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SUMMARY

This paper proposes a collision avoidance method for the teleoperation of multiple non-holonomic
mobile robots from multiple users. Each human operator drives a mobile robot, where each one
performs an independent task in a common workspace. To avoid collisions, the proposed method
only acts on the speed of the mobile robots; therefore, the human operator can freely drive the robot
over the path he chooses to. The developed analysis allows us to assure that a solution is always
achieved. Finally, the results of the experiments are shown, in order to test the performance of the
proposed control scheme.

KEYWORDS: Multi-operator; Multi-robot; Teleoperation system; Collision Avoidance; Mobile
Robots.

1. Introduction

The teleoperation of mobile robots involves the operation of a remote vehicle at a distance, allowing
the operator transport his ability to a remote environment, minimizing the associated dangers, or
reaching places that are inaccessible for humans. In addition, recent works'™> have shown that
robot-teleoperation systems can integrate complex automation methods and the human capacity
in order to meet the task requirements. These systems are used in several applications, such as
military/defensive, space, telesurgery, security, underwater vehicles, telerobotics in forestry and
mining.* The teleoperation systems could be multi-operator and/or multi-robot types, allowing
performing tasks in a cooperative manner or independent tasks performed simultaneously. Currently,
the state of the art is diverse, in which different concepts and ideas are used. Several papers propose
systems with a single human operator and multiple slave robots. For example, Fong et al.’> propose
and develop a collaborative control, with a dialogue in the form of questions, Suzuki et al.® propose
a teleoperation system for inspection tasks, Lee et al.” and® present a control scheme for bilateral
teleoperation, which ensure a secure and firm grip of an object and Rodriguez-Seda et al.® propose
to control multiple aerial slave robots.

Moreover, few papers propose control schemes for multi-operator, multi-robot teleoperation
systems. The following papers address this topic: in refs. [10]-[13], assisted control for remote
collaboration in which two operators manipulate two robotic arms with collision probabilities is
proposed; in refs. [14]-[16], a remote collaborative control with force reflection is proposed, where
one operator manipulates a robotic arm, and another operator controls a mobile robotic arm, through
internet; in refs. [17] and [18], collaborative teleoperation with force feedback is presented, where an
object is gripped between two 1-DOF robots, which are manipulated by two operators.

On the other hand, in autonomous multiple mobile robotic systems, several methods for collision
avoidance have been proposed. In ref. [19], a method of obstacle avoidance called Optimal Reciprocal
Collision Avoidance (ORCA) is proposed. This proposal provides a sufficient condition for each
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Fig. 1. Geometric interpretation of VOlﬂ i

holonomic mobile robot to perform collision-free motions. Then, ref. [20] extends the ORCA method
to non-holonomic mobile robots. This method is called NH-ORCA (ORCA under non-holonomic
constraints). These 2D methods significantly modify the robots orientation; therefore, the use of these
methods in teleoperation may not be suitable because these will change significantly the commands
sent by the human operator, getting thus, a poor bilateral transparency.?!-?> Currently, these collision
avoidance methods have been extended to aerial vehicles.>*2°

This work proposes a multi-operator, multi-robot teleoperation system that includes a collision
avoidance method.

Unlike the methods designed for autonomous robots, the proposed method only operates over the
speed allowing the human operator a full control on the angular velocity at all times and therefore,
the user can easily guide the robot through a desired path.

Besides, most of the methods designed for collision avoidance in multi-robot systems use
optimization.

On the contrary, the proposed method always gets an approximated solution of low computational
load, involving the search inside the linear velocity set (subset of the space formed by the linear and
angular velocities), in each iteration in an explicit way.

The paper is organized as follows. First, the preliminaries are presented in Section 2. Then,
in Section 3, the problem formulation is described. Section 4 presents the proposed collision
avoidance method and Section 5 describes how the reference signals are obtained. A section about
the implementation is showed in Section 6. Section 7 shows the obtained results. Discussion are
presented in Section 8. The conclusion is given in Section 9. Finally, two appendixes are included.

2. Preliminaries
Also, in ref [26], a concept known as velocity obstacle, which considers disk-shape obstacles, is
defined. These proposal is redefined in ref. [19] as follows.

For two robots, assuming that the robots have a disk shape with radius ; and they move in the R?
plane with current position p; and current velocity v;, the velocity obstacle set for robot i induced by
another robot j,(j # i) is defined as the set of all relative velocities v, = v; — v; that will result in a
collision between robots i and j before a preset time t:

VOZ-’“.:{Vr:EIte[O, tlltve € B(pj —pi.ri +15)} (1)
with B(p, r) = {q € R? | ||q — p|| < r}, which is the closed ball of radius r centered at p. The sets
V O} ; and V O}, are symmetric in reference to the origin. Figure 1 shows the geometric interpretation
(f)fl{he velocity obstacle set V O j» Where v, = dp,/dt and vy = 3 py/01. Also, VO;"‘} is defined as
ollows:

VO = lim VOJ,; = {vr : 3t € [0,00) [tve € B (pj — pir7i +7)} 2)

T—00 i
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Now the open set for collision avoidance is defined as the set of the all relative velocities v;|; =

v; — v, that guarantee free collisions movements, i.e., the complement of the set V O] j

CA;j:{vAvr¢\/o;J (3)

3. Problem Formulation
This work addresses a teleoperation system with n € N human operators, each one teleoperating
one of n non-holonomic mobile robots under a shared environment. These systems have several
applications in safety. For example, a risky situation where different operators handle firefighter
robots (teleoperated) to rescue humans, in a forest fire. The vision of operators could be interrupted
by smoke, generating a high probability of collision.

It is assumed that the robots have a disk shape with radius r; € R, moving them in the R? space
with current position p; € R?, speed v; € R, angular velocity @; € R and velocity vector v; € R?
according to v; and the robot’s orientation. Each human operator generates linear and angular velocity

references, UiHref e R and le "/ ¢ R, respectively, using a hand controller device. In addition, the

control actions of the robots are the speed v € R and angular velocity o/ € R.

In order to avoid collisions, the velocity of the robot is modified. However, a change on the angular
velocity is invasive to the human, causing the loss of transparency.?? If the robots speed increases or
changes its sense, or if the robot changes its orientation; then the human operator could be confused.
Instead, a decrease of the robots’ speed involves an energy dissipation that commonly is a change that
does not generates risk nor a confusing state. Therefore, a collision avoidance method is proposed,
which does not increase the robots’ speed, does not modify its sense of advance and does not changes
the robots orientation.

To achieve that, the following design guidelines are proposed: [v"| < [v/"/],

i
close as possible to viHref . A collision avoidance method is proposed to obtain the reference of speed
vl.R”f for the robot that ensures collision-free movements.

Rre
4 al

and v, S

In this way, the angular velocity is always controlled by the human operator (i.e., a)l.Rref = a)lH ref ),

getting thus a high level of control of the robot.
It is important to point out that for each robot the collision avoidance method requires information
from other robots, and the velocity references generated by the human operator (Fig. 2).

4. Speed Collision Avoidance (SCA)

Considering two robots i and j, to avoid collision, the vector of relative velocity v; — v; must
lay outside V O} .. Thus, for each robot i, a set of permitted speeds called SCAI-’| ; that ensure
Vi —v; ¢ VO j will be obtained:

SCAY,

= {vlv € [0, Ulim)} 4)

ilj

lim
ilj

where UH[JH is an upper limit of speed of robot i. Any value of speed v; less than v
collision with robot j.
The intersection of all SC A}‘ ; for j # i will give as result the set SC AT of permitted speed that

robot i can take to guarantee collision avoidance:

avoids the

SCAT = ﬂ SCAY; = {vlv € [0,u™)} ©)
i#

where v™ = min (U}i‘}’)
. j¢l . . . . .
Four possible situations between pairs of robots could happen. The first situation occurs when

vi¢V Oﬁ‘; andv; ¢ V O7). Thissituation is denominated out—out. The in—out situation happens when

v; € VO;; andv; ¢ VO3 The opposite situation to the last one is called out—in, where v; ¢ V O
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Fig. 2. Teleoperation system with n users and n robots.

2. These

and v; € VO7). The last possible situation is called in—in, where v; € VO and v; € VOR.

situations are descrlbed and analyzed in the next four subsections.

4.1. Out—out situation

In this situation, neither of the two robots moves toward the other; therefore, v; ¢ VOI.T} and v; ¢
V0]°|<j Asv; ¢ VO3, —v; & VO, because VO/); and V Oj; are symmetric in reference to the
origin, and V O;; C VO i1;- We consider one of the two robots as an obstacle and the other will be
the responsible for aV01d1ng the collision. Here, it is necessary to define a criterion to select the robot
that will be considered as an obstacle. For example, a criterion could be the selection of the robot that
is coming from the right, or chose the one that has a higher speed. In this paper, the second criterion
is used.

Figure 3 shows two out—out situations. In the first situation (Fig. 3(a)), robot i has a speed that is
lower than the one of robot j, which is considered as an obstacle. The new velocity vector of robot i is
set to A;v;, with A; > 0. The objective is to obtain an upper bound )»“m(t) of A;, where )»“m(t)v, —V;
belongs to the boundary of V01|] (BVOW) as it is shown in Fig. 3(a). If 0 < A; < Allm(t) then

collision-free movement will be guaranteed (A;v; — v; ¢ VO,
SCA}; is getting as v = A[™(1)u;.

;1;)- Then, the value of vhm from the set

Lemmal. Ifvg ¢ VO andv, € R?, then there are values of ». > 0 such that A\y + Vg ¢ VO

See Appendix A for the corresponding proof of Lemma 1. Now, taking in Lemma I vg = —v; and

Vo = V;, and then there are values of A; > 0 such that A;v; —v; ¢ VOl| i

The value A/™(¢) can be obtained geometrically for each time instant intersecting the line segment:

Vijj(Ai) =Aivi —v; A >0 6)
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Fig. 3. Out-out situations.

Fig. 4. Velocity obstacle set and vectors q, qa, S1(¥1), s2(32), and arc(6).

with the boundary of V Oij (8V Ojj;), which can be broken down in two line segments and a circular
arc.
The line segments of 8V0f| ; (see Fig. 4) are given by

S[(]/[) = Yiq Y > 1 for [ = 1, 2 (7)

with

0= (I (i) (i) I MR)) (p; — i) 8a)

[ —pil’ i
; . ; ) R C—p;
0= (I_ (1-+1) (-4 ) T+ >) (b, ~p) )
[p; —pi] r
where 1 = \/||pj —pill? - (r,» + rj)2 and R = [? _(1)].
The deduction of the vectors q; and q; is shown in Appendix B.
On the other hand, the circular arc is given by
arc(f) = (pj ;pi) + (r,» trj) [cos(8) sin(9)]” )

for 6, <0 < 6,
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Robot 1

Fig. 5. In—out situation.

where
(@ — (p;—p) /1) 10 11"
6, = arctan ' T T (10)
(@ — (p; —pi) /7) [1 0]
The intersection between (6) and (7) results (see Appendix B):
vIR
Ay = ’Tqu for [=1, 2 (11a)
V[ q;
vav,»
Y= TRe forl =1, 2 (11b)
i !

Now, if ;, > Oand y; > 1, for/ = 1, 2, then the corresponding line segments are intersected.
The intersection between (6) and (9) gives as result (see Appendix B):

D 2 ritr; 2 T P;—Pi 2
V(e ) () - (TR (25 4 )
e _ (12)
N l[vilI? il

If 2;, is real and greater than zero, then v;|;(2;) and are(0) are intersected.
Because many intersections could occur, A}‘m(t) is taken as follows:

A™(t) = min (A;,) (13)

where only A;, corresponding to valid intersections are considered.

In the second situation (Fig. 3(b)), robot i has a speed that is higher than the one of robot j;
therefore, robot i is considered as an obstacle. Thus, robot i may take any value of speed. Then,
U,'T;“ = v"™™, where v"™ is the maximal speed of robot i.

4.2. In—out situation
In this situation, robot i moves towards robot j (Fig. 5). For this reason, robot i should be responsible
for avoiding the collision, and therefore, robot j is considered as an obstacle.

The value of v = A[™(t)u;, where A/™(¢) is obtained like in Section 4.1.

Lemma 1 is also valid for this situation, which means that A:.im(t) will be always positive.
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4.3. Out—in situation

This situation is opposite to the one explained immediately above, where v; ¢ V O;% andv; € VO3
Thus, robot i is considered as an obstacle. Therefore, robot i may take the speed generated by the
human operator at all times, and therefore, v}};‘“ = v,

4.4. In—in situation

This situation occurs when both robots go towards the other, thusv; € V Oﬁ“} andv; € V Ofl‘; . Figure 6
shows this situation. Here, neither of the two robots can be considered as an obstacle, and therefore
upper bounds A™(#) and Aljim(t) for both robots must be obtained.

Lemma 2. Ifv; € VOI."D? and —v; € VO;"‘;., then Ajv; — A;v; € VOl."fj’.for)\i > 0and ;> 0.

The Lemma 2 is proven in Appendix A. Lemma 2 shows that if the human operators do not change
the direction of the robots, these will remain in the in—in situation.

To avoid a collision in this situation, it is necessary to find bounds A;™(¢) and A} (¢) of A; and 2;,
respectively (A; < A%im(t) and A; < AI}m(t)) to ensure that )»?m(t)v,- — AI}m(t)V ;€ E)VO}| i

We reduce the search to 1 degree of freedom in order to find a unique solution, proposing
A™(@) = AU () = A™(). So if vi —v; € VO, a reduction of the speed in the same proportion
for both robots is caused. Thus, the new problem is to find the value A"™(¢) > 0 to ensure that
MMy (v, — v j)eav 01-’| I Since the null vector (0) does not belong to V Olﬁ I and taking in Lemma 1
vg = 0and v, =v; — v;, there exists A > 0 such that A(v; —v;) ¢ VO;;.
The upper bound A'™(¢) can be obtained geometrically intersecting the line segment:

Vi (A) = A (v,- — Vj) for A >0 (14)
with the circular arc of 0V Oiﬁj given by (9), which gives

o (57) sl () = (- v )

[vi = v’ [vi = vl

Aim) = (15)

The result given by (15) was obtained in a way similar to the procedure followed to get (12).

Then, v} = A™(1)v;.

The proposed collision avoidance method modifies the velocity vector magnitude; therefore, it can
be applied to non-holonomic as well as holonomic mobile robots.

4.5. Robots with zero speed
The proposed method works with vectors. For each robot with speed slower than a defined value ¢
near to 0, a vector with magnitude ¢ and direction according to the current orientation is defined.
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This vector is used in order to obtain U}T;“ If the robot is holonomic, then it is necessary to get v}i'}‘
considering the orientation that will generate the lower U}T;“
4.6. Steps of the algorithm
For robot i, the method consists in the following points:
(1) Determine the situation type.
(2) Get the set SCA], ; for each robot i different of robot j.
(3) Getthe set SCA] = [1SCAj;.
J# '
(4) Get the reference of speed for the robot that guarantees collision-free movements:
: lim
Rref _ Ui lf v < Ui
Y; - {Uilim —p if v > U}im (16)

where 0 < p < v"™ is a adjustment parameter that ensures that at each iteration the speed

decreases by at least p when robot i has speed that would cause a collision (that is v; > U}im). If
(L™ — p) < 0, then UiRref =0.

i . .
(5) Repeat steps 1 to 4 until v; < v}"“ for all the robots (fori =1, ..., n). If vl.hm in the iteration k is
greater than the one computed in the previous iteration k — 1, then v™ in k is replaced by v!'™

of k — 1, where k € N. ’ ’

In each iteration at least one robot decreases its speed by p, as minimum. Although it is not
common in practice, a valid theoretical solution is to get a null speed for all robots. In this case,
the teleoperators can change their angular velocity commands to get out from this situation, since
such commands are not modified by the proposed algorithm. Then, in the worst-case scenario, the
maximum number of possible iterations is

,U_max
I =n[ ' 1 (17
P

The choice of the value of p is a trade-off between convergence speed of the algorithm and a solution
closer to the optimal. The smaller the p, the greater the /“* and the smaller the (v; — viRref ).

5. Master Devices Used . .
The human operator generates speed reference U,.Href and angular velocity reference a)lH using a
joystick or steering wheel. The proposal method is independent of the device that is used. The devices
used in this paper were one Logitech G27 Steering Wheel, two Novint Falcon 3D Joystick and one
Logitech Attack 3 Joystick (Fig. 7).

The mapping of the coordinates of the used devices to velocity commands is performed as follows:

Href k
Ui — 8v; qu
Lot | = [k (15

ref

or

ul're! ke, (a — b) cos(0)
[wf“ef} - [k:’_ (a—b) sin(@)} (18b)

where g, and g,,, correspond to the cartesian coordinates in plane x—y of the position vector ¢, € R?
for the Logitech Attack 3 Joystick, and the position vector qn, € R? for the Novint Falcon 3D Joystick
(gm. = 0). The signals a, b, and 6 represent the accelerator pedal position, brake pedal position, and
angular position of steering wheel (=90° < 6 < 90°), respectively. kg, and k,, are gain parameters
that scale the position of the master device to velocity commands.
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Fig. 7. Logitech Attack 3 Joystick, Novint Falcon 3D Joystick, and Logitech G27 Steering Wheel.

6. Implementation

To test the performance of the system, a software architecture for systems composed of
multiples non-holonomic mobile robots and multiples users connected by a computer network was
developed.

The software architecture is based on a platform of multiples servers associated with the robots
as well as multiples clients associated with the users, all linked through the central application. The
block diagram of Fig. 9 shows the different applications that integrate the software system.

These applications are called Central, Robot, Human, and Joystick application. The Central app
receives the following information: the states of each non-holonomic mobile robot from each Robot
server, and the references generated by each user through the Human client. In Central app, the
control actions for each robot are processed. The communication between the Central, Human and
Robot applications is carried out via UDP, allowing that these apps can run on different computers.
The Human app acts as intermediary between the Central and the Joystick Application, sending to the
Central the reference generated by the human operator. Using shared memory, the Human exchanged
data with the Joystick application. In this way, it is easy to integrate any new hand controller in the
system.

On the other hand, for the transmission of video, webcams and android-phones on the
robots were used. We used server applications for cameras. For the web-cams, the yawcam app
(http://www.yawcam.com) was used. Also, the ipwebcam app, which can be downloaded from google
play (https://play.google.com), was used for the android phones. Each human operator visualized the
camera image through a web browser, in the local site.

7. Experimental Tests

In this section, the collision avoidance method for the proposed teleoperation system is tested. As
robots have dynamic, a virtual radius bigger than the radius of the circle that cover the robot was
considered for safety. Robots are covered by a circle of radius of 0.3 m. The maximal speed set for the
robot was v™* = 0.5. Two tests were performed in which a virtual radius r; = 0.5 m, a time horizon
T = 3s, and p = 0.05 m/s were set. Also, the maximum commands of linear and angular velocities
are 0.57 and 0.5%, respectively.

7.1. First test

In a common environment, four non-holonomic mobile robots (two Pioneer 3AT, one Pioneer 3DX,
and one Pioneer 2) are teleoperated by four human operators (see Fig. 8). The operators 1 and 3
used Novint Falcon 3D joysticks. The operators 2 and 4 used the Logitech Attack 3 Joystick and
the Logitech G27 Steering Wheel. The task, for each human operator, consists in moving one robot
from a corner to the opposite one. Robots 1, 2, 3 and 4 begin in positions [2.5 2.5]”, [-2.5 2.5]7,
[-2.5 —2.5]" and [2.5 —2.5]7. The goal is that the robots go to [-2.5 —2.5]7, [2.5 —2.5]7,
[2.52.5]7 and [—2.5 2.5]". These positions are in meters.

Figure 10 shows the speed command generated by the user, the speed given by the proposed
algorithm and the robots current speed (top subplot). Also, on the middle subplot, the angular
velocity command given by the user and the robots angular velocity is showed. And, the different
situations of the robot 2 respect to the other robots are showed in the bottom subplot, where 0—o, i—o,
o-i and i—i are the out—out, in—out, out—in and in—in situations, respectively. All signals correspond
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Fig. 8. Human operators in the local sites and mobile robots in the remote site.
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Fig. 9. Block diagram of software architecture.

to robot 2. It is observed that the robots current velocities are affected by the robots dynamics. If
the robots dynamics is slower, a larger virtual radius r; and/or a larger time horizon t should be
considered, for safety.

On the other hand, it is possible to appreciate that the proposed guidelines are fulfilled in practice,
for example || < [v/""*/ | for all time.

The trajectories performing for each of the robots are shown in Fig. 11. Each trajectory is color
coded, which is degraded in a gray scale according to the time, where the black corresponds to the
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Fig. 10. User’s speed reference, speed that avoid collision and current speed. Angular velocity command and
current robot’s angular velocity. Situations of the robot with respect to the other robots.

initial time (0 s) and white corresponds to the final time of the test. Figure 12 shows that the different
positions were taken robots over time through a sequence of images.

7.2. Second test

In this test, a cross between two robots (Pioneer 3DX and Pioneer 2) teleoperated by two operators
is considered. Both operators used Novint Falcon 3D joysticks. Figure 13 shows the operator 1 (left)
and the operator 2 (right).

It is important to remark that the operators have visual obstruction, so each one cannot view the
other robot. This causes a high probability of collision; therefore, this collision avoidance method is
very useful.

In this task, only out—out situation is present; therefore, only one robot will decrease its speed to
avoid collision.

Figure 14 shows the speed reference, the speed reference applied to the robots that avoid
collisions and the current speed of the robots 1. In this case, only the speed command of the
operator 1 is modified to avoid a collision. This is because at the time instant at which the relative
velocity vector entry into the set V O;j;, the speed of the robot 1 was greater than the speed of the
robot 2.

Finally, the trajectories performed by the robots and an image sequence of the environment with
the robots are shown in Figs. 15 and 16, respectively.

8. Discussion

In this work, tests including four mobile robots each driven by a human operator were carried out.
In this case, it is possible to use small values of p as the number of robots is low, which is common,
in practice. It is important to remark that the solution is achieved in few iterations and therefore p
should be chosen as smaller as possible. That is, by increasing p a free-collision solution will be
obtained, but the robots’ speeds will decrease more than necessary.
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Fig. 13. Operators (top) and environment with robots (Second Test).

Downloaded from https:/www.cambridge.org/core. Univ of Pittsburgh, on 11 Apr 2017 at 12:52:57, subject to the Cambridge Core terms of use, available at https:/www.cambridge.org/core/terms.
https://doi.org/10.1017/50263574717000169


https://doi.org/10.1017/S0263574717000169
https:/www.cambridge.org/core
https:/www.cambridge.org/core/terms

Collision avoidance method for multi-operator multi-robot teleoperation system

13
05 v - - .
! .
. []
: ] E | _
- : v [N
Y : : ] :
£ : Vi { :
SO03 b e .
3 : [ -
2 [ , i
§ ly:‘.ﬁ‘ﬁ‘
£ ' :
—rel ) |
SRELTUO]
vi(t) : :
01 ; ; ; ;
5 10 15 20
Time[s]

Fig. 14. Users speed, speed that avoid collision and current speed of the robot 1 (Second Test).

Fig. 15. Trajectories of the robots (Second test).

On the other hand, the laboratory robot speed is low. Therefore, the changes of the parameters ©
and r; do not modify significantly the behavior of the control system. In case of high velocities, the
dynamic effects are relevant, and then t and r; should be higher.

In addition, for high-speed robots applications, an adaptable law could be proposed for
adjust online T and r;. Another solution could involve a new method including velocity and
acceleration.

When there is time delay caused by the communication channel, the method helps the operator
since it acts on the remote site avoiding a possible collision. However, the stability of the delayed
teleoperation system should be analyzed careful. It would be interesting to propose a stable control
algorithm with force feedback that works with the SCA method.

On the other hand, the proposed method could be used in autonomous robot. In general, a path
planning generating trajectories and a controller for the linear and angular velocities should be added,
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Table I. Comparisons between methods like the ORCA/NH-ORCA and SCA method.
Methods like
ORCA/NH-ORCA SCA method
Modification of linear velocity yes yes
Modification of angular velocity yes no
Control of autonomous robot yes An additional algorithm would be necessary
which controls the angular velocity
It always has a feasible solution no yes
It has a finite quantity of iterations no yes
Transparency in teleoperation low high

Fig. 16. Image sequence of remote site (Second Test).

and then the speed will be modified by the SCA algorithm in order to avoid collisions. Also methods
like ORCA and NH-ORCA could be applied in teleoperation, but its transparency level is low. In
addition, the SCA method always gets the solution, in a finite quantity of iterations. Instead, the
ORCA and NH-ORCA use optimization methods and its solution could be infeasible. Also, in these
methods, it is not possible to obtain a solution in a finite quantity of iterations. Table I shows a
comparison between these methods.

9. Conclusion
In this paper, a method of collision avoidance for a teleoperation system with multiple human operators
was proposed.

The performed analysis ensures that always one solution can be found, which is a trade-off between
a fast convergence speed (less quantity of iterations) and a solution closer to the optimal (smaller
change of the current velocity). It is important to point out that each iteration of the algorithm is
carried out with an explicit method that does not use optimization.

Besides, experimental tests were used to verify that the design guidelines are fulfilled in practice.
On the other hand, because only the reference speed is modified, the method could be applied to any
kind of non-holonomic or holonomic robot moving in R?.

Supplementary materials
For supplementary material for this article, please visit https://doi.10.1017/S0263574717000169
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Appendix A. Proofs of Lemma 1 and Lemma 2
Lemma 1. Ifvg ¢ VOi’lj and v, € R?, then there are values of & > 0 such that AV, + vg ¢ VO,ﬂj.
Proof.

(1) vg ¢ VO,ﬁj, and then vg € CAI.TIJ-.

(2) For definition CAj|; is an open set, for all vo € CA]|; there is € > 0 such that B(vo, €) C CAj;
where B(vg, €) = {ve R? | |[v — vo|| < €}.

(3) Taking in {2} vy = v and choosing v = Av, + vg, it is simple to deduce that

€

< <
Vel [IVel

Therefore, there are values of A > 0 such that Av, + vg € B(vg, €), and consequently Av, + Vg €
CA] ; therefore, Avy + vg ¢ V O/ .. The proof is complete. d

l|j; ilj:
Lemma 2. Ifv; € VO and —v; € VO,
Proof.

(1) 21t € [0, 00) and 24 ;¢ € [0, 00) due to ¢ € [0, 00).
(2) Replacing 2A;¢ and 22 ;¢ for ¢ in (2), the following inequalities are obtained:

then 1;v; — Ajv; € VO for A; > 0 and i; > 0.

12A;tvi —(p; =PIl <ri+r; and || —24;tv; — (p; =PIl <71 +7;j
(3) From {2} and applying the triangle inequality:

2xitvi —(pj — Pi)
2

> ||t ()\.iV,‘ —)\jVj) - (p] _pt)”

—2;tv; — (pj — pi
'+H e )

rl-+rjz

Then, t(A;v; — A;v;) € B(p; — p;, ri +r;), and therefore, (A;v; —A;v;) € VO{. The proof is

ij*
complete. O

Appendix B. Obtaining of the Vectors q; and q,, and the Upper Bounds 1;,, A;, and A;, from
Section 4.1

Vectors (; and (, can be expressed in terms of the vectors h; and h,, respectively (see Fig. 4) as
follows:

P —Pi +ri+rjhl
T T

q = for I =1,2 and |h;|| =1 (A1)
In addition, q; is orthogonal to h; for / = 1, 2; therefore:
q/hy=0 forl=1,2 (A2)

Replacing (A1) in (A2), the following equation is obtained:

T
(pf p’+r’+rfh1) hy =0 for /=12 (A3)
T T
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Applying distributive property and multiplying by 7, we get:
(p; —pi) b+ (ri 7)) Iyl =0 for [=1,2 (A%
As ||hy]| = 1, Eq. (A4) gives as results the following equations system:
(pj. = pi,) i, + (i, — pi) b, + (ri + 1) =0 (A5a)

hi +hi =1 (A5b)

where p; = [pi, pi,1" .p; =[p; pj;1" and h; =[h; h;]". By operating, the following solution
of (A5a) and (A5b) is obtained:

—(ri +r) (pj. — pi.) — i (pj, — pi)

hy, = 5 (Aba)
p; —Pi|
B, = —(ri + 1)) (pj, — pi,) +2M (P, — pi) (A6)
Ip; —pi
h2x — _(ri + r/) (pj) - pix) —i;’U/ (pf‘ B pi}‘) (A6C)
P —Pi ||
s, = —(ri + 1)) (P, — Pi,) — (P — pi.) (A6d)
Ip; —pi
where o = \/lIp; — Pill> = (ri + 1))
These equations can be expressed in matrix form by
—(ri +r)I+ uR
h, = < (ri +r1j) 2//‘ ) (pj _ pi) (A7a)
”Pj —Pi ||
—(ri+rpI — uR
h, = < (r )”]) 2M ) (pj . pi) (A7b)
Ip; —pi

where R = [(1) _(')]. Then, replacing (A7a) and (A7b) in (Al), q; and q, are obtained (the resulting
equations are (8a) and (8b)).

On the other hand, the upper bounds A;, and A;, from Section 4.1 are obtained as follows:

The intersection between (6) and (7) results:

)»l'lV,' —V;, =Yq for | = 1, 2 (AS)
Equation (A8) can be expressed by the following equations system:

AigVi, = V), = W4, (A9a)

AiVi, — v = Yiq, (A9b)

where v; = [v;, v 1" ,v; =[v;, v; 1" andq = [q;, ¢;,1".
Operating (A9a) and (A9b), it is possible to obtain:

Vi qi, — V4,

A, =
Vi q1, — Vi 4,

forI=1,2 (A10a)
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= DU TR =12
yi = or [ =1, (A10b)
Vi q1, — Vi qi,

Equations (A10a) and (A10b) can be written in matrix form like (11a) and (11b).

Finally, the upper bound A;, of subsection 4.1 is obtained as follows:
The intersection between (6) and (9) results

P — P +ri—:rj

AiVi —Vj = [cos(@) sin(®)]" (A11)

Equation (A11) can be expressed by the following equations system:

Pj—Pi _Titr;

AV, — V), — — - = cos(0) (Al2a)
: T T
i, — Di i +rjo.
b, — vy, — 2P TN G (A12b)
) T T
Dividing (A12b) by (A12a) and solving for 0, we get:
AigVi, — V) — —pjv;piy
6 = arctan o (A13)
)\'i3vix - ij - %
Replacing (A13) in (A12b):
L _ . v —u. — PPy
AiyUi, — vj, — Pi =Py _ Tt sin [ arctan [ 2% T (Al14)
. t t Aigvi, — v, — Bt

Using the relation sin(arctan(x)) = x/+/1 + x2 in (A14) and by solving it, the next quadratic
polynomial is obtained:

.~ D, Pj, = Pi,
(vi + U?\) )»i -2 (U,‘X (vjx + %) + Uiy (ij + %)) )»i3

i — pi 2 Pi. — pi 2
+ (v,»x+—f* - ) +<vjy+—-"" - ) =0 (A15)

(Al6)

Then, the solution that corresponds to the intersections between v;|;(4;) (Eq. (6)) and the arc(9)
(Eq. (9)) is given by Eq. (A16), which can be expressed in matrix form like (12).
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