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Abstract

In this work we present the construction of evaluation codes defined from data
coming from a tower of function fields. We use tools from from Gröbner basis
theory to calculate the dimension and find a lower bound for the minimum
distance of these codes.
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1. Introduction

Gröbner basis were introduced in 1965 by Bruno Buchberger in his Ph. D.
thesis [4], to find a basis for the quotient ring K[X1, . . . , Xn]/I as a K-vector
space – here, I is an ideal of K[X1, . . . , Xn]. Since then, they have found a
plethora of applications in commutative algebra and algebraic geometry. In this5

note we would like to show how to use them to find information on a given tower
of function fields.

Let Fq be the finite field with q elements. A tower of function fields is a
infinite chain of function fields of one variable F0 $ F1 $ F2 $ · · · , defined over
Fq (which we assume to be the full field of constants in the extension Fi/Fq for10

all i ≥ 0), such that the extension Fi+1/Fi is finite and separable for all i ≥ 0
and g(Fi)→∞ as i→∞, where g(Fi) is the genus of the function field Fi. The
systematic study of such towers was initiated by A. Garcia and H. Stichtenoth
in mid 90’s motivated by applications to coding theory. A common application
of such study is to determine, for each i ≥ 0 the number of rational places of15
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Fi, and then apply Goppa’s theory to produce codes, usually supported in one
point (see e.g.[3, 10, 12]).

In our work we take another approach to produce codes from a tower of
function fields. We work with recursive towers, meaning that Fi = Fq(x0, . . . , xi)
for i ≥ 0 (hence Fi = Fi−1(xi) for i > 0) and there exists an irreducible20

polynomial in two variables h ∈ Fq[X,Y ] such that h(xi−1, xi) = 0 for all i > 0.
The ideal Ii ⊂ Fq[X0, . . . , Xi] generated by h(X0, X1), . . . , h(Xi−1, Xi) defines
an affine curve Xi ⊂ Ai+1(Fq) for each i > 0. Fixing a non-negative integer
d we produce an “affine variety code” (a type of code introduced by Fitzgerald
and Lax in [8]) in the following way.25

Let i > 0 and let {P1, . . . , Pm} be pairwise distinct Fq rational points on the
curve Xi. Set

Ĩi = Ii + 〈Xq
0 −X0, . . . , X

q
i −Xi〉,

in [8, Section 1] (see also [5, Prop. 3.7]) it is shown that the evaluation morphism

ϕ : Fq[X0, . . . , Xi]/Ĩi −→ Fmq
f + Ĩi 7−→ (f(P1), . . . , f(Pm)).

is an isomorphism of Fq vector spaces, in particular Ĩi is the set of all polynomials
in Fq[X0, . . . , Xi] vanishing on all points of Xi. For an integer d ≥ 0 let30

Li(d) := {f + Ĩi | f = 0 or deg(f) ≤ d},

clearly Li(d) is an Fq-vector subspace of Fq[X0, . . . , Xi]/Ĩi.

Definition 1.1. The image ϕ(Li(d)) =: Ci(d) is called the Reed-Muller type
code of order d associated to Ii.

In what follows we want to determine the parameters of Ci(d), for all i > 0
and all d ≥ 0. We will do this by using tools coming from Gröbner bases theory.35

We use specially results on the so called footprint of an ideal. In the next section
we present the concept of footprint and some basic results that will be needed
throughout the paper. In Section 3 we work with a specific tower and show how
to use Gröbner basis techniques to find the number of points of the affine curve
Xi, for i ≥ 0, which is the length of code defined above. The same techniques40

are used to calculate the dimension of the code and obtain a lower bound for
its minimum distance.

2. Tools from Gröbner bases theory

Let K be a field and let � be a monomial order defined on the set M of
monomials of the polynomial ring K[X1, . . . , Xn], i.e. � is a total order on45

M, 1 � M for any monomial M , and if M1 � M2 then MM1 � MM2 for all
M ∈M. The largest monomial in a non-zero polynomial f is called the leading
monomial of f and is denoted by lm(f).
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Definition 2.1. Let I be an ideal of K[X1, . . . , Xn]. A set {g1, . . . , gs} ⊂ I is
a Gröbner basis for I (with respect to �) if for every f ∈ I, f 6= 0, we have that50

lm(f) is a multiple of lm(gi) for some i ∈ {1, . . . , s}.

In [4] Buchberger proved that any ideal has a Gröbner basis (with respect
to fixed monomial order) presenting what is now called Buchberger’s algorithm,
which starts from any given basis of the ideal and enlarges it to produce a
Gröbner basis. It is not difficult to prove, using the division algorithm in55

K[X1, . . . , Xn], that if {g1, . . . , gs} is a Gröbner basis for I then I = 〈g1, . . . , gs〉.
An important related concept is that of the footprint, which we now present.

Definition 2.2. Let I be an ideal of K[X1, . . . , Xn]. The footprint of I (w.r.t.
�) is the set ∆(I) of monomials which do not appear as leading monomial of
any non-zero polynomial of I.60

Again, using the division algorithm in K[X1, . . . , Xn], one may prove the
following result (see e.g. [5, Prop. 2.12]).

Proposition 2.3. Let I ⊂ K[X1, . . . , Xn] be an ideal and let {g1, . . . , gs} be a
Gröbner basis for I. Then a monomial M is in ∆(I) if and only if M is not a
multiple of lm(gi) for all i = 1, . . . , s.65

The following result was proved by Buchberger in his thesis, and is one of
the main properties of the footprint (see e.g. [2, Prop. 6.52]).

Theorem 2.4. Let I be an ideal of K[X1, . . . , Xn] and let ∆(I) be its footprint
with respect to some fixed monomial order. Then the set {M + I |M ∈ ∆(I)}
is a basis for K[X1, . . . , Xn]/I as a K-vector space.70

In the next section we will deal with ideals which have a finite number of
monomials in the footprint, i.e. ideals I such that the dimension, as a K-vector
space, of K[X1, . . . , Xn]/I is finite. These are called zero-dimensional ideals,
see e.g. [2, Section 6.3] for properties of these ideals. The next result shows that
if the footprint of an ideal is a finite set then the set of common zeros of the75

polynomials in the ideal (i.e. the affine variety VK(I) associated to I) also has
a finite number of elements.

Proposition 2.5. Let I be an ideal of K[X1, . . . , Xn], let VK(I) be the affine
variety associated to I and and let ∆(I) be its footprint with respect to some
fixed monomial order. If ∆(I) is a finite set then VK(I) is a finite set and80

#(VK(I)) ≤ #(∆(I)).

Proof. Let P1, . . . , Pm be distinct points of VK(I) and consider the evaluation
morphism ϕ : K[X1, . . . , Xn]/I → Km given by ϕ(f + I) = (f(P1), . . . , f(Pm)).
Working with the entries of P1, . . . , Pm it is not difficult to find polynomials
f1, . . . , fm ∈ K[X1, . . . , Xn] such that fi(Pj) = δi j for all i, j ∈ {1, . . . ,m}.
Hence φ is a surjective K-linear transformation and we have

m ≤ dimK(K[X1, . . . , Xn]/I) = #(∆(I)),

which concludes the proof.

3



In [2, Theorem 8.32] we find the following more refined result, which we will
need.

Theorem 2.6. Let K be a field and let I ⊆ K[X1, . . . , Xn] be an ideal. Assume85

that ∆(I) is a finite set, and let L be an algebraically closed extension field of
K. Then the number of zeros of I in Ln is less than or equal to #(∆(I)). If K
is perfect and I is a radical ideal, then equality holds.

3. The number of points in curves associated to a function field tower

In this section we use the footprints of some specific ideals to obtain lower90

bounds for the number of points in curves defined by ideals associated to the
function fields in a tower.

Proposition 3.1. Let Fq be a finite field with q elements, let I ⊆ Fq[X1, . . . , Xn]

be an ideal and consider Ĩ = I + 〈Xq
1 −X1, . . . , X

q
n−Xn〉. Let � be any mono-

mial ordering on M and let VFq
(I) denote the affine variety associated to I.95

Then the footprint ∆(Ĩ) is finite and #(VFq
(I)) = #(∆(Ĩ)).

Proof. Let i ∈ {1, . . . n}. From the definition of monomial order we get that
lm(Xq

i −Xi) = Xq
i and from the definition of Gröbner basis we get that some

polynomial of such a basis must have Xαi
i as leading monomial, with 1 ≤ αi ≤ q

for all i = 1, . . . , n. This shows that ∆(Ĩ) is finite (and has at most α1. · · · .αn100

elements). Moreover Ĩ is a radical ideal because for each i ∈ {1, . . . , n}, it
contains a polynomial in Xi which has only simple roots (see [2, Lemma 8.13]).
Let L be an algebraic closure of Fq. From Theorem 2.6 we get that the number
of zeros of Ĩ in Ln is equal to #(∆(Ĩ)) and from the definition of Ĩ we see that
this number of zeros is also equal to #(VFq

(I)).105

In the following theorem we compute the number of points in a family of
algebraic curves defined by a recursive tower of functions fields considered in [6,
Proposition 4.1].

Theorem 3.2. Let F = (F0, F1, . . . ) be the tower of function fields over F5

defined by F0 = F5(x0), where x0 is a transcendental element over F5, and
Fi = Fi−1(xi) satisfies

x2i =
x2i−1 − xi−1 + 1

xi−1
, for i > 0.

Let h(X,Y ) = XY 2 −X2 +X − 1,

Ii = 〈h(X0, X1), . . . , h(Xi−1, Xi)〉 ⊂ F5[X0, . . . , Xi].

and let Xi ⊂ Ai+1(F5) be the curve defined by Ii, i > 0. Then the number of110

points of Xi is N(Xi) = 2i+1 + 2, for all i > 0.
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Proof. Let i be a positive integer and

Ii = 〈X0X
2
1 −X2

0 +X0 − 1, . . . , Xi−1X
2
i −X2

i−1 +Xi−1 − 1〉.

As we mentioned in the introduction, from [8, Section 1] or [5, Prop. 3.7] we
get that the ideal formed by the polynomials which vanish in all points of Xi is

Ĩi = Ii + 〈Xq
0 −X0, . . . , X

q
i −Xi〉.

It is easy to check that if (a0, . . . , ai) ∈ Xi then aj 6= 0 for all j = 0, . . . , i, so we
must have that

〈X0X
2
1 −X2

0 +X0− 1, . . . , Xi−1X
2
i −X2

i−1 +Xi−1− 1, X4
0 − 1, . . . , X4

i − 1〉 ⊂ Ĩi

and a fortiori we get115

Ĩi = 〈X0X
2
1 −X2

0 +X0−1, . . . , Xi−1X
2
i −X2

i−1 +Xi−1−1, X4
0 −1, . . . , X4

i −1〉.

We want to show that

Gi = {XjX
2
i −X2

i +Xj−1 | j = 0, . . . , i−1}∪{X2
j−X2

i |j = 0, . . . , i−1}∪{X4
i −1}

is a Gröbner basis for Ĩi with respect to the graded lexicographic order � in
F5[X0, . . . , Xi], where X0 � · · · � Xi; and we start by proving that the ideal
〈Gi〉 generated by Gi is equal to Ĩi. Let j ∈ {0, . . . , i− 1}, then

XjX
2
j+1−X2

j +Xj−1 = Xj(X
2
j+1−X2

i )−(X2
j−X2

i )+XjX
2
i −X2

i +Xj−1 ∈ 〈Gi〉,

and
X4
j − 1 = (X2

j +X2
i )(X2

j −X2
i ) +X4

i − 1 ∈ 〈Gi〉,

so that Ĩi ⊂ 〈Gi〉. On the other hand, for all j ∈ {0, . . . , i− 1} we have

X2
j −X2

j+1 = (3XjX
2
j+1 + 3X2

j +X2
j+1 + 3Xj + 2)(XjX

2
j+1 −X2

j +Xj − 1)

+ 3(X4
j − 1)− (3X2

j +Xj)(X
4
j+1 − 1)

which implies that for all j ∈ {0, . . . , i−1} we have X2
j −X2

i ∈ Ĩi. Also, for any120

j ∈ {0, . . . , i− 1} we get

XjX
2
i −X2

i +Xj−1 = XjX
2
j+1−X2

j +Xj−1−Xj(X
2
j+1−X2

i )+(X2
j −X2

i ) ∈ Ĩi.

Hence 〈Gi〉 = Ĩi.
We will now prove that Gi is a Gröbner basis for Ĩi, and we only need to

calculate the S-polynomial of polynomials in Gi whose leading monomials are
not coprime (see [7, Prop. 4, p. 104]). Let r, s ∈ {0, . . . , i−1} be distinct integers.
The leading monomials of XrX

2
i −X2

i +Xr − 1 and XsX
2
i −X2

i +Xs − 1 are,
respectively, XrX

2
i and XsX

2
i . Hence they are not coprime, and

S(XrX
2
i −X2

i +Xr − 1,XsX
2
i −X2

i +Xs − 1) = XrX
2
i −XsX

2
i +Xr −Xs =

(XrX
2
i −X2

i +Xr − 1)− (XsX
2
i −X2

i +Xs − 1).
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Also for any j ∈ {0, . . . , i− 1} we have

S(XjX
2
i −X2

i +Xj − 1, X4
i − 1) = −X4

i +XjX
2
i −X2

i +Xj

= (XjX
2
i −X2

i +Xj − 1)− (X4
i − 1)

and

S(XjX
2
i −X2

i +Xj − 1, X2
j −X2

i ) = X4
i −XjX

2
i +X2

j −Xj

= (X2
j −X2

i ) + (X4
i − 1)

− (XjX
2
i −X2

i +Xj − 1).

Thus all S-polynomials reduce to zero modulo Gi (see [7, Def. 1, page 103])
which concludes the proof that Gi is a Gröbner basis for Ĩi with respect to the
order � defined above. Thus the set of leading monomials of Gi is

{XjX
2
i , X

2
j | j = 0, . . . , i− 1} ∪ {X4

i },

and from Proposition 2.3 we get that

∆(Ĩi) = {Xα0
0 Xα1

1 . . . Xαi
i | αj = 0, 1 for j = 0, 1, . . . , i} ∪ {X2

i , X
3
i }.

Hence #(∆(Ĩi)) = 2i+1 + 2 and from the above proposition we get

N(Xi) = 2i+1 + 2.

In the next result we calculate the parameters of the code Ci(d) associated
to the tower presented in Theorem 3.2.125

Theorem 3.3. For i ≥ 1, let F and Ii be as in Theorem 3.2. Let d be a non-
negative integer and Ci(d) be the Reed-Muller type code of order d associated
to Ii. Then the length of Ci(d) is 2i+1 + 2, and the dimension of Ci(d) is:

dimCi(d) =



1 if d = 0;

i+ 2 if d = 1;

3 +
i(i+ 3)

2
if d = 2;

3 +

(
i+ 1

1

)
+ · · ·+

(
i+ 1

d

)
if 3 ≤ d ≤ i+ 1 and i ≥ 2;

2i+1 + 2 if d ≥ i+ 1 and i ≥ 2, or
d ≥ 3 and i = 1.

As for the minimum distance δi(d) of Ci(d) we have that δi(0) = 2i+1 + 2,
δi(d) = 1 , if i ≥ 2 and d ≥ i + 1, or i = 1 and d ≥ 3, and δi(d) ≥ 2i+1−d if130

4 ≤ d ≤ i+ 1.
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Proof. Recall that the evaluation homomorphism

ϕ : F5[X0, . . . , Xn]/Ĩi → F2i+1+2
5

is an isomorphism and that the classes of the monomials in

∆(Ĩi) = {Xα0
0 Xα1

1 . . . Xαi
i | αj = 0, 1 for j = 0, 1, . . . , i} ∪ {X2

i , X
3
i },

form a basis for the quotient F5[X0, . . . , Xi]/Ĩi. Hence, if i ≥ 2 and d ≥ i + 1,
or i = 1 and d ≥ 3, then the classes of all monomials in ∆(Ĩi) are in Li(d) so
Ci(d) = F2i+1+2

5 , dimCi(d) = 2i+1 + 2 and δi(d) = 1.
If d = 0 clearly dimCi(0) = 1 and hence δi(0) = 2i+1+2. On the other hand135

the elements of ∆(Ĩi) with degree up to 1 are {1, X0, . . . , Xi} so dimCi(1) = i+2,
and the number of elements in ∆(Ĩi) of degree up to 2 is

dimCi(2) = i+ 2 +

(
i+ 1

2

)
+ 1 = 3 +

i(i+ 3)

2
.

If i ≥ 2 and 3 ≤ d ≤ i + 1, then counting the number of monomials in ∆(Ĩi)
with degree at most d we get

dimCi(d) = 1 +

(
i+ 1

1

)
+ · · ·+

(
i+ 1

d

)
+ 2.

Now we want to determine a lower bound for the minimum distance of140

Ci(d) when 4 ≤ d ≤ i + 1. Thus let f ∈ F5[X0, . . . , Xi] be a polynomial of
degree d′ ≤ d and let P1, . . . , P2i+1+2 be the points of Xi, we want to find an
upper bound the number of zero entries in ϕ(f + Ĩi) = (f(P1), . . . , f(P2i+1+2)).
Clearly, if g = (X0−1)d−d

′
f then ϕ(g+Ĩi) has at least as many zero entries than

ϕ(f + Ĩi), so we may assume that the degree of f is d. Also, since the classes of145

the monomials in ∆(Ĩi) form a basis for the quotient F5[X0, . . . , Xi]/Ĩi, we may
assume that f is an F5-linear combination of monomials in ∆(Ĩi) having degree
at most d. The number of zero entries in ϕ(f + Ĩi) is equal to the number of
points in the variety V (Ji) where Ji = Ĩi + 〈f〉, and from Proposition 2.5 we
have #(V (Ji)) ≤ #(∆(Ji)). From the definition of footprint we get that an150

upper bound for #(∆(Ji)) is the number of monomials in F5[X0, . . . , Xi] which
are not multiples of any of the leading monomials of the generators of Ĩi or f ,
and this set is equal to the set of monomials in ∆(Ĩi) which are not multiples
of the leading monomial of f , i.e.

#(∆(Ji)) ≤ #({M ∈ ∆(Ĩi) | lm(f) -M}).

Since #(∆(Ĩi)) = 2i+1 + 2 we get155

#({M ∈ ∆(Ĩi) | lm(f) -M}) = 2i+1 + 2−#({M ∈ ∆(Ĩi) | lm(f) |M})

so we look for the set of monomials in ∆(Ĩi) which are multiple of lm(f). If
4 ≤ deg(f) ≤ i + 1 then the leading monomial of f is a product of d distinct
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elements in the set {X0, . . . , Xi} (recall that f is an F5-linear combination of
monomials in ∆(Ĩi)), so

#({M ∈ ∆(Ĩi) | lm(f) |M}) = 1 +

(
i+ 1− d

1

)
+ · · ·+

(
i+ 1− d
i+ 1− d

)
= 2i+1−d.

Denoting the number of non-zero entries in ϕ(f + Ĩi) by wi(f) and collecting
the above results, we get

wi(f) = 2i+1 + 2−#(V (Ji)) ≥ 2i+1 + 2−#(∆(Ji))

≥ 2i+1 + 2−#({M ∈ ∆(Ĩi) | lm(f) -M})
= 2i+1 + 2− (2i+1 + 2− 2i+1−d) = 2i+1−d

which proves that δi(d) ≥ 2i+1−d for the case where 4 ≤ d ≤ i+ 1.160

A similar reasoning to find a lower bound for the minimum distance has
already been used in [9]. Also, in [1] we find Gröbner basis methods applied to
the determination of lower bounds for the generalized Hamming weights.

The generalized Reed-Muller code GRM(d, n), in n variables and order d
defined over Fq, is obtained by evaluating all polynomials of degree up to d165

(together with the zero polynomial) in all points of An(Fq), so it is a code of
length qn−1. Formulas for its dimension and minimum distance are well known
(see e.g. [11, Thm. 15.1.201] or [5, Thm. 3.14, Thm. 3.16]), and to compare the
codes constructed above to the generalized Reed-Muller codes defined over F5 we
choose codes with approximately the same dimension and compare the relative170

parameters.

Code dimension length minimum
distance dim./len. min. dist./len.

C11(6) 2512 4098 ≥ 64 0,612 ≥ 0, 0156
GRM(8, 6) 2499 15624 624 0,159 0,04
C10(5) 1026 2050 ≥ 64 0,501 ≥ 0, 0312

GRM(8, 5) 1007 3124 124 0,3223 0,04
C11(8) 3799 4098 ≥ 16 0,927 ≥ 0, 004

GRM(9, 6) 3745 15624 499 0,239 0,032

We see that the codes we constructed pack more information in a shorter length
than the generalized Reed-Muller codes, and as a consequence have a lesser
number for the relative minimum distance.175
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