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Electric field and electric potential due to a
finite cylindrical surface charge distribution
considering a linearly variable surface charge
density
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Abstract. This paper proposes a fast and accurate method for determining the electric potential and the radial and axial com-
ponents of electric field intensity produced by a finite cylindrical surface charge distribution. The surface charge density has
been modeled having a linear variation along the axial dimension of the cylinder. This consideration is very important when
large bodies are to be modeled by means of an arrangement of elements (such as finite cylinders, disks, cones, etc.) allowing
the matching between them and also avoiding discontinuities on charge distribution. The mathematical expressions presented
in this paper have shown high computational performance while ensuring accurate and reliable results.
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1. Introduction

The calculation of the electric field distribution produced by certain conductor and insulator arrange-
ments is of great importance on the design stage of electrical equipment. The understanding of the spatial
distribution of the electric field makes it possible to evaluate the stress on the insulating structures, al-
lowing the detection of critical points that can compromise the safety and lifetime of the device [1].

A large number of methods are available in the literature for solving the electric field produced by
complex geometric configurations, such as the Finite Element Method (FEM), the Charge Simulation
Method (CSM), the Finite Difference Method (FDM), the Monte Carlo Method (MCM) and the Bound-
ary Element Method (BEM), among others [2].

In addition to the aforementioned methods, there are also semi-analytical calculation techniques.
These techniques are commonly based on the solution of elementary geometric configurations such
as cylinders, disks, cones, arcs, etc., which by superposition make it possible the modeling of complex
geometries with different material properties and boundary conditions.
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Fig. 1. Cylindrical distribution of surface charge density.

In the article [3], a semi-analytical technique has been successfully applied to predict the nonlinear
current distribution in foil windings transformers. In [3] the method has been formulated using the
general solutions (for magnetic field) of two different elements, the finite cylinder and the finite disk [4,
5]. Since the solution of these elements is of integral nature, the method was named Semianalytic Integral
Method (SAIM).

It was found an important improvement on computational performance using SAIM if compared with
traditional methods such as FEM, since SAIM only needs to discretize the boundary between two dif-
ferent materials, allowing a significant reduction of the problem size and calculation times [3].

The authors of this work have found a great potential in extending the scope of SAIM proposed
in [3] to electric field problems. The aim of this paper is to provide the mathematical expressions for
determining the electric potential and electric field of one of the basic elements of SAIM, which is the
cylindrical sheet of charge with linear surface charge distribution.

The expressions presented in this article can be also used to approximate the electric field produced by
generic cylindrical configurations which appear quite frequently in practical engineering applications.
According to the knowledge of the authors of this work, field expressions for a thin cylindrical charge
distribution considering linear variation of the surface charge has not been yet presented in the literature;
in fact, no publications have been found considering constant charge density either.

1.1. Statement of the problem

The aim of this paper is to propose efficient mathematical expressions for determining the electric
potential V' and the components of the electric field intensity in radial direction E, and axial direction
E, produced by a finite cylindrical surface charge distribution at an arbitrary observation point P(r, z).

The geometry of the problem to be solved is presented in Fig. 1, where the charge distribution is
considered to have a value of ps; (C/m?) at the bottom of the cylinder, and varies linearly up to the top,
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where the charge density is pgo (C/m?). The coordinates of the base and the top of the cylindrical charge
distribution are denoted by z; (m) and z3 (m) respectively, while its radius is denoted by the variable r’
(m).

A filamentary loop with uniform line charge density p; (C/m) has also been considered, having its
center on the z axis at 2/, where 21 < 2’ < 25. Notice that the radius of the loop is also r’.

1.2. Basic mathematical expressions

The starting point for solving the problem is the mathematical expression of the electric potential
produced by the filamentary loop with charge density p;. By applying Coulomb’s law for distributed
charges [6], the following expression is obtained for the electric potential at an arbitrary observation
point P(r, z).
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where ¢ is the electric permittivity of vacuum and ¢’ is the azimuthal angle. Notice that primed coordi-
nates have been used to indicate their association with the field source, while not primed coordinates are
associated with the observation point. On the other hand, the superscript in electric potential [ f1] makes
reference to filamentary loop. The surface charge density of the cylinder is linearly distributed from its
base (z1) to its top (z2), which can be written mathematically by means of the following relationship

Ps2 — Psl , 4
= 7(2

—21) + ps1 2
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According to the above, the line charge density associated with a circular segment of a circular cylinder
of differential height dz’ is

o= ps(2')d2’. (3)

Substituting Eq. (3) in Eq. (1) and integrating from z; to 25, the expression for the electric potential
produced by a cylindrical charge distribution is obtained

Ps (Z/)T,

1 Z2 27
V= / / dé'd?’ (4)
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Notice that the superscript [ f1] has been removed because from this point all the expressions will refer
to the cylindrical distribution of charge. It is convenient to define the function

/ AN pS(Z/)T,
fv(¢',2") = V2 + (2 — 2/)2 — 2rr cos(¢) Y

which will be useful in developing the following formulations. Thus, the electric potential can be ex-
pressed in a simpler way as follows
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Since fv( ) is an even function with respect to ¢/, it is possible to rewrite its expression as follows

= / | oo hazas )
TEN

Additionally, note that the order of integration has been intentionally reversed. Since for static electric
fields the curl is zero V x E = 0, the electric field can be expressed as the gradient of a scalar field as
follows,

E=-VV ®)
where the minus sign in Eq. (8) is associated with physical considerations of potential energy. The

gradient of the electric potential in cylindrical coordinates is
oV .10V oV
VV—TW—FQ&;%—FZE )

Because the surface charge density is constant in the direction of the azimuthal angle, there are no
changes in the electric potential in this direction, so that 0V//d¢ = 0. Substituting the corresponding
components of the electric field strength into Eq. (9), it becomes,

—rE +zE, = r—r —Z— (10)

Substituting Eqgs (7) into (10) the radial and axial components of the electric field can be identified.
Accordingly, the radial component is,

2 T =2 a / / / /
Eo= e [ vt ) 0200 (a1

and the axial component is,

E=— / / U0 (e ) add (12)
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2. Solution methodology

The next step is to find the solutions of Eqs(7), (11) and (12). In some engineering problems the value
of the surface charge densities ps; and pgo are known, so that the task is simply to determine the value
of the potential or the electric field intensity at some point in space. However, in many applications
only some boundary conditions are known and the problem consists in determining the value of the
charge densities that satisfy the boundary conditions imposed. For the above reason, it is important to
find mathematical expressions which consider separately the geometry from the effect due to charge
densities. According to the above, it can be shown that the electric potential can be written as,

V = Fkyips1 + kvaps (13)

where ky1 and ky ¢ are real numbers which depend only on the geometry of the field source and on the
coordinates of the observation point, so that they are referred to as geometry dependent factors. Similarly,
the following equations for the radial and axial components of the electric field can be written,

Er = krlpsl + kr2p32 (14)

E, = kzlpsl + kz2p32 (15)

Consequently, the overall objective of this work is to determine the mathematical expressions for
geometry dependent factors kv 1, kyo, kr1, kro, ko1 Y k2o.
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3. Analytical integrals with respect to 2’

The analytical solution of the integral Eqgs (7), (11) and (12) with respect to 2’ are presented in this
section. As already seen in Section 2, the solution of the integrals is based on the determination of the
geometry dependent factors. The expressions presented in this section are quite compact and include
basic functions like cosine and logarithm, which ensures a fast numerical calculation.

3.1. Electric potential

According to Eqgs (7) and (13), the electrical potential is,
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Notice that intermediate variables such as & . . . £4 have been intentionally introduced. In electric field
problems the values of the three quantities (V, E, and E,) are normally required, so the intermediate
variables allow improving the computational performance through the reuse of calculations.

The electric potential V' will demand a higher initial computational effort, however the calculation
of F,. and F, result almost trivial since the expressions for these last two quantities are rather simple
because they rely on the intermediate variables.

The reader may wonder whether it is worth introducing intermediate variables, therefore it is important
to highlight that the computational savings are much more evident and profitable when there are hun-
dreds or thousands of field sources and observation points, which is a normal situation when modeling
complex electrical equipment such as transformers, generators, etc.
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3.2. Field strength in the radial direction

According to Eqs (11) and (14), the electric field intensity in the radial direction is,
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The geometry dependent factors can be expressed as,
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3.3. Field strength in the axial direction

According to Egs (12) and (15), the electric field intensity in the axial direction is,

2
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The geometry dependent factors can be expressed as,
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3D

As shown in Egs (17), (18), (25), (26), (29) and (30), the new variable z; has been introduced. This
new variable allows the calculation of the two geometry dependent factors from one generic expression.
For example, in the case of electric potential, the two geometry dependent factors ky1 and kyo arise

when evaluating sy with z; = 29 and z; = 27 respectively.
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4. Integrals with respect to ¢’

As presented above, the mathematical expressions for the integrals with respect to 2’ are now available.
In order to find the geometry dependent factors, it is necessary to evaluate the integrals Eqs (17), (18),
(25), (26), (29) and (30) with respect to ¢'. Unfortunately, it has been found that these integrals do not
have a closed analytical solution so that it is necessary to evaluate them numerically. For this purpose,
using a matrix based integration method (such as the one the introduced in [5]) is strongly recommended
when there are a large quantity of sources and evaluation points.

It is worth mentioning that if the decision to solve the integrals by means a quadrature is taken, it is
recommended to use an open type strategy for node allocation [7]. This is because the expressions for
sy, s and s, produce a singularity when z = 2/, » = 1’ and ¢/ = 0. Accordingly, if a closed type node
allocation strategy is used and the evaluation point is at one end of the cylinder, the integration routine
will inevitably leads to an indetermination [7].

Although it has been found that the mathematical expressions for the electric potential and the radial
electric field do not have a closed analytical solution, it has been found that it is actually possible to
obtain expressions for the axial component of the electric field as function of complete elliptic integrals
as presented below.

" / (G4 G+ )
I PN >
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(r 4 )2
where the functions K, E and II are complete elliptic integrals of the first, second and third kind re-
spectively [8,9]. In the case of the equations related to the electric potential and the radial component of
electric field (sy and s,.), expressions such as

log (z' — 2+ /212 4 (2= 2)2 = 21/ COS(¢/)) (38)

appear, for which the integrals respect to ¢’ unfortunately cannot be written in terms of complete elliptic
integrals [6]. It is worth mentioning that in reference [4], where the mathematical expressions for the
magnetic field of the finite cylinder were presented, all the integrals obtained can be expressed in terms
of complete elliptic integrals.

5. Results and validation

The validity of the expressions presented in this paper has been verified by calculating several hun-
dred of random cases which were compared with the results obtained using the routine integral?2
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Fig. 2. Electric potential due to the charge distribution. Fig. 3. Equipotential lines due to the charge distribution
(values in volts).
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Fig. 4. Radial component of the electric field due to the Fig. 5. Axial component of the electric field due to the charge
charge distribution. distribution.

of Matlab. Satisfactory results were found for all analyzed cases. In order to illustrate the performance
of the calculation method, the results of a specific case is presented, which makes it possible to visu-
alize the field distribution produced by the cylindrical charge sheet and also to give an insight into the
computational performance of the proposed expressions. The dimensions of the case study are ' = 1
m, z; = —0.5 m, zp = 0.5 m with surface charge densities p;; = —1 nC/m? and ps» = 1 nC/m?. The
electric potential and the electric field in radial and axial directions have been evaluated on a regular grid
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Fig. 8. 2D plot of the axial component of the electric field due to the cylindrical charge sheet.

of 100 x 100 = 10000 points. The average time spent by Matlab to calculate V', E, and E, at every
point of the grid using the proposed formulation with the matrix based integration method was 0.72
seconds. Furthermore, the evaluation just for the electric potential on the same grid using the numerical
integration routine integral?2 takes on average 60.3 seconds. If the radial and axial components are
included into the numerical integration using integral?2 the total average time is close to 4 minutes.
The calculations were performed on a computer with a processor Core i7 2.00 GHz and 16 GB RAM.
Figs 2 to 5 show the results of the case study. It can be seen in Fig. 2 that the electric potential is positive
on the upper half of the cylinder, while it is negative on the bottom half, which is due to the change of
sign of the surface charge density in the central part of the cylinder. Figure 3 shows the distribution of
equipotential lines, in which it is clearly evident that the potential inside and outside the cylinder is not
symmetric as a result of the rotational symmetry of the problem.

Figure 4 shows the electric field distribution in the radial direction. As it can be seen, a discontinuity
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arises in the radial component on either side of the cylinder. Figure 5 shows the distribution of the axial
electric field, which undergoes a dramatic increase near the ends of the cylinder.

An excellent agreement has been found by comparing the results calculated using the formulas pro-
posed in this work and the ones obtained by double adaptive numerical integration of the original Eqs (7),
(11) and (12). A comparison between the results obtained using the proposed formulation and the ones
using adaptive numerical integration is presented in Figs 6, 7 and 8.

6. Conclusions

This paper presents mathematical expressions to determine the electric potential and the electric field
produced by a cylindrical surface charge distribution considering a linear variation of the surface charge
density in the axial direction.

It was found that the proposed methodology is considerably faster than traditional calculations per-
formed by means of the double adaptive numerical integration preserving an adequate precision for
engineering purposes.

It is important to note that the problem of considering a constant cylindrical charge distribution is
a particular case of the problem presented in this paper, which can be easily considered simply by
assigning ps1 = ps2 = pPsc, Where ps. would correspond to the constant surface charge of the cylinder.

Even though it was found that the expressions for V and E), cannot be expressed in terms of com-
plete elliptic integrals, the closed analytic expression for the axial component of electric field £, was
presented.
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