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We study a class of solutions to the SL(2, R)k Knizhnik–Zamolodchikov equation.
First, logarithmic solutions which represent four-point correlation functions describ-

ing string scattering processes on three-dimensional anti-de Sitter space are discussed.
These solutions satisfy the factorization ansatz and include logarithmic dependence on
the SL(2, R)-isospin variables. Different types of logarithmic singularities arising are clas-
sified and the interpretation of these is discussed. The logarithms found here fit into the
usual pattern of the structure of four-point function of other examples of AdS/CFT
correspondence. Composite states arising in the intermediate channels can be identified
as the phenomena responsible for the appearance of such singularities in the four-point
correlation functions. In addition, logarithmic solutions which are related to nonpertur-
bative (finite k) effects are found.

By means of the relation existing between four-point functions in Wess–Zumino–
Novikov–Witten model formulated on SL(2, R) and certain five-point functions in Liou-
ville quantum conformal field theory, we show how the reflection symmetry of Liouville
theory induces particular Z2 symmetry transformations on the WZNW correlators. This
observation allows to find relations between different logarithmic solutions. This Liou-

ville description also provides a natural explanation for the appearance of the logarith-
mic singularities in terms of the operator product expansion between degenerate and
puncture fields.
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1. Introduction

The analysis of four-point correlation functions in the worldsheet formulation of

string theory on AdS3 is an important example within the context of the study of

noncompact conformal field theory. The reason for this is because this particular

case presents several subtle aspects which are characteristic of this class of nontrivial
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CFTs; for instance, this theory admits a nonunique fusion matrix,1,a and this fea-

ture is related with another particular aspect, i.e. the existence of an additional (a

fourth) singular point in the worldsheet1,3–5 which is located in the middle of the

moduli space.6 This CFT has nontrivial factorization properties since additional

restrictions are required in order to render the operator product expansion well

defined;4 this peculiarity is associated to the requirement of additional constraints

for the unitarity of the spectrum and for locality in the dual conformal field theory

(i.e. dual in the sense of AdS/CFT correspondence4).

Then, a detailed study of the analytic structure of these correlators turns out

to be an interesting topic of investigation, as in the context of the question about

the consistency of string theory formulated on curved space–times as also in the

context of the study of formal aspects of two-dimensional conformal field theories.

The principal study of two and three-point functions in WZNW model formulated

on SL(2,C)/SU(2) was carried out in Ref. 5.

In this paper we study the logarithmic singularities arising in the solutions of

the Knizhnik–Zamolodchikov (KZ) equation.7

This work presents a survey of solutions to the KZ equations by using two dif-

ferent techniques. First, we analyze the factorization ansatz in order to address the

study of logarithmic singularities arising in these four-point functions representing

tree-level scattering processes of string theory in AdS3. Secondly, we make use of

the correspondence existing between the conformal model on SL(2,R) and Liouville

field theory in order to explore several features of the solutions and the structure of

four-point functions; in particular, we study the role of the spectral flow symmetry

of the ŝl(2)k algebra which turns out to be a crucial point in the framework. We

show, in that manner, a natural explanation for the appearance of logarithmic sin-

gularities in the four-point correlators; this enables us to present a dual Liouville

picture for the AdS3 processes.

1.1. On logarithmic solutions

Logarithmic solutions of KZ equation have been previously studied in the literature

in different contexts8 (see the seminal work Ref. 9). Here, we focus our attention

on the solutions representing physical processes interpreted as string interactions

in AdS space–time. The appearance of logarithms in the explicit computation of

several examples of four-point processes in AdS was a confusing issue during the first

stages of AdS/CFT correspondence; and it was finally understood and extensively

explained in the context of supergravity description by the authors of Refs. 10–14.

These previous works motivate the question about whether these features are

also present in the three-dimensional case. The particular interest of the three-

dimensional case is based on two points: first, the boundary conformal field theory

associated to string theory on AdS3 presents special features due to its noncompact-

ness and, thus, the study of its properties turns out to be an interesting subject of

aThe monodromy of this theory was also studied in Refs. 2 and 3.
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investigation by itself. On the other hand, because string theory on AdS3 in NS–NS

background can be described in terms of Wess–Zumino–Novikov–Witten model, it

is an interesting opportunity to study these features in an exact conformal example

beyond the field theory limit.

Then, we dedicate the second section of this work to the study of the appearance

of logarithmic singularities in the expression of four-point correlators described by

KZ equation. We show that the analytic structure in this case holds in the expected

pattern of the AdS/CFT correspondence. In addition, we will be able to discuss

nonperturbative effects which, consequently, could not be investigated in the field

theory computation.

In Ref. 4 it was commented that logarithms stand in the solutions of ŝl(2)k

KZ equation for particular configurations of the interacting states. In that work it

was assumed that the momenta of the states involved in the interaction processes

were generic enough so that no logarithmic terms appear in correlators; it is our

intention here to explicitly work out the details of such special cases. Also in Ref. 4

it was discussed how two particle states appear in the intermediate channels of

the factorization limit of four-point functions in AdS3. We will show here that the

interpretation of logarithmic singularities as interaction processes involving two-

particle states is consistent. In fact, we will be able to show that the conditions to

be satisfied between the incoming and outgoing momenta of states when logarithms

appear in KZ equation are similar to those which have been found in the analysis of

the other examples of AdS/CFT correspondence and correspond to certain tuning

of quantum numbers of the four interacting states.

1.2. Outline

In the next section we find solutions to ŝl(2)k KZ equation which satisfy the factor-

ization ansatz and contain logarithmic terms in the SL(2,R)-isospin variables. We

discuss the interpretation of these in the context of AdS/CFT correspondence (see

Eq. (27) below).

As a corollary of Sec. 2, we will find how the analysis of the conditions for the

appearance of logarithmic solutions teaches us that, in order to understand the

structure of four-point function, it would be necessary to previously understand

some aspects of the spectral flow symmetry acting on the spectrum of the theory.

With this purpose, considered as a requirement, we move in the third section

to the analysis of a particular representation of four-point functions by using the

known relation existing between such observables and similar quantities in Liouville

conformal field theory. We dedicate App. A to present a detailed discussion about

this relation and its integral representation.

Concisely speaking, the two main results are the following:

First, one of the main goals here is to understand how the appearance of loga-

rithmic solutions of the KZ equation is seen in the Liouville field description of the

WZNW correlators. Thus, we will be able to show how to reobtain the logarithmic
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solutions in a rather different way which provides us a dual-Liouville picture of

these effects in AdS3. This Liouville picture leads to a natural explanation for the

arising of the logarithmic singularities in terms of the operator product expansion

between degenerate and puncture fields (see (38)).

Second, the Liouville description of WZNW correlation functions also provides a

useful tool to study nontrivial symmetries of KZ equation. By using this, we derive

in App. B several relations for solutions of the KZ equation which are viewed on

the Liouville side as rather simple Z2 transformations. For example, some of these

symmetries, which have been previously signaled in the literature as nontrivial

properties of SL(2,R)k correlators, appear here as simple identities derived by the

reflection properties of Liouville vertex operators (see Eqs. (33) and (B.6) below).

1.3. String theory on AdS3 from conformal field theory

Interpreted as a nonlinear σ-model action, the Wess–Zumino–Novikov–Witten

model (WZNW) formulated on SL(2,R) describes the string dynamics on

Lorentzian three-dimensional Anti-de Sitter space–time (AdS3); and in analogous

way, its Euclidean version is represented by the model formulated on the homoge-

neous space SL(2,C)/SU(2).

From the point of view of this geometrical interpretation, the integrated correla-

tion functions of both models mentioned, which represent string scattering ampli-

tudes, are related by a Wick rotation in the target space. However, some subtleties

of this connection remain yet unclear. Indeed, a detailed worldsheet description of

string theory formulated on the Lorentzian Anti-de Sitter3 space is not yet available,

unlike the case of its Euclidean version.

1.3.1. The spectrum

The range of quantum numbers characterizing the states in both models requires

to be carefully treated in terms of analytic continuation in the space of the rep-

resentation indices.4,5,16 For instance, the SL(2,R) discrete series appear as pole

conditions of the analytic continuation of the expression for two-point functions

on SL(2,C)/SU(2). Consequently, an analytic extension of the functional form of

the vertex operators is required in order to incorporate the operators which create

states belonging to the discrete representations.

These two-point functions, representing the reflection coefficient B(j), and

the three-point functions, representing the structure constants C(j1, j2, j3), were

explicitly calculated in Ref. 5.b The pole structure of the integrated correlation

functions was studied with detail in Refs. 17 and 4 in the context of string theory.

bHere we adopt the nomenclature j, as usual, to refer to the index which labels the SL(2, R)
representations following the notation introduced in Ref. 16; jµ represents the momentum of the
µth string state in the physical application.
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Interesting observations about the physical interpretations of the analytic struc-

ture of more general N -point correlation functions in SL(2,C)/SU(2) were made

in Ref. 4. In that paper, the authors identified the correlators that do have a clear

physical interpretation as string scattering processes in AdS3, showing that for this

purpose it is necessary to impose the restriction
∑N

µ=1 jµ < k +N − 3 on N -point

functions. This constraint implies, for instance, that the holographic image of the

scattering processes in the boundary conformal field theory are local correlators.

The spectrum of string theory on AdS3 was constructed by Maldacena and

Ooguri in Ref. 16 in terms of discrete Dj and continuous Cj representations of

SL(2,R)k and its extensions induced by the inclusion of the spectral flow symmetry

in the framework, which permits to describe the winding sectors by extending the

Hilbert space asc Dj ⊕ Cj →
⊕

ω Dω
j ⊕ Cω

j . The states belonging to the continuous

representations are characterized by quantum numbers j ∈ 1
2 + iR while the states

of the discrete representations present real values of j restricted by

1 < 2j < k − 1 (1)

in order to render the spectrum of the free theory unitary. This is a sufficient and

nonnecessary condition which is not guaranteed by Virasoro constraint.

1.3.2. Vertex operators

Then, we have to consider the basic objects of the construction, the vertex operators

Φj , which create states from the SL(2,R)-invariant vacuum and can be associated

to integrable functions on the H+
3 hyperbolic hyperplane, and which we denote here

by Φj(z, z̄;x, x̄). These are primary fields of the Virasoro algebra with conformal

dimension

hj = −
j(j − 1)

k − 2
(2)

and form a representation of the ŝl(2)k ⊗ ŝl(2)k Kac–Moody algebra generated by

currents J+, J−, J3 and the corresponding antiholomorphic copies. The auxiliary

variables (x, x̄) are introduced in the realization of Φ in order to classify the men-

tioned SL(2,R) representations, and induce a realization of the sl(2) algebra in

terms of differential operators, namely

Ja(z)Φj(w, w̄;x, x̄) = −
1

(z − w)
J aΦj(w, w̄;x, x̄) + · · ·

being a = +,−, 3 and

J + = x2 ∂

∂x
+ 2jx , J 3 = x

∂

∂x
+ j , J− = −

∂

∂x
.

This operator product expansion, and its corresponding antiholomorphic part,

encodes the whole algebraic structure.

cFor parameters ω ∈ Z, the spectral flow mapping is an automorphism of the ŝl(2)k algebra and
generates new ω-sectors in the spectrum which can be interpreted as ωinding strings in AdS3

despite the trivial topology of the space–time, which enriched by the existence of the NS–NS field.



August 16, 2005 9:17 WSPC/139-IJMPA 02127

4826 G. Giribet & C. Simeone

Within the context of the stringy application of the conformal model, these co-

ordinates (x, x̄) are interpreted as the coordinates for the boundary of AdS space,

where the dual conformal field theory (BCFT) is formulated according to the state-

ment of the AdS/CFT correspondence. In these terms, Φ(z;x) represent the bulk-

boundary propagators, whose physical meaning was earlier clarified in Ref. 18. The

worldsheet theory coordinates will be denoted by (z, z̄) as usual.

The SL(2,C)/SU(2) homogeneous space can be parametrized in terms of the

Gauss decomposition, which leads to obtain the natural metric in Poincaré coordi-

nates covering a half of the Euclidean AdS3.

The maps between the target space coordinates and the (x, x̄) variables,d which

are usually denoted as γ(z) → x, turns out to be of crucial importance in rela-

tion with the geometrical interpretation of the bulk-boundary correspondence.

These maps provide a clear picture of certain divergences arising in correlation

functions.4,18

Let us introduce some notation: We will denote by σ and σ̃ the Weyl transfor-

mations defined as follows:

σ : Φj → Φσ(j) = Φ1−j , σ̃ : Φj → Φσ̃(j) = Φk−1−j .

These transformations leave the Casimir hj and the reduced operator h̃j = hj − j

invariant respectively. We will also find convenient to define the s-automorphism as

s : Φj → Φs(j) = Φ k
2−j (3)

and the Z2 r-transformation, defined in the following way for the case when a set

of four indices jµ is considered, namely

r : Φj → Φr(jν) = Φ 1
2

∑4
µ=1 jµ−jν+2

(4)

for the set {j1, j2, j3, j4}, where the identification jν = jν′ holds if ν = ν′ Mod 4.

All of these transformations satisfy σ2 = σ̃2 = s2 = r2 = I, σs = sσ̃ and clearly
1
2{σ̃, σ} = 1

2{σ, s} = 1
2{σ̃, s} = I. Here, we have used the vectors Φ to present the

definition of the symmetry transformations, but these can also be defined as acting

on higher rank tensors, e.g. Fj1,σ(j2),j3,... = Fj1,1−j2,j3,....

Notice that s-transformation is closed among the physical spectrum of states of

discrete representations (1) while σ and σ̃ exclude the redundant regions
(
0, 1

2

)
and(

k−1
2 , k

2

)
respectively. We could also have referred to the index s(j) by simply using

the natural notation j̃ = k
2 − j. On the other hand, s-transformation describes

a symmetry existing between certain states of the Hilbert space and due to the

spectral flow automorphism. Indeed, the ω = ±1 spectral flow transformatione do

dOften referred as SL(2, R)-isospin coordinates or Kac–Moody part.
eThe spectral flow transformations are defined on the modes Ja

n of the currents Ja(z) =∑
n∈Z

Ja
nz−1−n by the following application J±

n → J±
n±ω and J3

n → J3
n − k

2
δn,0ω. The s-

transformation maps Kac–Moody primary states into flowed primary states by commuting the
highest and lowest-weight discrete representations.
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not generate new ŝl(2)k representations, but simply permute highest and lowest-

weight representations by relating certain pair of vectors of both sectors ω = 0

and ω = ±1 by means of the identification between index j and index s(j). This

observation will be useful for further discussions because some of the conditions for

the arising of logarithmic singularities are related by this transformation.

2. Knizhnik Zamolodchikov Equation and Factorization Ansatz

In the first two subsections we review the factorization ansatz as a proposal to solve

the KZ equation. This was built up in Refs. 1, 4 and 5.

2.1. The factorization ansatz

The four-point correlation functions on the zero-genus topology are determined by

conformal invariance19 up to a factor F which is a function of the cross ratio z and

the indices {ji, xi, x̄i} which label the representations; namely

AWZNW
j1,j2,j3,j4 =

〈
4∏

i=1

Φji(zi;xi)

〉
=
∏

a<b

|xa−xb|
2Jab

∏

a<b

|za−zb|
2hab |Fj1,j2,j3,j4(x, z)|

2

being

x =
(x1 − x2)(x3 − x4)

(x4 − x2)(x3 − x1)
, z =

(z1 − z2)(z3 − z4)

(z4 − z2)(z3 − z1)

and where h34 = h2 + h1 − h3 − h4, h24 = −2h2, h14 = h2 − h1 + h3 − h4,

h13 = h4−h1−h2−h3; and J34 = j1+j2+j3−j4, J24 = −2j2, J14 = −j1+j2+j3−j4,

J13 = −j1 − j2 − j3 + j4.

The four-point function will be given by certain linear combination of solutions

to the KZ equation; i.e. that which is monodromy invariant.

The KZ equation in the case of WZNW model formulated on SL(2,R) is the

following:

(k − 2)z(z − 1)
∂

∂z
Fj1,j2,j3,j4(x, z) = ((z − 1)D1 + zD0)Fj1,j2,j3,j4(x, z) ,

where the differential operators are

D1 = x2(x− 1)
∂2

∂x2
−
(
(j4 − j3 − j2 − j1 − 1)x2 + 2j1x+ 2j2x(1 − x)

) ∂
∂x

+ 2(j1 + j2 + j3 − j4)j2x− 2j1j2 ,

D0 = −(1 − x)2x
∂2

∂x2
+
(
(−j1 − j2 − j3 + j4 + 1)(1 − x) − 2j3 − 2j2x

)
(x− 1)

∂

∂x

+ 2(j1 + j2 + j3 − j4)j2(1 − x) − 2j2j3 .

Notice that D0 and D1 are related under the interchange x ↔ 1 − x and j1 ↔ j3
which is clear from the definition.
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Let us consider the following ansatz for the solution to the Knizhnik–

Zamolodchikov equation

|Fj1,j2,j3,j4(x, z)|
2 =

∫
dµ(j)Gj1 ,j2,j,j3,j4(z;x) × Ḡj1 ,j2,j,j3,j4(z̄; x̄) , (5)

where the formal sum
∫
dµ(j) is given by the measure5

∫

C
dj
C(j1, j2, j)C(j, j3, j4)

B(j)
Gj1,j2,j,j3,j4(z;x) × Ḡj1,j2,j,j3,j4(z̄; x̄) . (6)

This is the factorization ansatz: where, as mentioned, C(j1, j2, j3) and B(j1) are

given by the structure constants and the reflection coefficient respectively, and

where C = 1
2 + iR. The integration over the contour C turns out to be redundant for

a monodromy invariant solution since such particular linear combination is invariant

under Weyl reflection σ and the contour transforms as conjugation σ : C → C∗ =

−C, see (9) below.

Let us expand the chiralf conformal blocks as

Gj1,j2,j,j3,j4(z;x) = zhj−hj1−hj2xj−j1−j2

∞∑

n=0

G
(n)
j1 ,j2,j,j3,j4

(x)zn . (7)

Here, j acts as an internal index which labels different solutions to the differential

equation; but in the stringy interpretation it is feasible to assign to this index the

physical meaning of parametrizing the intermediate states interchanged in a given

four-point process. Then, an integration on j is performed in order to include all

the contributions of the conformal blocks (5) to the four-point function.5

By replacing (7) into KZ equation we find the following hypergeometric equation

for the leading term in the z power expansion:

x(x − 1)
∂2

∂x2
G

(0)
j1,j2,j,j3,j4

(x) + (2j − (2j − j1 − j4 + j2 + j3 + 1)x)
∂

∂x
G

(0)
j1,j2,j,j3,j4

(x)

− (j2 + j(j3 + j2 − j1 − j4) + j1j4 + j2j3 − j1j3 − j2j4)G
(0)
j1,j2,j,j3,j4

(x) = 0 .

Teschner argued in Ref. 5 how to obtain the other contributions of the series by

a recursive equation (i.e. the terms G
(n>0)
j1,j2,j,j3,j4

(x) are uniquely defined up to the

choice of a particular solution G
(0)
j1,j2,j,j3,j4

(x)).

2.2. Monodromy invariants

Then, in the 2j /∈ Z case, the general solution of this leading order can be written as

G
(0)
j1,j2,j,j3,j4

(x) × Ḡ
(0)
j1,j2,j,j3,j4

(x̄)

= |F (j − j1 + j2, j + j3 − j4, 2j, x)|
2

+ λj1 ,j2,j,j3,j4 |x
1−2jF (1 − j − j1 + j2, 1 − j + j3 − j4, 2 − 2j, x)|2 , (8)

where F (α, β, γ, x) is the hypergeometric function.

fWe use the nomenclature chiral to refer to the holomorphic part.
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Monodromy invariance at the point x = 1 demands that

λj1,j2,j,j3,j4 = −
Γ2(2j)Γ(1−j−j1 +j2)Γ(1−j+j3−j4)Γ(1−j+j1−j2)Γ(1−j−j3+j4)

Γ2(2−2j)Γ(j+j1−j2)Γ(j−j3+j4)Γ(j−j1+j2)Γ(j+j3−j4)
.

(9)

It is the unique nontrivial monodromy invariant linear combination.

This linear combination vanishes in the point x = 1. To show this explicitly, let

us rewrite λj1 ,j2,j,j3,j3 as

∣∣∣∣
Γ(γ)Γ(γ − α− β)

Γ(γ − α)Γ(γ − β)

∣∣∣∣
2

+ λj1 ,j2,j,j3,j3

∣∣∣∣
Γ(1 − γ)Γ(γ − α− β)

Γ(1 − α)Γ(1 − β)

∣∣∣∣
2

(1 − γ)2 = 0

being α = j−j1+j2, β = j+j3−j4 and γ = 2j; which is achieved by using standard

formulae of Γ functions, e.g. Γ(1−x)
Γ(n−x) = (−1)n+1 Γ(1+x−n)

Γ(x) . Thus, taking into account

that the hypergeometric function satisfies F (α, β, γ, 1) = Γ(γ)Γ(γ−α−β)
Γ(γ−α)Γ(γ−β) , we finally

recognize the condition G(0)(x = 1) = 0. Then, this is vanishing for generic values

of j in the point x = 1, and it is also possible to find a vanishing solution for all

points x in a particular value of j since (9) satisfies the remarkable property

lim
j→ 1

2

λj1,j2,j,j3,j4 = lim
j→ k−1

2

λs(j1),j2,s(j),j3,s(j4) = −1 . (10)

This equation will acquire importance in the next subsection where we analyze the

resonant points of the hypergeometric equation.

In Ref. 4 it was shown the convenience of considering a different expansion for

the solution Gj1,j2,j,j3,j4 . The proposal was to expand the solution in the vicinity of

the point w = zx−1 = 0 in terms of powers of x; namely

Gj1 ,j2,j,j3,j4(z;x) = xh̃j−h̃j1−h̃j2whj−hj1−hj2

∞∑

n=0

G̃
(n)
j1,j2,j,j3,j4

(w)xn (11)

and analogously for the antiholomorphic part.

This enables one to analyze, for instance, the monodromy properties in the point

w = 1 (i.e. x = z) for leading orders in the x → 0 limit. Thus, we will find useful

to study the solution in terms of this expansion with the intention to discuss the

analytic structure of KZ equation since the point x = z turns out to be of crucial

interest within this context.

In Ref. 4 this contour integration was deformed as s : C → C̃ = k
2 −C = k−1

2 −iR.

This particular integration enables one to observe that, once the integral over j is

performed, the solution becomes monodromy invariant at z = x.4

First of all, let us mention that the following relation holds

λs(j1),j2,s(j),j3,s(j4)
C(j1, j2, j)C(j, j3, j4)

B(j)
=
C(j1, j2, σ̃(j))C(σ̃(j), j3, j4)

B(σ̃(j))
.

The fixed point of σ̃ Weyl transformation is included in the line parametrized by

the indicial exponent of the solution G(0). Indeed, both terms of the monodromy
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invariant solution are related by the transformation j → σ̃(j) = k− j − 1. Besides,

notice that the line j ∈ k−1
2 + iR is precisely the region of j-space which remains

invariant, up to the direction of the contour integration, under σ̃. This fact suggests

that it is convenient to move the contour integration to this line and, considering

the Cauchy theorem, rewrite the leading term of the power expansion of KZ solution

as follows:

|Fj1,j2,j3,j4(x, z)|
2

=
1

2

∫

k−1
2 +iR

dj|x|2(h̃j−h̃j1−h̃j2 )|zx−1|2(hj−hj1−hj2 ) C(j1, j2, j)C(j, j3, j4)

B(j)

×
∣∣F (j1 + j2 − j, j3 + j4 − j, k − 2j, zx−1)

∣∣2(1 + O(z−1x)
)

+ 2πi
∑

{xi}
Res

(x=xi)
,

where {xi} refers to the set of poles located in the region 1 < Re(2j) < k− 1; these

poles take the form j − j1 − j2 ∈ N if the constraint
∑4

i=1 ji < k is assumed (see

Ref. 4 for the details of the construction).

2.3. Logarithmic solutions to KZ equation

2.3.1. j-dependent solutions

Equation (10), which implies that both terms in the solution of hypergeometric

equation become equal, up to a sign, in the limit j → 1
2 , could suggest that, by

introducing an appropriate regularization, derivative terms including logarithms

could actually arise in the fixed points of Weyl transformation σ.

Then, in order to test this idea, we can try a regularization in order to extract

a finite solution in the point j = 1
2 . This regularization can be absorbed in the

definition of the intermediate state Φj . Then, let us regularize the monodromy

invariant solution as follows:

G
(0)
j1 ,j2,j,j3,j4

(x) × Ḡ
(0)
j1 ,j2,j,j3,j4

(x̄) → G
(0)reg
j1,j2,j,j3,j4

(x) × Ḡ
(0)reg
j1,j2,j,j3,j4

(x̄)

=
1

2j − 1
G

(0)
j1 ,j2,j,j3,j4

(x) × Ḡ
(0)
j1 ,j2,j,j3,j4

(x̄)

and, then, by taking j = 1+ε
2 in order to parametrize the j → 1

2 limit going over

the monodromy invariant family of solutions, we finally obtain

G
(0)reg

j1,j2, 1
2 ,j3,j4

(x) × Ḡ
(0)reg

j1,j2, 1
2 ,j3,j4

(x̄)

=

∣∣∣∣F
(

1

2
− j1 + j2,

1

2
+ j3 − j4, 1, x

)∣∣∣∣
2

(g − log |x|) + Re(H(x, x̄)) (12)
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with

H(x, x̄) = F

(
1

2
− j1 + j2,

1

2
+ j3 − j4, 1, x̄

)

×
∞∑

r=1

xr Γ
(

1
2 − j1 + j2 + r

)
Γ
(

1
2 + j3 − j4 + r

)

Γ2(r + 1)Γ
(

1
2 − j1 + j2

)
Γ
(

1
2 + j3 − j4

)

×

(
ψ

(
1

2
− j1 + j2 + r

)
+ ψ

(
1

2
− j4 + j3 + r

)

− ψ

(
1

2
− j1 + j2

)
− ψ

(
1

2
− j4 + j3

)
− 2ψ(r + 1) + 2ψ(1)

)
,

where g is the Euler–Mascheroni constant and ψ is the Euler function defined in

terms of gamma functions in the following way:

ψ(x) =
d

dx
log Γ(x) .

Now, the question is whether such normalization required to find a nonvanishing

result (12), is feasible in this theory or it is not. The point is that the answer to

this question turns out to be no. In fact, that regularization would correspond to a

change in the measure dµ(j) (see below) which, certainly, would lead to spoil certain

properties as crossing symmetry of correlation functions. Then, such a freedom does

not exist.

We arrive in this way at the remarkable result that this j-dependent logarithmic

solution does not contribute to the four-point function in AdS3.

To be more precise, let us explain in more detail why the solution vanishes at

j = 1
2 . First, we observe that two linear independent solutions to KZ equation for

values of j generic enough are given by

F (j − j1 + j2, j − j3 − j4, 2j, x) ,

x1−2jF (1 − j − j1 + j2, 1 − j − j3 − j4, 2 − 2j, x)
(13)

which implies that the monodromy invariant solution is given by (8). Then, taking

into account (10) and the fact that both terms in (13) coincide in the limit 2j → 1,

we eventually see that the solution identically vanishes at j = 1
2 . Of course, it is

also due to the fact that measure (6) does not diverge at this precise point.

Another way to argue that this logarithmic solution is not relevant for this

process is by simply noticing that the logarithms appear just at a point in the

j-space and, because the four-point function involves the integral on j, this set of

null measure is not contributing to the integral at all, i.e. these solutions are swept

away when the integration over the j-space is performed.

Even though we just remarked that the change of the normalization which is

required to find a nonvanishing solution at j = 1
2 is not possible because it would

imply a non-well behaved measure dµ(j), let us make a brief comment on the mech-

anism which would lead to the logarithmic solution (12) if the wrong normalization
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is considered. The point is again that, consequently with the argument presented

above, in order to have a nonvanishing contribution at j → 1
2 we should have a

divergence (single pole) in the measure dµ(j) at that point; and this divergence

would compensate the vanishing result in the numerator leading to find a finite

remnant as in (12). In order to achieve this, we should consider the change

dµ(j) → (2j − 1)−1dµ(j) (14)

in (6). Then, since dµ(j) is composed by the quotient of a pair of structure constants

and the reflection amplitude, we see from (6) that (14) precisely corresponds to a

change in the normalization of the vertex Φj representing the intermediate states

in the factorization. This agrees with the observation made in Ref. 20, where it

was pointed out that a change in the normalization Φj → 1
2j−1Φj is required to

find a nonvanishing functional form for the vertex operators in the limit 2j → 1.

Moreover, we observe from this analysis that the mentioned regularization of Φj

and dµ(j) is consistent with the one required to find the functional form of the

prelogarithmic vertex operator j = 1
2 in the realization of the ŝl(2)k algebra.20 To

see that, for instance, one can observe that in the free field description of SL(2,R)k

theory this normalization leads to a vertex operator of the form ∼ φe
− φ√

2k−4 which

generates logarithms because of the presence of the additional linear factor ∼ φ in

the limit j → 1
2 . Then, this explains the appearance of logarithmic contributions

to the OPE.

We emphasize that the well behaved normalization (measure) does not enable

these (nonvanishing) logarithmic solutions at j = − 1
2 . However, within the context

of the conformal field theory structure, it could be interesting to study these. Thus,

we find convenient to mention other j-dependent explicit solutions in App. C as

examples. In the following, we will also study the j-independent conditions for the

arising of logarithmic solutions which do encode physical information about the

scattering processes.

On the other hand, analogous considerations to those discussed above would

hold for solutions of the form G̃(0)(x) in the fixed point of σ̃, which is located on

the opposite side of the unitarity segment, i.e. we could analyze in similar way the

logarithmic singularities arising at the resonant points for the ansatz (11). In terms

of that expansion, the zero mode of the chiral contribution is given by

G̃
(0)
j1,j2,j,j3,j4

(w) = G
(0)
s(j1),j2,s(j),j3,s(j4)(zx

−1) (15)

and analogous expression holds for its antiholomorphic part.

And similar discussion to that presented above holds in this case: Both terms

in G̃
(0)
j1,j2,j,j3,j4

are mapped one into the other by σ̃ Weyl transformation and these

become equal, up to a sign, in the j → k−1
2 limit, where G̃

(0)
j1,j2,j,j3,j4

vanishes.

Then, it is possible to regularize G̃
(0)
j1 ,j2,j,j3,j4

as G̃
(0)
j1,j2,j,j3,j4

→ G̃
(0)reg
j1,j2,j,j3,j4

=

1
2s(j)−1 G̃

(0)
j1,j2,j,j3,j4

in order to obtain a finite solution of the form G̃
(0)reg
j1,j2,j,j3,j4

(w) =



August 16, 2005 9:17 WSPC/139-IJMPA 02127

Liouville Theory and Logarithmic Solutions 4833

G
(0)reg
s(j1),j2,s(j),j3 ,s(j4)

(zx−1) which contains a term of the form ∼ log |z| − log |x| as

solution of KZ equation for k−1
2 .

2.3.2. Indicial equation and j-independent solutions

Let us move to the j-independent logarithmic solutions, i.e. j-independent suffi-

cient conditions for the appearance of logarithmic terms in the solutions to the KZ

equation.

Up to now, we considered two different proposals for the solutions to the KZ

equation, and we observed that each of them leads to obtain an hypergeometric

equation. Hence, a priori , we would expect sixg different resonant points appearing

in the differential equation. In fact, we identified two of these with fixed points of

Weyl symmetry σ and σ̃; the remaining will characterize resonance configurations

of the external momenta, being independent of the index j.

We begin with the solution G(0)(x). In that case, the hypergeometric equa-

tion presents singular points in x = (0, 1,∞), where the generic solutions take

the schematic form G(0)(x) ∼ (x − x0)
η
∑

n∈N
an(x − x0)

n, where η is the indi-

cial exponent. On the other hand, if the roots of the indicial polynomial become

double roots, then logarithmic solutions of the following form appear: G(0)(x) ∼

η(x− x0)
η
∑

n∈N
an(x− x0)

n log(x− x0). In order to study the appearance of such

logarithmic terms in the solutions it is necessary to analyze the indicial polynomial

η2 + (P0 − 1)η + Q0 = 0 , (16)

where P0 and Q0 are the complex values which come from evaluating the following

rational functions in each singular point x0:

P(x, x0) =
(x− x0)

x(1 − x)
(2j + (j1 − j2 − j3 + j4 − 2j)x) , (17)

Q(x, x0) =
(x− x0)

2

x(1 − x)
((j1 − j2 − j)(j3 − j4 + j)) (18)

respectively.

Since we are interested in the interpretation of the logarithmic singularities of

the four-point function, we address the question about the solutions to the equation

η+(x0) − η−(x0) = 0 . (19)

This enables us to study the conditions for which logarithms in x variable appear as

solutions to the KZ equation representing correlators of boundary conformal field

theory.

Then, for x0 = 0 we have 2η± = 1 − γ ± |1 − γ|, while for x0 = 1 we have 2η± =

γ − α− β ± |γ − α− β| and for the point at infinite x = ∞, 2η± = α+ β ± |α− β|.

Thus, we see that η becomes a double root in the cases j = 1
2 , j1 + j4 = j2 + j3 and

gThat is, three branch points for each hypergeometric equation.
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j1 + j3 = j2 + j4 for the points x0 = (0, 1,∞) respectively. For these conditions, the

solution takes the general form

G
(0)
j1,j2,j,j3,j4

(x) = W1(x) + λW2(x) (20)

being the functions W1 and W2 given by the following expressions for each case.

For j = 1
2 we find

W1(x) =

∞∑

n=0

anx
n , W2(x) = W1(x) log(x) +

∞∑

n=0

∂an(η)

∂η

∣∣∣∣∣
j= 1

2

xn , (21)

which is precisely the solution (12) we studied above. Analogously, we find a j-

independent condition; namely, for j1 + j4 = j2 + j3 we have

W1(x) =

∞∑

n=0

an(x− 1)n ,

W2(x) = W1(x) log(x − 1) +

∞∑

n=0

∂an(η)

∂η

∣∣∣∣∣
j1+j4=j2+j3

(x− 1)n ,

(22)

and for j1 + j3 = j2 + j4 we obtain similar logarithmic contributions in terms of

x−1.

When both roots η± of the indicial polynomial differ by an integer number we

find also resonances and the solutions also contain singular points in the corre-

sponding conditions. In some of these cases logarithmic terms could also appear,

otherwise the following functional form is obtained for η+ − η− ∈ N:

W2(x) =
∞∑

n=0

cn(x− x0)
η−+n −

∂W1(x, η)

∂η

∣∣∣∣∣
η=η+

. (23)

These poles are, of course, also located at the points x0 = {0, 1,∞} and the corre-

sponding conditions are

2j ∈ Z 6=1 , j1 + j4 − j2 − j3 ∈ Z 6=0 , j1 + j3 − j2 − j4 ∈ Z 6=0 . (24)

Besides, one could be intrigued because of the behavior of the j-dependent condition

at x = 0 in (21) which does not lead to recover the condition j1 + j2 = j3 + j4
as one would naively expect. However, we find this condition in the singular point

z−1x ∼ 0, since completely analogous treatment of the case (11) leads us to obtain

the following resonances for the singular points w = zx−1 = {0, 1,∞}:

2j ∈ k − Z 6=1 ; k − (j1 + j2 + j3 + j4) ∈ Z 6=0 ; j1 + j2 − j3 − j4 ∈ Z 6=0 , (25)

respectively. Notice that conditions (25) are not a surprise since these can be derived

from (24) by noting the relation (15). This manifestly shows the relation between

the new condition k = j1 + j2 + j3 + j4 and the existence of an additional singular

point in x = z; (15) precisely connects this additional singularity with the behavior

at x = 1.
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We observe that logarithmic solutions are also found for the condition j1 + j2 =

j3 + j4.

On the other hand, it is possible to verify that the conditions and pole contribu-

tions holding for those cases where the roots of the indicial polynomial differ in an

integer number n are constrained by unitarity and locality bounds as |n| < k − 2.

The condition at j = k−1
2 is similar to the point j = 1

2 analyzed before; then we

see that the integral over the contour on j-space dilutes the logarithmic singularities

which appear located in the fixed points of both Weyl transformation σ and σ̃.

Let us emphasize that, in addition, we have also found logarithmic terms at k =

j1 + j2 + j3 + j4 in the vicinity of z = x.

2.4. Dynamics in AdS3 space time

Now, it would be our intention to interpret the logarithmic solutions of KZ equation

presented in the last subsection or, more specifically, to analyze whether the solu-

tions we have found are consistent with the standard interpretation of such type of

singularities in the usual studies of the AdS/CFT correspondence.

2.4.1. The pattern

First, we obtain from (24) and (25) the following pattern: for example, we find

logarithmic solutions of the form ∼ log(x − 1) if j1 + j4 = j2 + j3, while we find

singular points of the form ∼ (x−1)j1+j4−j2−j3 if j1+j4 < j2+j3 (and regular other-

wise). This pattern was also observed by D’Hoker, Mathur, Matusis and Rastelli in

Ref. 14; where it was remarked that these are precisely the singularities expected

from the contributions of composite operators : O2O3 : to the operator product

expansion of two fields O1O4.

As it is known, logarithmic contributions can be generated in the CFT by higher

order perturbative corrections to the anomalous dimension and by operator mixing.

Up to higher corrections, the generic two-particle states of the form :∂nOjµOjν :

have conformal dimensions ∆ = jµ + jν + n; then, a priori, it could be feasible

to have in the theory different states with the same conformal weight. When such

a degeneration occurs, the perturbative corrections can contribute to the leading

term of the perturbative expansion. This phenomenon explains the appearance of

logarithms ∼ log(x− 1) in the correlators, see Refs. 14 and 4.

In Ref. 4, Maldacena and Ooguri identified a dependence ∼ xj3+j4−j1−j2 in the

factorization limit of the four-point function in AdS3 for the region of integration

|z| > 1 in the worldsheet. This dependence was also interpreted as a two-particle

contribution.

2.4.2. On logarithms and AdS/CFT

The appearance of logarithms in different terms of the four-point functions was

explained with expertness by the authors mentioned above and many others in

Refs. 10–14.
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The authors of Ref. 11 discussed the issue of logarithmic singularities and their

significance for the operator product expansion in the conformal field theory. In that

work, the four-point function of chiral primaries corresponding to the contents of

scalar fields in type IIB supergravity was analyzed in terms of the AdS5/CFT4 corre-

spondence. Logarithmic singularities were found in the four-point functions involv-

ing chiral states corresponding to the tree-level interaction of dilaton–axion fields.

Liu showed in Ref. 10 that similar logarithmic singularities appear in the scalar

exchange diagrams in d-dimensional AdSd space if certain relations between the

conformal dimension of the operators are satisfied. It is mentioned in his article that

it would be possible that when adding up all the diagrams contributing to the four-

point correlation function the logarithmic divergences cancel.h The point is that,

even though the chiral primary operators are protected by supersymmetry, mixing

effects of two-particle states could appear in the operator product expansion. It was

pointed out that the particular pattern of the OPE of descendant operator suggests

the mismatch may be due to some mixing effects among different operators. Within

the context of this interpretation, it was also remarked that logarithmic divergences

appear when the quantum numbers of descendant operators degenerate and, thus,

the cancellation of leading terms could lead to higher orders containing derivatives

which are responsible for the logarithmic contributions. This is a typical issue in

the resonance phenomena.

On the other hand, in Ref. 12 it was shown that logarithmic singularities appear

in the four-point functions at subleading orders. The authors first mention the pre-

sence of logarithmic terms in the correlation functions involving four states in the

coincidence limit of the inserting points; and they signal that it seems to be a charac-

teristic aspect of this class of process in AdS space–times. Then, it was emphasized

that the logarithmic singularities do not indeed occur in the complete computation

of four-point functions. As it is remarked in that paper, referring to an argument

attributed to Witten, logarithmic contributions could be due to mixings and per-

turbative 1/N corrections of the exchanged operators. For instance, in the case of

the AdS5/CFT4 correspondence, renormalization could affect nonchiral composite

operators representing two-particle states even though the conformal dimension of

the chiral operators are protected.

The logarithmic singularities found in the three-dimensional case fit into the

same pattern. We can summarize our logarithmic solutions as follows.

2.4.3. j-dependent solutions at fixed points of Weyl transformations

We have found logarithmic solutions for Knizhnik–Zamolodchikov equation which

are located in different points of moduli space. First of all, we obtained logarithmic

terms of the form ∼ log |x| which appear for

j =
1

2
, j =

k − 1

2
(26)

hSee also the related work Ref. 15.
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and are located in the vicinities of the singular points x = 0 and zx−1 = 0, re-

spectively. These are j-dependent conditions and, as mentioned, do not contribute

once the integral over the momentum space is performed. As we explained in Sub-

sec. 2.3, at these particular points the solutions of KZ equations written in terms of

the factorization ansatz vanish due to (10) and the fact that both terms in the solu-

tions (which are independent for generic values) degenerate and cancel mutually.

Then, the logarithmic solutions at j = k
4 ± k

4 ∓ 1
2 vanish because of the precise

normalization of the measure dµ(j) (recall the discussion of Subsec. 2.3; see also

the logarithmic solutions mentioned in App. A in order to learn more about a

similar mechanism).

2.4.4. j-independent solutions and resonance conditions

We also find j-independent conditions for logarithmic contributions. Some of these

are the resonant cases

j1 + j2 = j3 + j4 , j1 + j3 = j2 + j4 , j1 + j4 = j2 + j3 (27)

and are suitable of physical interpretation which describes that composite operators

are contributing to the operator product expansion of external states.

These correspond to the expansion around the points xz−1 = 0, x = ∞ and

x = 1. We can try an interpretation for the logarithms arising in the conditions like

j1 + j2 = j3 + j4 as yielding from higher order corrections which are contributing at

this level because of certain cancellation induced for the degeneracy in the conformal

dimensions of the operators. This interpretation is supported by the fact that the

logarithms precisely appear when the external quantum numbers are tuned in this

precise way; in this case there exists degeneration in the two-particle spectrum since

the operators :O1O2 : and :O3O4 : have the same conformal dimension, which, up

to higher corrections, is j1 + j2 and coincides with the sum of the dimensions of the

operators O1 and O2. A related effect was also signaled in Ref. 4 as the explanation

of certain singularities in three-point functions, when it was discussed that mixing

between single and multiple-particle states can occur in higher order corrections in

the BCFT.

2.4.5. On logarithmic conformal field theory

The logarithmic solutions to the SL(2,R)k KZ equation were also discussed in the

literature in the context of logarithmic conformal field theory (LCFT) and many

other interesting topics. In Ref. 25 exact and asymptotic solutions containing log-

arithms both in the coordinates z and x were found. Also in Ref. 8 solutions for

interesting examples were explicitly described. For instance, logarithmic contribu-

tions of the form ∼ log z + k−2
2j3−1 logx and ∼ log(1 − z) + k−2

2j3−1 log(1 − x) were

reported for particular configurations satisfying j1 + j2 = j3 + j4 or permutations

when, at least, a pair of these indices vanish (e.g. j1 = j4 = 0). The implications of
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considering such solutions of the KZ equation to the structure of operator product

expansion and the Jordan blocks of the Kac–Moody and Virasoro algebras were

studied in the mentioned papers and references therein.

In the literature there exists an extended bestiary of logarithmic solutions to

KZ equation. In several works, it was suggested that these are related with some

intrinsic property of noncompact WZNW model, proposing this as an example of

LCFT.

However, even though one could accept the feasible consistency of attributing

the appearance of logarithmic terms to the LCFT nature of this model, it is also

true that this explanation for certain logarithms arising in the four-point func-

tions, by itself, turns out to be unsatisfactory. This is because one would like to

have a unified vision of the logarithmic contributions to the correlator structure in

the context of AdSd/CFTd−1 correspondence. And then, since similar logarithmic

terms were obtained, for instance, in the five-dimensional case (were the dual CFT4

involved is the N = 4 SYM which is unitary and thus cannot represent an exam-

ple of LCFT), it would be preferable to try another interpretation of some of the

logarithms appearing in the four-point functions in AdS3 too.

With this motivation, logarithmic singularities arising in the solutions of the

SL(2,R)k Knizhnik–Zamolodchikov equation representing four-point functions on

AdS3 were discussed in the first part of this paper. And it was observed that the

analytic structure found here is suitable to be incorporated into the usual features of

the AdS/CFT correspondence previously studied. The logarithmic terms appearing

were classified and it was argued that some of these can be related to degeneration

in the conformal dimension, presenting a pattern which is similar to the one studied

in previous computations within the context of higher dimensional examples. These

resonant points, where logarithmic solutions arise, can be interpreted as the spec-

trum of two-particle contribution to scattering processes.

2.4.6. j-independent solutions and finite k effects

In addition, singularities corresponding to nonperturbative effects were found.

These appear when the following condition is satisfied:

j1 + j2 + j3 + j4 = k (28)

and are located in the region x ∼ z.

This is a condition which could not be seen in the framework of the super-

gravity description of the four-point correlation functions; it corresponds to finite

α′ regime.i

This is a point that deserves attention; i.e. we observe the appearance of loga-

rithmic singularities located in x = z for k = j1+j2+j3+j4. Divergences located in

this point of the momenta space were signaled in recent references, see for instance

iRecall the relation k ∼
l2AdS

l2s
holding for the AdS radius lAdS and the string typical length ls.
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Refs. 1, 4 and 5. In fact, it is feasible to notice, e.g. from (23), that there exist

solutions for the four-point functions of the form

Fj1,j2,j3,j4(z;x) ∼ (x − z)k−j1−j2−j3−j4 + · · · . (29)

Indeed, there are several ways to see the arising of such a dependence in four-point

function. For example, it can be observed directly from our Eq. (23) and can also

be found if a general power dependence is assumed as an ansatz to solve the KZ

equation as made in Ref. 4. This power expansion can be obtained directly by noting

the following expansion of the hypergeometric functions involved in the solution

F (j1 + j2 − j, j3 + j4 − j, k − 2j, w)

=
Γ(k − 2j)Γ(k − j1 − j2 − j3 − j4)

Γ(k − j − j1 − j2)Γ(k − j − j3 − j4)
+ · · ·

+
Γ(k − 2j)Γ(j1 + j2 + j3 + j4 − k)

Γ(j1 + j2 − j)Γ(j3 + j4 − j)
(x− z)k−j1−j2−j3−j4xj1+j2+j3+j4−k

× (1 + O(1 − zx−1)) . (30)

Analogously, we obtain the dependence ∼ (x − 1)j1−j2−j3+j4 mentioned before in

the coincidence limit x→ 1 by similar analysis.

Maldacena and Ooguri presented in Ref. 4 an interpretation of the poles

of the functional form (29) in terms of instantonic contributions in the world-

sheet theory. The dependence (29) has also been mentioned in Ref. 25 when it

was pointed out that the four-point function Fj1,j2,j3,j4(z;x) satisfies the same

KZ equation as another solution which is proportional to (x − z)k−j1−j2−j3−j4

Fs(j1),s(j2),s(j3),s(j4)(z;x); similar correspondence was studied by Ponsot in Ref. 1.

In Ref. 3 the general form of the four-point correlators was constructed in terms

of powers of (z − x), and a prescription for a Felder-type integration was tried in

order to deal with the singularity in z = x, see Refs. 3 and 28.

Another interesting issue, which is related with (15), is the fact that condition

k = j1 + j2 + j3 + j4 can also be written as s(j1) + s(j2) = j3 + j4. Taking into

account that the spectral flow automorphism in the sectors ω ∈ {−1, 0, 1} is closed

among the standard representations of SL(2,R) and that there exist states with

identical Casimir related by j ↔ s(j), this could be suggesting that, in some sense,

this k-dependent condition can also be considered as a resonance condition on

equal footing with the other j-independent relations. Up to this point, this has to

be considered simply as an heuristic argument, but the connection between the

different j-independent resonant conditions (27) and (28) acquires substance when

the symmetries of the model (e.g. the spectral flow) are analyzed in terms of the

Liouville description of correlators in the following section and App. B.

A first simple observation that could be made is that, as in the case of s-

transformation, r-transformations also leave invariant the set of four j-independent
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resonant conditions (27) and (28). These are particular cases of a set of more general

symmetries discussed in the following.

3. Knizhnik Zamolodchikov Equation and Liouville Theory

Here, in order to study several important aspects of the solutions of KZ equation, let

us make use of a quoted result due to Fateev and Zamolodchikov.19 In that article,

the authors have shown that certain five-point functions of minimal models, which

contain a degenerate field, satisfy the KZ equation for the SU(2)k WZNW model.

The application of a similar result for WZNW model formulated on SL(2,R) has

been presented in the literature. We use it here to explore the singular structure of

solutions to the KZ equation and, principally, to clarify the relation existing between

different j-independent conditions for the appearance of logarithmic terms. The

main goals are basically two: first, we find how to recover the logarithmic solutions

found in the previous section from the operator product expansion in the Liouville

description. Secondly, we show how the reflection properties of Liouville theory

allow to systematically detect symmetries of KZ equation. We do this in App. B.

3.1. WZNW correlators from Liouville theory

The straightforward generalization of the result of Ref. 19 leads to notice that the

BPZ equation satisfied by five-point functions in Liouville CFT coincides with the

KZ equation satisfied by four-point functions in the WZNW model on SL(2,R). This

result is a powerful tool which enables to study nontrivial features of the four-point

functions in the nonrational conformal field theories. For instance, Teschner proved

in Ref. 5 the cross symmetry of the model on the SL(2,C)/SU(2) homogeneous space

from the one holding in Liouville theory; and Ponsot showed in Ref. 1 how to write

representations for the monodromy of the conformal blocks in the SL(2,C)/SU(2)

by means of the corresponding quantities of Liouville CFT.

3.1.1. The precise correspondence for the SU(2) case

The relation pointed out by Fateev and Zamolodchikov asserts that the BPZ equa-

tion satisfied by five-point correlators including degenerate fields ψ2,1 (or ψ1,2) in

the minimal models exactly coincides with the Knizhnik–Zamolodchikov equation

for four-point functions in the SU(2)k WZNW model when the following relations

between the conformal dimensions ∆ of degenerate operators and the Kac–Moody

level k hold

4∆(2,1) + 2 = 3(k + 2) , 4∆(1,2) + 2 = 3(k + 2)−1

for the case ψ2,1 (resp. ψ1,2). The noncompact case SL(2,R)k which is of our interest

here is related to the SU(2)k case by replacing k → −k, while the degenerate

states of minimal models ψ2,1

(
and ψ1,2

)
are in correspondence with the state(s)

Vα=− 1
2b

(and resp. Vα=− b
2
) of Liouville CFT respectively, being b−2 = k−2. This is
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consistent with the relation existing between ∆(2,1) and ∆(1,2), which implies that

the interchange b→ b−1 corresponds to the inversion k−2 → 1
k−2 , with fixed point

at b = 1 and k = 3 (and also k = 1).

3.1.2. The setup for the noncompact case

As we will describe in the following subsections, the noncompact generalization of

the correspondence pointed out in Ref. 19 is an important result which allows us to

write down an explicit form for four-point functions in WZNW model on SL(2,R) in

terms of the five-point functions of Liouville field theory. These five-point correlators

include states with null descendants represented by Liouville vertex operators of the

form e
√

k−2ϕ(x) and can be realized in the Coulomb-gas like prescription by inserting

screening operators of the form e2(k−2)∓1/2ϕ(w).

First, let us consider the following setup for the solution: h34 = −h2−h1+h3−h4,

h14 = −2h1, h24 = h2−h1−h3−h4, h23 = h4+h1−h2−h3 and J34 = j1+j2−j3+j4,

J14 = −2j1, J24 = j1 − j2 + j3 + j4, J23 = j1 + j2 + j3 − j4 and the simple change

j1 ↔ j2.

With this convention, we can write down the four-point functions AWZNW
j1,j2,j3,j4

in

terms of the five-point functions ALiouville
α1,α2,− 1

2b ,α3,α4

(
including a particular fifth state

α5 = − 1
2b

)
as follows:

AWZNW
j1,j2,j3,j4 = |x|−2α2/b|1 − x|−2α3/b|x− z|−2α1/b

× |z|−4(b2j1j2−α1α2)|1 − z|−4(b2j3j1−α3α1)

× f(j1, j2, j3, j4)A
Liouville
α1,α2,− 1

2b ,α3,α4
, (31)

where j

2α1 = b(j1 + j2 + j3 + j4 − 1) ,

2αi = b(j1 − j2 − j3 − j4 + 2ji + b−2 + 1) ,

where i ∈ {2, 3, 4} and b−2 = k−2. In the expression above f(j1, j2, j3, j4) represents

an overall factor which is (almost) determined by the normalization of structure

constants of the theory; we specify it in App. A.

Then, in this way, we can study the solutions to KZ equation indirectly, by

studying correlators on the Liouville side of the correspondence between both CFTs.

With this purpose, let us remind basic aspects of Liouville conformal field theory.k

jNotice that, with respect to our previous notation, there exists a difference in nomenclature due
to the interchanges j1 ↔ j2, z1 ↔ z2 and α1 ↔ α2 which we introduce here in order to simplify
the comparison with the seminal work.19
kRecently, the interest on Liouville theory has been renewed in the context of two-dimensional
string theory,29 see also Ref. 23.



August 16, 2005 9:17 WSPC/139-IJMPA 02127

4842 G. Giribet & C. Simeone

3.2. Liouville field theory

Consider the quantum Liouville action

SL =

∫
d2z((∂ϕ)2 + 4πQRϕ+ µe2bϕ)

being

Q = (b+ b−1)

and where R is the two-dimensional scalar curvature.

The Liouville ϕ field propagator is given by

〈ϕ(z, z̄)ϕ(w, w̄)〉 = −
1

2
log |z − w|2

and the stress-tensor and central charge take the form

T = −∂ϕ∂ϕ+Q∂2ϕ ,

c = 1 + 6Q2 ,

respectively. The primary fields of the following form are important objects in

Liouville CFT

Vα(z) = :e2αϕ(z) :

which have conformal dimension

∆α = α(Q− α) .

Notice that the formula for conformal dimension is invariant under the reflection

α → Q − α; and corresponding states would be related by such conjugation as

described below. This is the reflection symmetry which turns out to be of crucial

importance in Liouville CFT and, in particular, within the context of our discussion.

Let us consider the composed vertex operator including both contributions Vα

and VQ−α, namely

Vα(z) = Vα(z) +RαVQ−α(z) , (32)

where Rα is the Liouville reflection coefficient (i.e. given by Liouville two-point

function) which satisfies22

RαRQ−α = 1 , RαVQ−α(z) = Vα(z) . (33)

This is related to the asymptotic limit in the free region ϕ → −∞ of the Liouville

wave function and the fact that both contributions α and Q − α appear in that

region.

For the cases α = Q
2 + ε, the reflection coefficient takes the form

RQ
2 +ε = −

(
πµ

Γ(b2)

Γ(1 − b2)

)− 2ε
b Γ(1 + 2bε)Γ(1 + 2b−1ε)

Γ(1 − 2bε)Γ(1− 2b−1ε)
.
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Hence, we find that the following remarkable property holds:

lim
α→Q

2

1

4ε
VQ

2 +ε(z) = eQϕ(z)

(
ϕ(z) +

1

2b
log

(
πµ

Γ(b2)

Γ(1 − b2)

))
(34)

which defines a primary (puncture) operator, even though a linear term in ϕ is

present. Let us emphasize that (34) has to be understood as the definition of VQ
2
,

namely

VQ
2
≡ lim

α→Q
2

1

4ε
VQ

2 +ε(z) (35)

because it requires a regularization since the linear term in ε vanishes, see Ref. 22.

Then, notice also that the cosmological term of the c = 1 matter model is a partic-

ular case of the above vertex; this is also analogous to the j = 1
2 representation in

ŝl(2)k algebra.20 We observe from this fact that the reflection coefficient Rα presents

a resonance in α = Q
2 and, thus, the corresponding relation (33) between Vα and

VQ−α breaks down in this particular point; in this case a primary operator with

conformal dimension ∆Q
2

= Q2

4 is given by ϕeQϕ.

In Liouville CFT, there are two different screening operators, namely

S± =

∫
d2z Vb±1(z) = µ±

∫
d2z e2b±1ϕ(z)

being

µ− =
Γ(1 − b−2)

πΓ(b−2)

(
π

Γ(b2)

Γ(1 − b2)
µ+

)b−2

,

see Refs. 22–24. One of these, S+, corresponds to the Liouville cosmological term.

On the other hand, the correlation functions can be written as

ALiouville
α1,...,αN

= 〈Vα1(z1)Vα2 (z2) · · ·VαN (zN)〉

=
µ

n++n−
+ R

n−
b

n+!n−!

〈
N∏

µ=1

e2αµϕ(zµ)

n−∏

r=1

∫
d2vr e

2b−1ϕ(vr)

n+∏

r=1

∫
d2wre

2bϕ(wr)

〉
,

where n± refers to the amount of screening operators of the type S± required to

satisfy the charge symmetry condition yielding from the integration over the zero-

mode of ϕ field, namely
∑N

µ=1 αµ + n+b+ n−b−1 = Q.

Then, the Coulomb gas like realization for the five-point correlators (31) leads

us to the following necessary condition:

4∑

µ=1

αµ −
1

2b
+ n+b+ n−b

−1 = Q , (36)

where the contribution − 1
2b comes from the presence of the fifth operator repre-

senting the degenerate state with α5 = − 1
2b .
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Taking into account the relation existing between quantum numbers of both

models αµ and jµ, we finally find

n+ + n−(k − 2) = −2j1 (37)

and, as a particular case,19 we have n+ = −2j1, n− = 0.

The complete functional form of correlators yields from the insertion of Vαµ

operators.

Further technical steps in the analysis are to establish the integral representation

which enables to explicitly realize (31), to specify the normalization f(j1, j2, j3, j4)

by basic requirements and to perform checks of the construction by studying mono-

dromy invariance of particular (integrable) cases and the factorization properties.

We work out these aspects in detail in App. A.

3.3. Liouville theory description of logarithmic solutions

Now, we can make use of this dictionary between quantum numbers of both confor-

mal models in order to study the particular configurations leading to logarithmic

solutions discussed in Sec. 2. Let us study logarithms as coming from the OPE of

degenerate operators and puncture operators.

The main observation is the fact that for each of the four logarithmic condi-

tions (27) and (28), we obtain that one of the corresponding Liouville states in the

five-point correlators becomes represented by a puncture operator ∼ VQ
2
, i.e. the

logarithmic solutions for ŝl(2)k KZ described in Sec. 2 arise for

j1 + j2 = j3 + j4 , j1 + j3 = j2 + j4 ,

j1 + j4 = j2 + j3 , j1 + j2 = s(j3) + s(j4)

for x = 0, x = 1, x = ∞ and x = z respectively;l and these are precisely the

conditions which correspond to the following particular configurations:

α2 =
Q

2
, α3 =

Q

2
, α4 =

Q

2
, α1 =

Q

2
(38)

respectively; where, as mentioned, the corresponding vertex operator Vαµ develops

a linear term in ϕ, like in (34). These operators are primary fieldsm in the worldsheet

theory as it can be directly observed from the fact that

VQ
2

=
1

4

∂

∂α
Vα|

α=
Q
2

(39)

which can be directly verified by differentiating (32) with respect to α.

lNotice that it is necessary to consider the change in the convention j1 ↔ j2 mentioned before for
a precise identification. It is consistent with our setup.
mFor a very interesting discussion related with these operators, see the recent work.32
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Then the operator product expansion would take the formn

Vαµ= Q
2
(zµ)Vαν (zν) ∼

∑

{ρ}

∂

∂αµ
Cρµν |zµ − zν |

2∆αρ−2∆αµ−2∆αν {Vαρ}|αµ= Q
2

+ · · ·

which generates a term proportional to (Q − 2αµ) log |zµ − zν |2 because of the

presence of ∼ ∂
∂αµ

∆αµ . Thus, such logarithmic contributions containing two z’s to

the OPE vanish when evaluated at αµ = Q
2 . However, rather different contributions

stand in the OPE with the degenerate field V− 1
2b

(x) since in such a case the exponent

in the short distance behavior is linear in αµ, namely

Vαµ= Q
2
(zµ)V− 1

2b
(x) ∼

∂

∂αµ
C−|zµ − x|1+b−2−b−2(1+b2−2αµb)Vαµ− 1

2b

+
∂

∂αµ
C+|zµ − x|1+b−2+b−2(1+b2−2αµb)Vαµ+ 1

2b
, (40)

where,22,30

C+(αµ)

C−(αµ)
= −πµ−

γ(b−1(2αµ − b−1) − 1)

γ(−b−2)γ(2αµb−1)
(41)

being γ(x) = Γ(x)/Γ(1 − x) and C− = 1.

This generates the contributions

∼ C−2b−1|zµ − x|1+b−2−b−2(1+b2−2αµb) log |zµ − x|Vαµ− 1
2b

− C+2b−1|zµ − x|1+b−2+b−2(1+b2−2αµb) log |zµ − x|Vαµ+ 1
2b

+ · · · . (42)

Thus, taking into account the factor
∏4

µ=1 |zµ−x|−2αµb standing in (31), we observe

that the two exponents in (42):

1 + b−2 ± b−2(1 + b2 − 2αµb) − 2αµb (43)

vanish for the value αµ = Q
2 canceling the power dependence and leading to the

exact x-dependent logarithmic contribution found in Sec. 2. This is, indeed, a check

of the logarithmic solutions inferred by solving the factorization ansatz.

Besides, at this point, one should wonder about whether a cancellation of both

logarithmic terms in (42) occurs or not.

In order to answer to this question in a concise way, we have to consider two

different aspects: First, we need to verify that the coefficients C+ and C− do not

cancel mutually at the particular point αµ = Q
2 since, due to (33), we observe that

VQ
2 − 1

2b
(z) = RQ

2 − 1
2b
VQ

2 + 1
2b

(z)

nRecalling that here we have z1 = z, z2 = 0, z3 = 1 and z4 = ∞.
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and, thus, both fields appearing in (40) are proportional to each other and such a

cancellation could actually occur. Furthermore, we find that this risk of cancellation

actually exists due to the fact that the limit

lim
αµ→Q/2

C+(αµ)

C−(αµ)
= lim

αµ→Q/2

πµ−b

Q− 2αµ

precisely coincides with the asymptotic behavior of the reflection coefficient

lim
αµ→Q/2

Rαµ− 1
2b

= lim
αµ→Q/2

πµ−b

Q− 2αµ
.

However, by using basic functional properties of the reflection coefficient Rα (e.g.

the fact that this satisfies RQ/2 = −1) and the presence of the minus sign in the

second line of (42) (which comes from the derivative of the exponent (43)), we finally

find the following nonvanishing remnant contribution in the limit αµ → Q/2:

∼ −4b−1 log |zµ − x|Vαµ+ 1
2b
.

Then, it is here where the second aspect enters in the game. In fact, because of the

functional form of the normalization factor f(j1, j2, j3, j4; k) appearing in (31) (see

(A.2) below), an additional singularity also emerges in the limit αµ → Q/2. This is

due to the fact that the Υ−1(2αµ) function involved in expression (A.2) develops a

single pole at the point 2αµ = b+ b−1 which leads to the form

lim
α→Q/2

Vαµ

2αµ −Q
=

1

4
lim

αµ→Q/2
∂αµVαµ (44)

arising in the limit of the above equation (instead simply VQ/2). This resembles

the connection between (32) and (39), where the factor (2αµ −Q)−1 exactly corre-

sponds to the ε−1 in (32). It is important to notice that this is precisely consequent

with the definition of VQ
2

given in (35). Hence, the presence of the normalization

factor f(j1, j2, j3, j4; k) is the responsible of the nonvanishing logarithmic contri-

butions in WZNW correlators and a crucial point for finding the functional from

∂αVα in the limit α → Q/2. An important remark within this context is that,

even though the apparent cancellation of the logarithmic contribution in the oper-

ator product expansion (42) in Liouville theory we discussed above, the presence

of the factor (A.2) as the one connecting correlators in both conformal models pro-

duces that nonvanishing logarithmic contributions appear in the SL(2,C)/SU(2)

WZNW CFT.

Thus, we eventually find nonvanishing logarithmic contributions in the correla-

tor of the SL(2,C)/SU(2) WZNW model when conditions (38) are satisfied. Then,

we reobtain the logarithmic solutions in this framework (see also Ref. 33).o

Before concluding, let us mention that, even though we made use of this Liouville

picture to describe the logarithms arising in the solutions of KZ equation, certain

oThe correlation functions in Liouville theory have been extensively studied in the references listed
in Ref. 31.



August 16, 2005 9:17 WSPC/139-IJMPA 02127

Liouville Theory and Logarithmic Solutions 4847

questions could appear due to this. It is the case of the general question about the

nature of the logarithmic contributions in the OPE of Liouville correlators which,

indeed, is an interesting topic by itself in a more general context. In fact, logarithms

in Liouville theory were previously studied in the literature (e.g. see Ref. 33). And,

thus, further study on this puzzle of logarithms in this well-behaved CFT is desirable

in order to completely understand the structure of nonrational conformal models. In

our case, we observe that there actually exists a relation between the consideration

of the Seiberg bound αµ <
Q
2 and the exclusion of logarithmic solutions.

In particular, notice that in our formula for four-point function the constraint

α1 <
Q
2 translates into the bound j1+j2+j3+j4 < k on WZNW four-point function.

This shows a connection between the Seiberg bound in Liouville theory and the

constraints on four-point correlators in WZNW models discussed in Ref. 4 within

the context of the locality properties of the dual BCFT. It would be interesting to

investigate the physical interpretation of such correspondence.

4. Discussion and Remarks

We studied the solutions to the Knizhnik–Zamolodchikov equation at the level of

four-point function satisfying the factorization ansatz and containing logarithmic

terms in the (x, x̄) isospin variables. As mentioned, these solutions (corresponding

to (27) and (28)) are suitable for physical interpretation in terms of the AdS/CFT

correspondence. Indeed, we showed how our solutions reproduce the pattern found

in other studies in the topic based on the field theory approximation. The logarithms

signal the presence of higher 1/N corrections appearing because of composite (two-

particle) states in the intermediate channels of the interaction process. This explains

the tuning of the external momenta when the logarithmic terms arise in the solution.

In addition, solutions related to finite k effects were found.

Then, in Sec. 3, we have seen that the logarithmic solutions are recovered in

the Liouville description of the WZNW correlators by noticing the appearance of

puncture operators in correlators and because of the presence of degenerate fields

which have a very particular OPE structure. We discussed how the nonvanishing

logarithmic contributions in SL(2,R) WZNW model arise despite certain tuning

between the reflection coefficientRα and the constants C±(α) in the limit αµ → Q/2

which, naively, would lead to conclude the cancellations in the operator product

expansion in Liouville five-point function. The normalization connecting correlators

in both models and the explicit form of the reflection coefficient are crucial points

in this analysis for establishing the existence of nonvanishing WZNW logarithmic

correlators.

First of all, this is a nontrivial check of the logarithmic solutions inferred by

solving the factorization ansatz in Sec. 2. On the other hand, we obtained in this way

a dual Liouville picture of the corresponding four-point scattering process in AdS3

and we showed that the resonance conditions (27) and (28), which are necessary

for the appearance of logarithmic singularities in the solutions to the ŝl(2)k KZ
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equation, can be viewed as the resonant point of the reflection coefficient in the

Liouville operators in the five-point function.

This identification between observables of both conformal field theories provided

us a way to clearly identify the source of the logarithmic contributions in terms of

the operator product expansion of Liouville vertices. It also allowed us to find a

clear explanation for certain strange hidden Z2 symmetries of the KZ equation

which translate into simple Liouville reflections on the other side (see App. B for

details). We showed how the reflection symmetry of Liouville theory induces par-

ticular automorphisms of the spectral flow symmetry of ŝl(2)k algebra combined

with Z2 symmetry transformations of the correlators. For instance, it is possible to

see in App. B (see (B.4) and (B.5)) how the conditions k = j1 + j2 + j3 + j4 and

j1 +j2−j3−j4 = 0 are simply related by interchanges (crossing) of quantum states

in Liouville correlators; this turns out to be a useful framework to study condi-

tions of the nonperturbative regime of string theory on AdS3 since the k-dependent

condition mentioned above is closely related with the singularity located at x = z.

As a concluding remark, we would like to finish this paper by mentioning a

point that, in our opinion, is still an open question. In fact, even though the use of

the Fateev–Zamolodchikovp dictionary between observables of WZNW model and

Liouville theory provided us a useful tool to identify and study several aspects,

symmetries and constraints of both CFTs, it is also true that a more intuitive

interpretation of such correspondence would be desirable in order to completely

understand the physical picture. For instance, a concise example is the require-

ment of a physical interpretation, if it does exist, for the correspondence we have

observed between the Maldacena–Ooguri constraint (required for the locality of

the BCFT dual of strings in AdS3) and the Seiberg bound on the Liouville side.

Besides, another point that deserves further study is the necessity of a deeper un-

derstanding of the physical meaning of the singularity at z = x which, despite the

attempts of many experts, remains yet unclear. In particular, the task to find a

connection between the logarithmic dependences we have found and the worldsheet

instantons pointed out by Maldacena and Ooguri in Ref. 4 is an interesting topic

for investigation in the future.
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Appendix A. Fateev Zamolodchikov Integral Representation

In this appendix we study the integral representation of the five-point function in

Liouville CFT and its relation with the four-point function in WZNW model. We

fix the normalization and discuss certain technical aspects.

Then, we can write the following integral form for four-point functions in

SL(2,R)k WZNW model (see the analogous construction in Refs. 19 and 26)

AWZNW
j1,j2,j3,j4 =

∏

a<b

|xa − xb|
2Jab |za − zb|

2hab |z|−
4j1j2
k−2 |1 − z|−

4j1j3
k−2

−2j1∏

r=1

×

∫
d2wr

−2j1∏

r=1

|wr|
2

k−2 (1−k−j1−j2+j3+j4)|1 − wr|
2

k−2 (1−k−j1+j2−j3+j4)

× |z − wr|
2

k−2 s|x− wr|
2

−2j1−1,−2j1∏

r<t

|wr − wt|
− 4

k−2 f(j1, j2, j3, j4; k) ,

(A.1)

where s = 1 − j1 − j2 − j3 − j4 and the normalization factor f(j1, j2, j3, j4; k) is

specified by the particular normalization of two-point functions and the structure

constants.

Normalization, reflection coefficient and structure constants

In Refs. 19 and 26 the normalization of four-point functions was inferred from the

normalization of reflection coefficients and, thus, the integral formula was used to

derive the structure constants of the WZNW model.

Here, we fix the normalization by writing the appropriateq function

f(j1, j2, j3; k) which leads to the reflection coefficients B(j) and the structure con-

stants C(j1, j2, j3). This normalization factor is, then, given by

f(j1, j2, j3, j4; k) = W (b)

(
π

Γ(1 − b2)

Γ(1 + b2)

)1−∑4
ρ=1 jρ

×

(
πµ+

Γ(1 + b2)

Γ(1 − b2)
b−2b2

)b−1(Q−∑4
ν=1 αν−b−1/2)

×
4∏

µ=1

Υ(−2jµb− b)

Υ(2αµ)
, (A.2)

where the Υ functions are given by

log Υ(x) =
1

4

∫ ∞

0

dτ

τ
(b+ b−1 − 2x)2e−τ −

∫ ∞

0

dτ

τ

sinh2
(

τ
4 (b+ b−1 − 2x)

)

sinh
(

bτ
2

)
sinh

(
b−1τ

2

)

qPlease refer to Refs. 19 and 26. The normalization presented here corresponds to the ŝl(2)k

structure constants.
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and have zeros in the lattice:

x ∈ −bZ≥0 − b−1
Z≥0 , x ∈ bZ>0 + b−1

Z>0 , (A.3)

and where W (b) is a jµ-independent numerical factor whose explicit form can be

found in the literature.5

Thus, (A.2) provides the complete integral representation (A.1) for four-point

functions in WZNW on SL(2,R). We shall study its properties in the following para-

graphs. And let us begin by showing that, indeed, the normalization proposed here

reproduces the two-point and three-point functions in the corresponding particular

cases AWZNW
0,0,j3,j4 and AWZNW

0,j2,j3,j4 as claimed.

Indeed, replacing j1 = j2 = 0 in (A.1) we have

AWZNW
0,0,j3,j4 = |z3 − z4|

−4hj3

(
|x3 − x4|

−4j3B(j3)δ(j3 − j4)

+ δ(2)(x3 − x4)δ(j3 + j4 − 1)
)

(A.4)

being

B(j) =
b−2

π

(
π

Γ(1 − b2)

Γ(1 + b2)

)1−2j
Γ(1 + b2(1 − 2j))

Γ(b2(2j − 1))
. (A.5)

This SL(2,R)k reflection coefficient satisfies

B(j)B(σ(j)) =
1

π2
(2j − 1)(2σ(j) − 1) , (A.6)

B(j)B(s(j)) =
1

π2
B

(
1

2b2

)
, (A.7)

B(j)B(σ̃(j)) =
1

π2

B2(1/2b2)

(2s(j) − 1)(2s(σ̃(j)) − 1)
. (A.8)

One of the most remarkable properties, among these, is the fact that B(j)B(s(j)) =

1
π2b4

(
π Γ(1+b2)

Γ(1−b2)

)b−2

does not depend on j (see Ref. 4). And we also find B(0) = −1,

limj→ 1
2
B(j) = 0, limb→1, 1

2 <j B(j) = 0.

In a similar way, one finds the following expression for three-point functions for

the case AWZNW
j1=0,j2,j3,j4

, i.e.

AWZNW
0,j2,j3,j4 =

∏

a<b

|za − zb|
2(hc−ha−hb)|xa − xb|

2(jc−ja−jb)C(j2, j3, j4) (A.9)

with a, c, b ∈ {2, 3, 4} and

C(j2, j3, j4) =
1

2π3b2

(
π

Γ(1 − b2)

Γ(1 + b2)

)2−j2−j3−j4 Gk(1 − j2 − j3 − j4)

Gk(−1)

×
4∏

a=2

Gk(2ja − j2 − j3 − j4)

Gk(1 − 2ja)
.
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In this expression, Gk(x) are functionsr which can be written in terms of Γ2 Barnes

functions, namely

Gk(x) ≡ (k − 2)
x(k−1−x)

2k−4 Γ2(−x|1, k − 2)Γ2(k − 1 + x|1, k − 2) ,

where

log(Γ2(x|1, y)) ≡ lim
ε→0

∂

∂ε

( ∞∑

n=0

∞∑

m=0

(x+ n+my)−ε

+

∞∑

n=0

∞∑

m=0

(δn,0δm,0 − 1)(n+my)−ε

)
.

And, alternatively, these can be written in terms of the Υb functions introduced in

Liouville literature by Zamolodchikov and Zamolodchikov, see for instance Refs. 4,

5, 17 and 24 and references therein.

The structure constants are invariant under any permutation of the set

{j2, j3, j4} and satisfy the following property under Weyl reflection σ:

C(j2, j3, j4) = N(j2, j3, j4)C(j2, σ(j3), j4)

being

N(j2, j3, j4) =
1

π
B−1(j3)

Γ(1 + j2 − j3 − j4)Γ(1 − j2 − j3 + j4)Γ(2j3)

Γ(−j2 + j3 + j4)Γ(j2 + j3 − j4)Γ(1 − 2j3)
.

A similar relation, for certains Ñ(j2, j3, j4), can be obtained for C(j2, σ̃(j3), j4) by

using the functional properties of these special functions. We also find the following

(see Refs. 4, 21 and 24):

C(j, j, 0) = B(j)δ(0) , (A.10)

C(j, σ(j), σ(0)) =
1

π
(2j − 1)(2σ(j) − 1)δ(0) , (A.11)

C(j, s(j), s(0)) =
1

π
B(1/2b2)δ(0) , (A.12)

which realize the relation between the structure constants and reflection coefficients;

namely C(j, σ(j), σ(0))=πB(j)B(σ(j))δ(0) and C(j, s(j), s(0))=πB(j)B(s(j))δ(0).

Let us observe that (A.4) and (A.9) manifestly show the CFT2 structure of the

worldsheet theory in terms of (z, z̄) and the dual theory in terms of (x, x̄).

rThe physical information of the formula is codified in the analytic properties of G functions; for
our purpose it is enough to mention that Gk(x) presents poles in the set x ∈ Z<0 + Z<0(k − 2)
and x ∈ Z≥0 + Z≥0(k − 2).
sClearly, these satisfy N(j2, j3, j4)N(j2 , σ(j3), j4) = Ñ(j2, j3, j4)Ñ(j2, σ̃(j3), j4) = 1, and permu-
tations.
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Particular examples and monodromy invariance

The general form of the integral representation for the four-point functions is highly

nontrivial, but it can be explicitly solved for several particular cases; these were

analyzed in Refs. 1 and 19. Let us consider here the example n− = 0, n+ = 1. In

this particular case, one finds that the four-point function is proportional to the

following integral:

|Ik(j2, j3, j4; z, x)|
2 =

∫
d2w|w|

2
2−k (−j2+j3+j4+ 3

2−k)|1 − w|
2

2−k (−j2+j3−j4− 3
2 +k)

× |z − w|
2

k−2 (−j2−j3−j4+ 3
2 )|x− w|2

whose solution is polynomial in x and x̄; namely19

|Ik(j2, j3, j4; z, x)|
2 = X0,0(z, z̄) +X0,1(z, z̄)x+ X̄0,1(z, z̄)x̄+X1,1(z, z̄)|x|

2 ,

where the functions Xi,j can be expressed in terms of hypergeometric functions for

(z, z̄).

This provides the explicit result for the particular configuration j1 = 1
2 and

generic values of j2, j3, j4.
1,19 And, it is feasible to show that different terms in the

power expansion of (x, x̄) are monodromy invariant in (z, z̄). For instance, let us

write the first term of the polynomial in the following convenient way:

X0,0(z, z̄) =
Γ(1 − γ̃)Γ(α̃)Γ(γ̃ − α̃)

Γ(γ̃)Γ(1 − α̃)Γ(1 − γ̃ + α̃)

× (|F (α̃, β̃, γ̃, z)|2 + λ̃|z1−γ̃F (α̃− γ̃ + 1, β̃ − γ̃ + 1, 2 − γ̃, z)|2) ,

where α̃ = 1
2−k (1/2 − j2 − j3 + j4), β̃ = 1

2−k (3/2 − j2 − j3 − j4), γ̃ = 1
2−k (1 − 2j2)

and

λ̃ = −
Γ(α̃− γ̃ + 1)Γ(β̃ − γ̃ + 1)Γ2(γ̃)Γ(1 − α̃)Γ(1 − β̃)

Γ(α̃)Γ(β̃)Γ(γ̃ − α̃)Γ(γ̃ − β̃)Γ2(2 − γ̃)

which, in fact, we recognize as a monodromy invariant linear combination.

Analogously, we can analyze other terms of the expansion; e.g. we can write

X1,1(z, z̄) =
Γ(1 − γ̂)Γ(α̂)Γ(γ̂ − α̂)

Γ(γ̂)Γ(1 − α̂)Γ(1 − γ̂ + α̂)

× (|F (α̂, β̂, γ̂, z)|2 + λ̂|z1−γ̂F (α̂− γ̂ + 1, β̂ − γ̂ + 1, 2− γ̂, z)|2)

being α̂ = 1 + α̃, β̂ = β̃, γ̂ = 1 + γ̃ and λ̂(α̂, β̂, γ̂) = λ̃(1 + α̃, β̃, 1 + γ̃). And, again,

this turns out to be a monodromy invariant function.

At this point, one could naively suppose that since these are monodromy invari-

ant solutions of a certain hypergeometric equation, these vanish in the particular

point where the indicial exponent becomes zero because of a cancellation of both

terms. But it is not the case due to the particular overall factors standing in X0,0

and X1,1. In fact, if the limit is taken adequately, a finite remnant contribution

appears containing logarithmic terms ∼ log |z| in the point j2 = 1
2 for the term
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X0,0(z, z̄) and in the point j2 = k−1
2 for the term X1,1(z, z̄). We also find logarith-

mic contributionst ∼ log(1−z) for j3 = 1
2 . These logarithmic solutions are different

from those analyzed previously; these present logarithmic terms in the worldsheet

variables (z, z̄) and are polynomial in (x, x̄). These solutions for j1 = 1
2 are indepen-

dent of the outgoing momenta j3, j4. In order to try a classification of singularities

and propose the corresponding interpretation it is necessary to discriminate be-

tween the ones which corresponds to physical processes and those which do not. In

fact, let us notice that the solutions mentioned in this subsection are unphysical

solutions because these are excluded by the unitarity bound (1).

In some aspects, this is similar to the cases of the logarithmic solutions standing

in the fixed points of Weyl transformations.

Hence, we see how the unitarity bound16 on the free spectrum and the locality

constraints4 on N -point functions exclude the z-dependent logarithmic terms in

four-point correlators.

More on pole structure at z = x

In a different context, and with the intention to emphasize the power of such a

description of the four-point function, let us analyze a second particular case by

considering n− = 1 and n+ = 0, which clearly implies j1 = 1− k
2 . For this configu-

ration, the four-point function would be proportional to the following integral:

|Jk(j2, j3, j4; z, x)|
2 =

∫
d2v|v|2(−

k
2−j2+j3+j4)|1 − v|2(−j2+j3−j4− k

2 )

× |z − v|2(
k
2−j2−j3−j4)|x− v|2(k−2) .

From this, by rescaling the variables, it is possible to see again the arising of the

singular factor (x− z)k−j1−j2−j3−j4 in the limit x→ z.

Then, in this subsection we have made use of particular examples to study

different aspects of the four-point functions: we obtained the normalization factor

by means of the requirement that the j1 = 0 case corresponds to the structure

constants, we observed the monodromy invariance of the case j1 = − 1
2 and we

obtained the singular behavior (29) by studying the case j1 = 1 − k
2 . In Ref. 4,

another particular case (j = k
2 ) satisfying a BPZ-like equation was also studied to

obtain this singular behavior at x = z.

On ̂sl(2)
k

admissible representations

In Ref. 27 the fusion rules for ŝl(2)k admissible representations were explicitly

written down. Andreev made use of this adaptation of the Fateev–Zamolodchikov

equivalence between minimal models and WZNW theory in order to calculate the

tAnd, of course, similarly for j4 = 1
2
.
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structure constants and reobtain in that way the fusion rules of SL(2,R)k admissible

representations.26,27

These representations are constructed by the following particular configurations

of j and imposing the restriction of k being a rational number, namely

j ∈
1 + Z≤0

2
+

1 + Z≤0

2
(k − 2) , j ∈

Z>0

2
+

Z≥0

2
(k − 2) . (A.13)

In Ref. 26 the respective integral representations were given for both series in (A.13)

by explicitly discerning among them, and by noticing that the values corresponding

to the first case (the left-hand side) includes the identity operator Φj=0. This fact

enabled the author to fix the normalization by considering the case j1 = 0 and,

thus, to obtain the structure constants which leads to fusion rules.

Let us notice that, similarly, the second case includes Φj= k
2

which corresponds

to the conjugate representation of the identity operator; consequently, it also leads

to a simple expression (i.e. without integrals for j1 = k
2 ) and the structure constants

are uniquely determined by the normalization of the mentioned conjugate identity.

Factorization limit of the integral expression

A detailed analysis of the factorization limit of the four-point function in string

theory on AdS3 has recently been performed in Ref. 4 by Maldacena and Ooguri.

Here, let us examine the factorization properties of the integral formula (A.1) in

the limit z → 0.

Starting with the integral expression (A.1), separating l of the −2j1 integrals and

defining the change of variables yi≤l ≡ z−1wi≤l while wi>l and x remain invariant,

we find the following schematic behavior in the region z ≈ 0:

AWZNW
j1,j2,j3,j4 ∼ |z|2p|x|2l × (1 + O(|z|2, ∂∂̄)) ,

where p is given by

p = −
2j1j2 + 2(j1 + j2)l + l(l − 1)

k − 2

being l ∈ N covering the range [0,−2j1]. By using the fact that hj1 = hj2 = 1 and

by integrating in d2z we finally obtain pole conditions in p + 1 ∈ Z≤0, which we

can rewrite as follows:

−
j(j − 1)

k − 2
+ n = 1 , j = j1 + j2 + l , (A.14)

where n ∈ N and, again, where l is an integer number such thatu

j2 − j1 ≤ j ≤ j2 + j1 . (A.15)

uThis is due to the fact that l is precisely the amount of screening charges selected to be taken
together with z in the coincidence limit.
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It is easy to perform the analogous limit when the realization includes both types of

screening charges; in this case we would obtain j = j1 +j2+ l+ l′(k−2) which again

implies 0 < l+l′(k−2) < −2j1. Hence, we show in this way that the pole conditions

appearing in the coincident limit z → 0 agree with the mass-shell conditions for

string states characterized by a quantum number j defined in (A.14). Moreover,

the four-point function has the following functional form in the mentioned limit

AWZNW
j1,j2,j3,j4 ∼ |z|2(hj−hj1−hj2 )|x|2(j−j1−j2).

Appendix B. Liouville Theory Description of

Symmetries of KZ Equation

It deserves a separate appendix to mention another interesting point about this

correspondence between WZNW model and Liouville CFT. Indeed, it is feasible to

use this correspondence in order to study certain symmetries of the correlators of

both models (of both sides). To be more precise, for a given five-point function in

Lioville theory with primary fields characterized by vertex operators e2αiϕ being{
α1, α2, α3, α5 = − 1

2b , α4

}
, it is possible to see that the changesv α1,2,3,4 → Q −

α1,2,3,4 induce the following changes in the quantum numbers of SL(2,R)-states:

j1,2,3,4 → k
2 − j1,2,3,4. Reciprocally, if the transformations j2,3 → k

2 − j2,3 are

performed, leaving invariant j1 and j4, then the following corresponding changes in

the Liouville CFT side are found: α1 ↔ α4 and α2 ↔ α3. These are some examples

of the map which we summarize below in more detail.

Now, we can explore how to use the dictionary in order to map the reflec-

tion transformations in Liouville CFT into nontrivial transformations among the

quantum numbers of SL(2,R)k representations. One could naively expect that the

change on the SL(2,R)k side induced by Liouville reflection could correspond to

Weyl reflections σ, σ̃ or combinations thereof, but this is not the case. Indeed, it is

possible to see that the corresponding transformations in the SL(2,R)k representa-

tion indices turn out to be a nontrivial combination of spectral flow automorphism

and r-symmetry. Let us show it explicitly.

We begin with the simplest cases of Z2 transformations performed on the Liou-

ville side. The following conventions and nomenclature are used in the list below: the

greek indices µ,ν cover {1, 2, 3, 4} while the latin indices i, j, k cover only {2, 3, 4};

besides, the latin indices i, j, k have to be considered distinct in each sentence even

though similar expressions will hold for any permutation of the set {i, j, k}; the

omission of any index jµ or αµ implies, in our convention, that it remains invariant.

Besides, if certain sentence includes a greek index (let us say µ) then it has to be

interpreted as the transformation of all the quantum numbers (i.e. not a generic

one).

vNotice that such changes represent a symmetry of Liouville theory since states with α and states
with α̃ = b + b−1 − α have the same conformal dimension.
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Z2 symmetries and crossing relations

The simplest nilpotent transformations are defined by interchanges among certain

pairs of indices in the correlators; for instance, the following correspondence holdsw

αj ↔ Q− αk corresponds to j1 ↔ ji , (B.1)

where it is necessary to take into account that our convention implies that i 6= j 6=

k 6= i.

Taking into account the distinctive role played by the first indices jµ=1 and

αµ=1, we can consider a similar but independent transformation

αi ↔ αj corresponds to ji ↔ jj . (B.2)

These trivial relations follow directly from the definition of αµ’s.

Z2 symmetries and spectral flow

A less trivial relation is represented by the following correspondence:

αµ ↔ Q− αµ corresponds to jµ ↔ s(jµ) , (B.3)

where, again, the appearance of the subindex µ in this sentence means that all

the quantum numbers are interchanged (i.e. not a generic one). Here, the relation

between the reflection symmetry in Liouville theory and the spectral flow symmetry

in the ŝl(2)k algebra is manifest. Besides, other relations realizing this aspect are

given by

α1 ↔ αk

αj ↔ αi

}
corresponds to

{
ji ↔ s(ji)

jj ↔ s(jj)
(B.4)

and similarly by

α1 ↔ αk corresponds to ji ↔ s(jj) . (B.5)

The automorphism s commutes standard (i.e. nonflowed) discrete representations.

Notice that (B.4), once combined with Eq. (31), leads to a relation between the

logarithmic solutions located at the points j1 + ji = jj + jk and k = j1 + j2 + j3 + j4
of the momenta space since, for instance, the interchange of quantum numbers

α1 ↔ α2 corresponds to the change j1+j2−j3−j4 ↔ j1+j2+j3+j4−k. Notice also

that (15), which establishes a relation between the leading terms of both solutions

Fj1,j2,j3,j4(z;x) and Fj1,s(j2),s(j3),j4(z; zx
−1), is implied by the symmetry under the

interchange α1 ↔ α3 in Liouville correlators (i.e. which, consistently, corresponds

to the replacement of inserting points z ↔ 1). These observations manifestly show

the usefulness of this dictionary for the study of symmetries of the KZ equation.

wThat is, the transformation for Liouville states in the left-hand side corresponds to the transfor-
mation of SL(2, R)k in the right-hand side and vice versa.
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Z2 symmetries and r-transformations

The following Z2 transformations permit to observe how the reflection in Liouville

correlators induces nontrivial transformations in the WZNW theory; namely

αi ↔ Q− αi corresponds to





ji ↔
1

2

4∑

µ=1

jµ − j1

jj ↔
1

2

4∑

µ=1

jµ − jk

(B.6)

which includes the r-transformation as the particular case {i, j, k} = {3, 4, 2}, i.e.

r-transformation corresponds to transforming α3 → Q− α3 in Liouville five-point

correlators, namely

α3 ↔ Q− α3 corresponds to jµ ↔ r(jµ) . (B.7)

These symmetry transformations were catalogued under the titles of strange25

and impressive26
Z2 symmetries in the literature, where it was signaled that

these correspond to symmetries because of the fact that both Fj1,j2,j3,j4(z;x) and

z−hr(j1)−hr(j2)(1− z)−hr(j3)−hr(j4)Fr(j1),r(j2),r(j3),r(j4)(z;x) satisfy the KZ equation.

Here, we derived them in a very natural way from the reflection relations in Liouville

CFT description.

On the other hand, we also find

α1 ↔ Q− α1 corresponds to jµ ↔
1

2

4∑

ν=1

s(jν) − s(jµ) . (B.8)

We can also consider Z3 transformations (as shown below).

Z3 symmetries

First, let us consider

αi → αj → αk → αi corresponds to jk → ji → jj → jk . (B.9)

Similarly, we have the following:

αi → Q− αk → αj → αi corresponds to j1 → ji → jj → j1 (B.10)

and certain reciprocal version of this

α1 → αi → αj → α1 corresponds to ji → s(jk) → jj → ji . (B.11)

On the other hand, we can also consider other transformations.
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Z4 symmetries

For instance, we have

α1 → αi → αj → αk → α1 corresponds to

{
ji → s(jk) → s(ji) → jk → ji
jj → s(jj) → jj → s(jj) → jj

(B.12)

which corresponds to a Z4 transformation decomposable on the right-hand side as

Z4 ⊕ Z2; and

αj → Q− αj → αj → Q− αj → αj

αi → Q− αk → Q− αi → αk → αi

}
corresponds to j1 → ji → jj → jk → j1

(B.13)

which, again, can be decomposed on one side as Z4 ⊕ Z2.

On scattering of winding strings in AdS3

Notice that, as it occurs with (B.10) and (B.11), each condition listed above includes

a reciprocal version which corresponds to interchanging the roles played by jµ ↔ αµ

and α̃µ = Q− αµ ↔ s(jµ). For instance, (B.1) is the reciprocal to (B.5), (B.12) is

the reciprocal to (B.13), and (B.3) is its own reciprocal.

Then, by considering the reciprocal functorial relations of (B.6) and (B.8), this

observation would lead us to obtain the four-point correlators including one index

that, instead jν , has been replaced by k
2 − jν . Moreover, taking into account the

identification holding for states in the sectors ω = 0 and ω = 1 of spectral flowed

representations, perhaps it could be possible to interpret such correlation functions

as describing processes involving one string state of momentum jν and winding

ων = 1 in AdS3. This seems to be consistent with the analogous results for three-

point functions analyzed in Ref. 4. Besides, since in that work it was shown how the

three-point function representing scattering processes violating winding number in

AdS3 can be written in terms of the analogous quantities for the conservative case,

we can write here that precise factor which relates the structure constants for both

cases as

B(1 + b−2 − b−1(α1 + αi))Γ(−b−2 + 2b−1αi)

Γ(1 + b−2 − 2b−1αi)
(B.14)

which is the quotient between the structure constants for winding violating and

conserving processes involving three string states characterized by quantum num-

bers (j2, j3, j4) and (ωi = 1, ωj,k = 0) (and consequently j1 = 0, ω1 = 0). In

the above factor it is necessary to consider 2α1 = b
(
j2 + j3 + j4 − 2ji + b−2

2

)
,

2αi = b
(
−j2 − j3 − j4 + 2 + 3

2b
−2
)

and 2αj,k = b
(
j2 + j3 + j4 − 2jk,j + b−2

2

)
, which

correspond to the replacement j1 → 0, ji → s(ji), jj,k → jj,k.

In the following subsection, we answer the question about how to see the

appearance of logarithmic solutions in terms of the five-point correlators involv-

ing Liouville primary fields.
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Appendix C. Explicit Solutions for the Case k − 2j ∈ Z

Let us present in this appendix some explicit expression for j-dependent logarithmic

solutions.

Standard formulae concerning hypergeometric equations lead to the following

form for the general solutions.

The case k − 2j ∈ Z>0

In this case, we have

G̃
(0)
j1,j2,j,j3,j4

= F (j1 + j2 − j, j3 + j4 − j, k − 2j, zx−1)

×

(
1 + λ

(
log z− logx+

∞∑

r=1

(zx−1)r Γ(k−2j)Γ(j1 +j2−j+r)Γ(j3 +j4−j+r)

Γ(k−2j+r)Γ(j1 +j2−j)Γ(j3 +j4−j)

×
(
ψ(j1 + j2 − j + r) + ψ(j3 + j4 − j + r) − ψ(j1 + j2 − j)

− ψ(j3 + j4 − j) − ψ(r + 1) + ψ(1) + ψ(k − 2j + 1) − ψ(k − 2j + 1 + r)
)

−

k−2j−1∑

r=1

(xz−1)r Γ(r)Γ(2j + 1 − k + r)Γ(1 + j − j1 − j2)Γ(1 + j − j3 − j4)

Γ(2j + 1 − k)Γ(1 + j − j1 − j2 + r)Γ(1 + j − j3 − j4 + r)

))
.

Notice that some momenta configurations leading to these solutions can occur

within the range of unitarity (1). The point j = k−1
2 is also included. In this

particular case, the reflection symmetry connecting both terms in the monodromy

invariant solution breaks down.

The case k − 2j ∈ Z≤0

This configurations lead to consider the following basis of solutions

G̃
(0)
j1,j2,j,j3,j4

= (zx−1)1+2j−kF (j + j1 + j2 + 1 − k, j + j3 + j4 + 1 − k, 2j + 2 − k, zx−1)

×

(
1 + λ

(
log zx−1 +

∞∑

r=1

(zx−1)1+2j−k+r

×
Γ(2j − k + 2)Γ(j1 + j2 + j + 1 − k + r)Γ(j3 + j4 + j + 1 − k + r)

Γ(k + 1)Γ(2j − k + 2 + r)Γ(j1 + j2 + j − k)Γ(j3 + j4 + j + 1 − k)

×
(
ψ(j1 + j2 + j + 1 − k + r) + ψ(j + j3 + j4 + 1 − k + r)

− ψ(2 + 2j − k + r) − ψ(r + 1) − ψ(j + j1 + j2 + 1 − k)
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− ψ(j + j3 + j4 + 1 − k) + ψ(2 + 2j − k) + ψ(1)
)
−

∞∑

r=1

(zx−1)1+2j−k−r

×
Γ(r)Γ(k − 2j − 1 + r)Γ(1 + k − j − j1 − j2)Γ(1 + k − j − j3 − j4)

Γ(k − 2j − 1)Γ(1 + k − j − j1 − j2 + r)Γ(1 + k − j − j3 − j4 + r)

))
.

These cases are excluded in the applications to string theory because of the unitarity

bound imposed on the free spectrum and extra constraints on N -point functions.

And analogous solutions are obtained by replacing j1 → s(j1), j → s(j) and

j4 → s(j4) for the cases 2j ∈ Z.

Appendix D. On the Normalization Factor

A normalization factor for the integral representation discussed in Sec. 3 can be

written as follows:

f(j1, j2, j3, j4; k) =
1

πb2

(
π

Γ(1 − b2)

Γ(1 + b2)

)s(
Γ(−b2)

Γ(1 + b2)

)2−2j1

×
4∏

a=1

Γ(1 + b2(1 − 2ja))

Γ(b2(2ja − 1))

s∏

r=1

Γ(−rb2)

Γ(1 + rb2)

×
4∏

a=2

j1−j2−j3−j4+2ja∏

r=1

Γ(−rb2)

Γ(1 + rb2)

4∏

c=1

−2jc∏

l=1

Γ(1 + lb2)

Γ(−lb2)
. (D.1)

Certainly, by way of considerations whose details we will suppress, we proved that an

extensive calculation which involves analytic continuation of Γ-functions formulae

leads one to also find the following expression for three-point functions for the case

AWZNW
j1=0,j2,j3,j4

, i.e.

AWZNW
0,j2,j3,j4 =

∏

a<b

|za − zb|
2(hc−ha−hb)|xa − xb|

2(jc−ja−jb)C(j2, j3, j4) (D.2)

up to a divergent factor ∼ limε→0 2π2Γ−1(ε) which requires an appropriate regu-

larization in the analytic continuation of the quotients of Γ functions. The details

are given in Ref. 34.
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