
=1 1-25)1 — Q°
2P<( 5)P<1Od($P7 )7

this implies that 5lp < Bd(zp,2°) as required. Furthermore, for at least one of
these dyadic cubes, which we denote by P,

[k,

since otherwise we get a contradiction. In fact

al Nh|Q)|
/Qfgg/Pfs 3 <hlQl.

Now, since 5P C 8@, the Lebesgue measure say that inequality (2.16]) follows
with ¢; = 5"/24™.
In order to prove by the Lemma the cardinal of W, ¢ is finite and

independent of (Q, and its cubes are comparable size with @, the same argument
can be applied to take one of them, namely R such that (2.17) holds. ([l
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3. PROOF OF THE RESULTS

Proof of the Theorem[1.7] Assume that (1.8)) holds. In particular, it is for f = oxq,
Q € Fg. Then

(f Mg(om)qu)l/qs ( /me)%)l/p: (/ a)l/p<oo.

To show that (1.9) implies (1.8]), fix a non negative function f € L?(€Q,v). By
a standard argument, we may assume without loss of generality that f is bounded
and has compact support. Now, for each k € Z, we consider the sets

Ap={ze€Q:2" < Mgf(z) <2F'} .

Considering a collection {Q*},ca, of cubes such that
1 k

Q1 ={Q%: 10Q* € F5} and Qo ={QF: 10Q* ¢ Fs} .

For the cubes in Q; by |(i)| of Lemma there exists a dyadic cube P¥ such that
QF c 5Pk 5PF ¢ F5 and

we define

On the other hand, for the cubes in Qy we take ¢ such that 2% < 3/20 and consider
the covering W, of the Lemma Now, we can apply [(7)] of Lemma to have
a dyadic cube R¥ such that its cloud contain the original cube Q% and

1 k
B R'I;f>c2 .

Since the P*s and RE’s are dyadic and bounded in size (since f has compact
support) we can obtain a maximal disjoint sub-collection {Pf} such that for each

z, either QF C 5PJZC or Qk Wt,Pch for some j.
We define ]5}“ = 5Pf , if PJIC was chosen from a cube in Q; and ]3}“ =W, pr if
)

Pf was chosen from a cube in Q. It is clear that Ay C U]ﬁf . Now we define the

following sets:
~ ~ ~ ~ —1 ~
EF = PFnAy, BS = (BA\P)N Ay, ... EF = (Pﬁ\]‘ulpf) N Ae,...
i=
Thus Ay = U;E} and since the Ay’s are disjoint, the sets E}’s are pairwise

disjoint for all j and k.
In order to prove (L.8)) we proceed as follows

/Q(Mﬁf)qu = ;/Ak(Mﬁf)qu
- %;/E?(Mgf)w

C > u(Ef)2t
7.k

IA
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< O 2 uE <Pk|/ 1)

Now, multiplying and dividing by ( IeE o’) we have
J
Jpr(flo)o

/Q(Mgf)qu < CZ (EY) (|Pk| Pkg>q<jﬁgf(,>q
- ¢ /X T(f o) do,

where X = N x Z, the discrete measure w on X is given by

.= (i )

and for a non-negative, measurable function g, the operator T is defined by

I} pr99

ka o

By interpolation’s theory it is sufficient to show that T is weak-type (1, ¢q/p) for

getting (|1.8). For this, fix g bounded and with compact support. Then for A > 0
we consider

(3.1) Tg(j, k) =

By={0,k) e X : Tg(j,k) > A}.
By the definition of 15;“ we have

By = {(j,k:)eX: Tg(j, k) > X, ﬁ]k:5p]k};
B} = {(J}k)eX: Tg(j, k) > X, ﬁfZWt,p;e}.

Then, we can estimate
wB)= > u (|Pk|/ ) + Z =I+1I.
(j,k)EBA 631 (4.k)eB2
Remembering that 5Plf € Fp and since E’-C C 5P1C it is not difficult to see that
1< Z / Mjg( O'X5Pk Ty,
(4,k)eB;

Let now {P;} be the maximal disjoint sub-collection of {ij . (j,k) € By}
Then, since the E]k are pairwise disjoint and the hypothesis (1.9) we have

I < Z Z Mg UX5Pk) u
i PkCP
< 3/ Miloxe)u
7 J5P;
<

ex(f,7)"
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Finally, by the definition of B}, the cubes P;’s are disjoint and ¢/p > 1

S (3 /)"
2 <o (3 fo)"

The estimation above follows similar lines of the proof of Theorem 1.1 in [IJ.

1

IN

Now, we need to estimate I1. For this, let (j,k) € B3 and we write
o

_ k
VVt,P;C - U Pj,ma
m=1

J

where Pﬁm € Wi (PF) are disjoint. By Lemma [2.6|[4i)| we know that tf < M where
M is independent of the cubes. Then, considering ¢;

disjoint sets defined by
EF, = (PF,\'U P4
j,m_( j,7n\i=1 z) k-
So, we get

By = U Bjm.

m=1

where the sets EJ’?’m are disjoint in 7, m and k. Then

I = > u(E) (|Plf/wt,p;@ a)q

(4,k)€B3,

ty 1 t; q
C = Z/E;sm <|PJ“|;/P )

(k)€ B m=1

Now, we consider for each Pﬁl a finite chain joining P;fl with Pﬁm, that is, a
finite subset of V\/,g(Pf)7 say Ry,..., R, which are all different, with R; = P}fl and
R, = P}fm and for R; and R;;1 neither R; C R;41 or R;41 C R;.

Moreover, part i) and m of the Lemma say that Pﬁm € Fgand n < M.
Thus, since o is doubling on Fj we can deduce that o(Py,) < C o(Pyf,,). Then,
by the Lemma [2.10]| again we have

th th q
I
C _ ol u
) Z EF . ‘Wt7P]k| =1/ Pf..
k

(4,k)eB2 m=1
( 1 )q
e —— g u
k
Efn [Pl Jpr

J,m

11

IN

Q Q
™M M
M= 1M

— =

Mg (axpﬁm)qu ,
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where the last inequality holds because Eﬁm C P]‘-'fm. Let {P;} be a maximal
disjoint sub-collection of { Py, } with 1 <m <t and (j,k) € B}. Then, since the
Ejlfm’s are pairwise disjoint, we have that

I < c> > [Ek M (oxpr, )™
i (j,k)eB2" Tim
PﬁmCPi

< C Z/ MB(O'XPI.>q’U,.
i b

Now, by inequality (1.9) and the fact that ¢ > p we get

I < C;(/RU)M)

C <;/ﬂa>q/p.

Finally, since the operator T is defined on the cubes Pf we need to take again
a maximal disjoint sub-collection of the family {P}'} with (j,k) € B}. Let {Ps} be
such sub-collection. Thus, since the P;’s are disjoint and P; € W, pr C W} p, for

IN

some (j,k) € Bi and some s, by the definition of the operator T' we can estimate

a/p
m < c(y > o
s it PCWs, p, P
q/p
< C / o
(Zs.: We, Py )
1 q/p
< C |-
< o (3T))
1 a/p
< C (=
- (A/Qg”> ’
as we wanted to prove. Then the proof of the Theorem is complete. ([

4. MORE MANAGEABLE CONDITIONS ON CUBES

Now we concentrate in the classes Aqu. Since F, C Fg3, whenever a < f we
observe that AP C A% . Moreover, if A, , consist in all weights for what
holds for every cube Q € R", it is clear that A, , C Ag’q. This inclusion is proper.
In fact taking u(z) = [|2||* and v(z) = |[z[|”, with v = (a+n)E —n, it is not difficult
to see that (u,v) € A, , whenever —n < a < n(¢ — 1). However, if Q@ = R™ — {0}
and 0 < 3 < 1, we can check that (u,v) € AS  for every power a € R.

However, in the next Lemma, we show that, under certain conditions on the
weights the classes Ag_’q really are independent of 3.
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Lemma 4.1. Let 0 < a < 8 < 1. Let u and v be weights such that u,oc € D,.
Then
B — A«
Apyq = Ap,q :

Proof. Let 0 < a < § < 1. By the previous observation, the Lemma is proved if
we show the inclusion Aj , C Aqu. For this, given a cube @ € F3\F, we consider
the cube Q = %Q Taking k € Z such that 281 < g < 2% since Q € F,, by the
doubling condition on v and o we get

w(@)P1o(Q)P T <uFQ) 10 (2" Q)P < C u(Q) 10 (QP T < C Q)

which proves the lemma. (I

Lemma 4.2. Let 0 € AS.. Then o satisfies a Reverse Hélder inequality, i.e.

1 1/(14€) 1
4. — 1te C —
(43) (|Q/Q” ) < |Q/Q”’

for every cube Q € Fg.

Proof. ~VVe qnly need to observe that for every cube @Q :~Q(x,l) € Fs and any
cube Q = Q(2/,I') C @ such that | = 27’ it follow that () € Fg. In fact, since
d(z,2') <1 and < 1
1 =21 < pd(z,Q°) < fd(z,2") + Bd(2', Q) < BI' + pd(2,Q°),
implies
U< % d(2',Q°) < Bd(z',Q°).

Then, the proof follows a similar way as in [2]. O

Lemma 4.4. Let 0 < 8 < 1 and we consider (u,v) € qu. Ifo=v /=D ¢ A8
then there exists p < p and ¢ < q such that (u,v) € Ag,q-

Proof. Since o € A% | by the Lemmait follows that o satisfies a Reverse Holder
inequality as in (4.3). Thus, from the hypothesis on the weights we get

u(Q)p/q (1 1+E)(P—1)/(1+6) .
(45) Q |cz|/Q” =¢

Now, taking 6 > 0 such that (p —1)/(1 +€) = p— 6 — 1 the Lemma is proved
defining p=p— ¢ and § = pTT‘S q < q. In fact,

otte = = (1Ha)/(p=1) — 5, =1/(=1)
and noting that p/q = p/q defining & = v= /(=1 by ([€.5)) we have (u,v) € qu. O

In the next Lemma we show the relation between the local and the centered local
maximal function.

Lemma 4.6. Let 0 < a < 1/4. There exists 0 < v < 1 such that
(4.7) Mo f(x) <2"MJf(z),

for every locally integrable function f and every x in Q.
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Proof. Let f be a locally integrable function. For 0 < a <'1 /4 and x € Q we
consider cubes @, Q such that z € Q € F, and Q is centered at z with l =2lg.

If we show that Q € Fy, for some 0 < v < 1 then the Lemma will be proved. In

fact,
1 on
—_— —_— ZnMC X
Ql/QfISQ|/Qf|§ °f(2),

then, taking the supremum over all cubes in F, containing = we get (4.7). So, we
observe that

lg £2ad(zq,Q) <2ad(zg,z) +2ad(z, Q) < aly +2ad(z,Q),

thus )

lo < - d(z, Q).
Then, it is clear that Q € F, with v = ;=% < 1 since the choose of a. O
Proof of the Theorem[1.19 That (1.20] implies (1.21)) is trivial using the test func-

tion oxg for each cube Q € Fa and the deﬁmtlon of Mg.

On the other hand, since it is clear that || M§|. < Hf||oo, if we prove that Mg is
of weak type (p, ) for some number p < p and § < ¢, by applying the Marcinkiewicz
interpolation theorem we will get the result.

In order to do this, let Uy = {z € Q: Mgf(x) > A} and let

1
{Qitier, = {Qm : Qg € Fp, centered at x and TN |f] > )\} )
T Qz

a covering for Uy. Then, by the Theorem we can select a countable subfamily
of cubes {Q;} which still cover Uy and such that -, xq, (z) < C(n).

Then, considering p and ¢ provided by the Lemma @ and taking into account
the property of the cubes in the covering we can write

u(Uy) < U(UQ]‘)

< Z Q, |q IQJ\‘J
ACZ@ i (/ f')q |

q
- CZ@ 3 (/ f'”w”w) |

Hélder inequality with p > 1 and Lemma [£.4] allows us to get

ul) < 53 Z o3 |q </ |f%>m (/ijl/(ﬁl)>(ﬁl)d/ﬁ
u jﬁ/é 5(Q; p—1Y /P ; i/p
i SZ{ o () } (/jfl )

IN
Q

>
Es

»Q

[
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g 5 )5/13
A(Z/Q e

c N/
< (L)

and the proof of the Theorem is complete. ([

IN

Now, we introduce the following maximal function. For each 0 < 8 < 1 we get

1
(48) Mpual@ = sw o /Q F@)ldy.

IEQG]“&\]“Q#;

Proposition 4.9. Let0 < <1 andlet1 < p < q < oco. Given two weights u and
v such that (u,v) € Ag,q and o € Dg, we have

(4.10) M(5/475] : Lp<’l)) — Lq(u) .
Proof. For each x € Q2 we choose a cube Qm such that z € Q. € F3\Fp/4 and

Mga,p f(2) < IQxI If\

Now, let ¢ be such that 27¢ < 3/20 and we con51der the covering W; of Q)
provided by the Lemma [2.6] For simplicity we write

Wt:UQj:UQj zj,15),
J J

where the cubes ); are disjoint. Since x € ); for some j, denoting zg the center
of Q., we get

d(vagc) d(xj’Qc) +d(anx) +d(xj7x)
d(z;, Q%) + Bd(zg, Q) + Bd(z;,Q°).

This implies that their centers holds

<
<

1+5
-p
Since 10Q); € Fg by part |i) of the Lemma the inequality above and the fact
Qx & Fp/a we have that

B p1+p
—d(z;,Q°) < ———d = lo=cpglg.-
104, )_101—6 (zq, )_101_ﬁBQ s1_ge- @l

Thus, |Q;| < C |Q4]. Now, it is clear that z € N(Q,) since x € Q, NQ;. Then,
by Holder inequality we can proceed as follows

q 1 K
/Q(Mwm,mf) u C Z/IQH</Q f(y)ldy> u
o
Z Q)i </N6(Qj> 1)
q/p
C - ”/P( P ) ,
S Z |Q |q QJ)) /j\[ﬂ(QJ)|f| v

d(z;,Q°) < d(zg,°).

B1+pa, " 2148

lj<

IA
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Since o € Dg, by Remark [2.11{ we get 0(N3(Q;)) < C o(Q;). In addition, we
use the fact that (u,v) € A% p § q and by the Lemma we can conclude that

P,q’

/q q/p q/p
s < o E (G war ) (], )
/Q( Bapf) u < Z Q. a(Q;) /Nﬁ(Qj)lf v
q/p
< C< |fIP )
;/'/\[B(Qj) °
q/p
<o)
which gives (4.10)). O

Now, we are going to apply the results mentioned above to prove the analogous
result for the local maximal.

Proof of the Theorem[I.15 Clearly (1.16) implies (1.14)). Conversely let 0 < 3 < 1.
By Lemma with @ = /4 there exists 0 < v < 1 such that the inequality

Mgf(z) < Mpgjaf(x)+ Meg/apf(a)
(4.11) < MJf(x) + Mgap f(2),
for every x € Q. Then, by Theorem and Proposition [.9] we have

/QMgquSC (/{2M§f‘1u+/ﬂM(5/w]f‘?u) <C (/prv)q/p,

and the proof of the Theorem is complete. (I
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