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Abstract
We study the single photoionization of simple diatomic molecules such as +H2 by a train of
attopulses assisted by a near infrared laser. In particular, we focus on the so called orbital parity
mix interferences leading to asymmetrical electron emission. We employ a non-perturbative
model obtaining for those asymmetries analytical expressions with a functional form
independent of the target structure encoding the interaction of the photoelectron with the laser
field to all orders. Related to these interferences, we give conditions at which a pairwise
cancellation of channels opened by the laser field occurs. Finally, we exploit the non-perturbative
character of our model to analyze the dependence of the asymmetrical electron emission and the
angular distribution of photoelectrons with the laser intensity. An asymmetric inhibition of the
emission in the classical direction is found.

Keywords: molecules, photoionization, attopulses, laser

(Some figures may appear in colour only in the online journal)

1. Introduction

Since the emergence of attosecond science in 2001, a lot of
effort was devoted to the development of tools to study and
control the electron dynamics in atoms and molecules at their
characteristic time and space scales [1]. The physical concept
behind most of these tools is the interference of quantum-
mechanical wavepackets. In turn, the possible interference
mechanisms involved in the underlying atomic/molecular
reactions have been studied both experimentally [2–5] and
theoretically [6–12]. In particular, experiments ranging from
the first characterization of attosecond pulse trains (ATPs) [2]
to the more recent coherent control of molecular dynamics
[3, 5] demonstrated that the interference of energy degenerate
wavepackets following different quantum paths may be used
to retrieve information of the system or to manipulate the
reactions, respectively.

The production of ATPs commonly used in attosecond
experiments is achieved through a high-order harmonic gen-
eration (HHG) process by focusing an intense ultrashort

infrared laser field pulse into a noble gas atom chamber [13].
The spectrum of the resulting radiation is given by a comb of
phase-locked odd harmonics of the infrared laser field that
generates it. In the temporal domain, these trains have two
pulses per laser period with opposite sign. On the other hand,
trains generated by a laser field and its second harmonic have
a spectrum given by a comb of phase-locked odd and even
harmonics [14]. In this configuration, the temporal structure
has only one pulse per laser period [1].

The temporal structure of ATPs may be retrieved by
means of the interference between two distinct quantum paths
leading to the same final state in the so called reconstruction
of attosecond beating by interference of two-photon transition
(RABBITT) technique [2]. Briefly, in this technique the
atomic or molecular targets are exposed to the simultaneous
action of an ATP and a synchronized near infrared laser (NIR)
field of low intensity. The photoelectron spectrum contains
principal bands mainly populated through the single-photon
ionization of the target by the train of attopulses, and side-
bands associated with the further absorption or emission of
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one NIR photon. As a consequence of the interference
between the two quantum paths that may populate the side-
bands, their magnitude oscillates at twice the NIR frequency
when the delay between the attopulses and the assistant laser
field (henceforth delay) is modified.

More recently, the control of the orbital parity mix
interference in the attosecond time scale has been experi-
mentally demonstrated [4]. In this case, the spectrum of the
ATP contains odd and even harmonics, being the relative
phase shift between consecutive harmonics equal to p 2.
These trains have a more complex temporal structure, not
corresponding to neither of the above mentioned cases with
one or two pulses per NIR cycle. The ionization of an atomic
target with these ATPs in the presence of a low intensity NIR
leads to an asymmetric electron emission due to parity mix
interferences of energy-degenerate photoelectron distribu-
tions [4].

Due to the low NIR intensity usually employed in these
experiments, the RABBITT and parity mix schemes share a
common feature, i.e., the number of NIR photons absorbed or
emitted by the photoelectrons in the continuum can be safely
constrained to one, and thus the properties of the photoelec-
tron spectrum are well reproduced by a second-order pertur-
bation theory whether angle-integrated [2] or angle-resolved
[4, 15] photoelectron signals are considered.

On the contrary, the intermediate NIR intensity regime,
where more than one NIR photon may be exchanged, has
received much less attention [16, 17]. Experimental and
theoretical studies showed that the global shape of the angular
distributions (ADs) in the principal bands changes sig-
nificantly for different delays, as opposed to the sideband
lines which are almost insensitive to the delay after normal-
ization [18, 19].

Moreover, the presence of many interfering quantum
channels in these schemes requires a theoretical treatment
beyond the second-order perturbation that is not simple at all.
Solving the time-dependent Schrödinger equation for reac-
tions such as the photoionization of multi-electron atomic
targets assisted by a NIR represents a challenge [20] for the
current computational resources. The use of simplified models
leading to predictions in reasonable agreement with ab initio
calculations and/or experimental results reveals as a valuable
option to understand the physical processes involved, as the
numerical results do not often have a straightforward
interpretation.

Nowadays, several models able to describe reactions
assisted by a stronger NIR are available. Among them, the
soft-photon approximation [21] was successfully applied to
study ADs in laser-assisted atomic photoionization by pho-
tons from free electron laser [22] or HHG [18, 20] sources.
Moreover, the separable Coulomb–Volkov model (SCV)
revealed as a versatile alternative to provide in certain situa-
tions quite accurate results or at least in qualitative agreement
with ab initio calculations for atomic or molecular targets
[23–25].

More recently, and based on an extension of the SCV
model [26], we obtained non-perturbative closed-form
expressions for the AD of photoelectrons ionized by ATPs in

the presence of a NIR. An excellent agreement between our
analytical results and the experimental ADs for atomic targets
[18, 19] was found.

In this work, we extend our previous results [26] to the
case of ATPs with a non-zero phase shift between consecutive
odd and even harmonics as in [4]. We analyze the ionization
of molecular targets provoked by three different ATP con-
figurations focusing on the asymmetrical electron emission.
For low NIR intensities where the exchange of at most one
NIR photon is expected, we show that our model resembles
the usual second-order perturbation results [4]. Finally, based
on the non-perturbative character of our model we study the
intermediate NIR intensity range finding a partial suppression
of the emission in the classical direction. This effect as well as
the zeros in the ADs of photoelectrons are analyzed in term of
interferences. Atomic units are used otherwise explicitly
stated.

2. Theory

Let us consider the photoionization of a diatomic molecule by
an ATP arising from HHG assisted by a monochromatic NIR
field. We consider the case of the +H2 targets as its theoretical
description is simpler than multielectronic molecules. More-
over, we work in the fixed nuclei approximation where the
atomic centers that define the internuclear separation vector
are considered to be fixed in space.

In the following, we summarize the basic ingredients of
the SCV model [23–26]. As the intensity of each harmonic in
the train is low due to the typical conversion efficiency in the
HHG process [1], the ionization of the target may be con-
sidered to occur only through single photon processes [2].
Therefore, the interaction of the electron in the molecular ion
with the train of attopulses (the fast stage of the SCV
approach) may be treated in the frame of the time-dependent
perturbation theory [20, 27]. On the other hand, the assistant
laser field may easily induce multiphoton transitions in the
continuum [2] (the slow stage of the SCV approach) thus
requiring a non-perturbative treatment. Therefore, the trans-
ition matrix amplitude within the dipole approximation in the
velocity gauge is given by,

( ) ( )∣ ( ) · ˆ∣ ( ) ( )ò= - áY Y ñ
-¥

¥
M t t t tp r A p ri d , , , 1f iSCV

where p is the photoelectron momentum associated to the
momentum operator p̂, and ( )Y tr,i f, are the wavefunctions in
the initial and final channels of the reaction, respectively. The
coordinate system used is one where R is the fixed inter-
nuclear separation vector pointing from nuclei 1 to 2, and ri

denotes the electron position vector with respect to the ith
nuclei. The electron coordinate referred to the molecular
center of mass will be given by ( )= +r r r 21 2 . The vector
potential ( )tA represents the APT and it can be expressed as a
combination of harmonics with Gaussian envelope

( ) ( )åP= w f t- -t AA e e e , 2
j

j
j t ti i 2j T0

2 2

2
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where P is the polarization vector, w0 is the fundamental
frequency and fj is the individual phase of each frequency
component whose amplitude is given by Aj. The full width
half maximum (FWHM) duration of the train is related to the
parameter tT through the expression t t= 2 2 ln 2 TFWHM .

As the analytical expressions for the wavefunctions in the
initial and final channel of the reaction are not known some
approximations must be made. First, if the NIR intensity is
low ( )~ -I 10 W cm in our caseL

11 2 , and within the fixed
nuclei approximation considered here, one can reasonably
approximate the bound initial states by laser-free wavefunc-
tions, i.e.,

( ) ( ) ( ) ( )yY =t I tr r, exp i , 3i i p
0

where Ip is the ionization potential of the initial molecular
bound state given by yi

0. The laser-free approximation is
justified for the NIR intensities of interest in our work as in
[28]. This is in agreement also with a large value of the
Keldysh parameter γ ( g 10 in our case), indicating that
the NIR laser field does not induce important modifications to
the Coulomb potential, i.e., the NIR may ionize the target
only by a multiphoton ionization, a process which is unlikely
to occur with the considered NIR intensities as compared to
the single-photon ionization by the APT. The initial mole-
cular bound state is represented by a two center development
in terms of Slater type orbitals (STOs) located on each nuclei,

( ) ( ) ( ) ( )( ) ( )å åy f f= +c cr r r , 4i
i

i i
j

j j
0 1

1
2

2

where ( )f ri are STOs [25].
On the other hand, Yf is approximated by the Coulomb–

Volkov ansatz [24] in which the interaction of the ejected
electron with both the residual ionic target and the laser bath
is taken into account to all orders,

{ }( ) ( ) [ ( )] ( )òyY = - + ¢ ¢t t tr r p A, exp
i

2
d , 5f f

t

L
0 2

with ( )tAL the vector potential describing the NIR field. The
wavefunction ( )y rf

0 describes the continuum state of the
molecule, and is given by,

( ) ( ) ( ) ( ) ( )·y p= - N G Gr r r2 e , 6f p
p r0 3 2 i 2

1 2

where ( ) ( ) ( ) (n pn n= G + = -N G Fr1 i exp 2 , i ; 1;p i i1 n-i ;i
( · ))- +pr p r1; i i i is the confluent hypergeometric function,

n = Z pi i is the Sommerfeld parameter, where Zi is the
residual effective charge of the i-esime center.

For the sake of simplicity, we consider a linearly polar-
ized NIR with a vector potential given by,

( ) ( ) ( )
w

w f- -t tA
E

sin , 7L L
1

0
0

and, consequently,

( ) ( ) ( ) ( ) w f= -
¶
¶

-t
t

t
tE

A
E cos , 8L

L
L1 0

where E1 is the amplitude of the corresponding electric field
and f w= tL 0 0 is an arbitrary phase that allows to modify the
delay t0.

Replacing equations (2), (3), (5) and (7) into equation (1),
recognizing that in the velocity gauge time and space integrals
are separable and making use of the Jacobi–Anger expansions
[29], the transition amplitude given by equation (1) results,

( ) ( ) ( )

( ) ( ) ( )( )

å åpt=- -

f f w t

=-¥

¥

- + -

M M A

J M J N

p pi 2 i 1

e e e , 9

T
m n j

n m
j

m n
m n

SCV ph
,

i 2 i 2L j j T
2 2

where we have defined,

( ) ( )w w= =M E U2 2 , 10p1
2

0
3

0

· ( )w=N p E , 111 0
2

( ) ( )w w= + + + + -p I M m n j2 2 2 , 12j p
2

0

where ∣ ∣=p p is the asymptotic momentum modulus and Up

is the ponderomotive energy. The monochromatic transition
matrix element ( )M pph is given by,

( ) ( )∣ · ∣ ( ) ( )y yP= - á  ñM p r ri . 13f iph
0 0

To obtain ( )M pph , we employ the Coulomb continuum (CC)
model [23, 24]. Further details can be found in [25].

As we showed recently [26], it is possible to give closed
forms for the triple sum in equation (9) when the amplitudes
Aj and phases fj are considered as constants and the asymp-

totic photoelectron energy satisfy the relation + +p I2q p
2

w=U qp 0, where pq is the asymptotic photoelectron
momentum associated to the q line. Briefly, if the APT is an
odd-only combination of in-phase harmonics the principal
bands represent the interference of energy-degenerate con-
tinuum states associated with the absorption of different
harmonics from the APT and the exchange of an even number
of NIR photons. In the low NIR intensity limit these lines are
mainly populated by the transition involving the absorption of
a given harmonic in the APT. Accordingly, they are described
by an odd integer number q and their transition matrix
amplitude is given by,

( ) ( ) ( · ) ( )
( )

( )µ fM M qp p p Re cos 2 , odd ,

14
q q

M
q LSCV ph

i sin 2 L

where f w=R E2 cosL L1 0
2 [26]. Moreover, sideband lines

result from the interference of energy-degenerate continuum
states associated with the absorption of different harmonics
from the APT and the exchange of an odd number of NIR
photons. In the low NIR intensity limit they are mainly
populated by transitions involving the absorption of either
two consecutive odd harmonics of the APT plus the absorp-
tion and emission of one NIR photon, respectively. Accord-
ingly, they are described by an even integer number q and
their transition matrix amplitude is given by,

( ) ( ) ( · ) ( )
( )

( )µ fM M qp p p Re sin 2 . even .

15
q q

M
q LSCV ph

i sin 2 L

Alternatively, if the APT is an even–odd combination of in-
phase harmonics no distinction between principal bands and
sidebands is possible and we obtain,

( ) ( ) ( ) ( )( ) ·µ fM M qp p e e . integer . 16q q
M p R

SCV ph
i sin 2 i 2L q L

3
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Therefore, the transition matrix amplitudes in
equations (14)–(16) may be used to calculate the differential
cross section of photolines satisfying the above conditions as,

( ) ∣ ( )∣ ( · ) ( ) ( )s
W

µ M qp p p R
d

d
cos 2 , odd , 17

e
q q q Lph

2 2

( ) ∣ ( )∣ ( · ) ( ) ( )s
W

µ M qp p p R
d

d
sin 2 , even , 18

e
q q q Lph

2 2

( ) ∣ ( )∣ ( ) ( )s
W

µ M qp p
d

d
, integer 19

e
q qph

2

respectively, where q q fW =d sin d de e e e is the differential
solid angle element in the photoelectron emission direction as
measured from the polarization vector P.

A detailed analysis about the physical interpretation of
the vector RL as well as the expected behavior in the low NIR
intensity limit of the above expressions can be found in [26].

3. Results and discussion

In the following, we compute spectra for the laser-assisted
photoionization of fixed-in-space diatomic molecules in the
parallel detection geometry (PDG±; q p= 0,e ) for APTs
with odd or even–odd combination of in-phase harmonics in
the presence of a low intensity NIR. We study +H2 targets as
its theoretical treatment is simple and constitutes a benchmark
for more complicated diatomic molecules.

Moreover, we consider the case where the APT is a
combination of not-in-phase even–odd harmonics as in [4].
Finally, for this configuration the dependence of the ADs with
the NIR intensity is examined.

Throughout this paper, we use the GAMESS software
package [30] at the restricted open-shell Hartree–Fock level
of theory to obtain the initial molecular bound state. A
medium size [ ]4s2p1d polarized basis set of atomic STOs [31]
was used by means of a STO-6G expansion [32]. Choosing
the internuclear distance equal to the equilibrium value R=2
leads to an ionization potential Ip = 1.1019. As showed in
[25], monochromatic transition amplitudes calculated with the
CC approximation are in qualitative agreement with numer-
ical ab initio computations for the asymptotic photoelectron
energies of interest.

3.1. Molecular RABBITT spectra

Atomic or molecular targets exposed to the simultaneous
action of an APT (pump) and a weak NIR (probe) constitute
the RABBITT scheme. The characteristic number of NIR
photons exchanged by the photoelectron and the assistant
laser field may be estimated from the parameter N in
equation (11) as the effective number of exchanged photons
Neff is given by w~N pEeff 1 0

2 [33]. To characterize the laser
intensity, we refer in this work to a weak laser field when the
condition N 1eff is fulfilled. As it will be shown later, this
condition implies that the general features of the photoelec-
tron spectrum may be obtained from a second-order pertur-
bation theory.

When an APT prepared as a combination of in-phase odd
harmonics is considered, the photoelectron spectra contains
principal bands corresponding to the absorption of one photon
from the APT with frequency wq 0, being q an odd integer
number and thus the energy spacing between principal bands
is w2 0. On the other hand, the sidebands located between
principal bands are populated by two-photon processes,
namely, the absorption of a photon from the APT with energy
wq 0 ( )w w+q 20 0 plus the absorption (emission) of a NIR
photon with energy w0.

The sideband signal as a function of the delay oscillates
at twice the NIR frequency [2] due to interferences between
the two different quantum paths leading to the same energy
state. On the contrary, the principal bands remain almost
constant because they are mainly populated by just one
quantum path. These properties may be deduced by means of
a second-order perturbation theory as shown in the appendix.

On the other hand, for APTs with an even–odd combi-
nation of in-phase harmonics there is no distinction between
principal bands and sidebands. Every band in the spectrum
have contributions from one- and two-photon transitions.
Oscillations in the signal of these bands, if any, are expected
to be small due to the dominance of the one-photon transi-
tions in the low NIR intensity case.

In figure 1, we present the photoelectron spectra in the
PDG+ scheme corresponding to the photoionization of the

+H2 molecular ion by APTs composed of the usual odd (first
row) or even–odd (second row) combination of in-phase
harmonics in the presence of an 800 nm probe laser with an
intensity of = ´I 1.8 10L

10 Wcm–2. The APTs and the NIR
are linearly polarized in the direction of the internuclear
separation vector R.

The expected behavior is obtained for the spectrum in
figure 1(a) where a second-order perturbative expansion of
equation (9) is considered (see appendix). The principal bands
as a function of the delay are constant whereas the sidebands
oscillate at twice the NIR frequency. If the exchange of a larger
number of NIR photons is allowed (panel (b)), the appearing of
small oscillations in the odd harmonics bands as well as a
decrease in the sidebands intensity is observed. However, as
the assistant laser field is weak ( ) ~N 0.78 1eff no major
discrepancies are expected and the spectra remain essentially
the same as can be seen comparing panels (a) and (b).

On the contrary, when the APT is a combination of in-
phase even–odd harmonics (figure 1(c)), every band in the
spectrum present small oscillations as a function of the delay.
When the exchange of a larger number of photons is allowed,
the small oscillations seen in the one NIR photon case are
almost erased as can be observed in panels (c) and (d) of
figure 1. This result is in agreement with our theoretical
finding given by equation (19), where a differential cross
section independent of the delay is obtained for these APTs
when the intensity of the harmonics is constant.

So far, the two cases analyzed have common features.
First, as the NIR intensity is low, the probability for the
exchange of more than one photon between the photoelectron
in the continuum and the assistant laser field is small and,
thus, a second-order perturbation treatment is usually enough
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to describe the main characteristics of the spectra. Also, the
electron emission in the PDG±directions is symmetric
regardless of the delay. As will be shown in the next section,
this up–down symmetry is broken for APTs with an even–odd
combination of not-in-phase harmonics.

3.2. Orbital parity mix

Let us consider an APT with a relative phase difference
between consecutive even and odd harmonics of p 2 and a
weak NIR, colinearly polarized along the internuclear
separation vector. For atomic targets, this configuration pro-
duces asymmetrical photoelectron emission patterns due to
orbital parity mix interferences [4], being the corresponding
phases fj responsible for those asymmetries.

In figure 2, we show the photoelectron spectra as function
of the delay and the asymptotic photoelectron energy expressed
in terms of the harmonic order q. In coincidence with the
RABBITT scheme studied before, the exchange of a larger
number of NIR photons (panels (b) and (d)) does not induce any
remarkable change in the spectra as compared with the case in
panels (a) and (c) where at most one NIR photon is exchanged.

On the other hand, an up–down asymmetry is observed
for these APTs. A comparison between panels in the first and
second row of figure 2 reveals that the oscillations as a
function of the delay in the PDG±directions are out of
phase. Besides, these oscillations now have a frequency equal
to the NIR one.

For a low NIR intensity, this asymmetry may be deduced
from the second-order perturbative limit of our model, where

Figure 1. (a) Photoelectron spectrum as a function of the delay admitting the exchange of at most one NIR photon, in the PDG+, for +H2 at
R=2. The APT and the NIR are linearly polarized along R. The APT contains only odd in-phase harmonics with t = 150T . The NIR
wavelength and intensity are 800 nm and = ´ -I 1.8 10 W cmL

10 2, respectively. (b) Same as (a) but allowing the exchange of at most 8 NIR
photons. (c) Same as (a) but with an APT composed of even–odd harmonics. (d) Same as (c) but allowing the exchange of at most 8 NIR
photons.
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the square modulus of the transition matrix amplitude reads
(see appendix),
∣ ( )∣ ∣ ( ) ( )

( ) ∣
( ) ( ) ( )

( ) ( )
( ) ( ) [ ( )

( )]
( )

f f f

f f f

f f f

µ +

+

µ + +

+ + -

+ + -

- + -

f f f

f f

+
-

-
- -

+ -

- + - +

+ +

- -

+

-

M J N A J N A

J N A

J N A J N A J N A

J N A A

J N J N A A

A

p e i e e

i e e

2 cos 2

2 sin

sin ,

20

q q q

q

q q q

q q L q q

q q L q q

q L q q

SCV
2

0
i

1 1
i i

1
1 1

i i 2

0
2 2

1
2

1
2

1
2

1
2

1
2

1 1 1 1

0 1 1 1

1 1

q L q

L q

1

1

where three terms may be recognized as in [4]. The first one
(DC) represents the individual contribution of one- and

two-photon processes and it is independent of the delay. The
second one represents the interference between two-photon
processes and oscillates at twice the NIR frequency as the
sidebands in the usual RABBITT scheme. The last one (FSI)
encodes the interference between one- and two-photon tran-
sitions and oscillates at the NIR frequency when the delay is
modified.

The expression in equation (20) is valid for all the APTs
considered so far. However, trains with a combination of in-
phase harmonics do not show a FSI contribution just because
the intrinsic phases and the amplitudes satisfy the relations
f f~ q q 1 and ~- +A Aq q1 1, thus the FSI contribution is
zero. On the other hand, for APTs with a relative phase dif-
ference of p 2 between consecutive even and odd harmonics,

Figure 2. (a) Photoelectron spectrum as a function of the delay, in the PDG+ scheme, for +H2 at R=2. The APT contains even–odd
harmonics with f p= + 4j ( )p- 4 if j is odd (even). The APT and the NIR are linearly polarized along R. The remaining parameters are the

same as in figure 1. (b) Same as (a) but allowing the exchange of at most 8 NIR photons. (c) Same as (a) but in the PDG − scheme. (d) Same
as (c) but allowing the exchange of at most 8 NIR photons.
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the particular values of fj make the FSI contribution in
equation (20) different from zero. Moreover, as this is the
only term with odd parity under the inversion  -p p
through the factor ( )J N1 , it must be responsible for the
asymmetry. In addition, as this contribution represents inter-
ference between one- and two- photon transitions, the inter-
fering wavepackets are of different parity according to the
dipole selection rules.

Briefly, if the electron in the initial molecular σ state is
promoted to the continuum by the absorption of one photon
from the APT, its state changes to a π symmetry one in order
to satisfy the dipole selection rules. The further absorption
(emission) of a NIR photon by the photoelectron, changes its
state to a σ and/or δ symmetry state. So, a given photoline
may be populated by wavepackets having different parity,
which interfere constructively on one direction and destruc-
tively in the opposite one, generating asymmetric ADs.

These asymmetries in the photoelectron spectrum are
reminiscent to those in the ionization of a coherent super-
position of initial electronic states [6, 34–36]. However, the
underlying mechanisms responsible for the asymmetric elec-
tron emission are different. In the ionization of a coherent
superposition of initial electronic states, a strong laser field
acting as the pump stage of the reaction induces a resonant
excitation of the target (possibly through multiphoton pro-
cesses) creating thus an asymmetric initial state that generates
asymmetrical electron emission when it is probed by the XUV
radiation. On the contrary, in our case the assistant laser field
is not able to induce significant asymmetries in the initial state
due to its low intensity. However, the properties of the APT
are such that interferences of energy degenerate continuum
wavepackets of different parity are produced.

Alternatively, a closed-form transition matrix element for
this reaction may be obtained if the amplitude of harmonics in
equation (2) is considered as constant. Proceeding along the
same lines as in [26], and taking into account that f p= + 4j

( )p- 4 if j is odd (even), we obtain for this case

( ) ( · ) ( )pµ M M p p Rsin 2 4 , 21q q LSCV ph

where the ( )+ - sign corresponds to lines with q odd (even).
For these APTs, every line in the spectrum behaves as an
interference of principal lines and sideband lines in the usual
RABBITT scheme (APTs with odd harmonics only), as can
be seen through an expansion of equation (21) with usual
trigonometric identities, and thus leading to a parity mixing.
The extent of this mixing can be controlled just by changing
the delay fL.

Interestingly, our analytical result in equation (21)
describes this parity mixing to all orders in the exchange of
NIR photons, thus avoiding the cumbersome perturbative
expansions needed when a stronger NIR is considered.

In figure 3, we present the three-dimensional ADs
corresponding to an asymptotic photoelectron energy with
q=129 and different delays for the laser assisted photo-
ionization of the +H2 molecular ion, with an APT and a NIR
having the same properties as before (figure 2). Also, we
present a monochromatic AD for the same energy. As can be
seen, an up–down asymmetry is obtained for the delays

f = 0L and f p=L . On the other hand, the AD is symmetric
for f p= 2L as in the monochromatic case (panel (d)). The
symmetric emission for the f p= 2L case is clearly under-
stood by means of the equation (21), where the replacement
of the fL value leads to =R 0L and therefore to a matrix
element where the AD depends only on the monochromatic
transition amplitude ( )M pqph .

As a measure of the up–down asymmetry we adopt the
parameter A, given by

∣ ∣ ∣ ∣
∣ ∣ ∣ ∣

( )=
-
+

+ -

+ -A
M M

M M
, 22SCV

2
SCV

2

SCV
2

SCV
2

where the superscript±indicates a photoelectron emission in
the PDG±direction.

In figure 4, we show the variation of this ratio as a
function of the delay and the photoelectron asymptotic
energy, calculated with the spectra in figures 2(b) and (d). As
can be seen, for a fixed photoelectron energy, A oscillates
between positive and negative values indicating that the
preferred emission direction can be modified by adjusting
the delay. On the other hand, A considered as a function of the

Figure 3. (a)–(c) Three-dimensional angular distributions for +H2 at
R=2, q=129 and different delays. The APT and the NIR are the
same as in figure 2. (d) Monochromatic angular distribution with the
same asymptotic photoelectron energy.

Figure 4. Asymmetry parameter A of equation (22) as a function of
the delay and the photoelectron energy, calculated with the spectra in
figures 2(b) and (d).
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photoelectron energy at a fixed delay, shows a sign change in
passing from a band to the next.

We remark the similarity of our calculation for the
asymmetry parameter A in figure 4 and the corresponding
magnitudes measured for atoms (figures 3(b) and (d) in [4]),
where a checkerboard pattern was found for the odd indexed
coefficients bi in the expansion into Legendre polynomials of
the measured full angular-resolved photoelectron distribu-
tions. Taking into account that our asymmetry factor A shows
the total up–down asymmetry, it is proportional to the sum of
all the odd-indexed expansion coefficients bi in [4], as can be
easily shown using the parity properties of the Legendre
polynomials.

Interestingly, the asymmetry parameter A can be obtained in
a closed form by using the analytical transition amplitudes given
by equation (21), and the fact that ∣ ( )∣ ∣ ( )∣= -M Mp pq qph

2
ph

2,
i.e.,

( ) ( )
( ) ( )

( )
p p

p p
=

 - - 

 + - 
A

p R p R

p R p R

sin 2 4 sin 2 4

sin 2 4 sin 2 4
, 23

q L q L

q L q L

2 2

2 2

where the ( )+ - corresponds to lines with q odd (even).
Expanding the trigonometric functions we obtain,

( ) ( )= A p Rsin . 24q L

This expression, whose functional form is independent of the
target structure, contains the interaction between the photoelec-
tron and the NIR to all orders. Moreover, it indicates that the
change in sign observed when passing from odd harmonic lines
to even ones (and vice versa) may be attributed to the particular
temporal structure of the APT. On the other hand, the oscillation
observed for a fixed photoelectron energy depends on the laser
intensity and the delay fL. Moreover, taking into account that
the NIR intensity is low, an expansion of the sine factor in
equation (24) in Bessel functions retaining only the first term
leads to the following dependence with the delay,

( )
w

fµ 
⎛
⎝⎜

⎞
⎠⎟A J

p E2
cos , 25

q
L1

1

0
2

that qualitatively explains the observed oscillation at a fixed
photoelectron energy. Under these conditions, fitting A with the
first two terms of the expansion in Bessel functions yields a
nearly perfect match with the results obtained with the full
expression of equation (9).

As will be shown in next section, equation (24) predicts
more complex oscillations for A at higher NIR intensities,
leading to a sub-femtosecond control of the asymmetric
electron emission as a function of the delay.

3.3. Dependence with the NIR intensity

For higher NIR intensities, the second-order perturbation
expansion in equation (20) is no longer appropriate to
describe the photoelectron spectrum because the number of
NIR photons exchanged by the photoelectron and the laser
bath may be larger than one. Instead, the transition matrix
amplitude must be calculated with the full expression in
equation (9) or the analytical result in equation (21).

In order to study the dependence of the up–down
asymmetry with the laser intensity we calculate A by means of
equation (24) for different NIR intensities and a photoelectron
energy corresponding to the spectral line with q=129. These
asymmetry parameters are shown in figure 5.

The lowest NIR intensity considered coincides with the
value used in figure 4, therefore we compare the results of the
latter with those obtained with equation (24). As can be seen,
a nearly perfect match is obtained, despite that the results in
figure 4 are calculated with non-constant harmonic ampli-
tudes Aj. Additionally, it can be seen that the asymmetry
parameter A deviates from the pure cosine dependence with
the delay obtained in equation (25). This behavior may be
related to contributions associated with the exchange of three
NIR photons, as observed previously for atomic targets
(figure 3(d) in [4]). However, in the latter the influence of
these contributions is smaller due to a weaker coupling
between the photoelectron and the laser field, inferred from
the characteristic number ~N 0.43eff [4] which is roughly
half of the value in our simulations.

Moreover, to achieve a total inversion of the electron
emission direction for low NIR intensities it is necessary to
change the fL value from 0 to π (or, alternatively, from
π to p2 ). In turn, this change is connected to a variation
of the delay between the APT and the assistant laser field
of p w0 that ammounts to half of the laser period
( )p w= ~T 2 2.7 fsL o . On the contrary, for higher NIR
intensities it is possible to obtain an inversion of the photo-
electron emission direction by smaller changes of the delay as
can be seen in the dashed curve in figure 5. The higher the
NIR intensity, the shorter the delay shift necessary to invert
this emission direction. This shortening of the delay change
implies that higher-order continuum–continuum transitions
are involved, i.e., the photoelectron is able to exchange more
than one photon with the assistant laser field.

In addition, for delays that satisfy the relation
( )f p= +k2 1 2L , the electron emission is symmetric inde-

pendently of the NIR intensity, as can be seen in figure 5

Figure 5. Asymmetry factor A computed with equation (24) as a
function of the delay for a photoline with q=129 and different NIR
intensities. The blue bullet values are extracted from figure 4.
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where A=0 for f p= 2L , p3 2. This feature, which can be
related to the fixed position of the minima in the sideband
signal for usual RABBITT experiments [37], may be
explained in terms of what we call pairwise channel cancel-
lation (PCC) analysis. By means of this PCC analysis, we are
able to establish the conditions under which the contributions
corresponding to the absorption and emission of n NIR
photons cancel each other pairwise. The PCC condition is
given by the simple relation (see appendix),

( ) ( )f =ncos 0. 26L

Applying the PCC condition to the case ( )f p= +k2 1 2L ,
we conclude that in this case the exchange of an odd number
of NIR photons cancel each other pairwise regardless of the
NIR intensity. Moreover, as the asymmetrical electron emis-
sion in the parity mixing requires that the channels involving
the exchange of an even and odd number of NIR photons are
open, and the latter ones cancel due to the PCC, parity mix
interferences leading to asymmetrical electron emission are
not possible. Therefore, the photoelectron ADs for these delay
values (a half-integer multiple of π) are necessarily
symmetric.

On the contrary, for delays other than ( )f p= +k2 1 2L
it is possible to induce an inversion of the most favored
emission direction by changing the NIR intensity, as can be
seen comparing the results for the highest and lowest NIR
intensities in figure 5.

To study the dependence of the ADs with the laser
intensity, we have computed the angle-energy photoelectron
spectra for two different delays and NIR intensities. These
spectra are shown in figure 6. As expected, the increase of the
NIR intensity has different consequences on the spectrum
according to the delay. For f p= 2L , the spectra do not
evidence major differences, remaining essentially the same
for both intensities, even if higher order continuum–

continuum transitions are involved in the higher intensity
case. Qualitatively, this may be explained as before taking
into account that the PCC analysis implies that only transi-
tions with exchange of an even number of NIR photons are
effectively allowed and they cannot modify strongly the
ADs as they posses the same symmetry. Quantitatively,
equation (21) indicates that the transition matrix amplitude for
this delay is independent of the NIR intensity (as )=R 0L and
therefore no major changes should be expected.

On the other hand, large differences can be seen between
the spectra for f p= 4L at different intensities. First, the
most favored electron emission direction is reversed, i.e., for
every band in the spectrum, electrons emitted upwards
(downwards) in the low NIR intensity case are ejected mainly
in the opposite direction when the intensity is increased. This
fact could allow to control the main electron emission
direction just by tuning the NIR intensity.

Moreover, for the higher intensity a partial suppression of
the emission is observed at the ejection angles q = 0e or π.
The origin of these dips in the classical emission direction can
be traced to the evolution of angle-resolved photoemission
spectra in the multi-color ionization of atomic targets, where a

critical dependence with the delay and the relative harmonic
phases was found [17, 18, 26].

To study the interference effects involved in this emis-
sion pattern, in figure 7 we show the two-dimensional ADs
corresponding to the photoline with q=129, f p= 4L and
the higher NIR intensity. The AD obtained with the full
expression of equation (9) (full line) shows an asymmetric
electron emission and also the existence of angles at which
the emission is forbidden. In this case, a PCC analysis (only)
predicts the absence of contributions from channels
with ∣ ∣ =n 2, 6, etc.

The dip at the ejection angle q = 0e is a consequence of
interferences between channels opened by the NIR as
observed for sideband lines at intermediate NIR intensities
[26], enhanced by the asymmetric emission induced by the
temporal structure of the APT. These properties are encoded
in the interference factor of equation (21).

On the other hand, the physical origin of the zeros in the
ADs may be understood if the monochromatic transition
amplitude in equation (21) is approximated by a plane wave
model (PW) [38, 39]. In the PW model, the monochromatic
transition amplitude is proportional to ( · )q p Rcos cos 2e .
The corresponding AD calculated with equation (21) is
shown in figure 7 by a dashed–dotted line. In this way, the
zero labeled as A at q p= 2e , comes from the qcos e factor,
i.e., the transition amplitude from an atomic center initially in
a 1s orbital is zero for an emission direction perpendicular to
the APT polarization. Moreover, the zeros B and C symme-
trically placed around p 2 arise from the total destructive
interferences due to coherent emission from both molecular
centers. Their angular position is dictated by the interference
factor ( · )p Rcos 2 and thus they strongly depend on the
target structure through the internuclear separation vector R.

Additionally, there is another zero (D) whose origin is the
total destructive interference of channels opened by the NIR.
This zero is placed close to C, and its angular position is
given by the condition ( · )p+ =p Rsin 2 4 0q L . This
expression, extracted from the interference term in
equation (21), indicates that its angular position depends on
the NIR intensity, the delay and the asymptotic photoelectron
momentum.

The influence of the Coulomb interaction between the
ejected photoelectron and the remaining ion is evidenced
when the full calculation is compared to the one using the PW
approximation. Even for this photoelectron energy, differ-
ences of about 20% are observed at the emission angle
q p=e . Moreover, due to the Coulomb interaction the posi-
tion of the nodes in the ADs are shifted to values slightly
closer to p 2, as compared to the PW case. In turn, this shift
causes the collapse of the zeros C and D into a single node
when the Coulomb interaction is taken into account.

Besides, in figure 7 the dashed line corresponds to the
AD of a fictitious atomic target initially in a 1s orbital, with
the same ionization potential as the molecule. Its AD differs
from the PW model for the molecular case in the interference
factor ( · )p Rcos 2 .

Finally, the AD for the atomic target and the molecular
one in the PW approximation are unexpectedly similar for
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emission angles between p 2 and π. This behavior is a
consequence of the proximity of zeros C and D. On the
contrary, for emission angles near the B zero, they are clearly
different due to the absence of interferences from the coherent
emission of both molecular centers in the atomic case.

4. Conclusions

We have extended our previous non-perturbative model [26]
to take into account the case of APTs with non-zero relative
phase between consecutive even–odd harmonics.

We have focused for simplicity on the case of +H2 but our
general conclusions remain valid for more complex diatomic
molecular targets. In the low NIR intensity regime, we have
shown that our model admits an expansion that yields results
similar to those of a second-order perturbative theory.

Moreover, employing our model we are able to repro-
duce qualitatively the spectra expected for the RABBITT

pump-probe photoionization reaction of fixed-in-space
molecules. We also show that APTs with intrinsic phases of
p+ 4 (odd harmonics) and p- 4 (even harmonics) lead to

asymmetric emission patterns due to orbital parity mixing as
in the atomic case [4]. Even if our results are obtained for the
specific values of the phases listed above, it is a simple matter
to show that they are also valid for APTs with a p 2 phase
shift between consecutive odd and even harmonics.

We have studied the up–down asymmetries in the ejected
electron ADs by defining an adequate asymmetry parameter.
Even if we are dealing with molecular targets, our findings
resemble the ones observed in the case of atoms where a
checkerboard pattern was found under definite conditions [4].
As a matter of fact, considering APTs with constant harmonic
amplitudes we find an analytical expression for the up–down
asymmetry with a functional form independent of the target
structure. In addition, this expression contains the interaction
of the photoelectron and the laser bath to all orders. In part-
icular, this analytical result shows that it would be possible to

Figure 6. Angle-energy spectra as a function of the photoelectron ejection angle qe and energy, calculated for different NIR intensities IL and
delays fL.
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control the photoelectron emission direction through sub-
femtosecond variations of the delay just by increasing the
NIR intensity.

In addition, we find the condition to be satisfied for what
we call PCC that reveals as an extremely useful tool to elu-
cidate and attribute the physical origin of some particular
symmetrical electron emissions to the absence of orbital
parity mix interferences. Besides, we verify a partial sup-
pression for the emission in the classical direction in the
molecular case. The associated dips in the electron ADs may
be interpreted as coming from interferences between channels
opened by the NIR presence.

Finally, we discuss the physical origin of the zeros
appearing in the AD based on the different mechanisms of
interferences. A comparison with atomic results and the
influence of the Coulomb interaction are also considered.
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Appendix

We summarize the approximations performed to obtain a
perturbative second-order expansion of the observables in the

laser-assisted photoionization process as well as the PCC
condition.

The sum in m in equation (9) may be replaced by the
term with m=0, ( ) ~J M 10 , provided that M 1. Besides,
for APTs with several pulses we have that t 1L , and thus
the Gaussian factor in equation (9) gives a non-negligible
contribution only when w ~ 0j , i.e.,

( ) ( )w+ + + - ~
p

I U n j
2

0. A.1p p

2

0

If pq corresponds to the momentum of a photoelectron in the
q-esime band of the spectrum, then the following relation
must be verified,

( )w+ + - ~
p

I U q
2

0 A.2
q

p p

2

0

and replacing it in equation (A.1) we obtain,

( )= +j n q. A.3

Using this relation we can finally write the transition matrix
element as,

( ) ( ) ( )åµ f f
+

- +M A J Np i e e . A.4q
n

n
n q n

n
SCV

i iL n q

Now, expanding the square modulus of the preceding
equation, and keeping contributions up to the first order, we
obtain,

∣ ( )∣ ∣ ( ) ( )

( ) ∣
( ) ( ) ( )

( ) ( )
( ) ( ) [ ( )

( )]
( )

f f f

f f f

f f f

µ +

+

µ + +

+ + -

+ + -

- + -

f f f

f f

+
-

-
- -

+ -

- + - +

+ +

- -

+

-

M J N A J N A

J N A

J N A J N A J N A

J N A A

J N J N A A

A

p e i e e

i e e

2 cos 2

2 sin

sin .

A.5

q q q

q

q q q

q q L q q

q q L q q

q L q q

SCV
2

0
i

1 1
i i

1
1 1

i i 2

0
2 2

1
2

1
2

1
2

1
2

1
2

1 1 1 1

0 1 1 1

1 1

q L q

L q

1

1

Three terms are recognized, namely, DC, RABBITT and FSI
as in the second-order perturbation theory [4], from which the
labels are taken.

In the following, we study the contributions coming from
the DC, RABBITT and FSI terms for different ATPs designs.
In addition, we give the condition for the occurrence of
the PCC.

ATPs with odd harmonics, fj ¼ 0

In this case, the APT spectrum is composed of odd harmonics
solely. However, the presence of a NIR populates the even
harmonics energy region between consecutive odd harmonics
by two-photon processes. We consider these two cases
separately.

If q is odd, then q 1 is even, so =A 0q 1 and ¹A 0q .
Only the DC contribution associated to ( )J N0 survives and so
there is no dependence with the delay (see figure 1(a)).

If q is even, then q 1 is odd, so ¹A 0q 1 and =A 0q .
As expected [2], the sidebands present DC contributions
associated to the ( )J N1 functions and the RABBITT

Figure 7. Two-dimensional angular distributions for +H2 at R=2
normalized at q = 0e , with an APT as in figure 2 and a collinear NIR
of intensity ´2.2 1011 W cm–2. The full-line results are obtained
with equation (9) and monochromatic transition elements from the
CC model. The dashed–dotted line results are obtained with
equation (21) and monochromatic transition elements from the PW
model. The dashed line results, corresponding to a fictitious atom,
are obtained with equation (21) (see text for details). The upper-
center inset shows the gray-shaded area in logarithmic scale. The
right-bottom inset shows three-dimensional angular distribution
calculated from equation (9).
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contributions, oscillating thus at twice the NIR frequency
when considered as a function of the delay (see figure 1(a)).

ATPs with odd and even harmonics, fj ¼ 0

In this case, there is no need to consider the even and odd
cases separately. As ¹A 0q for all q, both the DC and the
RABBITT contributions are present in all bands. However, if

( ) ( )J N J N0 1 the oscillating RABBITT contribution is
expected to be small (see figure 1(c)). Moreover, the FSI
contribution cancels due to the properties ~- +A Aq q1 1 and
f = 0j . Therefore, no up–down asymmetries are expected.

Odd and even harmonics, fj ¼ 7π 4=

Again, as ¹A 0q for all q, both DC and RABBITT con-
tributions are present in all bands. Also, the sign inversion in
the differences f f p- = - 2q q 1 and f f p- =+ 2q q1
for q fixed with ~- +A Aq q1 1 allows to write the terms inside
square brackets in equation (A.5) as a sum of fcos L terms,
giving a non-zero FSI contribution.

Pairwise channel cancellation

We look for the conditions under which the contributions
corresponding to the absorption and emission of n NIR
photons cancel each other. If the amplitudes +An q in
equation (A.4) are all equal and constant, and recalling that

( )= --J J1n
n

n, the condition for the mutual cancellation of
the terms corresponding to n and -n in equation (A.4) is,

( )= -f f f f- + - +e e e e . A.6n ni i i iL n q L n q

Now, defining the phase difference f fD = -- + +n q n q, this
condition reads,

( ) ( )f + D =ncos 2 0. A.7L

When this relation is verified, we talk of PCC.
Finally, taking into account that D = 0 in all the cases

considered in this work, we obtain the result given by
equation (26).
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