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Expressions are derived to relate the instantaneous pressure force on a flapping wing to the velocity

field on a plane at the trailing edge and on a highly localized region around and near the wing,

valid when the vortex sheet is thin. In its more practical version, the formalism is applicable to

wings with close to two-dimensional geometry and has the advantage of not using spatial deriva-

tives, but only a time derivative of a surface integral of the velocity. In the purely two-dimensional

case, the expression obtained is used to justify a much simpler one that only requires the evaluation

of the time derivative of the wing circulation. A comparison with a numerical simulation in a

two-dimensional case shows a good representation of the forces, even with the most simplified

expression, when the condition of a thin wake is met. Other examples are shown in which the wake

is not thin in order to explore the limitations of the formalism. It is found in these cases that the

thrust is sometimes not so well reproduced, with a tendency to be overestimated, while the lift is

generally better reproduced. Remarkably, the simpler expression reproduces rather acceptably the

phase and amplitude of both thrust and lift in all cases. VC 2011 American Institute of Physics.

[doi:10.1063/1.3659496]

There is a continuously growing interest in the study of

flapping propulsion of swimming and flying animals,1,2 which

is motivated by the natural fascination that this subject

provokes, as well as by possible applications to mechanical

devices. Of great interest is the direct measurement of the

forces on flapping wings or fins, either of the animal itself or

of mechanical models thereof. Naturally, this is particularly

difficult in the former case and some way of obtaining these

forces without interfering with the animal motion is highly

desirable. A very attractive possibility is to derive the forces

from the fluid velocity flow generated by the flapping itself.

This is in principle possible by the conservation of fluid

momentum if the velocity field could be known in rather large

regions around the animal. For instance, the vorticity impulse

formulation given in Refs. 3 and 4 allows to evaluate forces

basically from the time derivative of a moment of the distri-

bution of fluid vorticity. Comparison of related approaches

can be found in the comprehensive work of Noca et al.5 In

particular, if the fluid velocity, its spatial derivatives, and the

acceleration are known on a control surface surrounding the

body, the formulation in Ref. 6 allows to determine instanta-

neous forces as well. On the other hand, in the case of peri-

odic flapping, in the limit of inviscid, incompressible flow

with generated vorticity limited to a thin wake, the average of

the force in one flapping period can be obtained from the

knowledge of the velocity field in a rather restricted region,

known as the Trefftz volume.7 The great advance in optical

velocimetry8,9 thus makes it possible to obtain instantaneous

or averaged forces in a non-intrusive way. The objective of

this work is to show that if the vorticity is shed in the form of

a thin sheet (at least close to the flapping appendage), the in-

stantaneous pressure force can be determined from the veloc-

ity field in a rather restricted region, notably, more limited

than the Trefftz volume. An additional advantage is that the

only time derivative needed is that of a global magnitude

determined from the velocity field close to the appendage and

no spatial derivatives of the velocity field are needed, which

is very convenient from a practical point of view.10 The main

limitation is that the shed vorticity has to be limited to a thin

sheet near the trailing edge (the subsequent rolling up of this

sheet, with the formation of complex vortical structures, has

no consequence as long as one considers the flow in the

region near the extremity). This is the case in general for for-

ward swimming or flight with streamlined appendages, as

considered in Ref. 7, but not, for instance, for the pectoral fin

beat of fishes11 or the hovering of birds.12 Also, as the fluid is

considered outside the boundary layers, due to the assumption

of potential flow, only the pressure contribution to the force is

evaluated, which should be an accurate estimation of the total

force at high enough Reynolds numbers.

Following Ref. 7, we consider the flapping extremity

(wing to be concise) moving in a fluid at rest far away. At

variance with Ref. 7, we will not split the wing velocity in

the average velocity of the animal plus a perturbation, which

amounts to taking U¼ 0 in the expressions given by Ref. 7.

In this way, the force on the wing F(t) can be expressed as

(Eq. (A5) in the Appendix of Ref. 7).

F tð Þ ¼ � d

dt

ð
CV

qud3x�
ð

ST

q vjþ wkð Þudydz

þ
ð

ST

1

2
q 2

@/
@t
� u2 þ v2 þ w2

� �
idydz: (1)

In this expression, u is the fluid velocity given by

u ¼ r/ ¼ uiþ vjþ wk (2)
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and q is the constant fluid density. The volume integral is

performed in the control volume CV that encloses the wing,

limited in the wake region by the Trefftz plane ST, normal to

the average direction of flight and stationary, and at a finite

distance from the trailing edge. CV extends to infinity in the

other directions and is limited internally by the wing surface

(see Fig. 1). Note also that the wake is assumed thin at all

places inside the control volume, so that the Trefftz plane is

to be placed close enough to the wing so that no rolling up of

the vorticity sheet happens inside that volume. In the same

line, the effect of wing tip vortices is not taken into account,

so that the formalism is applicable to wings of large enough

aspect ratio.

It is worth mentioning that if one considers that the fluid

far away from the wing has a uniform and constant velocity

U1, a direct derivation along the same lines as in Ref. 7

shows that the force on the body is in that case given by

Eq. (1), with the additional termð
ST

q u � U1ð Þi� u U1 � ið Þ � U1 u � ið Þ½ �dydz: (3)

The only caution is that now the velocity u is to be consid-

ered the perturbation velocity, that is, the fluid velocity is

U1þ u and / is the potential of the perturbation velocity

only, so that Eq. (2) still holds true. The derivations to follow

are thus easily generalizable to the case of uniform, constant

velocity away from the wing.

Starting from Eq. (1), we now consider the first term in

its rhs, written as, using Eq. (2),

d

dt

ð
CV

qud3x ¼ d

dt

ð
CV

qr/d3x; (4)

which, can be written, using Gauss theorem, as

d

dt

ð
CV

qr/d3x ¼ d

dt

ð
SW

qD/nwdSþ d

dt

ð
ST

q/idydz

� d

dt

ð
Sbody

q/nBdS; (5)

where D/ is the jump in potential across the wake

(/lower�/upper), nw is the (upward-pointing) normal to the

wake surface SW, and the normal to the surface of the body,

nB, is that directed toward the outside of the body. The con-

tribution of the surface of CV at infinity to the time deriva-

tive of the integral is zero because @//@t goes to zero faster

than r�2, with r the distance from the wing (the same argu-

ment used in Ref. 7 to derive (1)). To evaluate the second

term in Eq. (5), one must consider that / has the mentioned

jump D/ across the curve on the Trefftz plane that represents

the intersection of this plane with the wake surface. Denoting

this curve as yw(z,t), we can write

d

dt

ð
ST

/idydz ¼
ð1
�1

D/
@yw

@t
idzþ

ð
ST

@/
@t

idydz

¼
ð1
�1

D/vwidzþ
ð

ST

@/
@t

idydz; (6)

where vw(z,t) is the vertical velocity of the wake at each z
point of the Trefftz plane.

The last term in Eq. (5) can be evaluated using the

expression in the appendix of Ref. 5, page 577, (N is the

space dimension and I is the identity tensor)ð
Sbody

/nBdS ¼� 1

N � 1

ð
Sbody

x� nB �r/ð ÞdS

� 1

N � 1

ð
Sbody

nB � r � x� /Ið ÞdS: (7)

Note that the scalar / is not single valued on the surface

Sbody, as / has different values at the intersection of the wake

with the body, according to the way that intersection is

approached, and quantified by the jump D/ defined above. In

this way, denoting by Cw, a closed curve on the body surface

that divides it into two parts and also includes the intersection

of the wake with this surface (see the insert in Fig. 2), we can

write the last integral in Eq. (7), using Stokes theorem, as

FIG. 1. Sketch of the control volume used (two-dimensional view), denot-

ing also the wake surface SW and the Trefftz plane ST.

FIG. 2. Intersection of a three-dimensional wing with a vertical plane,

denoting also the vectors used to evaluate the wing surface elements. The

insert shows, denoted in square symbols, a possible curve Cw, which divides

the wing surface into two surfaces and also runs along the trailing edge.
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ð
Sbody

nB � r � x� /Ið ÞdS ¼
þ

Cw

ds � x� /upperI
� �

�
þ

Cw

ds � x� /lowerIð Þ

¼
þ

Cw

D/ x� ds; (8)

where the vector ds is the element of length along the curve,

running counterclockwise as observed from above. As before,

/lower and /upper denote the values of the velocity potential in

the lower and upper side of the curve, respectively, and which

can differ from each other only in the zone where Cw coin-

cides with the wake, that is, along the trailing edge.

Using Eqs. (2), (7), and (8), it then results

FB � q
d

dt

ð
Sbody

q/nBdS ¼ � q
N � 1

d

dt

þ
Cw

D/ x� ds

"

þ
ð

Sbody

x� nB � uð ÞdS

#
: (9)

In this way, with Eqs. (5), (6), and (9), the original expres-

sion (1) can be written as

F tð Þ ¼ � d

dt

ð
SW

qD/nwdS�
ð1
�1

qD/vwidz

þ
ð

ST

1

2
q v2 þ w2 � u2
� �

idydz

�
ð

ST

q vjþ wkð Þudydzþ FB: (10)

Note that the problematic term proportional to @//@t has dis-

appeared in Eq. (10) and that this expression is exact within

the approximation of inviscid, incompressible fluid and of a

thin (massless) wake between the trailing edge and the

Trefftz plane.

The first term in the rhs of Eq. (10) can further be eval-

uated as

d

dt

ð
SW

qD/nwdS ¼
ð

SW

q
@

@t
D/nwð ÞdSþ lim

Dt!0

q
Dt

ð
SW tþDtð Þ

D/nwdS�
ð

SW tð Þ
D/nwdS

" #
; (11)

where the arguments in the integrals inside the square brack-

ets are evaluated at t. The first integral is extended over the

upper surface of the wake between the trailing edge and the

Trefftz plane, and so it tends to zero as the Trefftz plane gets

closer to the trailing edge. Also, the second term can be

written as

�
ð1
�1

qD/ z; tð Þute z; tð Þ nw

nw � j
dz;

where ute is the horizontal velocity of the trailing edge. This

expression can be derived noting that the projection on the

horizontal plane of the surface element

DSW � SW tþ Dtð Þ � SW tð Þ;

with horizontal span dz, must be equal to dz times the hori-

zontal distance advanced by the trailing edge in Dt, that is

DSWnw � j ¼ �ute z; tð ÞDtdz:

The first term in the rhs of Eq. (10) can thus be computed

once the jump of potential across the wake is evaluated form

the velocity field as

D/ x; z; tð Þ ¼
ð1
�1

v x; y; z; tð Þdy: (12)

Although in principle possible, this evaluation is rather cum-

bersome and a much more practical expression is obtained if

the Trefftz plane could be made uniformly close to the trail-

ing edge, which is possible in near two-dimensional wing

geometries. In such a case, due to the closeness of the Trefftz

plane to the trailing edge, in addition to the smallness of the

first integral in the rhs of Eq. (11), vw in Eq. (10) corresponds

to the trailing edge velocity vte(z,t) at the z point and time

considered, and D/(z,t) is the wing circulation C(z,t) at that

point. One can thus write a simpler expression for the case of

a Trefftz plane very near the trailing edge

F tð Þ ¼ �
ð1
�1

qC z; tð Þvte z; tð Þidz

þ
ð1
�1

qC z; tð Þute z; tð Þ nw

nw � j
dz

þ
ð

ST

1

2
q v2 þ w2 � u2
� �

idydz

�
ð

ST

q vjþ wkð Þudydzþ FB: (13)

Note that all the information that is needed to evaluate the

terms of the force (13), except FB, is obtained from instanta-

neous velocity values on the Trefftz plane only, located at

xT, as C(z,t) can be evaluated as

C z; tð Þ ¼
ð1
�1

v xT ; y; z; tð Þdy: (14)

In this way, a different (stationary) Trefftz plane can be cho-

sen at each instant, so that the condition of closeness to the

trailing edge can be satisfied at all times.

The orientation of the wake given by nw is that at the

Trefftz plane and the horizontal and vertical components of

the trailing edge velocity, ute(z,t) and tte(z,t), respectively,

are supposed known form the kinematics of the wing.

For the two-dimensional case, the force per unit span f

is given as
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f tð Þ ¼ � qC tð Þvte tð Þiþ qC tð Þute tð Þ nw

nw � j

þ
ð

ST

1

2
q v2 � u2
� �

idy�
ð

ST

qv ujdyþ fB; (15)

with fB the corresponding expression of FB per unit span, to

be analyzed below.

The term FB, Eq. (9), requires the knowledge of the fluid

velocity at successive times at the body surface. A term like

this or a similar one appears in all formulations that use con-

trol volumes to evaluate forces on bodies.5 If no assumption

of potential flow had been made, one could evaluate this

term from the knowledge of the boundary conditions at the

body. However, due to the assumption of potential flow, the

velocity entering (9) has to be that closest to the body, but

outside the boundary layer.

To evaluate FB, it is convenient to express the body sur-

face element as

nBdS ¼ dl� dsp;

where dl is the longitudinal element of length on the surface

of the body at each z section and dsp is the element along the

span (see Fig. 2). Writing then

nB � udS ¼ dl� dsp

� �
� u ¼ u � dlð Þdsp � u � dsp

� �
dl;

we haveð
Sbody

x� nB � uð ÞdS ¼
ð

u � dlð Þx� dsp � u � dsp

� �
x� dl

� �
:

Also, the jump of potential D/ on Cw is considered to be dif-

ferent than zero only where the wake intersects the body, that

is, at the trailing edge, so that ds in Eq. (9) runs along the

span on the trailing edge, but, due to the convention on the

circulation used, in the opposite direction to that of dsp, so

that (xte is the position of the trailing edge at each z-plane)þ
Cw

D/ x� ds ¼ �
ð

D/ xte � dsp

¼ �
ð

C z; tð Þ xte � dsp:

With all these considerations, we can write

FB ¼
q

N � 1

d

dt

ð
C z; tð Þ xte � dsp

�

�
ð

u � dlð Þx� dsp � u � dsp

� �
x� dl

� �	
: (16)

Note that dl has components only on the z plane depicted in

Fig. 2, while dsp may or may not have components on the

same plane, but always has a component in the direction k.

In two dimensions, one has dsp¼ dzk and u � dsp ¼ 0, so

that the expression of FB per unit span in the two-

dimensional case is

fB ¼ q
d

dt
Cxte �

þ
x u � dlð Þ


 �
� k: (17)

Although Eq. (10) with Eq. (16) are valid in two and three

dimensions, three dimensional velocity data are very difficult

to obtain in the full wing span simultaneously, even with

multi-plane stereo PIV.13 In the case of single-plane stereo-

scopic PIV, one can obtain the three velocity components on

a given plane, as that depicted in Fig. 2, so as to evaluate the

integrands in Eqs. (10) and (16) at the given z, giving an esti-

mation of the force per unit of z at that particular position.

Alternatively, the simpler two-dimensional expression (15)

can also be used as an estimator.

There is finally a rougher, but far much simpler approxi-

mation for a two-dimensional thin wing, which cannot be

precisely proved, but can be justified assuming that the inte-

gral in Eq. (17) can be approximated for a thin wing asþ
x u � dlð Þ ’ C

þ
xdl ¼ CXC; (18)

where dl¼ jdlj and XC is the body centroid defined as

XC ¼
Þ

xdlÞ
dl
:

The reason for considering a thin wing in Eq. (18) is that for

an infinitesimally thin wing, one can writeþ
x u � dlð Þ ¼

ð
upper

x uupper � ulower

� �
� dl

� �
;

where uupper and ulower are the velocities at the upper and

lower side of the wing surface at each x point, and the inte-

gral is extended only to the upper part of the surface. In this

way, the same components of the velocity that actually con-

tribute to the circulation are those that also have a non zero

contribution to the integral in question. The evaluation of fB

then results in

fB ’ q
dC
dt

xte � XCð Þ � kþ qCute � k� qCUC � k;

where UC¼ dXC/dt. Remarkably, the term qCute�k cancels

exactly the first term in Eq. (15) and also the second one for a

close to horizontal wake at the trailing edge nw ’ jð Þ. Also,

for a rapidly flapping wing, one can expect that, roughly, each

vectorial component of the term qCUC� k has a similar mag-

nitude to the corresponding one of the two integrals in

Eq. (15), but with opposite sign. This can be seen considering

that for flapping motions, the largest contributions to the wing

circulation, as evaluated in Eq. (14), come from points near

the plane of the wing, where the horizontal fluid velocity is

close to UC, the horizontal component of UC, allowing to writeð
ST

qvudy ’ qUC

ð
ST

vdy ¼ qCUC:

Similarly, for rapid flapping, with vertical velocities of the

trailing edge larger than the horizontal velocity, as is implied

for the values of the Strouhal number in propulsive flapping,15ð
ST

1

2
q v2 � u2
� �

dy ’
ð

ST

1

2
qv2dy

’ 1

2
qvte

ð
ST

vdy ’ qCVC:
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The last relation results from considering that the centroid

position is roughly half way between the trailing edge and

the wing pivoting point (assumed close to the leading edge),

so that VC, the vertical component of UC, is about vte/2. Note

also that the signs are the correct ones to lead to the approxi-

mate cancellation mentioned.

All this results in a very simple final approximation of

the force given by

f tð Þ ’ q
dC
dt

xte � XCð Þ � k; (19)

which requires only the evaluation of integrals like Eq. (14),

and can be expected to be applicable with the considerations

made, that is, of rapid flapping and pivoting of the wing near

the leading edge. Note also that the expression (19) makes

sense only if the surviving term in its derivation is important,

as expected in the case of rapid flapping, with its continu-

ously changing circulation and resulting non-zero dC/dt.
In order to test (15) and (19), a numerical simulation

was performed, using a code that solves the Navier-Stokes

equations in two spatial dimensions, in the vorticity-stream

function representation, for generic two-dimensional motions

of a solid of elliptical cross section. The code employs

second-order accurate finite differences, with a fourth-order

Runge-Kutta time integration, following the method in Ref.

14, with Thom’s formula for the vorticity boundary value,

which allows a very efficient use of fast Poisson solvers.

Also, the elliptic coordinates that accommodate the solid

boundary are transformed to Cartesian coordinates using the

same conformal transformation as in Ref. 15, so that a uni-

form Cartesian grid in the transformed plane results in a non-

uniform grid in the real space, with a high resolution near the

body. The boundary condition for the far field stream func-

tion is corrected to an exact condition as also done in Ref. 15

with the method developed in Ref. 16. Also following,15

pressure forces are evaluated using the flux of vorticity x at

the solid boundary,

f tð Þ ¼ q�
þ
rx � nBð Þx� kdl:

In the case considered, the solid has an elliptical cross

section with a ratio of minor to major axis equal to 0.125. Its

leading edge moves with constant horizontal velocity U0 to

the left, while it oscillates harmonically about this edge with

an angular half-amplitude of 0.2 rad, giving a maximum ver-

tical velocity of the trailing edge equal to 0.4pU0. It is worth

noting that this configuration is not self consistent, as the

motion of the wing is imposed, not resulting from the actual

hydrodynamic forces, and is more akin to a wind tunnel

experiment as the one studied in Ref. 17.

The Reynolds number based on the leading edge veloc-

ity U0, chord length c, and kinematic viscosity v is equal to

400, the Strouhal number based on the leading edge velocity,

chord length, and flapping frequency n is equal to 1, while

FIG. 3. (Color online) Instantaneous vorticity distribution around a flapping

two-dimensional wing of eliptical cross section used in the simulation. Also

indicated is one of the Trefftz planes used in the evaluation of the force.

FIG. 4. Non-dimensional horizontal and vertical components of the force on

the wing as a function of non-dimensional time. Solid line, numerical simu-

lation and dashed line, formulae (15) and (17). The Trefftz plane is at 1.05c
to the right of the leading edge and the surface used for the evaluation of Eq.

(17) at c=
ffiffiffiffiffiffi
Re
p

from the solid.
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the Strouhal number based on the peak to peak spatial ampli-

tude of the oscillation, A, is equal to 0.4

Re ¼ U0c

�
¼ 400; St ¼ nc

U0

¼ 1; Sta ¼ nA

U0

¼ 0:4:

At this relatively low Reynolds number, with 256� 256 grid

points, there is a very good resolution of the boundary layer,

with corresponding accurate determination of forces on the

solid, and a domain extending five chord lengths in all direc-

tions from the wing center. Also, for these values of non-

dimensional parameters, the average horizontal force is pro-

pulsive, in particular, the value of Sta¼ 0.4 corresponds to the

upper limit of the interval of values of Sta in which flapping

propulsive efficiency is maximum.17 In the configuration con-

sidered, the vorticity is continuously shed at the trailing edge

in a thin layer. A snapshot of the vorticity distribution is given

in Fig. 3, together with one of the positions of the Trefftz plane

employed, which is at 1.05 c to the right of the leading edge.

The pressure force on the solid is expressed in non-

dimensional form in terms of the force coefficients

Cx;y ¼
2fx;y
qU2

0c

and is shown as the full lines in Fig. 4 as a function of the

non-dimensional time

~t ¼ 2U0t

c
:

The dashed lines in the same Fig. 4 show the force evaluated

from Eqs. (15) and (17). The velocity field for this evaluation

was taken at fixed intervals D~t ¼ 0:05, and at each time, the

Trefftz plane was chosen at 1.05 c to the right of the leading

edge, as shown in Fig. 3, just outside the viscous boundary

layer. The velocity used in the evaluation of the integral in

Eq. (17) and of the circulation was that at c=
ffiffiffiffiffiffi
Re
p

from the

solid, an a priori estimation of the boundary layer thickness,

which results to be about half the maximum width of the

wing. Note that Eq. (17) is independent of the origin of coor-

dinates used, so that no correction for the different positions

of the Trefftz plane at each time is needed. The time deriva-

tive in Eq. (17) is evaluated at each ~t as the difference of the

magnitude inside the square brackets at ~t 6 D~t divided by

2D~t. The comparison shows a good agreement between both

evaluations of the force at all times.

In order to check the sensitivity to the chosen control

surfaces, in Fig. 5, the forces derived from Eqs. (15) and (17)

FIG. 6. Non-dimensional horizontal and vertical components of the force on

the wing as a function of non-dimensional time. Solid line, numerical simu-

lation and dashed line, formulae (15) and (17). The Trefftz plane is at 1.025c
to the right of the leading edge (inside the boundary layer) and the surface

used for the evaluation of Eq. (17) at c=
ffiffiffiffiffiffi
Re
p

from the solid.

FIG. 5. Non-dimensional horizontal and vertical components of the force on

the wing as a function of non-dimensional time. Solid line, numerical simu-

lation and dashed line, formulae (15) and (17). The Trefftz plane is at 1.05c
to the right of the leading edge and the surface used for the evaluation of

Eq. (17) at 2c=
ffiffiffiffiffiffi
Re
p

from the solid.
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are evaluated using the same Trefftz plane at 1.05 c to the

right of the leading edge, while the curve for the evaluation

of Eq. (17) is taken in this case at 2c=
ffiffiffiffiffiffi
Re
p

, twice the distance

used before. Next, in Fig. 6, the Trefftz plane is at 1.025 c to

the right of the leading edge, while the velocities are again at

c=
ffiffiffiffiffiffi
Re
p

from the surface. These results show that doubling

the distance from the surface of the curve used for the evalu-

ation of Eq. (17), going to distances of the order of the wing

maximum width, leads to relative errors of about 10% for

Cy, and of about 20% for the largest in magnitude values of

Cx, the small positive peaks of Cx have errors as large as

50%. On the other hand, letting the Trefftz plane to get too

close to the trailing edge, so that the wake is inside the

boundary layer, leads to smaller errors, of about 10% for

both components of the force.

Additionally, the results of using the approximation (19)

are shown in Fig. 7, using the circulation evaluated as in Eq.

(14) for the Trefftz plane at 1.05 c to the right of the leading

edge. It is interesting that this simple approximation gives

such a good estimation of the force, both, in magnitude and

phase.

The example so far considered is appropriate to verify

the formalism presented as it fulfills the condition for its

applicability, that is, the shedding of vorticity in the form of

a thin sheet inside the control volume used. In order to see

how the formalism performs when this condition is not veri-

fied, we now present the same basic configuration, but with

different parameters, which are also of interest for the study

of flapping motion (the wing dimensions were kept the same

in all cases and equal to the previously used ones). The first

example of this kind corresponds to a value of the

amplitude-based Strouhal number very close to the drag-

thrust transition, Sta¼ 0.2.17 This number was obtained by

halving the frequency previously used, so that the Reynolds

number is the same as before, Re¼ 400, while the chord

length Strouhal number is St¼ 0.5. In this case, the vorticity

is continuously shed in the form of a rather thick layer, as

shown in Fig. 8.

In Fig. 9 are shown both force coefficients. The thick

continuous line corresponds to the numerical solution and the

dashed line to the results of the formalism with the Trefftz

plane at 1.05 c to the right of the leading edge, and the surface

used for the evaluation of Eq. (17) at c=
ffiffiffiffiffiffi
Re
p

from the solid,

the same optimal values used in the case with Sta¼ 0.4. Also,

the result of the simplified expression (19) is shown, in a line

with circular symbols. As can be appreciated in this figure,

the average thrust is practically zero, corresponding to the

thrust-drag transition. The vertical coefficient is rather well

reproduced by the full formalism and acceptably good

with the approximate expression (19). On the other hand, the

horizontal coefficient given by the same formalism predicts a -

relatively small average thrust and also the peak to peak

amplitude is overestimated by about 40%. In contrast, the

approximate expression gives a much better estimation.

The next example corresponds to the flapping wing with

a stationary leading edge, U0¼ 0, akin to a hovering

FIG. 7. Non-dimensional horizontal and vertical components of the force on

the wing as a function of non-dimensional time. Solid line, numerical simu-

lation and dashed line, formula (19). The Trefftz plane used is at 1.05c to

the right of the leading edge.

FIG. 8. (Color online) Instantaneous vorticity distribution around the flap-

ping two-dimensional wing for Sta¼ 0.2.
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situation. The frequency and amplitude of the oscillatory

motion is the same as in the case with Strouhal numbers

St¼ 1 and Sta¼ 0.4, while the Reynolds number based on

the maximum vertical velocity of the trailing edge is

Re¼ 503. In this case, as can be seen in Fig. 10, the vorticity

remains very close to the wing, and inside the control vol-

ume, which renders the formalism non applicable in princi-

ple. The force coefficients are shown in Fig. 11, with the

continuous line representing the numerical simulation, the

dashed line the full formalism, and the line with circular

symbols the simplified expression (19). Again, the Trefftz

plane is at 1.05 c to the right of the leading edge and the sur-

face used for the evaluation of Eq. (17) is the same as in the

previous case. Also, in order to more easily compare these

results with the previous ones, the velocity used to define the

force coefficients is the same as in all those cases. As can be

seen, similarly to the previous case, the horizontal force

coefficient is shifted in average towards negative values and

overestimated in peak-to-peak amplitude by also about 40%,

while more or less following the correct phase. Remarkably,

the simplified expression (19) gives a rather good description

of the force in this case. The vertical force coefficient is

much better reproduced by the full formalism, while the

simplified version gives a less accurate representation of the

profile shape, while reasonably representing the amplitude

and phase.

Finally, an example is considered with the leading edge

moving with the same velocity as in all previous non-

stationary cases, and with Sta¼ 0.4, in the upper limit of opti-

mal flapping, but with St¼ 0.5. In this way, optimal flapping

at half the frequency used before is achieved by doubling the

amplitude of the oscillation. As shown in Fig. 12, the vortic-

ity around the trailing edge is again not limited to a thin layer.

The force coefficients shown in Fig. 13 indicate a relatively

good representation of the horizontal component by the full

formalism and a poorer reproduction of the vertical compo-

nent, specially around the peaks. The simplified version of

the formalism is not accurate as to the profiles shape, but

gives a reasonable estimation of amplitudes and phases.

In conclusion, expressions for the force on a flapping

wing with thin wakes were presented, which can be eval-

uated from the knowledge of the velocity field in limited

regions near the wing. In its practical formulation, with a

Trefftz plane uniformly close to the trailing edge, it is appli-

cable to almost two-dimensional wing geometries, so that

especially useful is the two-dimensional version of the for-

malism, which allows the evaluation of the instantaneous

force from relatively accessible information of PIV measure-

ments and that further motivates an approximate expression

of very simplified form. It is also shown in the cases consid-

ered in which the wake is not thin near the trailing edge that

the amplitude of the horizontal force tends to be overesti-

mated, and the force itself shifted to give a higher average

FIG. 9. Non-dimensional horizontal and vertical components of the force on

the wing as a function of non-dimensional time for Sta¼ 0.2. Solid line, nu-

merical simulation; dashed line, formulae (15) and (17); and line with circu-

lar symbols, formula (19). The Trefftz plane used is at 1.05c to the right of

the leading edge, and the surface used for the evaluation of Eq. (17) at

c=
ffiffiffiffiffiffi
Re
p

from the solid.

FIG. 10. (Color online) Instantaneous vorticity distribution around the flap-

ping two-dimensional wing with a stationary leading edge.
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thrust. In all cases, however, the simplified version of the

formalism gives acceptably good estimations of amplitude

and phase of both components of the force. It is possible that

the simplified expression (19) is more robust than the origi-

nal, Eq. (15), because the cancellations that are argued to be

verified in the latter are already incorporated in the former

relation. However, the simpler expression gives reasonably

good results even in situations in which the conditions for

the validity of the original formalism are not verified. It

would thus be interesting to be able to derive Eq. (19), or a

similar one, from a different, more general approach, such

as, for instance, the vorticity impulse formulation.3,4 Finally,

the formalism is easily generalizable to situations with uni-

form, constant velocity away from the wing as is the case,

for instance, in wind-tunnel experiments. In that case, the ve-

locity used in the current expressions must be the perturba-

tion velocity, obtained by substracting from the measured

values the uniform velocity, and the full force is obtained by

adding the force term (3), which can be evaluated from in-

stantaneous velocity measurements on the Trefftz plane. It is

FIG. 11. Non-dimensional horizontal and vertical components of the force

on the wing as a function of non-dimensional time for the case with a sta-

tionary leading edge. Solid line, numerical simulation; dashed line, formulae

(15) and (17); and line with circular symbols, formula (19). The Trefftz

plane used is at 1.05c to the right of the leading edge, and the surface used

for the evaluation of Eq. (17) is the same as used in the previous case.

FIG. 12. (Color online) Instantaneous vorticity distribution around the flap-

ping two-dimensional wing for Sta¼ 0.4 and St¼ 0.5.

FIG. 13. Non-dimensional horizontal and vertical components of the force

on the wing as a function of non-dimensional time for the case with

Sta¼ 0.4 and St¼ 0.5. Solid line, numerical simulation; dashed line, formu-

lae (15) and (17); and line with circular symbols, formula (19). The Trefftz

plane used is at 1.05c to the right of the leading edge, and the surface used

for the evaluation of Eq. (17) at c=
ffiffiffiffiffiffi
Re
p

from the solid.
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interesting to note that this additional term precisely reprodu-

ces the Kutta-Joukowski force on a two-dimensional, station-

ary wing in a uniform flow, with constant wing circulation

and without a vortex wake.
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