International Journal of Mechanical Sciences 52 (2010) 777-783

International Journal of Mechanical Sciences

journal homepage: www.elsevier.com/locate/ijmecsci

Contents lists available at ScienceDirect

MECHANICAI
SC IENCES

Collisions between two nonlinear deformable bodies stated within

Continuum Mechanics

Fernando S. Buezas *”*, Marta B. Rosales "<, Carlos P. Filipich¢

@ Department of Physics, Universidad Nacional del Sur, 8000 Bahia Blanca, Argentina

> CONICET, Argentina

€ Department of Engineering, Universidad Nacional del Sur Alem 1253, 8000 Bahia Blanca, Argentina
4 CIMTA - Centro de Investigaciones en Mecdnica Teérica y Aplicada, FRBB, Universidad Tecnolégica Nacional, 11 de Abril 465, 8000 Bahia Blanca, Argentina

ARTICLE INFO

ABSTRACT

Article history:

Received 19 October 2009
Received in revised form

30 December 2009

Accepted 8 January 2010
Available online 25 January 2010

Keywords:

Deformable bodies
Unilateral contact
Impact contact time
Lagrangian description

The study of the interaction between two deformable bodies that collide is of great interest since
desired effects, as a stable contact, or undesired ones, as the failure of a mechanical part, can be
predicted. In this work, a Signorini type contact model with impact considering large rotations and
deformations is addressed. The problem is stated using the Continuum Mechanics formulation in two
and three dimensions with the Lagrangian description employing the two Piola-Kirchhoff stress tensors
with linear or non-linear constitutive equations. The governing equations are solved through a general
purpose software oriented to solve partial differential equations by means of a finite element
discretization. The impact of a deformable body over a rigid boundary or over other deformable body is
tackled. Also a three-dimensional problem is addressed (i.e. a spheric ball impacting on a rigid surface).
Numerical illustrations include parametric studies on the energy, the impulse forces and the time of
contact for different initial conditions and materials. A comparison among the models is shown.
Additionally the problem of the impact of two deformable solid balls is solved and contrasted with

simpler models developed by other authors.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

The classical theory of contact in Mechanics beginning with
Hertz in 1881 (see, for instance, Landau and Lifshitz [1]) is
restricted to frictionless surfaces and perfectly elastic solids
undergoing small deformations. By the second half of the past
century, important progress was achieved to overcome these
restrictions. A correct statement of the friction phenomenon has
permitted the extension of the elastic theory to the sliding and
friction of rolling elements. At the same time, the linear
visco-elastic and plasticity theories have contributed to address
deformations and stresses when inelastic bodies are in contact.
Reference books including modern approaches in this field are
Gladwell [2] and Johnson [3]. In more specific cases dealing with
contact between very hard and soft bodies, such as glass and
rubber surfaces, slipping noise phenomena are studied using
stress waves considering the coupling of adhesion and unilateral
contact among matrix/fiber interfaces with applications
to composite materials [4,5]. Diverse friction regimes were
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addressed by Challen and Oxley [6]. A comprehensive review on
articles dealing with mathematical, numerical and computational
issues within Contact Mechanics may be found in Raous et al. [7].
On the other hand, very precise experiments can be carried out
with available material in any undergraduate physics laboratory,
for example, the functional relationship between the time of
contact, the velocity of incidence and the length of a bar [8] or the
validation of Hertz's theory in an inelastic collision [9] as well as
the differences between bouncing springs, spheres and rods [10].

In this work, the contact problem between deformable bodies
is tackled within the Continuum Mechanics formulation. The
Signorini problem is stated together with the governing elasticity
equations using the Lagrangian description. A general propose
software is employed to discretize the spatial domain with a finite
element approach.

Several illustrations include the study of the collision of two
steel balls which is contrasted with a simpler model such as the
well-known Hertz theory and experimental measures [11], a
deformable spherical body impacting on a rigid surface, and a
deformable disc impacting on a deformable body. From
parametric studies, diverse results are obtained such as the time
of contact, the velocity of incidence, energies, besides the basic
variables (displacements at each point of the body). Functional
relationships are derived and interesting conclusions may be
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drawn from their analysis. The comparison between different
material models used in the present approach allows to define the
validity of each constitutive law.

The motivation of the work reported here was to study the
evolution of the contact force and energy in a head-on collision
between two continuum bodies. It may be concluded that the
above proposed approach presents the capability of dealing with
arbitrary shaped bodies and materials governed by different
constitutive equations.

2. Statement of the problem

This section contains theoretical issues such as the statement
of the governing system (equations of motion and constitutive
laws) and the description of the contact problem.

2.1. Equations of motion

Since the problem is stated in the Lagrangian or material
reference, only the following equation has to be solved [12,13]:

Vx - P+,00b= pOA @))

where P is the first Piola-Kirchhoff [13] stress tensor, p, = p(X, to)
is the mass density of the initial configuration, A=V =
oV /ot =&?x/at? is the acceleration field, b are the body forces
and, x=x(X,t) is the spatial position vector. Vx or Vx- represents
the gradient or the divergence with respect to the material
coordinates X correspondingly. Within this frame, the boundary
conditions are imposed on the initial boundary whose position is
known by hypothesis:

x@Vh)=x 2

to(8V?) =1 3

where t; is the tension vector of Piola-Kirchhoff calculated for
the rule to =P - N. Thus, the problem at the boundary, as well as
the initial conditions and the equations of motion, is fully stated.
Once the differential problem is solved, both the position of the
boundary and the location of any part of the body will be known
for each instant.

The second Piola-Kirchhoff [13] stress tensor may also be
useful. As is known, it is symmetric and is given by P=FS where
[Flj =0x;/0X; is the deformation gradient tensor, x; is the i th
component of the current position vector (spatial description), x;
is the j th component of the reference position vector (material
description), X. Then, the equations of motion can be rewritten as
follows:

Vx - (FS)+pob = ppA “4)

The next relationship relates P, S and & (the Cauchy stress
tensor—spatial description)

F.S=(detFo(F ) =P 5)

2.2. Constitutive equations

In this work, we will deal with elastic materials which satisfy

S=g(E) (6)
where g is a certain tensorial function, and

Lo o oueau
(Elj =5 (axj tax ;X

is the Lagrangian finite strain tensor (also known as Green-
St. Venant [14]) and u=x(X, t)—X is the displacement vector. In

particular, the following constitutive law is proposed:
S = Atr(E)I+2uE @

where A and p are constants. This law is also known as
St. Venant-Kirchhoff material model [15].

A simple and interesting model of a hyperelastic material is
given by the following non-linear relationship:

S = u(I—C Y+ i(InjC! 8)

that describes a Neo-Hookean compressible solid. Again A and p
are constant, C=F -F is Green’s deformation tensor and
J = det(F). Moreover, if J=1 in Eq. (8), a Neo-Hookean
incompressible solid is modeled.

2.3. Unilateral contact

The contact model between two deformable bodies to be
employed in this work will be described in what follows. As a first
approach to the contact model, let us suppose that a deformable
body interacts with a rigid and fixed obstacle.

The contact condition is that the deformable body does not
penetrate in the rigid obstacle.

Let a body B occupy the domain € in a two- or three-
dimensional space (Fig. 1). The body boundary I'=T'rUI'p U T ¢ is
smooth enough and is in contact with a rigid fixed body. Part I'r of
the boundary I" corresponds to the boundary region at which the
stresses are prescribed (natural conditions to the problem (1)). I'p
is the region where the displacements are prescribed (geometric
conditions) and I'c, where there is a contact with the rigid body.
There, the displacements v=Xxg—Xy are the difference between
the coordinate of the point at the deformable body boundary and
the corresponding one at the rigid boundary (see Fig. 1). The
Signorini problem (unilateral contact) is stated as follows
(subscript N denotes the normal direction):

w<0, tn<0, uytn=0 9

(1) No contact = vy <0 and t,y =0.
(2) Contact = vy =0 and t <0.

Conditions (9) constitute a non-continuous or non-smooth
problem since tcy is a multi-valuated application of the vy field
(or simply, tcy is not a function of vy). From the Analytical
Mechanics viewpoint [16], Signorini conditions result in a non-
holonomic constrained problem due to the inequalities. This is
reflected in the fact that neither the stresses nor the contact
surface is known before solving the problem. If it were solved, the
deformation could be calculated but they are necessary to the
classical statement of the boundary. In other words, in Continuum
Mechanics, the boundary conditions have to be previously known
to solve the problems. However, the Signorini problem gives the
boundary conditions an unknown character.

Fig. 1. Scheme of the contact between a deformable body against a rigid contact.
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The contact law (9) is non-holonomic, since no regular
restriction given by an equality exits. Instead, the problem
contains a restriction given by a set of inequalities. Furthermore,
when contact appears, neither the stress value nor the
displacement is defined. This alternation between natural and
geometric conditions gives the problem the non-regular character
since the moment in which each one stands is also an unknown.
The regularization of the contact problem consists in the
replacement of the rigid condition (9) by a smooth or regular
one. The non-holonomic problem is replaced by a problem
without constraint. The boundary condition will be always
natural, by imposing a functional relationship between stresses
and displacements, i.e. the problem is regularized by means of the
following function:

—k(vy)™ if yw>0
tcN =

0 if w<0 (10)

where k is a sufficiently large number in order for (10) to
approximate (9) and m is an arbitrary constant (m=1 for the linear
approximation).

2.3.1. Extension to the contact between two deformable bodies
When dealing with infinitesimal strains and displacements,

the contact problem is easily solved by introducing a change of

variable in the Signorini problem (9) which is now double

d(x1,%2) >0 d(x2,%1) >0
BODY B1 tev1 <0 and BODY B2 ten2 <0 (11)
X1 teny =0 Xoteny =0

where d(xq,x) and d(x,,x;) are both the distance between x; (B1)
and x, (B2). When infinitesimal displacements are assumed, then
unit vectors satisfy No=—N; and the pair of points x; and x, are
known before the problem is solved, and are located on the
normal to each surface. Instead, if the displacements or strains are
considered finite, there is no knowledge about which pair of
points will contact, neither about the corresponding normal unit
vectors. In this case, the minimum of the distances between all
possible pairs of points has to be evaluated as well as the
corresponding unit normal vectors:

min(d(x1,x2)) > 0,
tev1 <0,
X1ten1 =0,

min(d(xz,x1)) >0
tn2 <0 12)
Xaten2 =0

3. Computational simulations

Sections 3.1 and 3.2 describe the numerical scheme imple-
mented to solve the equations of motion. Next, Sections 3.3-3.5
include the following examples: a collision between a deformable
sphere against a rigid plane, a deformable disk impacting on both,
a deformable and a rigid body and finally, the impact between
two deformable spheres.

3.1. Equations of motion in weak form

It is very simple to get the weak formulation of equations of
motion. Let W be any vector field of variables referred to the body
in its nondeformed configuration (material coordinates or
Lagrangian description). Multiplying the equations of motion by
W and integrating over Vo we get

///(VX~P+pOb—pOA)~WdVO:0 13)

'//'/av(to‘w)d"‘ﬁ‘///[Po(b—A)-W—P-VXW]dVO:O (14)

where (14) is obtained after integrating (13) by parts (using Gauss
theorem). Remember that (Vy) indicates the gradient and (Vy-)
the divergence with respect to the X coordinate.

The surface integral is divided into two parts. Suppose that the
displacement u, and consequently the velocity V, is prescribed in
a part of the boundary’s surface (I'p in Fig. 1) and the stress is
given in the other part (I'F in Fig. 1). In order to incorporate the
boundary conditions (2) and (3)

x(@eVH) =X

to(6V?) =1,

in the weak form (14), the first trial functions W are assumed null
in I'p. Then the surface integral in Eq. (14) reduces to

/ [ (o W)dAo_// (to - W)dAO_// f, - WdA

Finally, the weak formulation consists of the following relations:

[ [ to-wWidao= [ [ [1ood-A)- W-P- Vxwiav (15)
J Jre J J .

Xx=Xonlp (16)
X(X, to) = XQ(X) and X(X, [’0) = VQ(X) (1 7)

3.2. Galerkin method and discretizations in polynomial elements

Let the function u be expanded in a series of ¢;(X)

N
> ¢iXci(t) (18)

i=1

uX, t) ~

here c(t) are functions only of time. The polynomials
$i(X) = [y, iX), by, i(X), by, (X1

are functions with the same features as W. Every ¢;(X) is null
outside the domain i which is defined. For each i th cell or
element, the polynomial ¢; # 0 and the remainder ¢; =0 for each
j #1. The set of all polynomials ¢; generate the space of solutions
of the differential problem.

Replacing Eq. (18) in (1) and integrating on the whole domain:

[/ {Vx P(w)+pob—po (Z $iX0E (t))] L $(X)dVo=0  (19)
i=1
where P(u) means that Piola-Kirchhoff stress tensor is calculated
from u(X,t) through constitutive relations (7) or (8).
At last, integrating by parts in the general sense, that is using
the theorems of vectorial calculus (Gauss, Stokes or Green
theorems) we get

/ /avo (to(u) - ¢) dAg

N
+/// {Po <b—i_21¢i6i> - $;X)—P(u) - Vxop;| dVo=0 (20)

This task was performed with the help of FlexPDE software [18]
which is a scripted finite element model builder and a numerical
solver with the following features:

1. The user introduces the governing system as well as defini-
tions, geometry and all the necessary information of the
model. FlexPDE software uses standard Galerkin finite element
methods. Quadratic interpolation over triangles or tetrahedra
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was used in the present work. Nodal values are placed on
corners and sides of the mesh cells, so that all solutions are
continuous throughout space.

2. The Galerkin equations are formed by symbolic analysis, which
substitutes definitions, segregates dependencies on variables,
applies integration by parts, integrates over cells, and
ultimately differentiates the resulting system with respect to
system variables to form the coupling matrix.

3. Equations are solved simultaneously by a conjugate-gradient
iterative method. Nonlinear systems automatically apply a
Newton-Raphson iteration process with backtracking. This
results in a fully implicit solution at the end of each grid phase.

4. Time-evolution equations apply an implicit backward differ-
ence method for integration in time that is stiffly stable.
Variables are approximated by quadratic polynomials in time,
and the timestep is controlled to keep the cubic term smaller
than the required error.

5. The finite element equations minimize the residual of the
Galerkin integral over a patch of cells surrounding each mesh
node. Then the residuals in each cell are analyzed indepen-
dently as a measure of compliance, and each cell in which the
required error tolerance is exceeded, is subdivided.

3.3. Collisions between two identical deformable steel balls

Hessel et al. [11] proposed a simple model based on the Hertz
theory to describe and fit experimentally the contact of two steel
spheres. The authors found that the experimental results agree
with Hertz’s theory of contact [1]. We propose the modeling of
spheres of identical size and characteristics as that studied by
Hessel et al. The problem consists of two identical steel balls with
diameter d=0.0381m and mass m =0.2258 kg. Fig. 2 shows the
collision time as a function of velocity v. In this simulation, the
law of At as a function of the impact velocity corresponding to
identical steel balls, i.e. At =2.94(u?/k?*v)!/> where p=m/2 and
k=4/(5D)\/R/2, R is the radius of the sphere and D=3/(2E), for
the characteristics used in this example, is reduced to
At=1.18567 x 107 /v or At =av’. Hessel et al. fit the value of
the coefficient and the exponent of this expression from
experimental measurements. Table 1 indicates the values of the
coefficients reported in [11], with Hertz theory and the ones
calculated with the present model. In Fig. 2 and Table 1 it can
observed that the coincidence among the three approaches is
evident and are within the expected uncertainty of any practical

5 i i i i i i i

5 10 15 20 25 30 35 40
Velocity (m/s)

Fig. 2. The collision time as a function of the velocity. 1 — Hertz. 2 — Hessel et al.
3 — Present study.

Table 1
Comparison of values of coefficients found by Hessel et al., with Hertz’s theory and
the ones calculated with the present study.

Hessel et al. [11] Hertz’s [1] Present work
o (1.138 +0.002) x10~* 1.1857 x 104 1.1672 x10~*
b —0.202 £+ 0.002 -0.2 —0.2035
g
0.15 ("— S |
s |
005 . . “
a1 g
-0.1 X 0.1 Y -0.1

Fig. 3. Snapshot of the collision of a three-dimensional sphere against a rigid
boundary.

experiment. It should be noted that, in this example, we are
dealing with a collision of steel balls at low impact velocity and
consequently, only small deformations are involved. As is
expected, this model contains the Hertz theory and experi-
mental results of Hessel et al. in the case of small deformations. In
the following sections we will show cases of collisions in which
the Hertz theory is not applicable because of the large
deformations and other material laws.

3.4. Deformable spherical body impacting on a rigid surface

The material of the spherical body is modeled with the
constitutive Eq. (7) assuming E=7 x 10° Nm~2 and v—0.5 were
A=VE/(1+Vv)(1-2v), u=E/2(1+v) and mass density
p =1722kg/m3. This material is chosen for two reasons: firstly,
some previous simple test (not reported here) was performed on a
rubber ball and it was found that the material characteristics yield
in this range (similar to the values reported by Eringen [17]).
Secondly, a soft material, as the one herein proposed, makes more
complex phenomena due to large deformations apparent. Fig. 3
depicts the ball at its maximum deformation. The radius of sphere
is r=0.05m. The initial condition is ¥=8 m/s normal to the rigid
body. The time of contact is, in this case, t=0.00603 s.

The adaptive time step is tested and controlled by checking the
energy which is constant since we are dealing with a conservative
impact. This energy is

Er =T+U.+Uj, 1)

where T= 3 [ [ [poV-VdVo; Ug=g [ [ [ poydVo; Ue= [ [ [tr(S-
E)dV, are the total kinetic, gravitational and elastic energies,
respectively, and dV, is the element of volume. Here U, stands
for the elastic power. It can be proved that for the constitutive
law (7) and (8), it takes the form of the elastic energy as
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Fig. 4. Spherical ball impacting on a rigid boundary. Energy (in Joules) and impact force (in Newtons) as functions of time.

Up = A/2(tr(E)> + utr(E-E)  and U, = u/2[tr(C)—3]—ulnj+ /2
(InJ)?, respectively. It is interesting to make a partition of the
kinetic energy into a vibration term (T—Ty) and a rigid-body term

To = 1MVZ,

where M is the total mass of the sphere and V¢, is the velocity of
its center of mass (which must remain constant except for
gravitational deceleration once contact has stopped) (Fig. 4a). This
partition is of interest because in a real material (and hence
somewhat internal dissipative), the vibration energy will
eventually decay to zero, and this is a contribution to what is
commonly known as the coefficient of restitution. There are other
sources of energy dissipation such as radiation of sound through
the boundary of the sphere, and the wave propagation of the
target itself (here a rigid boundary).

Fig. 4b depicts the variation of the impact force with time. The
acceleration of the center of mass can be calculated as
Acv=1/Vp [ [ [AXX, t)dV, where V; is the non-deformed volume
of the body. Approximately 9 x 1073 s after starting the collision,
a series of oscillations in the rebound force can be observed. This
is, probably, due to the time the elastic wave takes to pass
through the sphere and to return to the point of contact with the
rigid body.

3.5. Deformable disc impacting on a deformable body

Dealing with the impact of a deformable body against another
adds complexity to the problem since the positions of points of
each boundary that will contact are unknown. Here, Eq. (12)
should be employed at the cost of increasing the CPU time. Not
only the body boundary trajectories but also the minimum
distance at each instant of time have to be monitored.

In this example, the disc of radius r=0.5 m impacts on a body
with dimensions 10m x 2 m both with identical elastic charac-
teristics. The second body is not externally restricted. Neither
friction nor gravitational forces were considered and the govern-
ing constitutive law (7) was stated with E=7 x 105Nm™2, v-0.5
and p =1722kgm=3. The initial conditions of the disc are the
velocity of incidence v=10m/s with normal direction to the other
body, which is at rest. After the collision, the disc is reflected and
the prismatic body is directed downwards. Finally, the variations
of the energy are displayed in Fig. 5. The variation for the disc
energy is shown in Fig. 5a, the time history of prismatic body
energy is shown in Fig. 5b, and the total energy (disc + prismatic

body) in Fig. 5c. Since the system is conservative, the total energy
should remain constant. This feature is used to test the numerical
convergence of the solutions. In this figure we can see how, when
the impact ends, the rigid-body part of kinetic energy (To) is only
30% of the initial one. Again, the rest is vibrational kinetic energy
(T-To) and would decay to zero if any dissipation were
considered. Now, not only the disc is vibrating, but also the
prismatic body. Finally, Fig. 5d shows a snapshot of the
interaction of the system at its maximum deformation (i.e.
t=0.04s).

Let us now consider the particular case of the disc impacting
on a rigid surface, assuming the same data as before. An
interesting issue in this study is the determination of the time
the bodies remain in contact which can be estimated by observing
when the force F(t)= [ [ [A(X,t)pydVy is not null.

The examples were run for two different material (Egs. (7)
and (8)). A parametric study was performed varying the impact
velocity and calculating 10 cases per unit of velocity. Fig. 6 shows
a graphic of the time of contact vs. the initial velocity. It can
be observed that the behavior is monotonically decreasing, in
a similar fashion to the Hertz curve. In all the cases, the
Neo-Hookean material yields lower impact times than the
St. Venant-Kirchhoff material. The constants involved in both
models were chosen such that in the small deformation range,
both reproduce the same Hookean constitutive models. Thus,
for very low impact velocity the curves are asymptotic. The
elastomeric constitutive model demands larger computational
times. It can be concluded that the general trend is that the time
of contact decreases as the impact velocity increases. Fig. 7 shows
the variation of the impact force with time for the two material
models. Fig. 7a represents the case of a low impact velocity
(v=1m/s). Both materials behave similarly. A higher velocity case
(v=10m/s) is depicted in Fig. 7b. Here, the different response is
apparent.

4. Conclusions

The impact of deformable bodies with contact has been
addressed within the Continuum Mechanics stated in the
Lagrangian reference. Geometric nonlinearities as well as linear
and nonlinear constitutive laws were considered. Some issues, as
the regularization of the contact problem, were tackled. The
resulting nonlinear differential problem was solved with the help
of a finite element discretization.
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Fig. 5. Energy variations in the impact of two deformable bodies. (a) Only disc; (b) Only prismatic deformable body; (c) disc and prismatic deformable body and (d)

snapshot of the interaction between the disc and the prismatic body.
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Velocity (m/s)

Fig. 6. Deformable disc impacting on a rigid body. Time of contact as a function of
the initial velocity for a body governed by constitutive law (7) and with
constitutive law (8).

The proposed formulation was applied to three problems. First,
the collision of two steel balls was studied and from a comparison
with other authors’ approaches, it is concluded that, for this

material and low impact velocity, the classical theory of Hertz and
the present model are coincident. Otherwise, Hertz theory is not
applicable. In the case of a deformable sphere impacting against a
rigid body, an analysis of the energy components is useful, among
other purposes, to estimate the coefficient of restitution. Also, the
energy studies permit the monitoring of the solution quality
when dealing with conservative problems. The temporal variation
of the impact force allows observing a different behavior to the
one foreseen by means of the Hertz theory. The peak variations of
the force can be attributed to the wave propagation in the
impacting deformable body. When dealing with the case of a
deformable disc impacting on a deformable prismatic body, the
components of the energy were also distinguished for each
body and, as before, the coefficient of restitution can be inferred
and also the complexity involved in the energy transfer from one
body to the other. The parametric study of the time of contact as a
function of the impact velocity was performed for the disc
impacting on a rigid surface and with two constitutive laws,
respectively. The general behavior is qualitatively similar to
the Hertz theory since the time of contact decreases as the
impact velocity increases. However, some smooth irregularities
can be noticed. Since the calculations were made with high
numerical precision, these particularities could not be attributed
to a numerical noise interference but to the internal wave
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Fig. 7. Contact force during the impact of the disc using St. Venant-Kirchhoff and Neo-Hookean constitutive models. (a) Velocity of incidence v = 1 m/s; (b) Velocity of

incidence v = 10 m/s.

propagation. It was also found that the Neo-Hookean material
always yields lower impact times. The variation of the impact
forces with time for the case of a disc considering two different
material laws with low and high impact velocities shows that at a
low velocity both materials behave similarly and at a higher
velocity, the Neo-Hookean material exhibits stiffening with an
increase of the maximum force and a lower time of contact.
Finally, the proposed approach can handle arbitrary shaped
bodies and other material laws. More complex phenomena like
finite deformation problems with friction were tackled in [19].
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