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A numerical study of the space-charge sheath adjacent to the nozzle wall of a cutting torch is
presented. The hydrodynamic model corresponds to a collision-dominated sheath and does not
assume cold ions, so drift-diffusion-type equations are used. Also an improved expression for the
ion-neutral momentum transfer is employed rather than the usual constant ion-mean-free-path or
constant ion collision frequency approximations. Assuming a constant electron temperature in the
sheath and neglecting the electron inertial term, the continuity and momentum equations for ions
and electrons, together with Poisson’s equation, were solved for the electric potential, ion velocities
共both normal and tangential components兲, and for the ion and electron densities. It was found that
both the ion and electron densities present a sudden drop at the sheath-plasma edge. The ion density
continues to decrease slowly inside the sheath, while the electron density presents a virtually zero
value everywhere inside the sheath, the electron thermal conduction flux to the nozzle wall being
negligible. These wall results thus become thermally isolated in spite of the high electron
temperature in its adjacency. For a nozzle biasing voltage close to the gas breakdown, it was found
that the electric field value is high, reaching a value of about 9 ⫻ 106 V m−1 at the exit of the nozzle
wall. This value is higher than the average field value across the sheath and is on the order of the
breakdown threshold value. This means that an undesired sheath breakdown could occur at the
vicinities of the nozzle exit even if the average electric field across the sheath is not strong enough.
© 2009 American Institute of Physics. 关DOI: 10.1063/1.3153147兴
I. INTRODUCTION

Plasma cutting torches produce a highly constricted, hot,
and high velocity arc plasma jet between a cathode and a
workpiece acting as the anode. That plasma is created by a
narrow nozzle inside the torch, into which the gas is injected
at a high pressure.1 Although there is a widespread industrial
application of this technique, research efforts have appeared
more recently in order to understand the main physical processes governing the phenomenon and to develop numerical
models for the plasma-gas structure that could guide in advanced designs of cutting torches.
A classical diagnostic technique that has been employed
to study cutting torches is charge collection through appropriately biased metallic conductors. This includes either electrostatic 共Langmuir兲 probing2,3 or simply the nozzle surface.4
For a proper interpretation of the results, this kind of diagnostics requires knowledge on the non-neutral plasmaconductor boundary 共sheath兲.
The problem of sheath formation at the plasma boundary
is of importance for nearly all applications where the plasma
is confined totally or partially to a finite volume by solid
walls.5,6 For high-pressure thermal plasmas, local thermodynamic equilibrium 共LTE兲, which usually holds in the plasma
bulk, is violated near solid surfaces 共walls or electrodes兲. In
these regions the electron density is presumably much lower
than 1023 m−3 共the lower limit for the existence of such equia兲
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librium in a homogeneous plasma, according to Griem’s criterion兲, and also very high temperature gradients may be
present over the last few electron Debye lengths from the
wall.4,7
When a plasma is in contact with a negatively biased
surface 共with a biasing voltage on the order or lower than the
floating value兲, a strong electric field appears between the
non-LTE 共NLTE兲 plasma and that surface. This sheath becomes positively charged, rejecting electrons from the
plasma and attracting ions to the negatively biased wall. The
typical thickness of the sheath as compared to the characteristic lengths of the plasma 共e.g., ion mean free path兲 determines the collisional degree of the sheath. Three regimes of
sheath behavior can appear in high-pressure plasmas. There
is a collision-dominated 共i.e., mobility limited兲 regime when
the sheath thickness is larger than the ion mean free path, a
collisionless regime when the sheath is very thin, and a transition regime when both lengths are comparable. For the
collision-dominated regime, expressions that describe the
sheath are usually available for both cases of constant ion
mean free path and constant ion mobility.8,9 In the opposite
limit, when ion collisions are negligible, Child’s law gives a
simple description of the sheath.10 The number of ion mean
free paths in the sheath needed to cause the transition from
the collisionless to the collision-dominated regime for the
constant mean-free-path model is only about one-half.11
Usually in high-pressure weakly ionized plasmas the
sheath thickness is large compared to the ion mean free path,
and the sheath is collision dominated. Such a picture corre-
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FIG. 1. Schematic of the arc torch indicating several nozzle geometric
dimensions.

sponds to the space-charge sheath formed between the NLTE
plasma and the nozzle wall inside a cutting torch.1–4,12–16
Near the plasma-sheath boundary, the electric field accelerating the ions toward the walls is negligible. Thus the fluid
velocity of the ions is small compared to their thermal motion, and the collision frequency is independent of the ion
fluid velocity. On the other hand, well in the sheath region,
the electric field accelerates the ions to velocities comparable
or larger than the thermal speed, and the collision frequency
becomes proportional to the ion drift velocity. There is a
smooth transition from a constant collision frequency of the
ions within the plasma at the sheath edge to an approximately constant mean free path of the ions in the sheath
regions close to the wall where high electric fields exist. The
smooth transition between these two ion collision approximations appears where the potential drop over an ion mean
free path becomes comparable to the ion thermal energy.17
The sheath-plasma problem in a collision-dominated regime was first studied in glow discharges, and most of the
works6,8,9,11,18–22 considered cold ions, neglecting the ion
pressure. The purpose of this paper is to present a collisiondominated model 共ion mobility-limited motion兲 for the hydrodynamic description of the boundary space charge in contact with the nozzle wall inside a cutting torch. The model
does not assume cold ions, so drift-diffusion-type equations
are used. Also an improved expression for the ion-neutral
momentum transfer17 is employed instead of the quoted ion
collision approximations. The ion and electron densities,
electrostatic potential, and ion velocity distributions are calculated inside the sheath. Boundary conditions for the numerical solutions within this sheath are based on the experimental plasma data previously obtained by the authors.4 In
that work, the profiles of the sheath thickness, plasma density, and electron temperature at the sheath-plasma edge were
obtained along the nozzle for measured values of the arc
voltage and gas pressure.
The organization of this paper is as follows. In Sec. II
the fluid equations of the collisional sheath model are presented. The results from the numerical solutions are presented and discussed in Sec. III, and in Sec. IV conclusion is
derived.
II. COLLISIONAL SHEATH MODEL

A schematic of the arc torch indicating several nozzle
geometric dimensions is presented in Fig. 1.4 As it was
shown in Refs. 6 and 19–22, when both plasma and sheath

FIG. 2. Schematic of the sheath formed between the NLTE plasma and the
nozzle wall.

are collisional, and the ionization inside the sheath can be
neglected 共so the sheath is source-free兲, there is a smooth
joining between the plasma and the space-charge layer, thus
avoiding the need of a transitional sheath 共the presheath兲. So
the sheath edge coincides with the unperturbed quasineutral
plasma. The model geometry showing the collisional spacecharge sheath contiguous to the negatively biased nozzle is
sketched in Fig. 2. Since the sheath remains thin as compared to the nozzle orifice radius,4 a planar geometry is used
共y and x are the normal and axial coordinates, see Fig. 2兲. At
negative nozzle potentials 共on the order or lower than the
floating value兲, the electron density within the positive
sheath remains small as compared to the ion density, so the
sheath is considered source-free. The elastic mean free paths
for all species are much smaller than the sheath thickness,
and therefore the fluid description applies. Steady-state conditions are assumed.
The governing equations23 are given by the ion continuity equation,
ⵜ · 共niūi兲 = 0,

共1兲

the electron continuity equation,
ⵜ · 共neūe兲 = 0,

共2兲

and the ion fluid momentum equation,
niM共ūi · ⵜ兲ūi = − ⵜ共nikTh兲 − eni ⵜ  + niM共ūn − ūi兲i ,
共3兲
where ūe is the electron fluid velocity and ne is the electron
density. ūi, ni, and M are the fluid velocity, density, and mass
of the ions, respectively. k is Boltzmann’s constant and Th is
the heavy particle temperature 共ions and neutrals兲.  is the
electrostatic potential and e is the electron charge. The last
term in Eq. 共3兲 represents the drag force due to the collisions
between ions and neutrals. ūn is the neutral fluid velocity and
i is the ion-neutral collision frequency for momentum transfer.
The electron fluid momentum equation is
nem共ūe · ⵜ兲ūe = − ⵜ共nekTe兲 + ene ⵜ  − nemūem ,

共4兲

where m and Te are the mass and temperature of the electrons, respectively. m is the effective collision frequency for
momentum transfer. Finally, Poisson’s equation relates the
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difference between ion and electron densities within the
sheath to the self-consistent potential,
0ⵜ2 = − e共ni − ne兲,

共5兲

where 0 is the vacuum permittivity.
The inertial term can be usually dropped from Eq. 共4兲
because of the smallness of the electron mass. Then, considering the Einstein relation, Eq. 共4兲 reduces to the total electron flux,10
¯⌫ ⬅ n ū = n  ⵜ  − D ⵜ n ,
e
e e
e e
e
e

共6兲

where the usually small thermodiffusion term 共proportional
to −ⵜTe兲 was neglected in Eq. 共4兲 as compared to the diffusion term.10 e and De are the electron mobility and diffusion
coefficients, respectively. If the nozzle potential is sufficiently negative due to the high mobility of the electrons,
oppositely directed high diffusion and drift electron fluxes
approximately balance each other to yield a small resultant
total electron flux comparable to 共or less than兲 the ion flux.
Hence ¯⌫e ⬇ 0 in Eq. 共6兲 and the electron density inside the
sheath obeys the relation,10

冋

册

e共 − s兲
ne = n exp
,
kTe

共7兲

where n ⬅ ni ⬵ ne and s are the density and the electrostatic
potential of the plasma at the sheath-plasma edge, respectively. The neutral particles are considered at rest 共i.e., ui
Ⰷ un兲. To close the model, an expression for the ion momentum transfer by elastic collisions must be established. Two
special cases are usually treated in literatures:11,17,18 constant
ion mean free path and constant ion collision frequency. In
the first case, the basic assumption is e兩ⵜ兩i Ⰷ kTh, so the
ion drift velocity is much larger than the ion thermal velocity. Hence the drag force is modeled by −Muiū / i, where the
ion mean free path i ⬅ 共nn兲−1 is constant 共nn is the neutral
gas density and  is the momentum transfer cross section for
elastic collisions between ions and neutrals兲. The collision
frequency i = ui / i depends, in this case, on the ion fluid
velocity. In the opposite limit, the assumption e兩ⵜ兩i
Ⰶ kTh applies. With this condition satisfied, the ion fluid velocity is much smaller than its thermal speed. The collision
frequency of the ions is thus determined by their random
thermal motion rather than their fluid velocity and thus i
= 冑2uth / i. In this relation, the ion thermal velocity is given
as uth = 冑8kTi / 共 M兲, and the constant ion collision frequency
is independent of the fluid velocity. The factor 冑2 is due to
the mutual motion of the ions and neutral assuming the same
temperature for both species.7 The drag force in this case is
given as −M iūi. Both physical approximations assume that
the collision cross section is independent of the ion fluid
velocity 共⬇5 ⫻ 10−19 m2兲.24 At high pressures, for strongly
collisional sheaths, the constant ion mean-free-path approximation applies close to the wall where the electric field
strength is stronger. On the other hand, the constant ion mobility approximation 共constant ion collision frequency兲 is
physically more accurate at the sheath-plasma edge 共where
the electric field is relatively weak兲. In the transition region,
the collision frequency is given by i共ui兲 = 冑共兲2 + 共兲2,17

where  and  are the ion collision frequencies in the
quoted previous approximations. Following this approach,
the ion collision frequency can be written as

i共ui兲 =

冑u2i + 2u2th
i

共8兲

.

In spite of the collisional nature of the sheath, inelastic
electron collisions are very rare and also the electron energy
transfer to heavy particles by elastic collisions is small.
Therefore, it was assumed that Te ⬇ const inside the sheath
with a value corresponding to the sheath-plasma edge value.
The model is now closed. In the limit of strong ionneutral collisions 共i.e., the mobility-limited ion motion approximation兲, the collision parameter D / i is large 共D is the
sheath thickness兲. Using the data obtained in our previous
work,4 D / i ⬇ 102. In such circumstances, Eq. 共3兲 is simplified by neglecting the convective term on its left hand side.
Combining Eqs. 共1兲, 共3兲, 共5兲, 共7兲, and 共8兲, a system of
coupled partial differential equations for describing the
mobility-limited ion collisional sheath is obtained,

 共niuix兲  共niuiy兲
+
= 0,
x
y

共9兲

−


 共nikTh兲
− niMuixi = 0,
− eni
x
x

共10兲

−


 共nikTh兲
− niMuiyi = 0,
− eni
y
y

共11兲

冋

冉

 2  2
e共 − s兲
ni
e
− exp
n
2 +
2 =−
x
y
0 n
kTe

冊册

,

共12兲

where the ion collision frequency is given by Eq. 共8兲. A
similar plasma-sheath model was presented in Ref. 11 for a
two-fluid 共Th Ⰶ Te, i.e., cold ions兲 uniform plasma but under
the above quoted extreme collisional approximations. The
present model is further complicated by the axial potential
drop along the arc column facing the equipotential nozzle
共see Fig. 2兲. Also for large ion temperatures 共in this problem,
Ti is comparable to Te兲, the thermal ion flux to the wall
cannot be neglected; therefore, the diffusive term in Eq. 共3兲
must be considered.
To solve Eqs. 共8兲–共12兲, appropriate boundary conditions
must be specified. In doing this, the profiles of the sheath
thickness, plasma density, and electron temperature at the
sheath-plasma edge, arc voltage, and gas pressure inside the
nozzle were taken from Ref. 4. For instance, a typical n
profile at the sheath-plasma edge is presented in Fig. 3. At
the nozzle wall 共y = 0兲, the voltage of the nozzle is known
共N兲. The sheath-plasma edge 共y = D兲 coincides with the
quasineutral plasma, so n ⬅ ni ⬵ ne and the voltage distribution is the arc 共variable兲 voltage 关arc共x兲兴. Also the radial
electric field value at the sheath-plasma edge is very small,10
hence 共 / y兲y=D ⬇ 0. The ions enter the sheath from the
plasma with a velocity normal to the boundary surface given
by uis ⬇ uB共i / Ds兲1/2,22 where uB ⬅ 冑kTe / M is the Bohm velocity and Ds the electron Debye length at the sheath entrance. At the nozzle inlet 共x = 0兲 and exit 共x = Ln兲, open

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp

123303-4

Prevosto, Kelly, and Mancinelli

J. Appl. Phys. 105, 123303 共2009兲

FIG. 3. 共Color online兲 Plasma density profile at the plasma-sheath edge,
reprinted with permission from L. Prevosto, H. Kelly, and B. Mancinelli, J.
Appl. Phys. 105, 013309 共2009兲. Copyright 2009, American Institute of
Physics.

boundary conditions are assumed. So the quantities uix / x,
uiy / x, ni / x, and  / x are conserved through these surfaces.

III. NUMERICAL RESULTS AND DISCUSSION

The governing Eqs. 共8兲–共12兲 were solved for the electric
potential, ion velocity 共both components兲, and ion density by
integrating them numerically using a finite difference discretization technique in a 100⫻ 50 uniform grid. An iterative
method was adopted, which continued until the solutions of
the physical quantities reached the following criterion:

共n兲 − 共n−1兲
ⱕ 10−5 ,
共n兲
with 共n兲 being the n iteration of a generic variable . This
convergence criterion was found to be sufficient since negligible differences in the final solutions were found when
lower values for the convergence criterion were used.
For a 30 A arc current and an oxygen gas mass flow of
0.32 g s−1 and n = −153 V, a thin sheath with an almost
constant thickness of D共z兲 = 21 m 共see Fig. 4 of Ref. 4兲
was formed between the plasma and the nozzle wall. The
resulting value of Te in these conditions was Te = 5400 K. It
should be noted that the quoted nozzle bias potential value is
close to a gas breakdown situation 共double arcing兲 in this
torch. This situation was chosen to look for a connection 共if
any兲 between the undesired breakdown and some characteristic of the sheath structure.
Linear distributions of the arc voltage and pressure 共p兲
inside the nozzle were assumed as in Ref. 4, arc共x兲
= arc共0兲 + x关arc共Ln兲 − arc共0兲兴 / Ln and p共x兲 = p共0兲 + x关p共Ln兲
− p共0兲兴 / Ln, where p共0兲 = 0.55 MPa, arc共0兲 = −70 V, p共Ln兲
= 0.10 MPa, and arc共Ln兲 = −22 V. Since the plasma density
is very low, close to the wall, the neutral gas density can be
immediately obtained from the state equation with the assumed values of the neutral temperature value close to the
wall 共Th = 1000 K兲 共Ref. 4兲 and the p value 共neglecting the
plasma pressure兲. Then the neutral density is given by nn
= p / 共kTh兲. The ion velocity at the sheath entrance uB
⬅ 冑kTe / M共nn0Ds兲−1/2 was also calculated taking into account the Te values at the sheath-plasma edge 共from Ref. 4兲
and p.

FIG. 4. 共Color online兲 Spatial distribution of the electric field strength inside
the sheath.

In Fig. 4, the spatial distribution of the electric field
strength is presented. As it can be seen, the electric field
value is high, with the largest values along the nozzle wall,
varying from 6 ⫻ 106 V m−1 near the nozzle entrance to
about 9 ⫻ 106 V m−1 at the nozzle exit. This last value is
higher than the average field value across the sheath and is
on the order of the breakdown threshold value. This means
that an undesired sheath breakdown could occur close to the
nozzle exit even if the average electric field across the sheath
is not strong enough.
The spatial distributions of the ion and electron densities
inside the sheath are presented in Figs. 5 and 6. As it can be
seen in these figures, ni drops sharply near the sheath edge
and continues to decrease slowly, while the electron density
also shows a very steep drop near the sheath edge, with a
virtually zero value everywhere inside the sheath. The lack
of electrons inside the sheath implies that the electron thermal conduction flux to the nozzle wall can be neglected. The
nozzle wall results thus become thermally isolated in spite of
the high electron temperature in its adjacency.
It was found that both ion and electron densities decrease when the electrostatic potential decreases. This behavior of ni is due to the ion acceleration at an almost constant

FIG. 5. 共Color online兲 Spatial distribution of the ion density inside the
sheath.
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thermally isolated from the hot plasma by such a thin layer
of gas: the absence of electrons in the sheath makes the electron thermal conduction flux to the nozzle wall negligible.
The detailed calculation of the electric field values inside
the sheath allows predicting the possibility of a gas breakdown 共according to Pashen’s law10兲 in the region adjacent to
the nozzle. This eventual breakdown leads to double arcing,
which is known to be one of the largest drawbacks of cutting
torches. Moreover, the model results show that local values
of the electric field can be considerably larger than the average field value across the sheath, mainly close to the nozzle
exit. This means that an undesired sheath breakdown could
occur at the nearness of the nozzle exit even if the average
electric field across the sheath is not strong enough.
FIG. 6. 共Color online兲 Spatial distribution of the electron density inside the
sheath.

ion flux, while the ne behavior is due to the fact that the
electrons are related to the electric field according to Boltzmann’s equation 关Eq. 共7兲兴.
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IV. CONCLUSIONS
1

A numerical study of the space-charge sheath in contact
with the nozzle wall of a cutting torch has been presented.
The hydrodynamic model corresponds to a collisiondominated sheath and does not assume cold ions, so driftdiffusion-type equations are used 共instead of low-power,
low-ionization degree discharges兲. Also an improved expression for the ion-neutral momentum transfer is employed
rather than the usual constant ion mean-free-path or constant
ion collision frequency approximations. Assuming a constant
electron temperature in the sheath and neglecting the electron inertial term, the continuity and momentum equations
for ions and electrons, together with Poisson’s equation,
were solved for the electric potential, ion velocities 共both
normal and tangential components兲, and ion and electron
densities. The equations were numerically integrated using a
finite difference discretization technique in a 100⫻ 50 uniform grid. Boundary conditions for the numerical solutions
were based on the experimental plasma data previously
obtained4 for the plasma region adjacent to the nozzle wall.
In that work, the profiles of the sheath thickness, plasma
density, and electron temperature at the sheath-plasma edge,
and arc voltage, and gas pressure along the nozzle were derived.
The obtained profiles of the ion and electron densities
inside the sheath are in good agreement with what is expected for every plasma-sheath surrounding a negatively biased solid body immersed in plasma and explain why a copper nozzle with a relatively low melting temperature can be
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