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Procurement  of spare  capacity  is an essential  mechanism  in  electric  power  systems.  Through  it the  sys-
tem  is  able  to  endure  the  disturbances  induced  by  different  sources  of  uncertainty,  which  also  impact  the
system’s  operational  cost.  This  paper  introduces  an optimization  model  for the  Short  Term  Hydrothermal
Scheduling  that  performs  a  co-optimization  of energy  and  reserves  for tertiary  regulation,  considering
hydrology  uncertainty  and  forced  outages  of  generation  units  and  transmission  lines.  The  formulation
eywords:
eliability
nit Commitment
eserve allocation
upplementary reserves
enders’ decomposition

presented  is  extended  to consider  intermittent  stochastic  generation  from  wind  farms  or  hydro plants
without  storage  capability.  This  work  also  proposes  a decomposition  scheme  to  deal  with  the resulting
stochastic  and  large  scale  optimization  problem.  The  proposed  strategy  relies  on  a coordinated  applica-
tion  of two  instances  of  the Bender’s  decomposition  principle.  By  means  of two  study  cases  it will  be
demonstrated  the  effectiveness  of the  proposed  model  and  the  performance  of  the  methodology.

©  2016  Elsevier  B.V.  All  rights  reserved.
. Introduction

Short Term Hydrothermal Scheduling (STHS) is a fundamental
ask in modern power systems. As the restructuring of the electric
ower industry advances, and even when renewables as wind or
hotovoltaic power are gaining attention, hydroelectric power is
till seen as a highly desirable form of energy from an economic,
perational and reliability perspective. Hydroelectric plants remain
reeminent suppliers within any power system due to the fact that

 limited and low cost energy resource can be feasibly stored, and
ecause of its flexible regulation capability (among others).

Hydrothermal scheduling aims to obtain the optimal opera-
ion policy that minimizes the total operation cost, including the
roduction cost of thermal plants, the cost of reserve provision,
nd the expected costs for energy not supplied. However, because
f the temporal linkage between the decision processes and the
ariability that characterizes the water inflows to reservoirs, this
ptimization problem is of higher complexity than in purely ther-
al  systems. Independently of the above facts, when contingencies
ccur or the hydrology differs from its predicted values, the sys-
em must be restored to its energy balance and stability conditions
hile ensuring the minimal economic harm to users.

∗ Corresponding author. Tel.: +54 2644236461.
E-mail address: lopez.carlosjosue@gmail.com (C.J. López Salgado).

ttp://dx.doi.org/10.1016/j.epsr.2016.05.020
378-7796/© 2016 Elsevier B.V. All rights reserved.
The security and reliability of the power system are faced
through the procurement of sufficient operating reserves that
provide three types of regulation. Reserves for primary and
secondary regulation respond to deviations from the nominal
frequency, and follow normal load variations through automatic
generation control. This regulation must be provided by plants that
are spinning and synchronized to the grid. Tertiary regulation may
be supplied by units that are spinning or not spinning (supplemen-
tal reserves), which are not limited by the synchronized state of
the generator. The deployment of supplemental reserves allows
the repositioning of generating levels such that the faster spinning
reserves become available to respond to further disturbances [1].
The emphasis of the present contribution is on spinning and supple-
mental reserves for tertiary regulation, considering the uncertainty
affecting the hydrothermal system.

A singularity of hydrothermal systems is related to the different
optimizations steps needed within a fixed horizon. For the con-
text of the present work, a weekly scheduling is necessary because
of the periodic but dissimilar load profile that characterizes the
week, particularly accentuated between the work and the week-
end days, and the water reserve that must be optimally allocated
within this period. Decisions on the stored energy in reservoirs will

considerably influence the total operation cost, especially when the
penetration of hydroelectric power is significant.

The present work aims to show that the decisions about the
water levels to store or release from reservoirs are different,

dx.doi.org/10.1016/j.epsr.2016.05.020
http://www.sciencedirect.com/science/journal/03787796
http://www.elsevier.com/locate/epsr
http://crossmark.crossref.org/dialog/?doi=10.1016/j.epsr.2016.05.020&domain=pdf
mailto:lopez.carlosjosue@gmail.com
dx.doi.org/10.1016/j.epsr.2016.05.020


540 C.J. López Salgado et al. / Electric Power Systems Research 140 (2016) 539–551

Notation

Indexes/parameters
t index of stages running from 1 to T
i index of thermal plants running from 1 to G
j index of short-term regulation reservoirs, running

from 1 to Jc
y index of seasonal regulation reservoirs, running

from 1 to Js
n index of buses running from 1 to N
m index of transmission lines running from 1 to M
s index of hydrology scenarios running from 1 to S
k index of contingencies running from 0 to K
� index of stochastic realization constituted by the

pair of hydrology scenario s and contingency k, i.e.,
� = {s, k} and running from 1 to �

Sets
Gn set of thermal plants connected to bus n
Jcn set of short-term hydroelectric plants connected to

bus n
Jsn set of seasonal hydroelectric plants connected to bus

n

Parameters
�t duration of each stage [h]
Ton

i
minimum ON time of thermal plant i [h]

Toff
i

minimum OFF time of thermal plant i [h]
sui start-up costs of thermal plant i [$]
sdi shut-down costs of thermal plant i [$]
fci fix costs of thermal plant i [$/h]
cei cost of energy from thermal plant i [$/MWh]
wvy water value function (constant) of seasonal hydro-

electric plant y [$/MWh]
cru

i
cost of spinning up reserve from thermal plant i
[$/MWh]

crd
i

cost of spinning down reserve from thermal plant i
[$/MWh]

crns
i

cost of non-spinning reserve from thermal plant i
[$/MWh]

cruy cost of up reserve from hydroelectric plant y
[$/MWh]

crdy cost of down reserve from hydroelectric plant y
[$/MWh]

voll value of lost load [$/MWh]
Lnt demand at bus n during stage t [MW]
Fmaxm power flow limit of transmission line m [MW]
Pmax

i
upper limit on power of thermal plant i [MW]

Pmin
i

lower limit on power of thermal plant i [MW]
Rumax

i
maximum up reserve of thermal plant i [MW]

Rdmax
i

maximum down reserve of thermal plant i [MW]
Hmax

y,j
limit on power output of hydroelectric plant y or j
[MW]

Qmax
j

maximum flow rate of short-term hydroelectric

plant j [m3/s]
Vmax

j
maximum volume of reservoir associated to hydro-

electric plant j [hm3]
Vmin

j
minimum volume of reservoir associated to hydro-

electric plant j [hm3]
�j power conversion factor of hydroelectric plant j

¯EHy available energy in seasonal reservoir y for the plan-
ning horizon under study [MWh]

Is
jt

inflow volume to reservoir j for scenario s during

stage t [m3/s]
¯Ijt forecast average inflow volume to reservoir j for

most probable hydrology scenario during stage t
[m3/s]

Uk
it

status of thermal plant i for contingency k during
stage t (1 = available, 0 = unavailable)

�k probability of contingency k
�s probability of hydrology scenario s
 k network sensitivity matrix for contingency k during

stage t

Variables
uit commitment of thermal plant i for period t
ait start-up of thermal plant i at the beginning of period

t
zit shut-down of thermal plant i at the beginning of

period t
vit commitment of thermal plant i for non-spinning up

reserve during period t
Ru

it
scheduled spinning up reserve of thermal plant i for
stage t [MW]

Rd
it

scheduled spinning down reserve of thermal plant i
for stage t [MW]

Rns
it

scheduled non-spinning up reserve of thermal plant
i for stage t [MW]

Wu
yt scheduled spinning up reserve of hydroelectric

plant y for stage t [MW]
Wd

yt scheduled spinning down reserve of hydroelectric
plant y for stage t [MW]

Vjt volume of reservoir j at the end of stage t [hm3]
Fsk

mt power flow through line m for scenario s and con-
tingency k during stage t [MW]

Psk
it

output power of thermal plant i for scenario s and
contingency k during stage t [MW]

Hsk
jt

output power of hydroelectric plant j in scenario s
and contingency k during stage t [MW]

Hsk
yt output power of hydroelectric plant y in scenario s

and contingency k during stage t [MW]
Q sk

jt
discharge volume of reservoir j in scenario s and

contingency k during stage t [m3/s]
Ssk

jt
spilled volume of reservoir j in scenario s and con-

tingency k during stage t [m3/s]
ENSsk energy not supplied at bus n in scenario s and con-
[MW  s/m3]

C0 constant term to convert m3/s to Hm3

(C0 = (3600/1e6) · �t)
nt
tingency k during stage t [MW]

depending on whether or not the inherent aspects of reserves for
tertiary regulation are taken into consideration.

1.1. Literature review

The current practice in many systems is to solve the STHS prob-
lem using a deterministic approach. This results in misleading
operation policies that could force the System Operator (SO) to pur-
chase expensive energy from interconnections, or even worse, to
schedule load curtailment actions. When this is the case, the STHS

models have failed to provide a proper adjustment of the schedules
derived from longer term planning models, especially with respect
to the volume in reservoirs, whose primary resource must still be
optimized within the short term model.
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2. The demand is assumed to be price-inelastic.
3. Seasonal hydroelectric plants are assumed to have obtained
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Authors of [2] proposed an all-encompassing deterministic
odel that is solved using a Genetic Algorithm (GA), solving the
nit Commitment (UC) problem, energy and spinning reserve

cheduling, and an economic load dispatch within a single algo-
ithm. Other approaches for a daily context perform a deterministic
THS with UC and exogenous co-optimization of spinning reserve,
mphasizing active and reactive power flow constraints, and where
he nonlinear multi-stage problem is addressed using General
enders Decomposition (GBD) [3,4]. Recent contributions pro-
ose a stochastic security constrained model considering load and
ydrology uncertainty, and forced outages of plants. The prob-

em is addressed by means of a two-stage stochastic programming
odel for which they propose a hybrid decomposition strategy

5]. A similar approach is offered in [6], except that stochas-
ic production comes from wind farms instead of hydroelectric
lants.

Contribution from [7] proposes a robust optimization model for
he daily term (24 h) considering load uncertainty, and they han-
le the stochastic variable (load demand) employing information
ap decision theory (IGDT). In this approach, the Independent Sys-
em Operator (ISO) is able to assess the robustness of its decisions
gainst high load using a risk-averse model. Based on the struc-
ure of the formulation, this can be extended to include exogenous
eserves and a DC or AC load flow model, but due to the increase in
ize of the resulting MINLP problem, the model remain suitable for

 daily scheduling scope. Authors of [8,9] propose a novel multi-
bjective optimization model to address the daily scheduling of
ydrothermal systems, considering non smooth fuel cost functions
f thermal plants (due to the valve-point effects) and nonlinear
ydro productivity functions. The model is relevant where envi-
onmental restrictions must be measured. Two objective functions
re considered, the thermal costs of thermal plants and an emis-
ions amount function, expressed as a nonlinear function of the
ower output. They approach the problem applying lexicographic
ptimization and then using Normal Boundary Intersection (NBI)
o determine the optimal Pareto solutions. When their model was
ested, it achieved a reduced solution time. Their model remains
n the deterministic optimization realm, as there are no stochastic
ariables involved.

With respect to energy & reserve co-optimization, the trend
 few years ago was for simultaneous optimization of these ser-
ices using exogenous rules, defining the reserve needs beforehand.
n this line, some models addressed the problem including the
ransmission network, considering reliability data from equipment
nd a set of credible contingencies to assess compliancy with
eliability indexes [10]. It has also been proposed a determinis-
ic security constrained energy and reserve dispatch accounting
or power flow limits and lines losses [11]. Nowadays, there is

 widely recognized consensus that energy supply and reserve
rovision services not only must be scheduled jointly due to the
trong coupling between them, but also that the optimal levels
f reserve to procure should be a byproduct of the optimiza-
ion process [12–14]. Under this perspective and due to the large
cale, stochastic, nonlinear and non-convex characterization of
he problem, evolutionary strategies have been also proposed
15,16].

The latter proposals represent a proper theoretical framework
ver which a balanced approach to the STHS problem may  be
haped. The stand adopted in the present work is that the reserve
rocurement cost should match the value it provides to users, and
hat the criteria for optimal reserve allocation should not ignore
he stochastic nature of the factors that call for balancing energy.
onsequently, the levels of reserves to procure should be obtained
onsidering the magnitude of the uncertainties affecting the power

ystem and the impact this would have on the system’s operational
ost [17].
tems Research 140 (2016) 539–551 541

1.2. Motivation

This paper proposes an optimization model for STHS that jointly
optimizes the reserves for tertiary regulation (spinning and sup-
plementary). The reserves to allocate are obtained endogenously
by the optimization process. The model incorporates the transmis-
sion network, uncertainty of water, and considers random failure
of generating units and transmission lines. This paper also proposes
a decomposition strategy to cope with the large scale, multi-stage,
stochastic and non-convex problem that the model represents. The
intention pursued is to offer a scheduling instrument that ade-
quately anticipates the planning models of shorter duration (as the
daily scheduling or the economic load dispatch), by optimally set-
ting the volumes in reservoirs in the light of the inflow variations
and the uncertainties that are likely to happen in the real operation.

The methodology relies on the General Benders’ Decomposition
principle. Because the resulting problem possess a decomposable
structure, it is adequate to be split into three blocks: a master prob-
lem, a sub-problem, and a set of stochastic problems. The master
problem deals with the UC and contains integer variables only;
the sub-problem deals with the thermal energy, hydro energy and
reserve dispatch; the set of stochastic problems deals with the
expected operation cost for the realizations of hydrology scenarios
and contingencies.

The following lines describe the main contributions from this
work:

a) An extensive stochastic STHS formulation that includes the UC
problem and considers hydrology uncertainty and contingen-
cies.

b) A joint energy-reserve optimization for the STHS problem
where the amounts of spinning and supplementary reserves for
tertiary regulation are obtained endogenously.

(c) A three-level decomposition architecture that allows solving
problems of moderate dimension and known structure within
each level. This implies a significant advantage because a real-
istic set of credible contingencies and hydrology scenarios may
be considered in the problem, without the computational limi-
tations imposed by non-decomposable structures.

The structure of this paper is as follows: Section 2 presents the for-
mulation of the stochastic STHS; Section 3 provides a background
on the Benders’ decomposition scheme, and develops the proposed
methodology; Section 4 presents two study cases, oriented to assess
the proposed model against existing reserve determination criteria,
and to demonstrate the application and performance of the strat-
egy; Section 5 extends the formulation to consider intermittent
energy generation from wind farms and non-storable hydroelectric
stations. The paper is ended in Section 6 with the conclusions.

2. Problem formulation

2.1. Model assumptions

The modelling assumptions considered in this work are exposed
below.

1. The envisioned power system is one on which the System
Operator or other regulation entity must perform a short term
optimization model based on the producers’ costs, in a central-
ized manner.
water value or future cost functions, after running a medium
or long term optimization.
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Pit ≥ Pmini · uit : �it (2.18)

Ruit ≤ Rumaxi · uit : �uit (2.19)

Rdit ≤ Rdmaxi · uit : �dit (2.20)

Pit + Ruit ≤ Pmaxi (2.21)
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4. The production costs of short-term reservoirs are assumed to
be nil, and allocation of water is left to the entity responsible of
the short term scheduling.

5. Supplementary reserves for tertiary regulation are available to
be deployed within a time delay of 10 min  or less, following
a disturbance that have required the activation of regulation
services.

6. Providers of supplementary reserves have submitted reserve
provision costs in the light of their known probability of uti-
lization. Consequently, they have embedded the start-up and
shut-down costs in their offer cost (crns).

7. In case of calling for generation supply after a disturbance,
providers of supplementary reserves are able to handle by
themselves the technical aspects of the minimum ON and OFF
times of their plants, so that these constraints are not binding
in the post-contingency analysis of the present formulation.

8. The transmission network is modelled using a DC power flow
representation.

9. The productivity function of reservoirs is considered linear.
0. The sources of uncertainty considered are the inflows to reser-

voirs and forced outages of generating units and transmission
lines. It is assumed that the stochastic processes that induce
these phenomena are known in the form of continuous or dis-
crete time functions.

.2. Formulation

The objective function (OF) of the proposed model entails the
inimization of the commitment costs, energy and reserve costs,

xpected operation and load shedding costs (balancing costs), and
he future cost of seasonal reservoirs. It is given by:

F = min
T∑

t=1

(
Cuct + (�1�0) · Copert + Cbalt + Cfuturet

)
(2.1)

here

uc
t = fci · uit + sui · ait + sdi · zit (2.2)

s the Unit Commitment (UC) costs, which entails the fixed costs,
he start-up and shut-down costs of thermal plants. The second
erm is:

oper
t =

G∑
i=1

[ceiPit + crui Ruit + crdi Rdit + crnsi Rnsit ]

+
Js∑

y=1

[cruy Wu
yt + crdy Wd

yt] +
N∑

n=1

voll · ENSnt (2.3)

he above term given by (2.3) contains the energy and reserve costs
or the scheduling phase, that is, the dispatch cost corresponding to
he non-contingency state (k = 0) and the most probable hydrology
cenario (s = 1). Notice that reserves from seasonal hydroelectric
lants are being considered in the OF; in this way the decision about
eployment of hydroelectric power to face contingencies becomes
n output of the optimization process that would depend mainly on
he water value functions of these reservoirs for the period under
tudy.

For � = {s, k} /= {1, 0} we have:

bal
t =

S∑
s=1

K∑
k=0

(�s · �k) ·
[ G∑

i=1

ceiP
sk
it +

N∑
n=1

voll · ENSsk
nt

]
(2.4)
future
t =

Js∑
y=1

[
wvy · Hyt +

S∑
s=1

K∑
k=0

(�s · �k) · wvy · Hsk
yt

]
(2.5)
tems Research 140 (2016) 539–551

The third term of the OF, detailed in (2.4), contains the expected
operation and load curtailment costs for all the scenarios and con-
tingencies, except � = {1, 0}. The last term given by Eq. (2.5) is the
future cost of seasonal reservoirs. This cost is computed using their
water values, assumed to be constant for the short term horizon
under study.

The optimization problem is subject to the following con-
straints:

• Start-up, shut-down and commitment of thermal plants:

uit − ui(t−1) = ait − zit (2.6)

ait + zit ≤ 1 (2.7)

uit + vit ≤ 1 (2.8)

uit, vit , ait, zit ∈ {0, 1} (2.9)

• Minimum ON and OFF times of thermal plants:

Ton
i

−1∑
l=0

ui(t+l) ≥ Toni · (uit − ui(t−1)) (2.10)

Toff
i

−1∑
l=0

(1 − ui(t+l)) ≥ Toffi · (ui(t−1) − uit) (2.11)

• Power balance equations for a DC flow representation:

Fsk =  k · (Gsk − L) (2.12)

G∑
i=1

Psk
it +

Js∑
y=1

Hsk
yt

Jc∑
j=1

Hsk
jt =

N∑
n=1

(Lnt − ENSsk
nt) (2.13)

Hsk
jt , Hsk

yt , ENSsk
nt ≥ 0 (2.14)

ENSsk
nt ≤ Lnt (2.15)

The symbols Fsk, Gsk and L in bold, are vector forms of the power
flows, net nodal power injections and nodal demands respec-
tively. From now on, when no super index is assigned to variables
Pit, Hyt, Hjt, and ENSnt, it denotes variables at the scheduling phase,
that is, for {s, k} = {1, 0}.

• Capacity limits of transmission lines:

−Fmaxm · Uk
mt ≤ Fsk

mt ≤ Fmaxm · Uk
mt (2.16)

• Maximum and minimum capacity of thermal plants for energy
supply and provision of spinning reserve:

Pit ≤ Pmaxi · uit : �̄it (2.17)
Pit − Rdit ≥ 0 (2.22)

Ruit , Rdit ≥ 0 (2.23)
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Maximum and minimum capacity of thermal plants for provision
of non spinning reserve [18]:

Rnsit ≤ NRmaxi · vit : �̄it (2.24)

Rnsit ≥ Pmini · vit : �
it

(2.25)

Output power and capacity limits of hydroelectric plants (for sea-
sonal and short-term regulation reservoirs):

Hjt = �j · Qjt (2.26)

Qjt ≤ Qmaxj (2.27)

Hyt ≤ Hmaxy (2.28)

Hyt + Wu
yt ≤ Hmaxy (2.29)

Hyt − Wd
yt ≥ 0 (2.30)

Qjt, Hyt, Wu
yt, Wd

yt ≥ 0 (2.31)

Available energy from seasonal reservoirs for the planning hori-
zon under study:

0 ≤
T∑

t=1

(Hyt + Wu
yt) · �t ≤ ¯EHy (2.32)

Water balance equation and volume limits of reservoirs:

Vjt − Vj(t−1) = C0 · [ ¯Ijt − (Qjt + Sjt)] (2.33)

Vminj ≤ Vjt ≤ Vmaxj (2.34)

Sjt ≥ 0 (2.35)

Limits on output power of thermal and seasonal hydroelectric
plants at the reserve deployment phase:

Psk
it ≤ (Pit + Ruit + Rnsit ) · Uk

it : �̄it (2.36)

Psk
it ≥ (Pit − Rdit) · Uk

it : �
it

(2.37)

Hsk
yt ≤ (Hyt + Wu

yt) : ¯̊
it (2.38)

Hsk
yt ≥ (Hyt − Wd

yt) : ˚it (2.39)

Water balance equation and volume limits of reservoirs at the
reserve deployment phase:

Q sk
jt + Ssk

jt = Is
jt + C−1

0 (Vj(t−1) − Vjt) : 	it (2.40)

Hsk
jt = (
jQ

sk
jt ) (2.41)

Q sk
jt ≤ Qmaxj (2.42)

Hsk
jt , Q sk

jt , Ssk
jt ≥ 0 (2.43)

he above formulation corresponds to a stochastic Mixed Integer
inear Programming (MILP) problem. Constraints (2.6)–(2.11) are
lassical functions in a UC problem, except for (2.8) which is nor-
ally left aside, since supplemental reserve (non-spinning reserve

or tertiary regulation) is not included in the STHS problem. The
nteger variable vit ∈ {0, 1} has been included to define the com-

itment of plant i for provision of non-spinning reserve. Constraint
2.8) assures that if a thermal plant has been committed for genera-
ion and spinning reserve, it cannot provide non-spinning reserve.

Eqs. (2.21) and (2.22) establish that provision of energy and up
eserve, or allocation of down reserve, cannot surpass the plant
apacity. Constraints (2.24) and (2.25) set the upper and lower lim-
ts on the non-spinning reserve levels that a unit is able to provide,

ssuring that if the plant is called up for generation, it must work
ithin its allowed levels.

Because the present model does not consider hydraulic vari-
bles and parameters from seasonal reservoirs, the variables Wu

yt
tems Research 140 (2016) 539–551 543

and Wd
yt (up and down reserve from hydroelectric plants respec-

tively) have been defined, so that the contribution to reliability from
these plants may  be quantified. Eqs. (2.29) and (2.30) assure that
provision of energy and up reserve, and allocation of down reserve
to seasonal hydro plants do not surpass their technical limits.

Constraint (2.32) establishes limits on the total hydroelectric
energy from seasonal reservoirs. Since it has been assumed that
the future cost function of seasonal hydro plants are available, and
that they are linear functions for the short-term study period, the
present formulation only models electrical parameters from these
plants. Thus, the constraints on their volume levels are treated
according to the energy equivalent (in MWH), and its usage is
penalized in the OF by the inclusion of (2.5).

Eqs. (2.33) and (2.34) are the water balance equation and the
technical limits on the volumes of short-term regulation reservoirs.

Constraints (2.36)–(2.39) relate the scheduling and the oper-
ation phase by limiting the total power that can be deployed in
a particular hydrology/contingency realization. Constraint (2.40)
provides the linkage between the scheduling and the reserve
deployment phase in relation to the storable energy and the
stochastic nature of inflows. Notice that Vt and Vt−1 are those from
the scheduling phase, which means that once optimal reservoir
levels have been obtained, the operator decides based on those
values and the updated hydrology information available. This is
not a water balance equation in the sense of an inter-temporal
constraint; because the model intention is to replicate the real
hydrothermal operation, where the operator does not have infor-
mation on future hydrology or the exact time and duration of forced
outages.

In the interest of clarity and to keep this research work within
a reasonable length, the above formulation does not include ramp
rate constraints of thermal plants, forced outages of hydro units,
hydrological coupling between reservoirs, nor spinning reserve
requirement for the primary or secondary regulation interval. How-
ever, their inclusion follows easily from the formulation presented
here, as it implies constraints belonging to the scheduling phase
only. In the particular case of spinning reserve for primary and sec-
ondary regulation, because the time frame on which these reserves
are deployed is much smaller than that on which tertiary regula-
tion reserves are active, their employment is not assessed in the
context of the present model.

3. Proposed methodology

3.1. Benders decomposition background

For a linear optimization problem where x and y are state vectors
such that:

x =
[

x1 x2 . . . xT

]T

y =
[

y1 y2 . . . yT

]T

the optimization problem:

Minimize {c · x + e · y} (3.1)

Subject to:

Bx ≤ d (3.2)

A1y1 − E1x1 ≤ b1 (3.3)
...

AT yT − ET xT ≤ bT (3.4)
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1
C0

· 	sk(p)
jt

· (Vjt − Vj(t−1))⎠ ≥ � (p) (3.9)

where p is the iteration counter of the sub-routine (different from
Fig. 1. Implicit structure of problem (3.1)–(3.4).

ossess a separable structure that can be addressed using Benders
ecomposition. Notice that constraints (3.3) and (3.4) relates sec-
nd phase vectors y1, y2, . . .,  yT with first phase vector x only, and
hat there are no constraints linking second phase vectors among
hem. Application of the Benders decomposition principle to this
roblem demands splitting the original formulation into a master
nd a sub-problem [23,24].

The Benders’ cut to add to the master problem at each iteration
f the algorithm is given by:

 ≥ Z∗ +
T∑

t=1

˘T
t Et(xt − x∗

t ) (3.5)

here ˇ(x) is the approximation of the sub-problem solution’s
ost; ˘t is the vector of dual variables (Lagrange multipliers) cor-
esponding to the set of constraints given by (3.3 and 3.4); and Z∗

s the optimal cost of the sub-problem [21,22]. The overall implicit
tructure of problem (3.1)–(3.4) is shown in Fig. 1.

.2. Definition of problems

The STHS problem formulated in the previous section is a multi-
tage, stochastic, large scale, non-convex optimization problem.
evertheless, we deal with a MILP problem to which the Gen-
ral Benders Decomposition (GBD) can be applied in two  different
nstances. It possess a structure that is able to be divided into three
roblems of moderate size and complexity: a master problem that
ust be solved using a MIP  tool, a multi-stage sub problem that can

e solved using LP, and a set of linear stochastic problems that can
lso be addressed with a LP solver.

.2.1. Master problem
The master problem is defined as the Unit Commitment part

f the STHS problem, and its objective function entails de fixed
osts, start-up costs and shut-down costs of thermal plants. This
s the term given by (2.2), and the constraints are those given by
2.6)–(2.11). The Benders’ cut to add at each iteration of the pro-
ess is constructed using the Lagrange multipliers (shadow prices)
f constraints (2.17)–(2.20) and (2.24) and (2.25). It can be shown
hat the cut in the Unit Commitment problem is given by:

m −
T∑

t=1

G∑
i=1

([
�̄(r)

it
· Pmaxi − �(r)

it
· Pmini + �u(r)

it
· Rumaxi + �d(r)

it
· Rdmaxi

]

· uit +
[

�̄ (r)
it

· NRmaxi − � (r)
it

· Pmini

]
· vit

)
≥ �(r) (3.6)

here r is the iterations counters; �̄it is the dual variable of con-
traint (2.17); �it is the dual variable of constraint (2.18); �u

it
is the

d
ual variable of constraint (2.19); �
it

is the dual variable of con-
traint (2.20); �̄it is the dual variable of constraint (2.24), and �

it
is

he dual variable of constraint (2.25). The scalar term �(r) is defined
s:
tems Research 140 (2016) 539–551

�(r) = Z∗(r) −
T∑

t=1

G∑
i=1

([
�̄(r)

it
· Pmaxi − �(r)

it
· Pmini + �u(r)

it
· Rumaxi + �d(r)

it
· Rdmaxi

]
· u∗(r−1)

it
+
[

�̄ (r)
it

· NRmaxi − � (r)
it

· Pmini

]
· v∗(r−1)

it

)
(3.7)

where Z∗(r) is the optimal cost of sub-problem for iteration r.
Then, the master problem to solve at each iteration is:

OFm = min

{
T∑

t=1

G∑
i=1

(fci · uit + sui · ait + sdi · zit) + ˇm

}
(3.8)

Subject to:

• Constraints (2.6)–(2.11)
• Benders’ cut given by (3.6)

3.2.2. Sub-problem
In the proposed methodology, once candidate values for the

commitment of plants are proposed by the master problem, the
sub-problem solves de energy and reserve dispatch in a determi-
nistic sense. The output will also provide the optimal volume levels
and hydroelectric power of the short term regulation reservoirs.
Because the integer variables have been already dealt with at the
master problem, the sub-problem is now a multi-stage Linear Pro-
gramming (LP) problem. The objective function is the minimization
of the operation cost corresponding to the non-contingency state
and most probable hydrology scenario, plus the opportunity cost
of hydroelectric energy from seasonal reservoirs.

The constraints included in the sub-problem are the energy
balance equations (DC flow), the water balance equation, the capac-
ity limits on transmission lines and hydroelectric plants, and the
capacity limits on energy supply and reserve provision. These last
constraints are precisely the ones dependent on the binary vari-
ables of the UC problem, and from which dual information is later
delivered to the master problem.

The objective function is then formed by (2.3) and the first term
of (2.5). Notice that the second term in the future cost corresponds
to the reserve deployment phase. It is done this way to keep the
size of the problem moderate, and to maintain the homogeneity
of the architecture, by dealing with stochastic aspects in a different
set of problems. The Benders’ cut of the sub-problem is constructed
using dual information from the set of stochastic problems. This cut
is defined as:

ˇs −
T∑

t=1

S∑
s=1

K∑
k=0

( G∑
i=1

[ �̄sk(p)
it

· (Pit + Ruit + Rnsit ) − �sk(p)
it

· (Pit − Rdit)]

· Uk
it +

Js∑
y=1

[ ¯̊ sk(p)
yt · (Hyt + Wu

yt) − ˚sk(p)
yt · (Hyt − Wd

yt)]

Jc∑( ) ⎞
r); �̄sk(p)
it

is the dual variable of constraint (2.36); �sk(p)
it

is the dual

variable of constraint (2.37); ˚sk(p)
yt is the dual variable of constraint

(2.38); ˚sk(p)
yt is the dual variable of constraint (2.39); and 	sk(p)

jt
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s the dual variable of constraint (2.40). The scalar term � (p) is
alculated as:

(p) =
T∑

t=1

S∑
s=1

K∑
k=0

(
Zsk(p)

t −
G∑

i=1

[
�̄sk(p)

it
·
(

P∗(p−1)
it

+ Ru∗(p−1)
it

+ Rns∗(p−1)
it

)

−�sk(p)
it

·
(

P∗(p−1)
it

− Rd∗(p−1)
it

)]
· Uk

it −
Js∑

y=1

[
¯̊ sk(p)

yt ·
(

H∗(p−1)
yt + Wu∗(p−1)

yt

)

−˚sk(p)
yt · (H∗(p−1)

yt − Wd∗(p−1)
yt )

]
+

Jc∑
j=1

(
1
C0

)
· 	sk(p)

jt
·
(

V ∗(p−1)
jt

− V ∗(p−1)
j(t−1)

))
(3.10)

where Zsk(p)
t is the optimal cost of stochastic problem correspond-

ng to hydrology scenario s and contingency k at stage t for iteration
. The definition of the sub-problem is summarized below:

Fsub = min

{
T∑

t=1

[
(�1 · �0) ·

(
G∑

i=1

[
ceiPit + cru

i
Ru

it
+ crd

i
Rd

it
+ crns

i
Rns

it

]

+
Js∑

y=1

[
cruy Wu

yt + crdy Wd
yt

]
+

N∑
n=1

voll · ENSnt

)
+

Js∑
y=1

wvy · Hyt

]
+ ˇs

}

(3.11)

ubject to:

Constraints (2.12)–(2.35)
Benders’ cut given in (3.9)

.2.3. Set of stochastic problems
Uncertainty in hydrology and availability of generation plants

ave a significant impact in the total operation cost of a power sys-
em. This third set of problems accounts for uncertainty. Although

 set of credible contingencies and hydrology scenarios can cause
he problem to grow to a very large size, the proposed decompo-
ition scheme provides a framework to deal with these problems
ndependently from the scheduling problem. The goal is to provide

 schedule that can be followed even in the events of unforeseen
nflows or forced outages of plants and transmission lines.

The objective function of the stochastic problem is defined by
2.4) and the second term in (2.5). The constraints to include are
2.12)–(2.16) and (2.36)–(2.43). Because of its intrinsic form, the
tochastic problem is suitable to be addressed using parallel or dis-
ributed computing, since its constraints are not time-coupled. This
s a unique and important feature of the present work; the problems

here hydrology scenarios and contingencies are realized are only
ependent on variables at the scheduling phase that correspond to
he same period.

If the water balance equation (2.40) were modified as to link the
eservoir levels at each stage for each hydrology and contingency
ealization (as in two-stage stochastic programming problems) this
ill certainly yield a lower value for the OF, but that will not be a

ealistic anticipation of the real operation, as the operator cannot
redict the next day hydrology, or know with certainty the time
nd duration of outages. In that sense, the present model is not

 two-stage stochastic programming model in its strict sense. The
efinition of the stochastic problems is as follows. For each t = 1 . . . T
olve:

( )

bal
t =

S∑
s=1

K∑
k=0

(�s · �k) ·
G∑

i=1

ceiP
sk
it +

Jc∑
y=1

wvyHsk
yt +

N∑
n=1

voll · ENSsk
nt

(3.12)
Fig. 2. Proposed partitioning process of the STHS problem (2.1)–(2.43).

Subject to:

• Constraints (2.12)–(2.16) and (2.36)–(2.43)

When solving the stochastic problems, dual information from
constraints (2.36), (2.37), (2.38), (2.39) and (2.40) must be collected
to construct the Benders’ cut needed at the sub-problem.

The general structure of the proposed strategy is depicted in
Fig. 2.

3.3. Lower and upper bounds

In order to solve the co-optimization problem in the STHS model,
the proposed strategy splits the original problem into three blocks
and applies the GBD scheme in two  instances. The main routine is
performed by solving iteratively the UC problem and the set of Sub
Problem-Stochastic Problems (enclosed by dotted lines in Fig. 2). To
test for convergence of the overall process, it is necessary to define
lower and upper bounds for the algorithm. The lower bound for
the main routine is obtained from the solution of (3.8), and hence
is computed as:

Zm =
T∑

t=1

G∑
i=1

(fciu
∗
it + suia

∗
it + sdiz

∗
it) + ˇm* (3.13)

Once candidate values from the UC problems are proposed, a sub-
routine must be executed until convergence is achieved. This sub-
routine is controlled by the counter p and not r, which controls the
execution of the main loop. If in the sub-routine Zs and Z̄s are the
lower and upper bounds respectively, and 
 is the parameter for
convergence test, the lower bound for the sub-routine is obtained
from the solution to (3.11), and is given by:

Zs = OFsub* (3.14)

while the upper bound is given by the sum of the optimal cost of
all stochastic problems (3.12) plus the total operation cost of the
scheduling phase; that is:

Z̄s =
T∑

Cbal∗t +
(

Zs − ˇs∗
)

(3.15)

t=1

Once the subroutine process has converged (Z̄s − Zs ≤ 
, and Z∗(r) ≈
Z̄s ≈ Zs), the convergence of the main loop must be tested. To per-
form this test the upper bound of the overall process must be
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btained. This bound is obtained by adding the total UC costs to
he upper or lower bound (as they have already converged) of the
revious process. Thus, the upper bound of the overall process is
iven by:

Z̄m = (Zm − ˇm*) + Z̄s

= (Zm − ˇm*) + Zs
(3.16)
ince Z̄s ≈ Zs when the sub-routine process is ended. The proposed
trategy is outlined in Fig. 3.

Fig. 3. Proposed solution strategy.
tems Research 140 (2016) 539–551

3.4. Convergence and sub-problems infeasibility

In the present application, the convergence of the algorithm is
guaranteed as long as the envelope of the functions ˇm and ˇs is
convex. A convexity proof for these functions is presented in [25].
The GBD has been applied successfully to other kind of problems
in power systems [26,27] and some of these utilize a distinction
between feasibility and optimality cuts. The infeasibility of the
sub-problem and stochastic problems can be treated by means of
artificial variables and objective function penalties. This is done
implicitly in the present formulation by the inclusion of artificial
generators ENSnt at every bus, which plays a fundamental role in the
model. Through this variable, it can be measured the economic loss
that the user experiences due to load interruptions. Since the inclu-
sion of this variable does modify the optimal cost of the problem,
there is no need to define feasibility cuts [25].

On the other hand, in order for constraint (2.40) to hold for every
stochastic problem, it is necessary to assure that the reservoir levels
are reachable even for the lowest possible hydrology realization.
This is done by including the additional constraint

Vjt ≤ min
{(

Vj(t−1) + C0 · min
{

I1jt , I2jt , . . .,  ISjt
})

, Vmaxj

}
(3.17)

in the sub-problem, or by replacing the “ = ′′ in constraint (2.40)
by a “≤” symbol. It must be stated though, that this last change is
only necessary because of the decomposition scheme applied to the
problem.

4. Study cases

To illustrate the effectiveness of the proposed model and the
application of the proposed strategy, a 3-bus interconnected test
system and a small single bus system are considered. The simula-
tions presented have been carried using different solvers (properly
indicated for each case) within AMPL [29].

4.1. Case 1

The purpose of this case is to evaluate the proposed model and
compare its output data with that of other existing approaches that
apply exogenous reserve determination criteria. Therefore in order
to simplify the analysis of results, the UC problem is not included in
this example. The problem is defined by a three 3-area system with
5 generating units, as shown in Fig. 4. At buses 1 and 2, there are 1
thermal and 1 hydroelectric plant at each bus, while at bus 3 there

is only 1 thermal plant. The data for thermal plants is presented in
Table 1.

Each line’s reactance is 0.13 PU on a 230 kV and 100 MVA  basis.
The data of reservoirs and hydroelectric plants is shown in Table 2,

Fig. 4. Hydrothermal system for case 1.
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Table  1
Data for thermal plants and transmission lines of case 1.

Pmin Pmax cei [$/MWh] cru
i

[$ h/MW]  MTTF [h] MTTR [h]

G1 0 60 50.00 8.50 200 17
G2 0 75 52.00 10.00 200 17
G3 0 60 45.00 12.00 200 17
L1 0 80 0 0 600 24
L2 0 80 0 0 600 24
L3 0 80 0 0 600 24

Table 2
Data for hydroelectric plants in case 1.

Volume [hm3] Qmax [m3/s] �j [MW  s/m3]

Vmin Vmax V0 Vend
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Table 4
Costs from proposed and one existing model.

Method Energy cost [$] Reserve cost [$] Total cost [$]

Exogenous 164,788 12,400 177,188
Endogenous 165,188 14,270 179,458

4.1.2. Simulation of daily operation

T
D

GH1 25.00 140.00 50 50 190 0.4
GH2 10.00 96.4 15 ≥13 100 0.5

nd the demands and water inflows to reservoirs for each period
re shown in Table 3. The planning horizon is 1 day, having each
tage a duration of 4 h. For each reservoir, three possible scenarios
re considered: the average scenario is the one having the highest
robability (60%). Scenarios ‘LOW’ and ‘HIGH’ have been assigned
robabilities of 20% each.

The reliability data of thermal plants and transmission lines that
re included in Table 1 (MTTF and MTTR) have been used to obtain a
redible set contingencies that are valid for the study horizon. This
et of contingencies may  include failures at any stage (or stages)
f the study horizon, and each disturbance can have a duration
f tfailure≤24 h. A Capacity Outage Probability Table (COPT) for all
tages was obtained with a total of 36 possible states, including the
re-contingency state with a probability of 65%.

The intention is to examine the combined impact of component
ailure and hydrology uncertainty in the scheduling, considering
he allocation of contingency reserves. In order to simplify the
nalysis, the hydroelectric plants remain in the pre-contingency
tate for the entire horizon. Under the assumption that hydrology
ealizations and component failures are independent events, the
robability of each scenario is computed as �s × �k, so the case has

 total of 3 × 36 = 108 scenarios to consider.

.1.1. Hydrothermal scheduling
This case has been addressed using the proposed formulation. It

as employed the XPRESS 27.01 solver within the AMPL modelling
nvironment. Table 4 compares the costs of energy and reserve
btained with the proposed model, against the costs obtained when
sing a deterministic reserve determination criteria, being the
equired reserve a 25% of the total demand for each stage. Election
f 25% is explained below when a simulation of the daily opera-
ion is done. Table 5 summarizes the optimal schedules of energy

nd reserve for both of the methodologies presented in Table 4.
esults show that with the proposed model more reserve is pro-
ured, and that the variations in the amounts of spare capacity by

able 3
emand at each bus and reservoir’s inflow for each stage in case 1.

Period Demand [MW]  Is1 [m3/s] 

n1 n2 n1 Low 

t1 10 50 110 57.49 

t2 15 60 120 64.37 

t3 25 80 150 58.35 

t4 35 90 150 63.69 

t5 20 50 125 67.43 

t6 10 40 100 68.73 
Fig. 5. Hydropower profiles for proposed and one existing model.

stage, between one model and the other, are accentuated in the
early and final stages.

Fig. 5 shows the total hydropower (dotted and continuous lines)
for each stage, in relation to the total demand of the period. The dot-
ted line corresponds to the deterministic case (25% of total demand
criteria), while the continuous line represents the proposed model.

Observe that with the proposed model, the decisions on the
hydro energy are more conservative in the stages preceding the
peak load hours (stages 3 and 4), where it will tend to make an
intensive use of hydro energy. We may  interpret this as the model
storing an additional amount of water to face disturbances. In other
words the directive in the allocation of water is not only to replace
expensive thermal energy in future stages, but also to optimally
accommodate water in the light of the expected availability of the
plants providing this energy and the hydrology deviations from
their forecast values. In this way the consideration of the magni-
tude of the contingencies that call for reserve deployment, helps to
ensure optimal levels of reserves in reservoirs.

Results from Table 4 clearly indicate that if using a determinis-
tic model a lower cost can be achieved for the scheduling phase.
A further test though, will provide insight on the model outcome
when contingencies and hydrology variations are assessed.
To evaluate the proposed STHS model, we performed 100 sim-
ulations of the daily operation using the results of the proposed
formulation and other models based on exogenous rules for reserve

Is2 [m3/s]

Med  High Low Med  High

75 91.91 32.46 40 49.57
76 88.43 34.23 41 50.79
76 88.29 34.62 41 51.22
80 92.76 37.33 44 52.29
82 96.53 36.97 44 52.11
86 99.33 31.63 42 51.27
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Table 5
Optimal schedules with proposed and one existing model.

Period Power [MW]  Reserve [MW]

P1 P2 P3 H1 H2 Ru1 Ru2 Ru3

Energy & endogenous reserve schedule
t1 10.00 89.23 60.00 7.00 3.77 0.00 10.78 0.00
t2 60.00 40.00 60.00 4.65 30.35 0.00 60.00 0.00
t3 60.00 16.46 60.00 68.54 50.00 0.00 73.54 0.00
t4 60.00 29.00 60.00 76.00 50.00 0.00 71.00 0.00
t5 60.00 9.87 60.00 15.13 50.00 0.00 69.34 0.00
t6 60.00 0.00 60.00 18.67 11.32 0.00 72.09 0.00

Energy  & exogenous reserve schedule (25% of demand)
t1 60.00 0.00 60.00 0.00 50.00 0.00 42.50 0.00
t2 60.00 15.81 60.00 14.25 44.94 0.00 48.75 0.00
t3 60.00 36.25 60.00 76.00 22.75 0.00 63.75 0.00

76.00 47.75 0.00 68.75 0.00
23.75 0.00 0.00 48.75 0.00

0.00 30.00 0.00 37.50 0.00
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Table 7
Thermal plants data for case 2.

Pmin Pmax cei [$/MWh] cru
i

[$ h/MW]

G1 10 50 50 15
G2 10 50 55 10

crns
i

[$ h/MW] fci [$/h] sui [$] sdi [$]

G1 15 10 300 50
G2 10 0 200 0

Table 8
Reservoir data for case 2.

Volume [hm3] Qmax [m3/s] �j [MW s/m3]

Vmin Vmax Vstart Vend
t4 60.00 31.25 60.00 

t5 60.00 51.25 60.00 

t6 60.00 0.00 60.00 

etermination. The following steps were followed before running
he simulations:

(i) A new credible set of contingencies was obtained, using reli-
ability data given in Table 1. Details on the computation of Time
to Failure (TTF) and TTR (Time to Repair) can be found in [28].

(ii) New inflow scenarios were obtained, using the average values
of Table 3, their probabilities, and a random number generator
from a normal probability distribution.

iii) It was obtained a new vector of bus demands for each stage,
using as reference the values given in Table 3, but allowing
variations between −10 and +10%, obtained with a random
number generator from a uniform probability distribution.

he obtained results are summarized in Table 6. The lowest cost
btained with a deterministic model (joint or sequential) corre-
ponded to a reserve criteria of 25% of the total demand, and this
s the reason why this percentage was used before. In this par-
icular example the system is not able to provide more than this
ercentage, unless some load is shed at the scheduling phase, a
ot permitted situation. However, and even when the system is
erforming at its very limits of system adequacy, it can be seen
hat with the proposed formulation, a lower expected value of the
otal cost was reached. In terms of performance under uncertainty
he proposed model surpassed all of the deterministic models. If
his test system represented a real one, using the proposed model

ould yield savings of about $ 2.2 million/year, compared to the

osts from the best deterministic model.

able 6
imulation of daily operation using schedules from different methodologies.

Model Reserve criteria Costs [$]

% of demand Reserve E(Operation cost) Total

Joint 5 1,930 261,990 263, 920
10 4,960 230,479 235, 439
15 7,450 215,245 222, 696
20 9,920 202,346 212, 284
25 12,400 192,573 204, 973

Sequential 5  2,480 264,965 267, 445
10 4,960 233,068 238, 038
15 7,451 215,932 223, 383
20 9,920 202,311 212, 231
25 12,400 192,313 204, 713

Proposed – 14,270 178,518 192, 788
GH 0 10 1 1 200 0.4

4.2. Case 2

The objective with this example is to test the implementation of
the full proposed strategy, including the UC problem, and to assess
its performance in terms of computational cost. The system under
analysis is single bus power system consisting of 2 thermal plants
and 1 hydroelectric plant with water reservoir. The scheduling hori-
zon has been set in 16 h using �t = 4 h. Data for the thermal plants,
including fix, start up and shut down costs are shown in Table 7; the
hydro plant-reservoir data is shown in Table 8; and the demand at
each stage along with water inflow to the reservoir for 3 scenarios
are shown in Table 9. Table 10 shows the set of contingencies con-
sidered with their respective probabilities. The units are assumed
to be OFF at the beginning of the scheduling horizon, and it has
been assumed that all plants’ capacity is available as spinning down

reserve at no additional cost.

Table 9
Demand and inflow scenarios for each period in case 2.

Period L [MW] Ī [m3/s] Is [m3/s]

Low Med  High

t1 65 80 70 80 100
t2 100 80 70 80 100
t3 120 80 70 80 100
t4 50 80 70 80 100
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Table  10
Set of credible contingencies for case 2.

Contingency Plant Plant status Probability

t1 t2 t3 t4

G1 1 1 1 1
1  G2 1 1 1 1 0.84

G1 0 1 1 1
2  G2 1 1 1 1 0.04

G1 1 1 1 1
3  G2 1 0 0 1 0.04

G1 1 1 1 0
4  G2 0 1 1 1 0.04

G1 1 1 0 1
5  G2 1 0 1 1 0.04

Table 11
Unit commitment of thermal plants for case 2.

Commitment for energy &reserve

Period Energy &spinning
reserve

Supplemental
reserve

u1 u2 v1 v2

t1 1 0 0 1
t2 1 1 0 0

4

a
u
s
r
w

d
s
l
r
i
o
l
c
t
T
m
i

v
T
c
t

T
O

Fig. 6. Convergence of lower and upper bounds for case 2.

Table 13
Assessment of computational effort of proposed strategy in case 2.

Solver Optimal cost [$] Computation time [s]

Cplex 12.6.1.0 47,400 0.17
Xpress 27.01 47,400 0.34
Minlp 47,400 0.16
Knitro 9.1.0 47,400 7.35
Couenne 0.5.3 47,400 20.01
t3 1 0 0 1
t4 1 0 0 1

.2.1. Results
Results for the commitment of thermal plants for energy supply

nd reserve provision, and the optimal energy and reserve sched-
les are summarized in Tables 11 and 12 respectively. It can be
een that only thermal unit 2 was committed for supplementary
eserve provision at stages 1, 2 and 4. This unit is then scheduled
ith power and spinning reserve at stage 3.

Although the purpose of the example is to test the proposed
ecomposition methodology, an interesting point to notice in the
chedules presented in Table 12, is the reserve allocation for the
ast stage. It can be seen that all capacity of plant 2 is committed to
eserve provision (non-spinning). This can be understood by look-
ng at the credible set of contingencies in Table 10. Observe that
nly in contingency 4 a forced outage at stage 4 has been simu-
ated, and that outage corresponds to unit 1. It is because of this
ontingency and its expected impact on the total operation cost
hat non-spinning reserve is allocated to a more expensive plant.
his fact underlines the importance of a stochastic optimization
odel for the short term planning that considers the uncertainty

n the availability of generation plants.
Using a tolerance of $ 0.1 for both routines, the algorithm con-

erged in 28 iterations, and the resulting optimal cost was  $ 47,400.
he convergence process is depicted in Fig. 6. Although this study

ase does not represent a real size system, the intention is to show
hat the proposed methodology indeed reaches the global optima,

able 12
ptimal schedule for problem of case 2 using the proposed strategy.

Energy &endogenous reserve schedule

Period Scheduled power [MW]  Scheduled reserve [MW]

P1 P2 H Ru1 Ru2 Rns1 Rns2

t1 50 0 15 0 0 0 50
t2 50 11 39 0 4 0 0
t3 50 0 70 0 0 0 50
t4 46 0 4 0 0 0 50
Bonmin 1.8.0 47,400 41.65
Proposed Strategy 47,400 113.00

and that the methodology can naturally be extended to the mod-
elling of real size systems.

In order to have a quantitative assessment of the computa-
tional cost involved in the proposed strategy, this case has been
also implemented using the AMPL modelling language and tested
with different MILP solvers available. Results are summarized in
Tables 13 and 14 outline the size of the resulting sub-problems
when applying decomposition. The drawback of decomposition in
terms of computational cost is evident; a natural and expected
outcome, that nevertheless remains within reasonable margins.

However, the main objective pursued with the strategy is to
show that since the problem possess an inherent decomposable
structure, it can be split into three blocks of problems of reduced
size and complexity, as depicted in Fig. 2. This seems suitable to
deal with real size large scale problems: allowing their separation,
exploiting the benefits of powerful commercial MILP and LP solvers
available today, and finally taking advantage of parallel computing.

A second phase of the current proposal and a relevant topic for
future research, is the testing and implementation of the present
methodology in real size power systems with significant penetra-

tion of hydroelectric power from short term controllable reservoirs.
The interested reader is referred to [20], where 3 decomposition
outlines have been tested in a real medium-size system, including
11 hydroelectric plants with 6 controllable reservoirs, and at both

Table 14
Assessment of the computational size of problem.

Decomposition

Direct Master Sub-problem Stochastic
problems

# of integer variables 32 32 – –
#  of continuous variables 340 – 40 300
# of constraints 1005 48 657 300
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4-h and 1-week scheduling terms. Although that model follows
 deterministic approach with an emphasis on the nonlinear char-
cter of the problem, the results provide a good reference of the
enefit of applying decomposition. The numbers obtained there
ignificantly surpassed those when employing existing MINLP
olvers.

. Consideration of stochastic intermittent production

The downward reserve has been considered in the formulation
resented in Section 2. Unless forced outages of transmission lines
re modelled, this type of reserve is not normally scheduled in sys-
ems with limited fluctuating generation, since reserves for tertiary
egulation is usually required to cope with forced plant outages.
owever, in systems with high penetration of wind power, it may
e required to perform a sudden reduction of conventional genera-
ion, and hence to deploy a negative reserve to cope with increased
ind generation [31]. A similar argument applies when the power

ystem contains a considerable penetration of hydro power from
on-storable facilities, except that the stochastic processes that
odel the natural inflows to these plants have a lower variance

rofile than that of the wind farms.
This section presents an extension of the formulation to include

nergy provided by wind farms and hydroelectric plants without
ater reservoirs, referred to here as pass hydroelectric plants. In

rder to do it, the following notation is added:
 Index of wind farms from 1, . . ., F

 Index of pass hydroelectric plants from 1. . .Jp
 Index of wind scenario from 1, . . ., W
n Set of wind farms connected to bus n
p
n Set of pass hydroelectric plants connected to bus n
max
f

Maximum generation capacity of wind farm f [MW]
max
g Maximum generation capacity of hydroelectric plant g [MW]

f̄t Forecast production of wind farm f for most probable wind
scenario during period t [MW]

ḡt Forecast average water flow through hydroelectric plant g for most
probable hydrology scenario during stage t[m3/s]

w
ft

Forecast production of wind farm f for wind scenario w during
stage t [MW]

s
gt Forecast water flow through hydroelectric plant g for hydrology

scenario s during stage t [m3/s]

w Probability of wind scenario w
s
ft

Scheduled wind power production for wind farm f at stage t [MW]

gt Scheduled output power of hydroelectric plant g at stage t [MW]
Swsk

ft Spilled wind power from wind farm f for wind scenario w,
hydrology scenario s and contingency k during stage t [MW]

wsk
gt Output power of hydroelectric plant g for wind scenario w,

hydrology scenario s and contingency k during stage t [MW]

From the formulation given in Section 2, the following con-
traints are modified to account for the inclusion of fluctuating
eneration.

The objective function (2.1) is only altered by adding an operator
o the terms given by (2.4) and (2.5), which now become: for all

 = {w, s, k} /= {1, 1, 0}:

bal
t =

W∑
w=1

S∑
s=1

K∑
k=0

(�w · �s · �k) ·
[ G∑

i=1

ceiP
wsk
it +

N∑
n=1

voll · ENSwsk
nt

]
(5.1)
future
t =

Js∑
y=1

[
wvy · Hyt +

W∑
w=1

S∑
s=1

K∑
k=0

(�w · �s · �k) · wvy · Hwsk
yt

]

(5.2)
tems Research 140 (2016) 539–551

The constraint (2.12) is now written as:

G∑
i=1

Pit +
Js∑

y=1

Hyt +
Jc∑
j=1

Hjt +
Jp∑

g=1

Hgt +
F∑

f =1

Esft =
N∑

n=1

(Lnt − ENSnt)

(5.3)

where the nth element of G is given by:

G(n) =
∑
i ∈ Gn

Pit +
∑
y ∈ Jsn

Hyt +
∑
j ∈ Jcn

Hjt +
∑
g ∈ Jpn

Hgt +
∑
f ∈  Fn

Esft + ENSnt

(5.4)

The constraints for energy production of pass hydroelectric plants
and wind farms at the scheduling phase are:

Hgt ≤ �g · Īgt (5.5)

Hgt ≤ Hmaxg (5.6)

Esft ≤ Emaxf (5.7)

Esft ≤ Ēft (5.8)

At the balancing phase, the power balance equation becomes:

G∑
i=1

Pwsk
it +

Js∑
y=1

Hwsk
yt +

Jc∑
j=1

Hwsk
jt +

Jp∑
g=1

Hwsk
gt +

F∑
f =1

(Ew
ft − ESwsk

ft )

=
N∑

n=1

(Lnt − ENSwsk
nt ) (5.9)

where the nth element of Gwsk is now:

Gwsk(n) =
∑
i ∈ Gn

Pwsk
it +

∑
y ∈ Jsn

Hwsk
yt +

∑
j ∈ Jcn

Hwsk
jt +

∑
g ∈ Jpn

Hwsk
gt

+
∑
f ∈ Fn

(Ew
ft − ESwsk

ft ) + ENSwsk
nt (5.10)

and where

Hwsk
gt = �g · Is

gt (5.11)

The solution algorithm presented in Section 3 can be extended to
incorporate the changes presented above.

6. Conclusions

This work introduced a Short Term Hydrothermal Scheduling
model with co-optimization of energy and reserve in the presence
of hydrology uncertainty and equipment failures. The proposed
model is suitable for systems with a significant penetration of
hydroelectric power from controllable reservoirs, over which a
weekly optimization must be run. Although the three types of
reserves can be included in the formulation, the focus of this
paper has been on reserves for tertiary regulation (spinning and
supplementary) which are obtained endogenously to the opti-
mization process. It has been shown that the proposed model
exceeds the existing deterministic approaches that are based
either on sequential or simultaneous directives, and that deci-
sions on the water levels in reservoirs are different when the
inherent aspects of contingency reserves are included in the
model.

It has also been proposed a decomposition strategy to handle the
stochastic, large scale, non-convex, and multi-stage optimization

problem derived from the formulation. At the expense of compu-
tational cost, the proposed scheme allows to divide the problem
into three problems of known structure and moderate dimension
and complexity. The proposed strategy can be naturally extended
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