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a b s t r a c t

In the present work, an efficient formulation for the prediction of forming-limit diagrams
(FLDs) based on the well-known Marciniak and Kuczynski (M�K) theory using a Visco-
Plastic Self-Consistent (VPSC) crystal-plasticity model has been detailed. The present
model extends the previous MK-VPSC implementation (Signorelli et al., Predictions of
forming limit diagrams using a rate-dependent polycrystal self-consistent plasticity model,
International Journal of Plasticity 25 (2009) 1e25) based on the NewtoneRaphson (N-R)
method, which gives no guarantee of a robust iterative procedure. In order to avoid
convergence problems and to reduce the computational cost of the coupled MK-VPSC
scheme, a direct approach (DA) is proposed. The DA eliminates the need of the Jacobian
evaluation associated with the N-R method as well as the iterative procedure tied to other
possible minimization techniques. Moreover, the mechanical states outside and inside the
groove are solved in the sample reference frame, avoiding the need to rotate the crystal-
lographic orientations and the internal variables to the current band reference frame at
each increment. In this way, only two calls to the material law are required per M�K
increment, obtaining a more robust numerical procedure with a significant computational
cost reduction. Interestingly, the requirement of more complex boundary conditions does
not substantially increase the number of internal VPSC iterations to achieve a given
tolerance. Simulation results show that the direct MK-VPSC approach is consistent with
that based on the N-R method. The generalized boundary conditions in the polycrystal
model allowed us to calculate either strain-rate ratio or stress ratio based FLDs. The effect
of using either strain-rate ratio or stress ratio paths on the FLDs has been investigated by
imposing three types of pre-straining on the sheet metals. Formability predictions for a
randomly-textured FCC material and for textured FCC, BCC and HCP polycrystals are pre-
sented and discussed. Finally, by considering dissimilar metals e extra deep-drawing
quality steel (EDDQ), dual-phase steel (DP-780) and pure zinc (Zn20) e we evaluated
the MK-VPSC model's ability to predict forming-limit strains irrespective of microstructure
and crystallography. The predicted results have been compared with experimental data
and good agreement was found.
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1. Introduction

Formability of sheet metals is usually characterized by the forming-limit diagram (FLD). This concept has proved to be
extremely useful for representing conditions leading to the onset of sheet necking (Hecker, 1975), and even today it is one of
the best tools available to metallurgical engineers to assess a particular steel sheet's ability to be drawn or stretched. In a
single diagram, the FLD shows all combinations of failure-limit strains, from uniaxial tension, through plane strain to
balanced-biaxial stretching. On the FLD, a line called the forming-limit curve (FLC) separates the region of uniform sheet
deformation from the region of slightly greater deformation, where the sheet will likely develop a local deformation insta-
bility or neck. Although this tool has been refined over the years, the basic concepts of the FLC and themethods for measuring
it have remained almost unchanged. Usually, the sheet sample is marked with a pattern to track deformation and clamped
around its edges in a circular die. A punch is pushed through the die deforming thematerial by either in-plane or out-of-plane
stretching, depending if the punch is flat or hemispherical. Generally, the stretching process continues until the sheet de-
velops a plastic-flow instability, which eventually leads to fracture. A variety of individual or coupled sheet parameters can
influence the FLD: sheet thickness (Dilmec et al., 2013), material's n-, m- and R-values (Zhang and Wang, 2012), sheet cur-
vature (Liewald and Schleich, 2010), strain history (Yoshida et al., 2007a), tribology considerations (Karthik et al., 2002) and
temperature and forming speed (Khan and Baig, 2011). Moreover, strain measurement methodologies have a nonnegligible
effect on formability results (Montay et al., 2007; Ozturk et al., 2009). An effort is ongoing to experimentally and numerically
determine the FLDs for sheet metals of different thicknesses and material properties (Lee et al., 2009; Chung et al., 2011;
Kuwabara and Sugawara, 2013; Li et al., 2013; Leotoing et al., 2013). Even today, the measurement and analysis of biaxial
experiments, to extract constitutive relationships, are not trivial tasks. However, recent contributions are promising (Jeong
et al., 2015). Still, the experimental determination of the FLD is a very time consuming task that involves a large number
of experiments. Thus, there is a need to develop theoretical predictive models for the assessment of a sheet metal's
formability.

Several approaches have been devised for modeling the FLD of sheet metals. An instability criteria is required in order to
calculate sheet limit strains and various continuum-plasticity criteria have been proposed based on: diffuse necking (Swift,
1952), localized necking (Hill, 1952), existence of an initial imperfection (Marciniak and Kuczynski, 1967), bifurcation analysis
(St€oren and Rice, 1975), through-thickness shear instability (Bressan and Williams, 1983), linear stability analysis (Boudeau
et al., 1998), forming-limit stress diagram FLSD (Stoughton, 2000), strain-field fluctuations and textural inhomogeneities
(Viatkina et al., 2005) and Modified Maximum Force Criterion (Hora and Tong, 2008), among others. Banabic (2010) has
presented a comprehensive summary of these methods. In addition, Col (2000) and Wagoner et al. (1989) have reviewed the
historical aspects of the experimental determination of the FLD and theoretical models for its prediction. A common
observation is that the FLC predictions are very sensitive to the constitutive equation being used. For anisotropic sheet metals,
the yield-based, quadratic Hill function and the von Mises plasticity theory are frequently used to describe the material
constitutive behavior. Several nonquadratic yield functions were proposed to improve the accuracy of the forming-limit
predictions (Barlat and Lian, 1989; Barlat et al., 1991, 1997a,b). A review of numerous anisotropic yield criteria can be
found in Barlat et al. (2002) or Aretz (2003). Kuwabara (2007) reviewed experimental techniques for measuring the aniso-
tropic plastic behavior of sheet metals and tubes for a variety of loading paths. Additionally, they have compared the observed
and predicted material response using phenomenological plasticity models (Kuroda and Tvergaard, 2001; Kuroda and
Kuwabara, 2002). More recently, Plunkett et al. (2008) developed an orthotropic yield criterion for describing the anisot-
ropy between tension and compression of sheet metals. Allwood and Shouler (2009) and Eyckens et al. (2009) extended the
M�K model to describe more general loading conditions, such as through-thickness shear. Wu et al. (2009) analyzed the
effects of superimposed hydrostatic pressure on sheet-metal formability. Recently, Stoughton and Yoon (2011) studied the
necking and fracture limits for sheet metals in order to construct an efficient method for determining a stress-based forming-
limit curve, based on themaximum shear stress criterion. Mishra et al. (2009) incorporated variations in the strain-hardening
exponent and normal anisotropy as a function of the strain and strain path to analyze their influence on the FLC simulation.
Khan and Baig (2011) addressed the effects of strain rate and temperature on the FLC and the formability of an aluminum
alloy. Chung et al. (2014a,b) analyzed the validity of a deformation-path insensitive formula as a forming-limit criterion. They
then studied the forming-condition independence of this criterion for typical thin-sheet forming under plane-stress and
room-temperature conditions. Using an extension of the M�K analysis, Bettaieb and Abed-Meraim (2015) investigated the
development of localized necking in both freestanding metal layers and elastomer/metal bilayers.

Going beyond purely phenomenological constitutive descriptions, it is widely recognized that the crystallographic texture
strongly affects the FLD and the macroscopic anisotropy of polycrystalline sheet metals. Zhou and Neale (1995) used a vis-
coplastic polycrystalline model based on a full constraint (FC) scheme with the M�K analysis to predict FLDs for two typical
rolling textures: hot rolled or annealed after rolling (R-type); and cold-rolled (Copper-type). Based on a rate-dependent,
polycrystal-plasticity model, Wu et al. (1997, 1998) discussed the effect of the initial imperfection, crystal elasticity, single
slip and latent hardening on the FLD for FCC materials. Later, Wu et al. (2004, 2005) analyzed the effect of the Cube texture
and different nonproportional loading histories on the initiation of localized necking. Inal et al. (2005) applied Wu's nu-
merical procedure to predict and compare FLDs for both FCC and BCC materials, beginning their calculations with identical
initial textures. Yoshida et al. (2007b) extended Wu's work to analyze the effect of other typical rolling-texture components
(Copper, Brass, S and Goss) on the forming-limit strains. Knockaert (2001) and Knockaert et al. (2002) developed a rate-
independent Taylor polycrystal model in conjunction with the M�K analysis to calculate limit strains in 6116-T4



Table 1
A nonexhaustive list of investigations using the M�K approach plus a crystal plasticity model. The resolution methods with the unknowns are also detailed.

Authors Constitutive model Hardening Unknowns Observations

Chiba et al. (2013). Elastic-viscoplastic
Taylor-type polycrystal model
(Kuroda and Ikawa, 2004)

Power law

h ¼ h0

�
h0g
t0n

þ 1
�n�1

_c1; _c2 Follow Kuroda and Tvergaard (2001).

Eyckens et al. (2011). Rate-insensitive Facet-Taylor model
(Van Houtte et al., 2009)

Swift hardening law
sy ¼ Kðε0 þ εeqÞn

Db
nn , D

b
nt , D

b
n3 Flectcher-Reeves-Polak-Ribiere

minimization algorithm.
Hiwatashi et al. (1998). Physically-based plasticity model

(Hiwatashi et al., 1997)
Mixed hardening model (combination
of isotropic and kinematic hardening)

Db
44, D

b
45 Broyden's method.

Kim et al. (2013). Elastic-viscoplastic Taylor-type
polycrystal model (Peirce et al., 1983)

Saturation law
hab ¼ ½qþ ð1� qÞdab�hb , (no sum on b)

hb ¼ h0

 
1� tbc

tsat

!a

_c1; _c2;Db
33 Neader-Mead simplex method.

Knockaert et al. (2002). Elasticeplastic rate-independent
Taylor-type polycrystal model
(Knockaert et al., 2000)

Saturation law
hab ¼ ½qþ ð1� qÞdab�hb , (no sum on b)

hb ¼ h0

 
1� t

b
c

tsat

!a

_c1; _c2;Db
33 Follow Wu et al. (1997) and includes

a sub-increment in the band in order
to limit its strain increment.

Kuroda and Tvergaard (2001). Elastic-viscoplastic Taylor-type polycrystal
model, (Asaro and Needleman, 1985)

Power law
hab ¼ qabhb , (no sum onb)

hb ¼ h0

�
h0g
t0n

þ 1
�n�1

_c1; _c2 Follow Kuroda and Tvergaard (1999).

Levesque et al., 2010. Elastic-viscoplastic Taylor-type polycrystal
model (Asaro and Needleman, 1985)

Power law accounting twin boundary
(Levesque et al., 2006)
hab ¼ qabhb , (no sum onb)

hb ¼ h0

�
h0g
t0n

þ 1
�n�1

þ h1

_c1; _c2;Db
33 Follow Wu et al. (1997).

Neil and Agnew (2009). Viscoplastic self-consistent model
(Lebensohn and Tom�e, 1993)

Voce-type strain hardening

tsref ¼ ts0 þ ðts1 þ qs1GÞ
"
1� exp

 
� qs0G

ts1

!# Db
nn , D

b
nt , D

b
33, sbtt Mixed boundary condition in the

groove zone reference frame.

Savoie et al. (1998). Rate-insensitive rigid-plastic and
Wu et al. (1997).

Power law

tb ¼ t0

�
h0g
t0n

þ 1
�n

_c1; _c2;Db
33 Follow Wu et al. (1997).

Signorelli et al. (2009);
Serenelli et al. (2010).

Viscoplastic self-consistent model
(Lebensohn and Tom�e, 1993)

Power law

h ¼ h0

�
h0g
t0n

þ 1
�n�1

_c1; _c2 NewtoneRaphson.

Tadano et al. (2013). Elastic-viscoplastic Taylor-type polycrytal
RVE-FEM (Asaro and Needleman, 1985)

Isotropic e Power law

h ¼ h0

�
h0g
t0n

þ 1
�n�1

_c1; _c2;Db
33 RVE-FEM is used in both

regions of the M�K model.

Wang et al. (2011). Elastic-viscoplastic self-consistent
model (Wang et al., 2010)

Voce-type strain hardening

bta ¼ ta0 þ ðta1 þ ha1gacÞ
"
1� exp

 
� ha

0
ta1
gac

!# _c1; _c2;Db
33 Follow Wu et al. (1997).

Wen et al. (2005);
Lee and Wen (2006).

Rate-sensitive crystal plasticity model Dislocation hardening law
tA0 ¼ tA0ðεA11Þ
tB0 ¼ tB0ðεB11Þ

Analytical Different combination of two
texture componentes.

C.Schw
indt

et
al./

International
Journal

of
Plasticity

73
(2015)

62
e
99

64



Wu et al. (1997, 1998, 2004, 2005);
Inal et al. (2005);

Mohammadi et al. (2014).

Elastic-viscoplastic Taylor-type polycrystal
model (Asaro and Needleman, 1985)

Power law
hab ¼ qabhb , (no sum onb)

hb ¼ h0

�
h0g
t0n

þ 1
�n�1

_c1; _c2;Db
33 Set of three incremental equations.

Solution is obtained numerically by
a linear incremental procedure.

Yoshida et al. (2007a,
2009, 2012a,b).

Elastic-viscoplastic Taylor-type polycrystal
model, (Asaro and Needleman, 1985)

Power law
hab ¼ qabhb , (no sum onb)

hb ¼ h0

�
h0g
t0n

þ 1
�n�1

_c1; _c2 Follow Wu et al. (1997).

Zhou and Neale (1995). Rate-sensitive Taylor-type polycrystal model
(Asaro and Needleman, 1985)

Power law

tb ¼ t0

�
h0g
t0n

þ 1
�n

Analytical/Db
11 Strain rate sensitivity analysis, m/0.
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aluminum, and they compared their results with measured FLCs determined at necking and at failure. In addition, a texture-
based yield criterion was implemented successfully in FLC models (Van Houtte, 2005). Recently, FLDs were predicted using a
rate-dependent Visco-Plastic Self-Consistent (VPSC) model in conjunction with the M�K approach (Signorelli and Bertinetti,
2009; Signorelli et al., 2009, 2012; Neil and Agnew, 2009; Charca et al., 2010; Serenelli et al., 2010, 2011). Franz et al. (2009,
2013) analyzed the ductility limit of steel with the Rice bifurcation criterion using a large-strain, elasticeplastic, single-crystal
constitutive model. Their model accounts for dislocation storage and annihilation with a self-consistent scale-transition
scheme to derive the overall constitutive response of the polycrystalline aggregate. Wang et al. (2011) extended the MK-VPSC
model to include elastic and twinning effects in the prediction of magnesium formability.

In order to find solutions for the localized instability initiation in the M�K model, different strategies and numerical
procedures have been applied to solve the highly nonlinear equilibrium and related compatibility equations. In most cases, for
phenomenological constitutive models, the NewtoneRaphson (N-R) method was applied to the equilibrium equations (e.g.
Cao et al., 2000; Yao and Cao, 2002), while other authors add the yield surface equation (Butuc et al., 2002a,b) or the energy-
balance condition to the system of equations (Ganjiani and Assempour, 2008). Some authors combined compatibility and
force equilibrium together with the plane-stress assumption to obtain the solution by a linear procedure. Similar strategies are
applied when constitutive models are based on crystal plasticity. In the early work of Wu et al. (1997), the stretching in the
instability band is computed using the incremental form of the equilibrium equations and the plane-stress assumption
together with the associated compatibility condition. The solution is computed iteratively, and a linear system of three
equations is solved at each iteration. The same numerical procedure was employed in Wu et al. (1998, 2004, 2005), Inal et al.
(2005), Yoshida et al. (2007b) and Levesque et al. (2010) for a polycrystalline aggregate based on the elastic-viscoplastic Taylor-
type model of Asaro and Needleman (1985). Knockaert et al. (2002) applied a similar procedure including a sub-increment in
the band in order to limit the band strain increment using a rate-independent Taylor-type polycrystalline plasticity model.
Kuroda and Tvergaard (2001) used the same polycrystal-plasticity model employed in Kuroda and Tvergaard (1999), which is
tailored to the plane-stress formulation and is suitable for the sheet-necking analysis through an iterative solution of the two
equilibrium equations. Within the framework of the rate-dependent self-consistent model based on the formulation of
Lebensohn and Tom�e (1993), Neil and Agnew (2009) determined the stresses and strain rates that satisfy equilibrium and
compatibility between the matrix and localization band as well as the external boundary conditions. They then used these
results to provide the remaining unknown boundary conditions needed for the calculation of stresses and strain rates in the
groove. As boundary conditions are complementary in the groove reference frame, the grains' crystallographic orientation
within the band zone must also be referenced to the new groove orientation at each deformation step. More recently, Wang
et al. (2011), using an elastic, rate-dependent, self-consistent constitutive model, followed the numerical procedure developed
by Wu et al. (1997) to assess the role of the crystallographic texture on the formability of a magnesium AZ31B alloy sheet.
Based on a Nelder-Mead simplex algorithm (Nelder and Mead, 1965) and the N-R method, Kim et al. (2013) compared both of
these numerical solutions of the instability initiation for cubic metal sheets with a rate-dependent, elastic, crystal-plasticity
model. Table 1 shows a nonexhaustive list of researchers that used theM�K approach plus a crystal-plasticitymodel to predict
FLDs. The resolution methods are also shown together with the unknowns they used to solve the M�K equations. Most of the
cited references show that the M�K model predictions are good enough, but generally, the procedure is relatively time
consuming, and therefore, the question of how to obtain more efficient calculations without loss of accuracy is still valid.

The present research complements our previous work (Signorelli et al., 2009) that implements the MK-VPSC model based
on the N-R solution of the equilibrium equations. In this paper, a robust and efficient direct approach (DA) is developed to
calculate the limit strains using the MK-VPSC model. This approach lets us avoid the use of the N-R method (i.e. without the
use of the Jacobianmatrix) and requires only two calls to the material routine per M�K strain increment. Further reduction in
the computational cost is possible by solving all groove states simultaneously. That is, for eachM�K deformation step, we first
evaluate the homogeneous zone increment e which is common for all band orientations e and then all groove increments,
before taking the new M�K step. This precludes the need to unnecessarily repeat calculations for the homogeneous zone.

Normally, the FLD is evaluated by imposing strain-rate boundary conditions. In some cases, this restricts a direct com-
parisonwith industrial-like processing conditions and experimental limit-strain data from formability tests, where the sheet
is subjected to stress-loading conditions. If anisotropy evolution with straining is not relevant, a linear stress path will result
in a linear strain path. For instance, it is well known that imposing uniaxial tension to an anisotropic material will result in a
strain path given by rUAT ¼eR/(Rþ 1). The smaller the R-value is, the smaller the width strain, leading to a shift of the path to
the plane-strain mode. On the other hand, when the anisotropy evolution is nonnegligible, a linear stress path may result in a
curved strain path and there is no simple correspondence between the two. The MK-VPSC model is generalized to include
stress boundary conditions for materials where the evolution of the crystallographic and morphologic texture significantly
alters the anisotropy of the material. By applying the technique discussed here, either strain-rate ratio (FLDr) or stress ratio
(FLDa) based FLDs can be evaluated. The role of the loading type is considered for FCC, BCC and HCP textures as well as for
EDDQ, DP-780 and Zn20 sheets.

For general assessmentof the limit-strain behavior, the FLC evaluation fordifferent relative orientations betweenmaterial and
loading axes is necessary. The anisotropy of formability and associated models are not frequently tested or discussed for such
directional loading conditions (Chow and Yang, 2003; Stoughton and Yoon, 2005). This effect, although present, is not critical in
themajorityofcases: lowcarbonsteelsandanAl-6061aluminumalloy (Hariharanetal., 2014); electro-galvanizedsteel (Signorelli
et al., 2012), AZ31Be400 �C (Abu-Farhaet al., 2012). On theotherhand,Aretz (2007)applieddiffuse and localizedneckingmodels
to different orthotropic aluminum alloys and demonstrated the significance of the angle between the axes of orthotropy and the
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principal stresses. Allwood and Shouler (2009) asserted that, if orthotropic anisotropy is considered, the calculation of the FLC
must account for the inclination between the orthotropic symmetryand theprincipal stress axes. Yoshida et al. (2009) found that,
for textured aluminum-alloy sheets, the Cube texture exhibits significant geometrical hardening when the major stretching di-
rection is inclined at 45� relative to the orthotropic axes. Similar results are found in Bertinetti et al. (2014) for ideal Cube and R-
Cube (ideal Cube rotated 45� with respect to thenormal direction)materials. For a zinc sheet, Jansen et al. (2013) reported that the
strong dependence of the FLD on the sheet orientation can be captured by an anisotropic stress-based criterion.

In the present research, we examine the dependence of the FLD on sheet orientation for EDDQ steel and Zn20 zinc. In
addition, the formability of a dual-phase DP-780 steel with a complex microstructure is discussed. Crystallographic textures
close to necking and crack orientations were measured and compared with the simulation results for different loading
conditions. The purpose of examining these dissimilar metals is to focus on evaluating the MK-VPSC model's ability to predict
forming-limit strains irrespective of microstructure and crystallography.

The paper has the following organization. In Section 2, a brief review of the basic equations and definitions for the VPSC
model is given, together with the generalized treatment of the prescribed boundary conditions. Within the framework of the
M�K approach, in Section 3, the problem of instability initiation is formulated. Here, the numerical procedures for applying
the N-R method and the DA to the M�K method are detailed, together with a numerical analysis. In Section 4, we detail
examples of applications that illustrate the role of crystallographic texture, the flowestress curve and plastic anisotropy on
the FLD predictions. Finally, the conclusions are presented in Section 5.

2. Constitutive model

For simplicity, we beginwith a review of the basic VPSC equations that are needed to perform the computations described
in the next section. Wang et al. (2010) have extended the self-consistent scheme accounting for the elastic-deformation
component. This work takes exception to the common assumption used in large-strain plasticity that the elastic compo-
nents can be neglected since they are at least two orders of magnitude smaller than the plastic contributions. However, taking
elasticity into account in the M�K framework does not appreciably modify the predicted limit-strain profiles, which allows
for the use of a rigid-plastic constitutive description (Wu et al., 2004; Wang et al., 2011).

Unlike the FC model, for which the local strain in each grain is considered to be equal to the macroscopic strain applied to
the polycrystal, the self-consistent formulation allows each grain to deform differently. In other words, each grain deforms
according to its directional properties and the strength of the interaction between the grain and its surroundings. In this
sense, each grain is considered to be an ellipsoidal inclusion surrounded by a homogeneous effective medium (HEM) that has
the average properties of the polycrystal. An exhaustive presentation and discussion of the VPSC formulation can be found in
Lebensohn and Tom�e (1993) and more recently in Lebensohn et al. (2011).

The dislocation slip rates and the viscoplastic constitutive behavior are described in terms of the following nonlinear, rate-
sensitive power law:

_gs ¼ _g0

����ms : S
tsc

����1=msignðms : SÞ (1a)

D ¼
X
s

ms _gs (1b)

wherems ¼ 1
2 ðns5bs þ bs5nsÞ is the Schmid tensor describing the geometry of the slip systems in the single crystal, ns is the

slip-plane normal, bs is the slip direction, tsc is the critical shear stress, _gs
0 is the reference strain rate and m is the rate-

sensitivity parameter. The interaction equation, which relates the differences between the micro and the macro deviatoric
strain rates e D; D e and deviatoric stresses e S; S e, can be written as follows:

D� D ¼ � ~M :
�
S� S

�
(2)

where ~M is the interaction tensor. This relation involves the concept of an equivalent inclusion (Mura, 1987). The HEM
properties are not known in advance and they have to be calculated as the average of the individual grain behaviors, once
convergence is achieved. If the grains or phases have different morphologies, as in the case of multi-phase materials, they
have different associated Eshelby tensors, and the interaction tensors cannot be factored from the averages. In this case, the
following general self-consistent expressions should be used (Lebensohn and Canova, 1997):

M ¼ 〈M : B〉 : 〈B〉�1 (3)

where M is the macroscopic modulus and B is the localization tensor.
Asknown, thedescribedself-consistent schemerequiresan iterativeprocedure tofind the local states thatare compatiblewith

the imposed boundary conditions. Given the local stress state and having achieved convergence of themacroscopicmodulus, the
unknown components of the imposed mixed boundary conditions can be calculated ðD ¼ M : S ¼ M : sÞ. In this case, a linear
system of 6 equations must be solved. Using Voigt notation (1,2,3,4,5,6/ 11,22,33,23,13,12), they can be expressed as:
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M
*
ij ¼ Mijl

D
j bj � dijl

s
j� � � �
M
*
X ¼ K

Xi ¼ Di 1� lDi � si 1� lsi

Ki ¼ Dil
D
i �

X6
j¼1

Mijsjl
s
j bj

i; j ¼ 1;…;6 (4)

where b1,2,3¼ 1 and b4,5,6¼ 2,s is the Cauchy stress tensor and the X vector contains the corresponding unknown components.
Coefficients lkD, lks are set equal to 1, if the kth component is known, but to 0 if not. Due to the deviatoric characteristic of the
constitutive relation, at least one of the diagonal components of the Cauchy stress tensor must be known in order to determine

the pressure and to avoid a singularity in the matrix M
�
. Usually, in sheet metal forming, the overall applied boundary con-

ditions contain information about at least one diagonal component of the macroscopic Cauchy stress (e.g. no through-thickness
normal stress). As a consequence, the overall pressure p can be readily calculated given that the overall deviatoric stress S33 is
known from the VPSC scheme. As we shall see in the next section, it is very useful not to restrict the resolution of Eq. (4) to the
reference sample frame. Rather, these boundary conditions should be imposed on an arbitrary system fx0g:

x0M
*
x0X ¼ x0K (5)
This allows the imposition of a set of compatible strain-rate and stress components defined in a frame that changes its
relative orientationwith respect to the sample reference frame, as in the case of the groove in the M�Kmodel. Together with
this advantage, imposing stress restrictions in the form of Eq. (6) is another feature that allows us to set more general
boundary conditions.

a1si � a2sj ¼ 0 (6)
In sheet-metal forming, this is a valuable option because data are available frommechanical tests performed by imposing
proportional loading conditions, a ¼ s22=s11 (Kuwabara, 2007; Yoshida et al., 2007a). Wewill consider this point again in the
integration of the M�K model (see Section 3.4).

After convergence, the shear-rate of each system is used to evaluate the lattice-rotation rates. This is done in order to
update crystal orientations and the critical shear stresses due to strain hardening.

3. Marciniak-kuczynski sheet-necking analysis. Integration of the two zone model

The simulation of sheet necking is carried out within the framework of polycrystal-plasticity models using the Marciniak-
Kuczynski analysis. As originally proposed, the technique assumes the existence of a material imperfection, such as a groove
or narrow band across the width of the sheet. The M�K geometry is schematically illustrated in Fig. 1. The thickness in the
band is denoted as hb(t), with an initial value hb(0), while an imperfection factor f0 is given by the initial thickness ratio inside
and outside the band:

f0 ¼ hbð0Þ
hð0Þ (7)

where h(0) is the initial sheet thickness outside the groove. Equilibrium and compatibility conditions must be fulfilled at the

band/bulk material interface. The compatibility condition is given in terms of the differences between the velocity gradients L
and L

b
inside and outside the band respectively:

L
b ¼ L þ _c5n (8)
Here, n is the unit normal to the band, and _c is a vector to be determined. The equilibrium conditions required at the band
interface are given by:

nsbhb ¼ nsh (9)
Noting that dij is the Kronecker symbol, the boundary condition s33 ¼ 0 is applied as follows:

sij ¼ Sij � S33dij ði; j ¼ 1;2;3Þ (10)
Consequently, the associated pressure can be evaluated in terms of the deviatoric stress p ¼ �S33. The strain-rate ratio r
describes the imposed boundary condition on the edges of the sheet.



Fig. 1. M�K initial configuration and evolution of material lines.
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r ¼ L22
L11

¼ const: (11)
It is assumed that D13 ¼ D23 ¼ W13 ¼ W23 ¼ 0 outside and inside the band. The instability appears in the narrow zone
inclined at an angle j0 with respect to the majorestrain axis. The equilibrium condition, Eq. (9), can be expressed in the set of
axes indicated by subscript [b] referenced to the groove (n, t) (see Fig. 1):

½b�s
b
nnh

b ¼ ½b�snnh

½b�s
b
nth

b ¼ ½b�snth
(12)
The compatibility condition requires equality of elongation in the direction t,

½b�D
b
tt ¼ ½b�Dtt (13)
Given that we are considering thin sheets with orthotropic symmetries in the plane of the sheet, in-plane stretching
results in a plane-stress state. As discussed by Kuroda and Tveergard (2000), when an orthotropic material is loaded along
directions not aligned with the axes of orthotropy (Qs 0� orQs 90�, where the angleQ is the orthotropic angle, see Fig. 1),
it is necessary to compute the L12 component by imposing the requirement that s12 ¼ 0. These conditions mean that material
lines initially parallel to the x1 axis will not rotate, but lines parallel to the x2 axis may. Thus, nonzero shear strains will
develop, while the shear stress remains zero, and vice versa. This condition deserves special attention on the right-hand side
of the FLD since it modifies the limit strain close to balanced-biaxial stretching.

After solving each incremental deformation step, the evolution of the groove orientation j is given by:

�
n1
n2

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t21 þ t22

q  
�F11t

0
1 � F12t

0
2

F21t
0
1 þ F22t

0
2

!
(14)

R

The analysis is repeated for different values of j0 (between 0� and 90�). The failure strains ε*11, ε

*
22 (where ε ¼ _εdt) outside

the band are obtained afterminimization of the curve ε*11 versusj0. In the present work, the failure condition is reachedwhen���Db
33

���>20
��D33

��.
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3.1. Deformation outside the band

The M�K approach is a two zone model. The integration is performed in two steps. First we solve for the mechanical state
of the homogeneous zone and then the corresponding state inside the groove. The integration of the constitutive law is
computed incrementally assuming small-strain increments, Dε11 ¼ L11Dt. A value of Dε11 between 0.001 and 0.005 is in
general a good compromise between precision and computational cost. As mentioned above, it is assumed that the sheet is in
plane-stress, s33 ¼ 0. Taking advantage of the VPSCmodel's capability to imposemixed boundary conditions (see the previous
section), we avoid iterating to find the value of L33 that assures s33 ¼ 0 (see for example Knockaert et al., 2002). Likewise,
depending onwhich boundary condition is chosen, s12 ¼ 0 (Eq. (15a)) or L12 ¼ 0 (Eq. (15b)), the complementarymagnitude is
determined. In the sample reference frame, the imposed velocity gradient Lij and stress sij can be summarized as follows:

L ¼ D11

241 L
+
12

.
D11 0

0 r 0

0 0 �ð1þ rÞ
+

35; s ¼
24 s+11 0 0

: s+22 0
sym : 0

35; W
+
12s0 (15a)

21 0 0 3 2
s+11 s+12 0

3

L ¼ D1140 r 0

0 0 �ð1þ rÞ
+
5; s ¼ 4 : s+22 0

sym : 0

5 (15b)
Hereafter, the superscript + indicates that the identified magnitude is unknown and must be determined as a compu-
tational result. As pointed out in the last section, the two boundary conditions outside the band are equivalent if the
orthotropic axes of anisotropy are parallel to the principal loading directions (i.e. the condition L12 ¼ 0 will automatically
result in a null shear stress, s12 ¼ 0 and vice versa).

The texture andmicrostructure evolution is computed by updating the orientation and critical shear stress for each crystal.
The band orientation is updated according to Eq. (14) and the thickness outside the band is calculated using L33.

3.2. Deformation inside the band

We used a numerical procedure to determine the mechanical state of the band, in order to assure the equilibrium and
deformation compatibility between zones. As discussed above, the N-R technique is the most popular choice for solving Eq.
(9). To a lesser extent, minimization techniques have also been used. As is well known, an N-R solver needs to calculate the
Jacobian matrix (i.e. first order derivatives), which is in general not straightforward for constitutive models based on crystal
plasticity (Segurado et al., 2012). First, the N-R method is introduced and the DA is explained later.

3.2.1. NewtoneRaphson method
Assuming that the mechanical state for the homogeneous zone outside the groove is known (i.e. s11, s22, L33 and s12 or

L12), we proceed to calculate the state of the band region. We follow the method described in Wu et al. (1997), and extended
to a rate-dependent self-consistent polycrystalline model in Signorelli et al. (2009). Using Eq. (9) together with the current
value of the geometrical imperfection, f, the equilibrium equations can be put into a typical problem, G ¼ [G1,G2]T ¼ 0. The
values of G must be zeroed using a numerical procedure, where:

G1 ¼ ½b�s
b
nn � ½b�snn=f ¼

�
n1s

b
11 þ n2s

b
21

�
� ðn1s11 þ n2s21Þ

.
f ¼ 0

G2 ¼ ½b�s
b
nt � ½b�snt=f ¼

�
n1s

b
12 þ n2s

b
22

�
� ðn1s12 þ n2s22Þ

.
f ¼ 0

(16)

b b b b T
Defining s ¼ ½s11; s22; s12� , the system of equations above can be expressed in a compact form solution as:

G ¼ Asb þ a
1
f
¼ 0 (17)

�
n1 0 n2

	 ��ðn1s11 þ n2s21Þ
	

b
with A ¼ 0 n2 n1
, a ¼ �ðn1s12 þ n2s22Þ and f ¼ f0expðε33 � ε33Þ.

Around sb, the function G can be expanded in a Taylor series:

G
�
sb þ Dsb

�
¼ G

�
sb
�
þ JDsb þ O

�
Dsb

�
(18)

b b b
Neglecting high-order terms and setting Gðs þ Ds Þ ¼ 0, we get to the classical N-R method J Ds ¼ �G. Using Eqs. (8)

and (10) and the macroscopic relation D
b ¼ M

b
: S

b
to link sb with D

b
, and D

b
with _c, allows us to solve these algebraic

equations in terms of unknown values _c1 and _c2, i.e. c ¼ ½ _c1; _c2�T. The corresponding Jacobian matrix J is given by:
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J ¼ vGðxÞ ¼ A
vsb vD

b

þ a
v1=f vD

b

(19)

vx vD

b vc vD
b vc

where we have only four nonzero components D
b ¼ ½Db

11;D
b
22;D

b
33;D

b
12�T . The derivative matrices vsb=vD

b
and vD

b
=vc are
given by:
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vD
b
¼

2664M
�1
1111 �M

�1
3311 M

�1
1122 �M

�1
3322 M

�1
1133 �M

�1
3333 M

�1
1112 �M

�1
3312

M
�1
2211 �M

�1
3311 M

�1
2211 �M

�1
3322 M

�1
2233 �M

�1
3333 M

�1
2212 �M

�1
3312

M
�1
1211 M

�1
1222 M

�1
1233 M

�1
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3775 (20)

2
n1 0

3

vD

b
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¼ 664 0 n2

�n1 �n2
n2 n1

775 (21)
Expressing the imperfection factor as follows:

f ¼ f0exp
�
ε
b
33

���
old

þ D
b
33Dt � ε33

�
; (22)
the derivate vector, is given by:

v 1
f

vD
b
¼
�
0 0 �1

f0
exp
�
ε33 � ε

b
33

���
old

� D
b
33Dt

�
Dt0

	
(23)
The classical N-R procedure is completed with a simple linear search in order to ensure a descent direction at each
iteration. That is, we move the solution along the direction of the N-R correction _c according to:


G� _cnew ¼ _cold þ lD _c

�



L2

<



G� _cold�




L2
(24)
The parameter l ranges between zero and one. According to the characteristic of our problem, l¼ 1 is typically tried first. If
this is not a good guess, values of l equal to 10�1, 10�2 or 10�3 are tested. The exit criterion of the N-R loop has been set in
terms of the L1 norm of the vector _c, kD _cL1k, and the L2 norm of the function kGL2k. The generic iterative procedure for finding
the _c correction is illustrated in Box 1. The MK-VPSC code implementation was entirely writtenwith the Intel® Visual Fortran
Composer using standard Fortran 2008.
Box 1

Iterative NewtoneRaphson procedure

Current increment

Step 1: Evaluate the vector G and the Jacobian matrix J according to Eq. (16) and Eqs. (19)e(23) starting from

_cð0Þ ¼ ½ _cold�T
Step 2: Solve JDx ¼ �G,

Step 3: Consider the descent direction D _cðkÞ; ðl ¼ 1Þ
3a: While




Gð _cðkÞ þ lD _cðkÞÞ




L2

>



Gð _coldÞ




L2
, l ¼ li ¼ {10�1,10�2,10�3}

3b: Set l ¼ ls
3c: _cðkþ1Þ ¼ _cðkÞ þ lsD _cðkÞ

Step 4: Check N-R convergence

4a: While kD _ckL1 >10�3 ∨ kGkL2 >10�4, go to Step 2

4b: Exit
3.2.2. Direct approach
Starting from Eq. (8), it is possible to relate the velocity gradient tensor L

b
associated with the band to the corresponding

one in the homogeneous zone, L. Assuming that for a small deformation increment, the former can be considered constant, it
is possible to express the L

b
tensor in a reference system associated with the band as follows:
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b

It is clear that the band undergoes a rigid rotation in the plane of the sheet characterized by the value of ½b�Wnt . Assuming

that the material is incompressible, we find ½b�D
b
33 ¼ �½b�D

b
nn � ½b�D

b
tt ¼ �D

b
11 � D

b
22. From the equilibrium condition (Eq. (12)),

it holds that:

½b�s
b
nnh

b ¼ ½b�snnh

½b�s
b
nth

b ¼ ½b�snth
/

½b�s
b
nn ¼ 1

f ½b�snn

½b�s
b
nt ¼

1
f ½b�snt

(26)
There are also restrictions on particular components of the deformation velocity-gradient tensor (expressed in the band
reference frame):

½b�L
b
tt ¼ ½b�Ltt

½b�L
b
nt ¼ ½b�Lnt

(27)

b b b b

The Lnn, Ltn and L33 components of the ½b�L tensor must be determined. For each increment, once the strain rate and stress

are determined for the homogenous zone, the corresponding mechanical state of the band is determined. From the specified
mixed boundary conditions, the constitutive response of the instability band is resolved in a reference system tied to itself
(see Eq. (5)):

½b�L
b ¼

2664 L
b
nn

+

L
b
nt 0

L
b
tn

+

L
b
tt 0

0 0 L
b
33

+

3775; ½b�s
b ¼

266664
1
f
snn

1
f
snt 0

sbtt

+

0

sym: 0

377775 (28)
The logical flow of the numerical implementation, according to the description shown above can be seen in Box 2. This
strategy can also be applied to the extended M�K scheme, which includes effects of shear outside of the plane of the sheet
(Eyckens et al., 2011).
Box 2

Direct approach procedure

Current increment (consider a given value of r ¼ D22=D11 or a ¼ s22=s11 and an initial band orientation j0)

� Deformation outside the band:

Step 1: Set strain increment Dε11 ¼ L11Dt
Step 2: Perform a VPSC calculation (using Eq. (15))

Step 3: Update texture

Update thickness

Update band orientation

� Deformation inside the band:

Step 1: Update the imperfection factor (Eq. (22))

Step 2: Evaluate the band rotation matrix

R ¼
0@ cos4 �sin4 0

sin4 cos4 0

0 0 1

1A



Step 3: Calculate the groove boundary conditions:

½b�s
b ¼ RsbRT

½b�L
b ¼ RL

b
RT

Step 4: Perform a VPSC calculation (using Eq. (28))

Step 5: Update texture

Update thickness

� Check if the localization necking condition has been reached:

a: If reached ε
*
11 and ε

*
22 are saved

b: Otherwise, proceed to the next increment
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The DA discussed above is now tested for a randomly-textured material. The material inside and outside of the groove is
taken to be a polycrystal described by 1000 equiaxed grains. Each grain is assumed to be a single crystal with an FCC crystal
structure.We specified the same initial texture in both zones, and assumed a reference plastic shearing rate of 1 s�1. The strain
hardening between slip systems is taken into account by adopting an isotropic hardening scheme. Then, the evolution of the
critical shear stresses is given by:

_tc ¼ h
X
s
j _gsj (29)

where h are the hardening moduli behaviors, which depend on G. These moduli can be written using the initial hardening

rate, h0, and the hardening exponent, n:

h ¼ dtc
dG

¼ h0

�
1þ h0G

tc n

�n�1

(30)

b �
Fig. 2 shows the evolution of the strain-rate ratio L11=L11 as well as the strain-increment step for the case r¼ 0 and j0¼ 0 ,
as a function of the accumulated strain in the groove. The curves obtained using N-R and DA strategies are in good agreement.
If the same strain increment and convergence tolerance are guaranteed, only numerical differences between the twomethods
can be found, even at high strain-rate ratios. The reduction of the strain-increment step as the deformation rate grows in the
band means that the computation time associated with the final percentages of deformation require proportionally more
time than at the beginning of the test.

The total number of calls to thematerial subroutine and the total number of self-consistent internal iterations are shown in
Fig. 3. For both the N-R and the DA strategies, the number of calls increases as the strain-increment step decreases, but this is
not proportional as the equations are highly nonlinear. A clear decrease of the number of calls for the DAwith respect to the N-
R technique demonstrates the benefit of the present implementation. However, the need to incorporate mixed boundary
Fig. 2. Evolution of the strain-rate ratio L
b
11=L11 and strain-increment stepDε11 for r ¼ 0 and j0 ¼ 0� . The simulations used both the N-R and DA strategies (1000

random orientations; FCC {111}<110> slip systems; f0 ¼ 0.995; t0 ¼ 75 MPa; m ¼ 0.02; n ¼ 0.2; h0 ¼ 2000; Eq. (30)).



Fig. 3. Comparison of the numerical efficiency between the two methods: number of calls to the material law (left axis) and cumulative number of outer-loop
VPSC calls (right axis) for r ¼ 0 and j0 ¼ 0� (1000 random orientations; FCC {111}<110> slip systems; f0 ¼ 0.995; t0 ¼ 75 MPa; m ¼ 0.02; n ¼ 0.2; h0 ¼ 2000; Eq.
(30)).
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conditions of stress and strain rate, in a reference frame not coincident with the sample coordinates, generally requires a
greater number of internal iterations of the material model. As an example, with a strain increment of DεMK

11 ¼ 10�3 and a
tolerance of 10�4 ð

S; S

VPSCÞ, the average number of necessary iterations (i.e. the ratio between the total number of iterations
and the total number of calls to the VPSC routine) to find the local stress state compatible with the imposed boundary
condition is 5.5 in the N-R case (triangular symbols). This value increases to 13.8 in the DA (circular symbols). This clearly
demonstrates the greater effort needed to achieve convergence of the self-consistent model when its boundary conditions are
described by Eq. (28), as opposed to the N-R method where the band state is found by imposing all the strain-rate tensor
components (i.e. LbðkÞ ¼ L þ _cðkÞ5n, where (k) indicates the N-R iteration).

3.3. Improving numerical performance

The elimination of the iterative method for solving themechanical problem in theM�K band yields a significant reduction
in computational time. As a trial case, we compare the CPU times for four typical strain paths: uniaxial tension (UAT); plane-
strain (PS) deformation; biaxial (BA) and equi-biaxial (EBA) stretching. Simulations were performed up to the limit strain for
the randomly-textured FCC material. The results are presented in Fig. 4. The time reduction is evident and since under the DA
just two calls to the constitutive law are necessary for each incremental step over a given path (r) and band inclination (j), the
Fig. 4. CPU time comparison between numerical implementations: MK-VPSC Signorelli et al., 2009 vs. present implementation (1000 random orientations; FCC
{111}<110> slip systems; f0 ¼ 0.995; t0 ¼ 75 MPa;m ¼ 0.02; n ¼ 0.2; h0 ¼ 2000; Eq. (30); ji 2 [0� ,45�] with Dj ¼ 5�). Simulations were performed with an Intel®

Core i7 3.2 Ghz processor.
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times involved tend to be more uniform and show less dependence on strain path. As defined above, within the framework of
the M�K model, the material's limit strain is defined in a conservative way as the minimum value obtained for all possible
inclinations of the imperfection band. In both the original e based on NeR e and current e based on DA e MK-VPSC for-
mulations, a total number of 2N simulations are conducted (N for the homogeneous zone and N for the defect zone, where N is
the number of band inclinations). Because each of these N problems share the same homogeneous zone, it is possible to
reduce computational time even further. This is done by avoiding a repetition of calculations and using the same homoge-
neous zone solution for each inclination of the band being considered, leading to a total number of N þ 1 simulations. For
instance, calculations for a PS strain path and a partition of Dj ¼ 5� and ji 2 [0�, 45�] required approximately half the time.
Such a reduction can be affected by the applied incremental step. Given that we use the same incremental step for all band
inclinations it must be adopted based on the most restrictive situation. This leads to an overestimation of the optimal step in
most of the bands, but ensures an adequate convergence in the inclination with the greatest tendency to experience flow
localization. However, this loss of efficiency does not offset the gains obtained by only calculating a single state for the ho-
mogeneous zone. The reduction in time consumption is also shown in Fig. 4 for the optimized DA. This strategy provides
further evidence of the tendency to homogenize computational times regardless of the strain path. All of the following
simulations were performed using this optimized strategy. Also, the adopted approach is easy to parallelize on a standard
machine with multi-core processors. Finally, this new methodology allows the calculation to be stopped when any of the
groove inclinations reaches the termination criterion (even for those orientations that have not been checked), which permits
an additional time reduction in the FLC determination.

3.4. M�K path control: r ¼ D22=D11 vs a ¼ s22=s11

Normally, the FLD is simulated by imposing strain-rate boundary conditions, which in some cases restricts a direct
comparison with experimental limit-strain data from formability tests, where the sheet is subjected to stress loading con-
ditions. This limitation is produced by the variation of R-values with straining, which follows from the evolution of the
material's crystallographic texture. The formulation can be generalized in order to explicitly include stress boundary con-
ditions corresponding to different stress ratios, characterized by a ¼ s22=s11:

L ¼ D11
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For example, setting a ¼ 0 in Eq. (31) leads to UAT, while imposing the constraint a ¼ 1 produces EBA tension. By applying
the numerical techniques discussed here, either strain-rate ratio (FLDr) or stress ratio (FLDa) based FLDs can be calculated. No
differences between the FLDr and FLDa were expected for a randomly-textured material. This hypothesis proved correct as
can be seen in Fig. 5.

How the boundary conditions and the initial anisotropy orientation, Q, affect limit-strain values for UAT were studied for
three different textured materials, Mats. A, B and C. The limit response of these materials was studied along the rolling RD
(Q ¼ 0�), diagonal DD (Q ¼ 45�) and transverse TD (Q ¼ 90�) directions. Two types of boundary conditions were imposed:
stress ratio a ¼ 0; and the corresponding strain-rate ratio rUAT ¼ �R/(R þ 1). These boundary conditions are not always
equivalent. Differences arisewhen the polycrystal model does not predict R-values in agreementwith the experimental ones or
when there is an evolution of the R-valuewith deformation (i.e. r¼ r(ε)). Sincewe considered ideal material textures, R-values
were taken from simulations. Hence, only effects from the evolution of anisotropy are observed. Results are shown in Fig. 6.

Mat. A has a texture characterized by a high volume fraction of Cube orientations, similar to textures found in rolled and
recrystallized aluminum alloys. It was modeled by a Gaussian spread of grain orientations within 15� of the ideal Cube {100}
<001> orientation (i.e. 2/3 of the orientations arewithin 15� of the {100}<001> orientation and the remaining 1/3 are outside
of it). As can be seen in Fig. 6, no differences in strain paths and limit strains between the RD and TD orientations are observed,
irrespective of which boundary condition is considered. This is a consequence of the high symmetry of the texture with
respect to the loading axes. To the contrary, the strain path along the DD orientation is different and much closer to PS
deformation. This is due to the very low R-value. Besides, imposing a¼ 0 along the DD leads to a nonlinear strain path because
of the variation of the anisotropywith straining (i.e. texture evolution). Additionally, UAT shows a higher elongation in the DD,
which is in agreement with observations by Lopes et al., 2003 for an AA1050-O sheet.

Fig. 6 also shows results of a similar analysis for a typical cold rolled and annealed IF steel-sheet texture (Mat. B) and for a
cold-rolled HCP (with high c/a) material (Mat. C). In the case of Mat. C, the texture was generated from an ideal orientation
with the basal poles tilted 25� with respect to the ND in the ND-RD plane. A Gaussian spread of 15� was used for both textures.



Fig. 5. Comparison between strain-rate ratio and stress ratio FLD-simulation implementation (4000 random orientations; FCC {111}<110> slip systems; f0 ¼ 0.99;
t0 ¼ 75 MPa; m ¼ 0.02; n ¼ 0.2; h0 ¼ 2000; Eq. (30)).
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In these cases, the strain paths derived from imposing a¼ 0 and rUAT are similar, in contrast to the variation observed for Mat.
A along the DD orientation. For Mat. B, the orientation of the loading axis does not influence the resulting strain paths, which
are shifted to the left of r¼�0.5 due to the high R-values, although the limit strains do show some variations. Particularly, for
the RD the model predicts greater ductility than for the DD and TD orientations. For Mat. C, the limit strains are completely
different for the three directions, while the strain path for the RD differs from the ones of the DD and TD. This result reflects
the strong structural anisotropy of HCP polycrystals.

The implementation of generalized boundary conditions in the polycrystal model allowed us to explicitly and correctly
include stress boundary conditions for materials with changes in anisotropy during deformation. This has potential industrial
advantages as forming processes can be performed under stress loading conditions. Hence, real deformation paths occurring
in sheet metal forming or sequential forming operations can be easily implemented in the FLD simulation.
Fig. 6. Predicted strain paths and limit-strain values for the stress ratio a ¼ 0 and the strain-rate ratio rUAT ¼ �R/(R þ 1) boundary conditions. Mat. A: FCC {111}
<110> slip systems; f0 ¼ 0.99; t0 ¼ 42 MPa; m ¼ 0.02; n ¼ 0.24; h0 ¼ 1218 MPa; taken from Signorelli and Bertinetti (2009). Mat. B: BCC {110}<111> and {110}
<112> slip systems; f0 ¼ 0.99; t0 ¼ 53 MPa; m ¼ 0.05; n ¼ 0.18; h0 ¼ 2000 MPa; Eq. (30). Mat. C: HCP (c/a ¼ 1.86) {0001}<1120>, {1100}<1120> and {1122}
<1123> slip systems; f0 ¼ 0.99, m ¼ 0.10; see Eq. (33) and Table 4 for hardening parameters. Lankford values are shown on the top and textures on the bottom
of each figure.



Fig. 7. Nonproportional strain paths: (a) r ¼ �0.5e1, (b) r ¼ 1e0 and (c) r ¼ 1 to �0.5.
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Furthermore, an interesting feature of forming operations is that the load imposed on the sheet is often nonproportional,
whether the sheet is deformed by a stress or displacement boundary condition. The relation between the loading history and
the limit strain is complex. However, knowledge of this dependence would enable engineers to construct the sheet's limit
curve response for particular loading histories experienced in practice. This could have great advantages since an
enhancement of the FLC might be produced through changes in the loading path. To investigate this effect, we performed
simulations considering nonproportional strain and stress paths. Three sets of abruptly changing two-step strain and stress
paths are evaluated, where each step is identified by a constant r (strain) or a (stress). These paths are illustrated in Fig. 7. The
pre-strain amount (i.e. the first step), εs, is increased from zero to the limit-strain value with a constant deformation incre-
ment of Dε1 ¼ 0.05, unless otherwise indicated. A similar methodology was used in Kuroda and Tvergaard (2000).

Fig. 8 shows the FLCs for the three different abrupt strain-path changes for an initially randomly-textured FCC material. It
can be seen that the maximum formability is observed for the case of r ¼ �0.5 to 1; while for the case of r ¼ 1 to 0, the FLC is
below the reference, proportional-straining FLCr. For the case of r ¼ 1 to �0.5, the resulting curve shows an intermediate
behavior, with limit strains above and below the reference values, when viewed over the complete FLD. In addition, a jump of
the FLC is observed for the case of r¼�0.5 to 1. The final deformation increment was chosen to get a pre-strain amount close
to ε

* that allowed observation of the jump (εs ¼ 0.429). It should be noted that we saw no jump for the strain-path change
r ¼ 1 to �0.5, which contradicts the results of Kuroda and Tvergaard (2000). However, they analyzed a different material
(cold-rolled low-carbon steel sheet). As they discussed, the jump in the FLC is principally associated with an abrupt change
(i.e. not continuous) of the stress point on the yield surface. Since we are considering a randomly-textured material, the
differences resulting from imposing stress paths instead of strain paths are insignificant, and thus they are not presented.

The same analysis was performed for a material with an FCC rolling texture. Simulations were carried out by taking the
initial orientation of anisotropy parallel to the sheet reference axes. The rolling texture (S) was constructed by fixing the
volume fraction of ideal components e 10% {001}<100>, 15% {011}<100>, 30% {123}<634>, 10% {112}<111> and 35% {011}
<211> e and then spreading the distribution by assigning each grain a misorientation angle within 15� of the ideal
component. The {111} pole figure is shown in Fig. 9(a). It can be seen in Fig. 9(b) and (c) that qualitatively the simulation
Fig. 8. Predicted FLCs for three different abrupt path changes (4000 random orientations; FCC {111}<110> slip systems; f0 ¼ 0.99; t0 ¼ 75 MPa;m ¼ 0.02; n ¼ 0.2;
h0 ¼ 2000; Eq. (30)).



Fig. 9. Predicted FLCs for three different abrupt path changes: (a) material texture represented by the {111} pole figure; (b) FLDr and (c) FLDa. The initial
orthotropic axes are parallel with the sheet reference axes (FCC {111}<110> slip systems; f0 ¼ 0.99; t0 ¼ 75 MPa; m ¼ 0.02; n ¼ 0.2; h0 ¼ 2000; Eq. (30)).
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reproduces the randomly-textured material behavior. As this material possesses a strong texture and hence strong plastic
anisotropy (R0 ¼ 0.16, R45 ¼ 1.51, R90 ¼ 2.46), the FLCr and the FLCa are not equivalent. However, when applying non-
proportional paths, stress and strain loading-path behaviors are similar. Likewise, the presence of a jump is observed for both
r ¼ �0.5 to 1 and a ¼ 0 to 1 cases. Additionally, simulations considering the variation of the anisotropy axes with respect to
the sheet reference axes do not show qualitative differences in behavior, and thus they are not included.
4. Applications

Our objective in presenting application examples is not only to verify that the numerical results agree with experimental
ones, but also to assess the predictive capability of the MK-VPSC model for dissimilar conditions. This is done by considering
materials with very different behaviors. Two industrially important steel sheets were selected for study e EDDQ and DP-780,
both of which exhibit high drawing quality. The principal difference between these steels lies in their constituent phases. The
EDDQ steel is a single-phase alloy having a microstructure of only ferrite. On the other hand, the DP-780 steel has a dual-
phase microstructure with both ferritic and martensitic phases. In this case, the MK-VPSC scheme requires information in
addition to the polycrystal response. Since polycrystalline models explicitly describe the behavior of each of the material's
phases, it is necessary to define the individual phase properties, as well as their volume fraction and morphology. In addition,
an HCP zinc alloy sheet, denoted Zn20, was studied, in order to analyze amaterial with a completely different crystallography.
This material also shows limit-strain profiles strongly influenced by sample orientation, as opposed to the slight differences
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observed in the steels. Moreover, the three materials exhibit different anisotropic behaviors. While the DP-780 steel barely
exhibits normal anisotropy, the EDDQ steel and Zn20 sheets have high and low R-values respectively. This makes them
appropriate for validation of the improved MK-VPSC model.
4.1. Materials' characterization

The tensile properties of the materials were measured following the ASTM E8M standard using planar sub size specimens
cut along the RD, DD and TD directions. Duplicated samples were tested and the results were averaged in each direction. The
usual strain-hardening parameters corresponding to Hollomon's lawwere obtained from fitting the uniaxial true-stress/true-
strain curve over a particular range for each material. The R-values were determined frommeasurements of longitudinal and
transverse strains and the assumption of constancy of volume. These measurements were made with additional tensile
specimens. The basic materials' properties are listed in Table 2. All experimental tests were conducted at room temperature.
Tensile specimens were loaded in displacement control at a crosshead speed of 1.5 mm/min for both steel sheets, using a
150 kN capacity Instron 5984 Universal Testing System. This displacement rate gave a strain rate of about 10�3 s�1. For the zinc
alloy, tensile tests were carried out at a constant strain rate of 5 � 10�4 s�1.

The material characterization was complemented with crystallographic texture measurements, which is necessary for
defining the model's input. The measurements were conducted using X-ray diffraction in a Phillips X'Pert Pro-MPD system
equipped with a texture goniometer, Cu Ka radiation and an X-ray lens. Incomplete pole figures for the {110}, {200} and {112}
diffraction peaks were measured for both steel sheets, while the {0002}, {1010}, {1011} and {1012} diffraction peaks were
measured for the zinc alloy. The textures were discretized using the Matlab® open-source toolbox MTEX for texture analysis.

The experimental technique for FLC determination for the EDDQ steel can be found in Serenelli (2013). In the case of the
DP-780 steel, two methodologies were used: tensile tests of notched planar specimens, providing data in the tension-
compression range; and hydraulic bulge tests, which give data in the stretching range of deformation. In the tensile test
case, three sample geometries were used in order to achieve different sheet deformation states, from simple UAT to PS
deformation. The specimens' dimensions are shown in Fig. 10(a). Two samples per geometry were tested using a 100 kN
capacity Instron 3382 Universal Testing System. The crosshead speed of the testing machine was 0.5, 0.2 and 0.1 mm/min for
geometries 1 to 3 respectively.

The bulge test is a well-known formability experiment for biaxial stretching, which is mostly used for testing thin sheets,
as bending stresses can be neglected for that case. The experimental procedure consists of deforming specimens clamped
between the blank holder and the die using pressurized liquid. By continuously increasing the pressure, the specimen is
stretched biaxially and deformed up to fracture. The die geometry is shown in Fig. 10(c). Ellipse aspect ratios of 1 and 3 have
been used for these tests leading to strain paths of approximately 1 and 0.3 respectively.

In the case of the Zn20 alloy, the limit strains were experimentally determined by three methodologies: regular tensile
tests for UAT (geometry 1 in Fig. 10(a)), tensile tests of a specific sample for PS deformation (Fig. 10(b)) and the Marciniak test
with a circular sample for EBA stretching. The UAT tests were carried out using the same conditions as those of the DP-780
steel. For the PS test, the sample's proportions used for UAT tests were modified, i.e. the width of the sample is increased and
the gage length is decreased, which modifies the strain state from one with a large negative minor strain component toward
the PS state, in which the minor strain component is zero. A length-to-width ratio of approximately 4 is used. Tests were
performed using a 150 kN capacity Instron 5984 Universal Testing System, setting the crosshead speed to 1.5 mm/min.

The Marciniak test consists of stretching a material disk over a 100 mm diameter flat-bottom punch that has a shoulder
radius of 6.35 mm. This creates in-plane biaxial strain in the center of the sample. The center of the punch is hollowed out to
eliminate friction in the central area, and a spacer, washer, with a 32 mm diameter hole at the center is clamped in the die
Table 2
Mechanical properties of the materials.

Material Sample orientation Thickness (mm) s0,2% (MPa) sT (MPa) Ka (MPa) na Rb

EDDQ RD 0.90 165.4 294.0 497.6 0.204 1.95
DD 166.4 294.0 497.8 0.201 1.89
TD 180.8 277.0 457.7 0.193 2.41
Mean valuec 169.8 289.8 487.7 0.200 2.04

DP-780 RD 1.10 507 832.5 1240 0.131 0.74
DD 501.5 821.5 1235 0.135 1.00
TD 498.5 844 1263 0.133 0.87
Mean valuec 502.1 829.9 1243 0.134 0.90

Zn20 RD 0.65 98.5 184.7 128.6 0.113 0.20
DD 119.5 199.9 151.2 0.098 0.28
TD 148.5 231.9 184.0 0.087 0.51
Mean valuec 121.5 204.1 153.8 0.099 0.32

a Hollomon's parameters were obtained over the following true-strain ranges: [0.10e0.20] for EDDQ, [0.05e0.12] for DP-780 and [0.05e0.15] for Zn20.
b R-values were determined at 0.12, 0.10 and 0.20 engineering strain for EDDQ, DP-780 and Zn20 materials respectively.
c ðX ¼ ðXRD þ 2XDD þ XTDÞ=4Þ.



Fig. 10. Experimental FLD determination: (a) tensile specimens' dimensions; geometries 1 to 3 from left to right respectively; (b) plane-strain sample's di-
mensions; (c) bulge die geometry; (d) and (e) examples of the distribution of major strains in the tensile and bulge specimens measured by the DIC technique.
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between the sample and the punch. The die and punch set is mounted in a 120 ton capacity Adabor hydraulic press. A thin
layer of MoS2-based lubricant was aerosol painted on the washer surface facing the punch, and a 0.7 mm thick sheet of
polytetrafluorethylene film was used to provide adequate lubrication conditions.

In all these tests, the strain values were measured with the Digital Image Correlation (DIC) technique (Sutton et al., 2009).
This is a noninvasive method that allows for full displacement-field determination on the surface of the specimen, by analysis
of digital images taken during testing. In order to use this method, samples are artificially speckled by applying fine black
aerosol-paint spots on a painted white surface. This leads to a high contrast image of randomly dispersed points. Depending
on whether the displacement occurs in the plane or out of it, the DIC technique can be used in two or three dimensions. Two
CCD video cameras recorded the strain patterns on the sheet during the bulge test, while only two images were needed from a
single camera for the tensile and Marciniak tests e before and after deformation. To illustrate this technique, Fig. 10d and e
shows the distribution of major strains in the tensile and bulge specimens measured with the DIC technique. Images taken
just before fracturewere used to find the necking instability points. The limit-strain datawere selected at the border between
the necking band and homogeneously stretched material.
4.2. EDDQ steel

Themechanical properties of the 0.90 mm thick EDDQ steel sheet are listed in Table 2. Optical micrographs (Fig. 11) show a
typical ferrite microstructure with grains elongated in the RD. Two grain-type populations are observed. Some grains have a
spherical shape associated with partial recrystallization during the annealing process, while others are elongated in the RD.
The two grain-type populations result in an effective, three-dimensional, grain aspect ratio of (1.6:1.0:0.4).



Fig. 11. Optical micrographs showing cross-section views for the EDDQ-type steel: (a) RD-ND and (b) TD-ND planes. The ND is aligned with the vertical axis.
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4.2.1. Model calibration
The measured initial texture (see Fig. 17) was discretized into 2000 orientations of equal volume fraction. It was assumed

that plastic deformation occurred by slip on the {110}, {112} and {123} planes, with a <111> slip direction for each case. The
experimental flow curves showan almost constantmacroscopic hardening exponent n for strains higher than 0.10. This work-
hardening behavior is best described by an isotropic type equation (Butuc, 2004), and thus Eq. (30) was applied to this
material. Earlier studies for these types of steels suggest that at the beginning of deformation slip is easiest on {112} planes
(Mercier et al., 1995; T�oth et al., 1997). We accounted for this observation when fitting the uniaxial test data taken parallel to
the RD, finding the following parameters: tf110g0 ¼ 78MPa, tf112g0 ¼ 77MPa, tf123g0 ¼ 79MPa, h0¼ 1575MPa and n¼ 0.226. For
all calculations, the strain-rate sensitivity and the reference slip rate at the crystal level were taken to be m ¼ 0.0125 and
_g0 ¼ 1 s�1, respectively. The simulated and experimental curves are shown in Fig. 12, while measured and predicted R-values
are displayed in Fig.13. The RD and DD loading orientations have nearly identical flow curves, while it can be seen that there is
Fig. 12. Experimental and simulated flow curves for the EDDQ steel.



Fig. 13. Experimental and predicted R-values as a function of orientation for the EDDQ steel.
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anisotropy in the mechanical response along the TD orientation. The stress at 25% uniaxial true strain along the TD is ~10%
lower than that for the RD and DD. The predicted curves along the RD and the DD show good agreement with the experi-
mental ones, while the stressestrain data along the TD is overestimated by the model. The selected ratios between initial
strengths of the slip systems lead to good agreement with the experiments and reproduce the observed variation in
anisotropy with orientation.
Fig. 14. Experimental and predicted FLDs for the EDDQ steel samples taken along the RD, DD and TD directions.



Fig. 15. Predicted and experimental critical angles at localization for the RD, DD and TD directions, for the EDDQ steel.
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4.2.2. Results and discussion
Fig. 14 shows the experimentally determined FLDs for the RD, DD and TD orientations. The maximum and minimum

principal strains lie along the y-axis and the x-axis, respectively. The solid symbols correspond to experimental limit-strain
data, specifying an insecure zone for metal forming. The necking values, taken from the three sample sets are similar. In all the
cases, the maximum values occur on the left-hand side of the diagram, and the minimum limit-strain values are found near
PS, with ε

*
1 min ~ 0.32. A comparison of the three FLD plots shows that sample orientation, with respect to the rolling direction,

has little effect on the necking values. The MK imperfection parameter was adjusted such that the predicted limit strains
matched the minimum experimental limit strains near PS for the samples oriented along the RD. The chosen value of f0 was
0.994.

We first performed independent simulations using both s12 ¼ 0 and L12 ¼ 0 boundary conditions, following the discus-
sion of Kuroda and Tveergard (2000), for the DD orientation. Because the results were nearly indistinguishable, only simu-
lations carried out with the L12 ¼ 0 boundary condition are presented in Fig. 14. The shapes and levels of the predicted FLCs
for the three directions are similar in the tension-compression range. In the range r ¼ [�0.5 to �0.1], the limit curves are
nearly straight lines withmaximumvalues between 0.42 and 0.44 at r¼�0.5. Themeasured limit strains are underestimated
for each of the three directions, most notably for the DD orientation. Inspection of the calculated FLCs on the right-hand side
of the diagram shows that the DD and TD profiles are similar for all values of r, while the RD curve reaches higher values than
the curves for the DD and TD orientations in the range r¼ [0.35e0.75]. On the right-hand side of the FLD, the simulations are
more conservative and predictions are below the region of localized flow, except for EBA stretching. Here, while MK-VPSC
Fig. 16. Directions of plastic strain-rate vectors for various loading directions for the EDDQ steel along the RD: (black line and symbol) with texture evolution
(gray line and symbol) without texture evolution.



Fig. 17. Experimentally determined and predicted final textures (42 ¼ 45� ODF section) for the EDDQ steel sheet deformed in UAT along the RD, DD and TD, PS
along TD and EBA paths. The experimental as-received texture is also included.
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accurately predicts the experimental behavior for the DD and TD, it overestimates the necking strain for the RD. It is inter-
esting to note that, even though the prediction of the TD direction stressestrain curve is not accurate, the predicted limit
strains are generally in good agreement with the experimental values. This is because the material shows a similar strain-
hardening rate regardless the loading direction RD, DD or TD (see Table 2). While, simulations clearly overestimate the
stressestrain curve in the TD, the predicted hardening rate in the 0.10e0.20 strain range is consistent with experimental
observation, which is a key factor in obtaining a good limit-strain prediction. Using a VPSC code, Vincente Alvarez and Perez
(2007) predicted similar behavior, but withmuch less intensity. They predicted a reduction of about 2.5% in the TD-stress with
respect to the RD-stress for a textured IF steel sheet.

Fig. 14 also includes the limit strains predicted assuming UAT and EBA tension boundary conditions ( symbols). For the
UAT conditions, the expansion of the limit strains to the left of the strain path r ¼ �0.5 is associated with the high R-value.
This effect is most pronounced for the TD case, which has the highest R-value (R¼ 2.41). Even though the tendency to predict
lower values is observed by imposing either a ¼ 0 or r ¼ �0.5, better results are obtained with a ¼ 0 when compared with
experimental data. For EBA stretching, limit strains calculated using stress-loading boundary conditions are too high for the
DD and TD. This is not the case for the RD where both boundary conditions predict the same value. For each of the three
sample directions, Fig. 15 shows the predicted final orientations of the geometrical defects with respect to the direction of the
minor strain. These predictions are in good agreement with experimental observations.

According to Lian et al. (1989) and An et al. (2011), the yield surface shape affects the prediction of the forming-limit strains
close to EBA stretching. Serenelli et al. (2010) performed an analysis using the rate-dependent yield potential as an aid to
interpret the forming-limit behavior. Signorelli et al. (2012) reported that, for the RD orientation at r ¼ 1, there were minor
differences between the limit-strain values calculated either with or without texture evolution for an electro-galvanized steel
sheet. They related this effect to the changes in the yield surface. Next, we assess how texture evolution in EBA stretching
influences the yield loci and consequently the critical-strain values. Calculations were repeated for the RD orientation, but no
crystallographic texture development was allowed. The results, ε�1 ~ 0.28 without texture evolution and ε

�
1 ~ 0.34 with texture

evolution, are consistent with previously reported work (Signorelli et al., 2012). Fig. 16 shows the stress potential in a
different, but qualitatively similar way, based on the direction of plastic strain rate and loading direction. In the Cauchy stress
reference frame, the directions at different points along the predicted yield surface are characterized by two angles, q and 4.
These angles are taken to be zero along the horizontal axis and assumed positive in a counterclockwise sense. The directions
of the strain-rate vectors for the undeformedmaterial and after EBA deformation up to the failure limit condition are depicted
in Fig.16. The slight change observed in the predicted limit-strain values correlates to similar profiles of the stress potential. In
the vicinity of 4 ¼ 45�, the sharpness of both yield loci are characterized by an abrupt change in q. Over the range
43� � 4 � 47�, q varies almost linearly from 35� � q � 75�. This allows the material to quickly approach a plane-strain state
with minor variations in the stress state. We can verify that, while major changes in texture development are observed
(Fig. 17), changes in the yield loci are much more limited.

In order to complete the present analysis, we compared the measured textures e before and after deformation e to the
corresponding predictions for three different strain states. Fig. 17 includes measured and predicted textures for the as-
received and deformed samples at different homogeneous strains: UAT along the RD (ε1 ~ 0.20), DD (ε1 ~ 0.17) and TD
(ε1 ~ 0.20), PS along the TD (ε1 ~ 0.30) and EBA (ε1 ~ 0.20). The as-received material shows a preponderance of intensities
around the g-fiber (<111>//ND), with a major concentration of the {111}<121> components. The weak presence of a-fiber
(<110>//RD) is a consequence of the annealing process. For the samples deformed uniaxially along the RD and DD a redis-
tribution of the g-fiber components is observed, with an increase of the a-fiber orientations. But, for the TD, the concentration
of this fiber clearly diminishes, meanwhile the {111}<121> and the {554}<225> orientations increase in intensity. For the PS
mode, orthotropic symmetry is observed, and deformation sharpens the majority of the as-received texture orientations,
except the a-fiber components, which vanishes. The texture after EBA stretching is similar to that observed for PS, but it is
more uniform and sharpening occurs over the whole g-fiber. The predicted textures show a qualitative agreement with the
experimental ones. The model accurately captures the main features of the deformation textures, though the intensities are
clearly underestimated. For the EBA case, VPSC calculations predict an incremental increase of the q-fiber (<100>//ND) near
the Cube orientation, which is not experimentally detected, while a spread around {554}<225> in the ε-fiber (<011>//TD) is
observed for PS. Finally, for UAT, theMK-VPSCmodel precisely reproduces the experimental textures, regardless of the sample
orientation. Thus, for the various straining paths, textural evolutions follow the correct tendencies; experimental increases
are matched computationally, and vice versa.

In summary, the limit-strain values in an EDDQ steel sheet along the RD, DD and TD have been computationally predicted
using the MK-VPSC approach. Experiments show that the sample orientation, with respect to the RD, has little effect on the
necking values. Comparisons between measured and computed values indicate that the similarity in the limit strains for the
three sample orientations is well captured by the MK-VPSC approach. Moreover, the predictive capability of the model was
assessed and its fidelity verified by comparing the predictions with experimental data, such as critical angles and texture
evolution for different strain-paths.

4.3. DP-780 steel

In the current section, the formability behavior of an industrially processed dual-phase steel is predicted based on theMK-
VPSC model. We considered a 1.1 mm thick sheet with a tensile strength of 780 MPa (DP-780). The material's microstructure



C. Schwindt et al. / International Journal of Plasticity 73 (2015) 62e9986
was characterized by Scanning Electron Microscopy (SEM). The SEM micrograph (Fig. 18) shows a ferritic/martensitic
microstructure with the martensite uniformly distributed along ferrite grain boundaries. We found a martensite volume
fraction of 30% through image analysis. The sample was prepared by conventional mechanical hand grinding and polishing
techniques, and etched with 2% Nital for 10 s, to reveal the martensite and ferrite phases in light and dark shades respectively.

4.3.1. Model calibration
Simulations were performed assuming that plastic deformation occurs by slip on the {110} and {112} planes with a <111>

slip direction for both phases. For all calculations, the strain-rate sensitivity and the reference slip rate at the crystal level were
taken to be m ¼ 0.02 and _g0 ¼ 1 s�1, respectively. The measured initial texture (see Fig. 24) was discretized into 10,000
discrete orientations of equal volume fraction. Since the as-received material texture is very weak, the same crystallographic
orientations were used for both phases.

When two-phasematerials are considered, the VPSCmodel calibration requires additional information to that provided by
the material's experimental stressestrain curve. Indeed, it is necessary to define the properties for each phase individually, as
well as its volume fraction and morphology, which depends on the chemical composition and thermomechanical processing
of the steel. Therefore, each DP steel sheet is unique, as well as its micromechanical behavior. Due to the complex nature of the
experimental measurement of the stress/strain partitioning experienced by each phase, the calibration of the polycrystal
model requires making assumptions about the behavior of the martensite and ferrite individually. Particularly, it is necessary
to consider whether or not the martensite deforms plastically. In the case of DP steels, depending on their particular
microstructure, there is evidence of appreciable plastic activity in the martensite, although less than in the ferrite (Kang et al.,
2007; Mazinani and Poole, 2007; Ososkov et al., 2007; Ghadbeigi et al., 2010; Calcagnotto et al., 2011; Nikhare et al., 2011;
Ghadbeigi et al., 2013; Tasan et al., 2014), and thus, it must be considered. To describe the higher strength of the
martensite, the t0 value is increased. Earlier studies have shown that the spatial distribution andmartensitemorphology have
a significant effect on the mechanical behavior of DP steels (see e.g. Mazinani and Poole, 2007; Ramazani et al., 2013;
Seyedrezai et al., 2014). However, since the 1-site VPSC model represents each grain as an ellipsoid it cannot explicitly
consider martensitic grains forming a necklace type network structure around the ferritic grains (see Fig. 18). Thus, equiaxed
initial-grain aspect ratios of (1:1:1) have been considered for both phases. The calibration of the model was performed by
fitting the macroscopic stressestrain curve along the RD. Dual-phase steels are known to have a very complex work-
hardening behavior, especially in the initial stages of deformation. The classic isotropic hardening model cannot reason-
ably describe the stressestrain response. On the other hand, the saturation and Voce models are able to reproduce the flow
curve. However, the latter tends towards a linear hardening rate with a higher strain-hardening exponent in the post-necking
region, which causes a delay in the onset of necking. Therefore, the hardening behavior of the DP-780 steel was captured by a
saturation hardening law given by the following expression:

_tsc ¼
X
s0
½qþ ð1� qÞdss0 �h0

�
1� ts

0
c

tsat

�a��� _gs0
��� (32)

where h0 is a reference self-hardening coefficient, a is the strain-hardening exponent, tsat is the saturation stress and q is a
coefficient describing the ratio of latent-to self-hardening. The individual hardening parameters are listed in Table 3. As the
purpose of this section is to evaluate the capability of the MK-VPSC model to simulate the formability behavior of this multi-
phase steel, it is appropriate to use these property parameters, even though they are not from experiments on each phase in
an isolated state.
Fig. 18. SEM micrograph of the RD-ND plane for the DP-780 steel with the RD aligned horizontally (2500�).



Fig. 19. Experimental and simulated flow curves for the DP-780 steel.

C. Schwindt et al. / International Journal of Plasticity 73 (2015) 62e99 87
The simulated and the experimental flow curves are shown in Fig. 19, and the strain partitioning between ferrite and
martensite phases during loading is illustrated in Fig. 20. The low anisotropy of the DP-780 steel is reflected in very similar
flow curves along the three loading orientations RD, DD and TD. The predicted curves along the RD and the TD show good
agreement with the experimental ones, while the stressestrain data along the DD is slightly overestimated by the model. For
the RD case, ferrite yields at 530MPa, while the martensite remains quasi-elastic up to 880MPa. Ourmodeling shows that the
martensite is subjected to much higher stresses, but it experiences less plastic strain than the ferrite. Fig. 21 shows the
predicted and measured Lankford coefficients. Even though the VPSC model predicts slightly higher Lankford values than
those measured experimentally, the qualitative variation of R-value with orientation is captured correctly.

4.3.2. Results and discussions
The experimental and theoretical FLCs, along the RD, are shown in Fig. 22. Theminimum critical value occurs near PS, with

ε
*
1min ~ 0.18, while the maximum values were measured for balanced-biaxial stretching, ε*1max ~ 0.34. On the left-hand side
of the FLD the DP-780 steel develops a neck before fracture, while for the biaxial condition a sudden through-thickness shear
fracture with little necking is observed. According to Nikhare et al. (2011), this might be due to high stress concentrations
Fig. 20. Predicted strain partitioning of ferrite and martensite as a function of applied strain for the DP-780 steel along the RD.



Fig. 21. Experimental and predicted R-values as a function of orientation for the DP-780 steel.
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developed along the ferrite/martensite interface due to the plastic strain incompatibility, which leads to rapid void nucleation
and growth in the DP steel.

The M�K imperfection parameter, f0 ¼ 0.9995, was adjusted such that the predicted limit strains matched the minimum
experimental limit strain near PS. Simulations were performed by applying s12 ¼ 0 as the boundary condition. Although the
calculated FLC is in good agreement with experimental data on the left-hand side of the FLD, the predicted FLC shows two
features causing concern in biaxial stretching. First, the model predicts a rapidly increasing FLC up to a strain ratio of r ~ 0.25,
overestimating the experimental values. Subsequently, the slope of the FLC decreases, which leads to an underestimate of the
measured balanced-biaxial limit strains. The influence of plastic anisotropy on the forming-limit strainswas also investigated,
but the corresponding FLCs are not included in the diagram since, besides UAT, experimental and numerical results showed
minimal differences for RD, DD and TD cases. The differences in the UAT condition will be examined later in Fig. 23.

The imposition of stress-loading boundary conditions is also shownwith dashed lines in Fig. 22 for a¼ 0 and a¼ 1, i.e., UAT
and EBA tension respectively. For UAT, numerical limit-strain values ( symbols) are in accordance with the FLCr and
experimental data. On the other hand, theMK-VPSCmodel predicts better results when imposing a¼ 1 rather than r¼ 1with
respect to experimental data from bulge tests. The observed deviation of the resulting strain paths with respect to the
presumed ones for a randomly-textured material is strictly related to the R-values, as previously discussed. The largest de-
viation is seen in balanced-biaxial loading where a r ~ 0.89 is found. For a¼ 0 only a slight difference is observed. As expected,
these variations are smaller than for the other two materials considered because the R-value along the RD for DP-780 steel is
closer to unity than for the EDDQ and Zn20 materials.
Fig. 22. Experimental and predicted FLDs for the DP-780 steel samples taken along the RD.



Fig. 23. Experimental and predicted limit-strain values for UAT along the RD, DD and TD of the DP-780 steel sheet, for two types of boundary conditions: stress
ratio a ¼ 0; and strain-rate ratio r ¼ �0.5.
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A further examination of stress-loading boundary conditions and the influence of plastic anisotropy on the limit-strain
values appears in Fig. 23, which shows experimental and calculated results for UAT along the RD, DD and TD. Experi-
mental limit-strain values from uniaxial tests show differences between the three sample orientations. The DD direction
exhibits the greatest formability, uniform elongation, and the RD direction the least. Moreover, the strain paths for these two
directions deviate slightly to the left and right of r ¼ �0.5, respectively. The MK-VPSC model accurately captures these de-
viations. Calculated limit-strain values also agree with the experiments, and the imposition of stress boundary conditions (
symbols) leads to the best results. Limit strains calculated using strain boundary conditions are either too high, RD, or low, DD
( symbols). In addition, it should be noted that the measured and calculated limit-strain values close to PS show no
appreciable differences with respect to the loading direction.

Finally, texture evolution was examined e experimental and predicted e along different strain paths in terms of the
42 ¼ 45� ODF section. Fig. 24 shows the experimental texture of the as-received and deformed DP-780 steel as well as the
corresponding prediction using theMK-VPSC approach. The gray scale was fixed to that of the as-received texture to allow for
comparisons. Samples deformed in UAT along the RD (ε1 ~ 0.16), DD (ε1 ~ 0.26) and TD (ε1 ~ 0.20) and EBA tension (ε1 ~ 0.24)
were considered. The initial texture of the as-received material consisted of a heterogeneously developed g- and a-fiber, as
well as strong Shear orientations ({001}<110>). It should be noted, however, that a particular enhancement of the {111}<121>
and {554}< 225> texture components is present. The low R-value is directly related to the presence of the Cube and mostly
Shear orientations in the as-received material (Ray and Jonas, 1990; Hutchinson, 1994). The experimental, deformation-
induced texture evolution leads to an increase of g-fiber at the expense of the Shear component in the cases of UAT RD,
UAT DD and EBA, and a sharp drop of a-fiber in the case of UAT TD is seen. The strengthened g-fiber showed enhanced in-
tensities in the {111}<121> and {111}<112> components for each of the three uniaxial test directions. In contrast, the EBA
deformation developed a more homogeneous g-fiber. For UAT tension, the VPSC model predicts less intense final textures
than those measured, which may be due to a less intense discretized texture. In the three test directions, a well developed a-
fiber and a nonuniform g-fiber are predicted. This contrasts with the experimental results. However, the model captures e in
a less concentrated manner e the particular intensity of the {111}<121> and {111}<112> components observed in the
measured textures. With the exception of the UAT TD case, the model calculates a reduction in Shear components, in
agreement with experimental data. The measured and predicted textures after EBA tension show similar trends, especially
along the g-fiber. However, the VPSC model predicts a much stronger q-fiber with the maximum intensity in the Shear
component.

The proposedmodel correctly computes the response of the DP-780 steel, a two-phasematerial. Predictions of the FLD and
texture evolution are in good agreement with experimental results. Minor differences were found between simulation and
experiment, which may be due to the large inherent heterogeneity of plastic deformation throughout the DP steel's grains
(Kang et al., 2007; Ghadbeigi et al., 2010; Yu et al., 2013; Ghassemi-Armaki et al., 2014). Moreover, inhomogeneous



Fig. 24. Experimentally determined and computationally predicted final textures (42 ¼ 45� ODF section) for the DP-780 steel sheet deformed with UAT along RD,
DD and TD, and EBA paths. The experimental as-received texture is also included.
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deformation within the grains can lead to substructure formation with continuous or discontinuous spatial variation in the
crystallographic orientation. This is caused by the formation of orientation gradients (Choi et al., 2009; Dillien et al., 2010; Kim
et al., 2011). The VPSC polycrystal model cannot account for either the effect of the strain inhomogeneity or orientation
gradients within individual grains, which may be a limitation when modeling highly inhomogeneous materials.
4.4. Zn20

In this section, the formability of a Zn20 zinc-alloy sheet with a thickness of 0.65 mm is studied. The material micro-
structure was characterized by optical microscopy. In Fig. 25, the presence of the intermetallic compound TiZn15 can be
observed. It has the dark contrast and an elongated shape in the RD.

Fig. 26 shows the initial pole figures of the as-received material. This texture is typical of rolled, high c/a HCP materials,
which contains basal poles that are tilted at 15�e25� with respect to the ND in the RD-ND plane. The distribution of the
nonbasal poles is much less intense than that of the basal orientation. Philippe et al. (1994) and Jansen et al. (2013) reported a
similar crystallographic texture for zinc sheets.

4.4.1. Model calibration
The initial texture was discretized into 4000 discrete orientations of equal volume fraction. The rate-sensitivity value was

taken as m ¼ 0.1, and the reference slip rate fixed at _g0 ¼ 1 s�1. The basal {0001}<1120>, prismatic {1100}<1120> and
pyramidal II <cþ a>{1122}<1123> slip systems were considered to be potentially active and a grains' aspect ratio of (3:1:0.1)
was assumed to take into account the directionality induced by the presence of the intermetallic compound. Twinning was
not considered in this work. As with the EDDQ and DP-780 steels, the model's parameters came from the best possible fit of
the stressestrain curve along the RD. In this case, the material hardening was best described by a Voce based (Tom�e et al.,
1984) critical shear-stress evolution law:

tsc ¼ ts0 þ
�
ts1 þ qs1G

�"
1� exp

 
� G

�����qs0ts1
�����
!#

(33)

where ts0 is the initial critical shear stress; qs0, q
s
1 and ts1 are the initial hardening rate, the asymptotic hardening rate and the

back-extrapolated threshold stress, respectively. The parameters obtained from our fit are given in Table 4.
Fig. 27 shows the experimental flow curves, together with the simulated ones. It can be seen that the mechanical response

exhibits a strong anisotropy along the three loading orientations RD, DD and TD. The stresses at 20% uniaxial true strain along
the DD and the TD are 13.5% and 30% higher, respectively, than that for the RD. This is due to the material's typical HCP rolling
texture and the high critical shear-stress ratios between the active slip systems, which were assumed to be: tprism0 =tbasal0 ¼ 50
and t

pyrII
0 =tbasal0 ¼ 12:5. Table 5 shows the distribution of the slip-system plastic activities for the three loading directions at

20% uniaxial true strain. An increment in the activity of the <c þ a> slip systems is observed, when the angle between the
loading and rolling directions is increased. The predicted curves along the DD and the TD show good agreement with the
experimental ones, although the stressestrain data along the DD are slightly overestimated by the model. Philippe et al.
(1994) found evidence of dynamic recrystallization at large deformation in zinc sheets, although for most HCP materials,
such as zinc, it does notmodify the tilt angle of the basal poles. As observed by Solas et al. (2001), the position of the prismatic
poles also remains largely unaltered by recrystallization. Thus, dynamic recrystallization is not accounted for in the present
simulations.

The experimental and simulated Lankford coefficients are shown in Fig. 28. Although they show similar qualitative var-
iations with the orientation of the sheet, the predicted values are higher than those measured experimentally.

4.4.2. Results and discussion
Fig. 29 compares the FLCs determined from straining samples along the three different orientations (RD, DD and TD) with

theMK-VPSC predicted curves. The experimental results show that the limit strains are strongly influenced by the orientation
of the sample, which agrees with results recently reported by Milesi et al. (2014). They tested a similar zinc-alloy sheet with a
thickness of 1.00 mm. It is interesting to note that they report an unusual shape of the limit curve near EBA stretching, when
themajor strain is parallel to the RD. As yet, we have not had the opportunity to confirm their results. In addition, because the
anisotropy coefficients of this material are very low, it was unnecessary to extend the calculations to r¼�0.5 on the left-hand
side of the diagram.
Table 3
Best-fit hardening parameters for the DP-780 steel sheet.

Phase t0 (GPa) h0 a q tsat (GPa)

Ferrite 0.22 4.2 1.20 1.0 0.414
Martensite 0.45 4.0 1.20 1.0 0.570



Fig. 25. Optical micrograph of the RD-TD plane of Zn20 sheet with the RD aligned vertically (500�).
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As in the case of the steels, for these simulations, the initial imperfection factor, f0 ¼ 0.99, was adjusted such that the
predicted limit strain in PS deformation along the RD matches the experimental result. In order to guarantee the same limit
strains for EBA stretching in the three tested directions, the L12 ¼ 0 (Eq. (24)) boundary condition is imposed. The continuous
lines, FLCs, in Fig. 29 start from the strain ratios calculated with the experimental R-values and extend to r ¼ 1, while the
dashed section extends the plots to the strain path that results from imposing a ¼ 0. It is clear that the predicted limit strains
depend greatly on the sample orientation and that the simulation results are in quantitative agreement for themajority of the
experimental points. However, over the range 0.2 < r < 0.8, our simulations do not predict the results reported byMilesi et al.
(2014) for the RD orientation. Although our MK-VPSC prediction shows a clear tendency towards increasing limit strains in
this strain-ratio range, the predicted limit-strain values are substantially smaller than those reported by these authors.
Fig. 26. Pole figures of the as-received Zn20 sheet.



Table 4
Parameters of the Voce law for the Zn20 zinc sheet.

System t0 (MPa) t1 (MPa) q0 q1

Basal {0001}<1120> 20 35 0.16 0
Prismatic {1100}<1120> 1000 600 0.075 0
Pyramidal II <c þ a>{1122}<1123> 250 350 0.027 0

Fig. 27. Experimental and simulated flow curves for the Zn20 sheet.
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Nevertheless, there is good agreement for UAT, PS and EBA stretching in the RD, DD and TD orientations. Fig. 29 indicates the
strain paths and limit strains calculated by imposing stress-loading conditions for UAT (a ¼ 0). These predictions ( symbols)
match well with the FLDr, strain-ratio based results.

Fig. 30 shows the orientations of the imperfection bands with respect to the direction of the minor strain, both experi-
mental and predicted. The bands observed experimentally correspond to UAT, PS and EBA stretching, while the predictions
are presented for the complete range of strain paths with a step of 0.1. The model correctly predicts the experimental results,
both qualitatively and quantitatively. In the RD case, the critical angles are close to 0� up to values of r ~ 0.8, after which an
abrupt change is observed and the neck orientation tends to be aligned with the RD. This behavior is also observed in the DD,
and could be related to the distribution and preferential alignment along the RD of the precipitates in the zinc-alloy sheet. It is
worth noting that in some cases, although the necking criterion is achieved for a given band orientation, there are other bands
that are also very close to necking.

The unusual limit-strain profile in the biaxial range for the RD probably results from the combined influences of the Zn
alloy’s strong anisotropy and the directionality introduced by the presence of the intermetallic TiZn15 phase elongated in the
RD. Fig. 31(a) shows a detailed view of the FLCs along the RD, DD and TD close to r¼ 0.7 (i.e. close to the unusual inflection in
the limit-strain curves). This magnified view allows the higher formability for the RD orientation to be fully appreciated. The
failure-limit strain states are labeled ➀ for the RD, ➁ for the DD and ➂ for the TD. In order to correlate this behavior with the
anisotropy developed by the material at the limit strain, the predicted stress potentials for these strain states e ➀, ➁ and ➂ e

are plotted in Fig. 31(b). The arrows indicate the direction of the strain-increment vector at each point along the surface.
Table 5
Predicted plastic activity in UAT for the Zn20 sheet. Values correspond to 20% uniaxial true strain.

System RD DD TD

Basal {0001}<1120> 83.6% 78.6% 69.6%
Prismatic {1100}<1120> ~0% ~0% ~0%
Pyramidal II <c þ a>{1122}<1123> 16.4% 21.4% 30.4%



Fig. 28. Experimental and predicted R-values as a function of orientation for the Zn20 sheet.
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Clearly, at large strains the yield loci evolve differently depending on the loading direction. It is important to note that in each
of the three cases, the constraint that ε22< ε11 was imposed, but the resulting stress state in the RD is the inverse of that for the
DD and TD orientations (sRD22>s

RD
11 , s

DD
22 <s

DD
11 , s

TD
22<s

TD
11). Finally, it should be pointed out that efforts are under way to obtain

stressestrain curves for this alloy in biaxial tension (e.g. from bulge tests) to gather information at large strains and thus, not
restrict fitting the model to only a UAT test in the RD.
Fig. 29. Experimental and predicted FLDs for the Zn20 sheet samples taken along the RD, DD and TD directions.



Fig. 30. Predicted and experimental critical angles at localization for the RD, DD and TD directions, for the Zn20 sheet.

Fig. 31. (a) Detail of the strain states at which the yield loci were calculated; (b) calculated yield loci for the initial and final strain states close to necking along
r ¼ 0.7 for the RD, DD and TD.
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To summarize, the FLCs of a zinc sheet for the RD, DD and TD have been measured and predicted by using the MK-VPSC
approach. The experimental results show an anisotropic behavior of the limit-strain values that is qualitatively captured by
the simulations, although there are quantitative differences, especially in the tensionetension range for the RD. The orien-
tations of the necking bands were also predicted and compared with those of the experiments, and good agreement is
observed.

5. Conclusions

In this paper, an improved numerical procedure for predicting the forming-limit behavior of sheet metals is discussed
within the framework of the Marciniak-Kuczynski technique using rate-dependent crystal plasticity. A previous imple-
mentation of theMK-VPSCmodel based on the NewtoneRaphsonmethod and the proposed direct approach are detailed. The
method of determination of the band state, based in the N-R solution of the equilibrium equations, is replaced by directly
applying mixed boundary conditions resulting from the equilibrium and compatibility restrictions at the localization band-
homogeneous material interface. In this way, only two calls to the material law are required per M�K increment, obtaining a
more robust numerical procedure that significantly reduces the computational cost by a factor of 5e9 with respect to the N-R
based MK-VPSC model. Interestingly, the requirement of more complex boundary conditions does not substantially increase
the number of internal VPSC iterations to achieve a given tolerance. Moreover, the mechanical states outside and inside the
groove are solved in the sample reference frame. This avoids rotating the crystallographic orientations and the internal
variables to the current groove orientation for each increment.

The generalized boundary conditions in the polycrystalline model allowed us to evaluate either strain-rate ratio (FLDr) or
stress ratio (FLDa) based FLDs. It was verified that, as expected for a randomly-textured material, there are no differences
between approaches. In addition, the influence of the loading mode for the UAT condition along the RD, DD and TD orien-
tations was further tested for three polycrystals with ideal textures and different crystallography. We also considered the
effect of nonproportional loading paths, described by two-step strain or stress paths with an abrupt transition between them.
The highest formability was observed for the case of r ¼ �0.5 to 1 or respectively, a ¼ 0 to 1. In addition, a jump close to the
UAT condition was observed for this case, while no jumps were seen for any of the other cases.

By considering dissimilar metals e EDDQ, DP-780 and Zn20 e the MK-VPSC model's ability to predict the forming-limit
behavior irrespective of microstructure and crystallography was evaluated. We examined the dependence of the FLD
limit-strain values on the orientation of the sheet. Minor differences among the measured FLDs for the RD, DD and TD di-
rections were found for the steels, which the simulations also reflect. However, to the contrary, for the zinc sheet, the initial
anisotropy and its orientation with respect to the material axes greatly affected results. In addition, crystallographic textures
close to necking and crack orientations were measured and compared with the simulation results for different loading
conditions. The predicted results are in good agreement with experimental data.
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